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Second lecture:


★ Effective model building 


★ Z(N), the Polyakov loop, and confinement 


★ Chiral symmetry breaking


★ One example on relevance and difficulties in exploring 
the phase diagram


‣ Drawing the phase diagram


‣ And, if there is time: Chiral magnetic effect and the strong 
CP problem


★ Final comments
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To go beyond in our study of the phases of QCD, we need to �
know its symmetries, and how they are broken spontaneously�
or explicitly. But QCD is very complicated: �

•  First, it is a non-abelian SU(Nc) gauge theory, with gluons�
  living in the adjoint representation �
•  Then, there are Nf dynamical quarks (who live in the fund. rep.)�
•  On top of that, all these quarks have masses which are �
  all different! Very annoying from the point of view of �
  symmetries! �
So, in studying the phases of QCD, we do it by parts, and �
consider many “cousin theories” which are very similar to �
QCD but simpler (more symmetric). We also study the �
dependence of physics on parameters which are fixed in nature. �
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The basic hierarchy is the following:

pure glue SU(N):


• Z(N) symmetry (SSB)

• order parameter: Polyakov loop L

• deconfining trans.: N=2 (2nd order), N=3 (weakly 1st order) 

+ massless quarks:


• chiral symmetry (SSB)

• order parameter: chiral condensate σ
• Z(N) explicitly broken, but rise of L —> deconf.

• chiral trans.: N=3,2 (Nf=2) – 2nd order

+ massive quarks:


                Z(N) and chiral explicitly broken

                 Yet  vary remarkably and L <—> σ



Eduardo S. FragaCERN European School of HEP, Maratea, June/2018
!5



Eduardo S. FragaCERN European School of HEP, Maratea, June/2018
!6



Eduardo S. FragaCERN European School of HEP, Maratea, June/2018
!7

[Langfeld & Wipf (2012)]

Roots of unity:
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At very high T, g ~ 0, and β -> 0, so that

and we have a N-fold degenerate vacuum, signaling SSB of global Z(Nc). 
At T = 0, confinement implies that l0 = 0 [’t Hooft (1978)]. 


Then, l0 can be used as an order parameter for the deconfining

transition:

Usually the Polyakov loop is related to the free energy of an infinitely heavy test 
quark via [McLerran & Svetitsky (1981)]

(confinement: no free quark)

Exercise: do you see any possible problem in the equation above? (Cf. 1st eqn in this slide!) If 
so, could we, instead, relate < l > to the propagator for a test quark?
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T << Tc

T >> Tc

Form of the effective potential for the Polyakov loop
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Adding massless quarks (chiral symmetry) �
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Quarks (even massless) break explicitly Z(3)!
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In QCD, the remaining SU(Nf)L x SU(Nf)R is explicitly broken by a nonzero 
mass term. Take, for simplicity, Nf=2:

so that, for non-vanishing mu= md, the only symmetry that remains is the 
vector isospin SU(2)V. In the light quark sector of QCD, chiral symmetry is 
just approximate.

Then, for massless QCD, one should find parity doublets in the vacuum, which 
is not confirmed in the hadronic spectrum. Thus, chiral symmetry must be 
broken in the vacuum by the presence of a quark chiral condensate, so that 

and the broken generators allow for the existence of pions, kaons, …
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Form of the effective potential for the chiral condensate



Eduardo S. FragaCERN European School of HEP, Maratea, June/2018
!15

From pure gauge deconfinement to the chiral limit: 
Playing with quark masses in the “QCD transition(s)”�

[Gavin, Gocksch & Pisarski (1994)] 
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Some results from the lattice [Borsányi et al (2012), from 3 papers]

pure gauge and pQCD QCD with physical quark masses

QCD with physical quark masses

QCD with physical quark masses

QCD with physical quark masses
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Effective models: general idea�

NB: chiral perturbation theory - “the” effective model
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Examples: �
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Example: LSM & the chiral transition
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[with scalars allowed by χ symmetry]�
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Phase diagram and effective potential�
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One example on relevance and difficulties in exploring the phase diagram: 

strong CP problem & CME

“drawing” the phase diagram

and if there is time… 
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NICA physics program

23 August 2010V.Kekelidze at CPOD 2010

Creation of the deconfined QGP state in HI collisions, 
study of fundamental properties of QCD in various regions of QCD PD

QCD phase diagram

4

?

