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Local (Gauge) Symmetries
We are seeking for a model of weak interactions that has good UV-properties. Gauge Principle
is the key...

Let’s consider the free Dirac Lagrangian:

ℒ0 = 𝜓
(︁
i𝜕 −m

)︁
𝜓

and make global U(1)-symmetry

𝜓 → 𝜓′ = e ie𝜔𝜓

local, i.e., 𝜔 → 𝜔(x)

𝛿ℒ0 = 𝜕𝜇𝜔 · J𝜇, J𝜇 = −e𝜓𝛾𝜇𝜓, a short-cut to Noether current

To compensate 𝛿ℒ0 we add an interaction of the current J𝜇 with field A𝜇:

ℒ0 → ℒ = ℒ0 + A𝜇J𝜇 = 𝜓
[︁
i(𝜕 + ieÂ)−m

]︁
𝜓, A𝜇 → A′

𝜇 = A𝜇 − 𝜕𝜇𝜔

NB: Symmetries not only restrict possible interactions, but can also force interactions to be
introduced.

A. Bednyakov (JINR) QFT & EW SM 3 / 48



QED: Local U(1) Symmetry

We constructed Quantum ElectroDynamics:

ℒQED = 𝜓
(︁
i D̂ −m

)︁
𝜓 − 1

4
F 2
𝜇𝜈

D𝜇 = 𝜕𝜇 + ieA𝜇, covariant derivative,

F𝜇𝜈 = 𝜕𝜇A𝜈 − 𝜕𝜈A𝜇, field strength tensor.

𝜓 → 𝜓′ = e ie𝜔(x)𝜓

A𝜇 → A′
𝜇 = A𝜇 − 𝜕𝜇𝜔

D𝜇𝜓 → D ′
𝜇𝜓

′ = e ie𝜔(x)D𝜇𝜓,

Covariant derivative makes the combination 𝜓†
𝛼D𝜇𝜓𝛽 gauge-invariant.

(Ex: make it also Lorentz-invariant, 𝛼, 𝛽 are Dirac indices:)
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QED: Quantization Issues
The second Noether theorem says that theories possessing gauge symmetries are redundant
(some degrees of freedom are not physical). Let’s add a gauge-fixing term to the free
vector-field Lagrangian:

ℒ0(A) = −1

4
F 2
𝜇𝜈 −

1

2𝜉
(𝜕𝜇A𝜇)

2 ≡ −1

2
A𝜇K𝜇𝜈A𝜈 .

This term allows one to obtain the photon propagator by inverting K𝜇𝜈 :

⟨0|TA𝜇(x)A𝜈(y)|0⟩ =
∫︁

d4p

(2𝜋)4
−i
[︀
g𝜇𝜈 − (1− 𝜉)p𝜇p𝜈/p

2
]︀

p2 + i𝜖
e−ip(x−y)

The propagator now involves an auxiliary parameter 𝜉. It controls propagation of unphysical
longitudinal polarization 𝜖L𝜇 ∝ p𝜇. But the corresponding terms drop out of physical quantities*

eL𝜇J𝜇 ∝ p𝜇J𝜇 = 0, we have no source for unphysical 𝛾

NB: The propagator drops down for large p as 1/p2.
*serves as a good cross-check of lengthy computations
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Abelian vs Non-Abelian

The U(1) internal symmetry is Abelian (the order of two transformations (rotations in 2d
plane) is not relevant) :

Re 𝜑(x)

Im 𝜑(x)

𝛼1

Re 𝜑(x)

Im 𝜑(x)

𝛼2 e i𝛼1 · e i𝛼2 = e i𝛼2 · e i𝛼1

Re 𝜑(x)

Im 𝜑(x)

𝛼2

Re 𝜑(x)

Im 𝜑(x)

𝛼1

U(1) transformations commute with each other.

NB: Abelian symmetry is not sufficient to account for W±
𝜇 . Why?
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Abelian vs Non-Abelian

We can generalize U(1) to the Non-Abelian case.
Consider SU(n) group, i.e., unitary n × n matrices
Uij depending on n2 − 1 parameters 𝜔a and having
detU = 1:

𝜓i → 𝜓′
i = Uij(𝜔)𝜓j , U(𝜔) = e igt

a𝜔a

(B. Crowel, General Relativity)

Generators ta of the group obey su(n)-algebra

[ta, tb] = if abctc , f abc − structure constants

For constant 𝜔a this transformation is a symmetry of

ℒ0 = 𝜓i

(︁
i𝜕 −m

)︁
𝜓i , i = 1, ..., n

describing n free fermions in fundamental representation of SU(n).
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Abelian vs Non-Abelian