?

“Drawing” the phase diagram
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[Nonaka et al (2012)]

One of the main (very tough!) goal of high-energy heavy ion collisions

NICA physics program

23 August 2010V.Kekelidze at CPOD 2010

Creation of the deconfined QGP state in HI collisions, 
study of fundamental properties of QCD in various regions of QCD PD

QCD phase diagram

4

?

?

 Mapping (part of) the QCD phase diagram
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Experimentalists do make miracles to extract clean info!

• finding good observables

• dealing with several sources of background

• each step towards the phase diagram is very hard

• need to talk to theorists! Dangerous, they know… 
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Using all we can!

[Stephanov (2010)]
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Many phase diagrams... A few examples:
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[Stephanov (2010)]

In the critical region             large fluctuations expected!

h⇥ni ⇠ �pn fn(�/L)
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★ Experimentalists can measure multiplicities that fluctuate event-by-event


★ These fluctuations increase in magnitude near the critical point as a 
power of the correlation length (contribution of the order parameter)


★ Higher cumulants grow faster with 𝜉, BUT are harder to compute and 
much harder to measure (large background/signal!)


★ Combinations of moments may help…


★ But there are spurious effects in real life, as experimentalists know 
better… 

h⇥ni ⇠ �pn fn(�/L)

[Stephanov (2009)]

[Athanasiou, Rajagopal & Stephanov (2010)]
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So, there is the background to be surpassed, there is 
critical slowing down, and...

More details in the discussion sessions!!
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A few remarks are in order:

•  One of the ultimate goals of the heavy ion programs is mapping the phase 
diagram of strong interactions. Or, at least, finding clear fingerprints of its 
major features.


•  It is amusing to see that a Google search (images) for something like 
"successful phase diagram mapping physics” produces lots of QCD phase 
diagrams, even though we only have cartoons… 


• We can generously interpret this as our community being very active and/
or optimistic.


• On the other hand, several phase diagrams have been obtained in different 
realms of physics, experimentally and theoretically.
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 [Liu et al (2014)]

• However, we are still light-years away from something like:

• The problem for us is that we have a very small, short-lived, noisy, fast-
evolving system that is (very) indirectly probed in the experiments.

J. Phys.: Condens. Matter 25 (2013) 484004 N Marcano et al

the spin dynamical behaviour. For instance, in UCu5�xPdx
alloys, an evolution from antiferromagnetism to Kondo and
then to SG was observed as the Pd content increases [10].
Interestingly, in the Ce2Au1�xCoxSi3 system [11], the SG
phase appears first when Au is replaced by Co, then the
onset of an antiferromagnetic (AFM) phase takes place with
the Néel temperature (TN) decreasing towards a quantum
critical point. Finally, for x > 0.9, there is a full screening
of the magnetic moments due to the Kondo effect. Recently,
a detailed investigation of the magnetic properties of
CePd1�xRhx [12] close to the disappearance of magnetic order
revealed the formation of a ‘Kondo-cluster-glass’ state at very
low temperatures, where the clusters emerged from regions of
low local Kondo temperatures [13].

2. First approach to the magnetic phase diagram

One of the most outstanding examples of complex magnetic
phase diagrams is the well studied CeNi1�xCux solid solution.
In this system, the change of the matrix concentration
provides the opportunity to follow the evolution of AFM
ordering by tuning the substitution of the Ni atoms. The
system evolves from an AFM ground state in CeCu, with
TN = 3.5 K, to a nonmagnetic intermediate-valence (IV)
state in CeNi. At first, the main objective of the study
was to search for new emergent phenomena arising close
to the QCP expected around the CeNi side (i.e. in the
weak interaction limit). Preliminary measurements consisting
of ac susceptibility (�AC), dc magnetization (MDC) (only
down to 2 K) and neutron diffraction carried out in some
representative compositions of the series (0.2  x  1), led to
the proposed magnetic ground state phase diagram presented
in figure 1 [14]. A change from antiferromagnetism for CeCu
and CeNi0.1Cu0.9 to ferromagnetism for x  0.8 alloys is
observed, as in other similar RNi1�xCux systems [15, 16], due
to the modifications that the substitution of Cu by Ni produces
in the conduction band. The Curie temperature, TC, decreases
continuously with decreasing x (Cu content) and tends to 1 K
at composition x = 0.4. It is worth mentioning that in that
work TC was estimated by extrapolation of the Arrot plots
down to 2 K. According to this observation, the FM order was
predicted to vanish close to x = 0.2. On the other hand, in
contrast to what was expected, a ‘spin-glass-like’ phase was
found at temperatures above the FM ordered state (Tf > TC).

Starting from this magnetic phase diagram, many
important questions arose, and we list several of them
here: (i) Do we expect the existence of NFL behaviour
for concentrations close to the disappearance of FM order?
(ii) What is the origin of the ‘spin-glass-like’ phase that
stabilizes above the long-range FM ordered state? (iii) What
kind of mechanism leads the magnetic system to evolve from
a frustrated magnetic state to a long-range ordered state?
(iv) Do both frustrated and ordered states coexist at very low
temperatures?

In order to shed light on these questions, an intensive
study down to very low temperatures (T ⌧ Tf) has been
carried out over recent years. Such a study has involved the

Figure 1. Magnetic phase diagram for the CeNi1�xCux series as a
function of Cu concentration from [14]. Open squares represent the
long-range magnetic ordering temperature TC,N and full squares
represent the spin-glass freezing temperature Tf.

use of both macroscopic and microscopic experimental tech-
niques, such as specific heat [17], ac–dc magnetization [18],
neutron diffraction and muon spectroscopy (µSR) [19]. A
combined analysis of all of these results has allowed the
magnetic ground state of the system to be mapped out. In this
work, we present the revisited magnetic phase diagram arising
from this research, pointing out the main differences found.
We will discuss the novel emerging phenomena, taking into
account the role of the interactions involved along the whole
series.

3. Revisited magnetic phase diagram

Figure 2 displays the magnetic phase diagram for
CeNi1�xCux, which brings together the experimental studies
carried out so far. The highlights of the revisited magnetic
phase diagram can be listed as follows:

(i) The stability of the orthorhombic FeB-type structure
(Pnma space group) extends for 0.2  x  1, whereas
those alloys with x  0.15 crystallize in the CrB-type
orthorhombic structure (Cmcm space group).

(ii) The borderline defining the FM state cannot be
exactly determined, in contrast to what was previously
reported. Experimental data reveal the formation of
long-range FM order below the cluster-glass state
without any indication of a sharp transition at the Curie
temperature. Furthermore, according to the percolative
process proposed in these series [20], the FM correlation
length (⇠ ) increases when lowering the temperature from
the glassy state. This fact is illustrated in the figure
as a gradation in colour from orange (cluster-glass
state CG) to red (long-range ferromagnetic state FM),
which reflects the increasing importance of the RKKY
interactions as the temperature decreases below Tf.

2

 [Marcano et al (2013)]
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The phase diagram for QCD can be schematically divided, assuming it behaves 
roughly as a simplified cartoon of this sort (as suggested by several model 
descriptions):

Also assuming the experiment spans a large enough region, so that a CEP 
and a 1st-order line can be, in principle, probed.

BES
LHC
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CEP region (near criticality): 


• (𝛏)power-dominated signatures

• background/noise -> spurious fluctuations

• finite size, finite lifetime, critical slowing down

• fast dynamics

1st-order transition region: 


• finite size, finite lifetime

• bubble nucleation & spinodal decomposition

• two-peak structure

• structure formation (patterns)

• nonzero (conserved) baryon number

• fast dynamics

BES

BES
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So

• 2 distinct regions, even if there is no clear boundary in practice

• 2 sets of problems, features, needed techniques, etc

• related sometimes, but different

Remark - direct comparison to lattice QCD can be dangerous:


• sign problem in this region (no benchmark EoS): 

   we do not have the “correct” EoS!