For space-time dependent 𝜔a(x) we introduce (matrix) covariant derivative depending on
n2 − 1 gauge fields W a

𝜇 :

(D𝜇)ij = 𝜕𝜇𝛿ij − igtaijW
a
𝜇

The transformation properties of W a
𝜇 can be deduced from

D ′
𝜇𝜓

′ = U(𝜔)(D𝜇𝜓), U(𝜔) = e igt
a𝜔a

⇒ W
′a
𝜇 = W a

𝜇 + 𝜕𝜇𝜔
a + gf abcW b

𝜇𝜔
c

= W a
𝜇 + (D𝜇)

ab𝜔b, (D𝜇)
ab ≡ 𝜕𝜇𝛿

ab − ig(−if abc)W c
𝜇

The field-strength tensor is the commutator of the covariant derivatives (Ex: check this
also for U(1) symmetry)

[D𝜇,D𝜈 ] = −igtaℱa
𝜇𝜈 ,

ℱa
𝜇𝜈 = 𝜕𝜇W

a
𝜈 − 𝜕𝜇W

a
𝜈 + gf abcW a

𝜇W
b
𝜈
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Abelian vs Non-Abelian

Non-Abelian gauge symmetry predicts not only interactions between fermions 𝜓 (more
generally, fields in fundamental representation of the gauge group) and gauge fields W a

𝜇 ,
but also self-interactions of the latter (gauge-fields are also “charged” under the group) :

ℒ = 𝜓
(︁
i D̂ −m

)︁
𝜓 − 1

4
ℱa
𝜇𝜈ℱa

𝜇𝜈 = ℒ0 + ℒI

ℒ0 = 𝜓
(︁
i𝜕 −m

)︁
− 1

4
F a
𝜇𝜈F

a
𝜇𝜈 , F a

𝜇𝜈 = 𝜕𝜇W
a
𝜈 − 𝜕𝜈W

a
𝜇

ℒI = g𝜓i
𝛼𝛾

𝜇
𝛼𝛽t

a
ij𝜓

j
𝛽W

a
𝜇

− g

2
f abcW b

𝜇W
c
𝜈 F

a
𝜇𝜈 −

g2

4
f abc f adeW a

𝜇W
b
𝜈 W

d
𝜇W

e
𝜈

NB1: The strength of interaction is governed by a single coupling g .
NB2: The mass term m2W a

𝜇W
a
𝜇/2 violates gauge symmetry...

NB3: Non-Abelian gauge theory is also called Yang-Mills theory.
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YM: Quantization Issues

To quantize YM theory we add

ℒgf = − 1

2𝜉
(F a)2 , F a = 𝜕𝜇W

a
𝜇 ⇐ gauge-fixing function

Contrary to the case of QED, fermionic current Ja𝜇 = g𝜓ta𝛾𝜇𝜓 is not conserved and can
produce longitudinal W a

𝜇 .

Self-interactions of W a
𝜇 guarantee that at the tree-level all amplitudes involving

unphysical polarizations (for external states) vanish.

𝜓 𝜓

WL WT

+

𝜓 𝜓

WL WT

+

𝜓 𝜓

WL WT

= 0
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Fadeev-Popov Ghosts

The cancellation does not work for loops.

Add Faddev-Popov ghosts c̄a and ca — anticommuting “scalars”.

The Lagrangian for ghosts is related to the gauge-fixing function Fa(= 𝜕𝜇W𝜇)

ℒghosts = −c̄a
𝜕Fa(W

𝜔)

𝜕𝜔b
cb = −c̄a𝜕𝜇D

ab
𝜇 cb

= −c̄a𝜕2ca − gf abc(𝜕𝜇c̄
a)cbAb

𝜇

W W

W

− W W

c

NB: This is the price to pay for explicitly covariant formalism.
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Gauge Theory of Electroweak Interactions
To describe both electromagnetic and weak interactions in the SM we use

SU(2)L ⊗ U(1)Y

The group has four generators = gauge bosons. Three (W𝜇) belongs to SU(2)L, while
photon-like B𝜇 mediates U(1)Y .

Weak Hypercharge U(1)Y Weak Isospin SU(2)L

NB: To explain beta-decay and electromagnetism we need only 3 gauge bosons W± and 𝛾.
But we predict an additional one! Where is it hiding?

From J. Maldacena, “The symmetry and simplicity of the laws of physics and the Higgs boson”.
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Gauge Theory of Electroweak Interactions
The SM fermions are “charged” under SU(2)⊗ U(1).

Leptons(︂
𝜈e
e

)︂
L

eR

(