• the actual systems are finite and come in different sizes

   (lattice results are extrapolated to the thermodynamic limit)

• the QGP formed is very noisy, fluctuates a lot, and is indirectly 
measured within a given acceptance

• dynamics is crucial 

   (totally absent on the lattice)

Nevertheless: several statistical mechanics techniques successfully used in 
lattice simulations can be useful in analyzing the data! So, good luck! :-)
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Strong CP problem

[Shuryak, 2009]

[Wolfram]

The vacuum of QCD is topologically nontrivial!

(a real fundamental problem!!)

and if there is time… 
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Strong CP problem & HIC
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D. Leinweber

Topological number fluctuations in QCD vacuum

Thursday, April 2, 2009

[Leinweber]
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B.Alles, M.D’Elia and A.DiGiacomo, 

hep-lat/0004020

Chern-Simons number in hot QCD 
Lattice QCD results:The existence of P and CP odd

domains expected close to

the deconfinement phase transition

DK, R. Pisarski, M. Tytgat, 

Phys.Rev.Lett.81:512-515,1998

7

Thursday, April 2, 2009

From Kharzeev, QM 2009:
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DK, A.Krasnitz and R.Venugopalan,

Phys.Lett.B545:298-306,2002

P.Arnold and G.Moore,

Phys.Rev.D73:025006,2006

Diffusion of Chern-Simons number in QCD: 

real time lattice simulations 

9

Thursday, April 2, 2009
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L or B 

[Voloshin, QM2009] �

[Au-Au, 62 GeV]
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•  Rate of instanton transitions at zero temperature (tunneling) [‘t Hooft (1976)]: �

           (no quarks)�

•  High T tends to decrease this rate [Pisarski & Yaffe (1980], but allows for sphaleron 
transitions (rate increases with T). For Yang-Mills [Moore et al. (1998); Bodeker et al. (2000)]:  �

•  Estimate for QCD via Nc scaling [Kharzeev et al (2008)]: 

•  Due to the anomaly the Ward identities are modified, and the charges QL 
and QR obey the following relations (for N+=N- at t -> -∞): �

so that fermions interacting with non-trivial gauge fields (Qw≠0) have their 
chirality changed! �
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L or B 

In non-central heavy ion collisions a strong magnetic field is generated in the 
orbital angular momentum direction (perpendicular to the reaction plane) and 
there can be regions with Qw≠0 (inducing sphaleron transitions): �

[Voloshin, QM2009] �

•  The strong B field restricts quarks (all in the lowest Landau level, aligned with B) to 
move along its direction �
•  Qw=-1, e.g., converts L -> R: inversion of the direction of momentum�
•  Net current and charge difference created along the B direction �
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Several theoretical/phenomenological questions arise:


 How does the QCD phase diagram look like including a nonzero uniform B ? (another 
interesting “control parameter” ?) 


 Where are the possible metastable CP-odd states and how “stable” they are? What are 
their lifetimes ?


 Are there modifications in the nature of the phase transitions ?


 Are the relevant time scales for phase conversion affected ?


 Are there other new phenomena (besides the chiral magnetic effect) ?


 What is affected in the plasma formed in heavy ion collisions ?


 Which are the good observables to look at ? Can we investigate it experimentally ? Can we 
simulate it on the lattice ?


Magnetic QCD
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Besides...
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B!
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[Skokov, Illariunov & Toneev (2009)] �
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[Deng & Huang (2012)] �
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47

Heavy ion collisions: the strongest magnetic 

field ever achieved in the laboratory

12

Thursday, April 2, 2009
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Let us assume the system is in the presence of a strong magnetic 
field background that is constant and homogeneous:

choice of gauge

• charged mesons (new dispersion relation):

Landau levels:
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• quarks (new dispersion relation):

 

• integration measure:

T = 0:

T > 0:

l: Matsubara index

n: Landau level index
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[Bali et al (2012)]

From the lattice:

A result that is not obtained in the majority of models!


The field is wide open yet...                 More details in the discussion sessions!!
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 Instead of conclusions…�
just a final comment!

It is crucial to have theorists and experimentalists 
working and discussing together!


A last piece of advice: don’t trust theorists that much...


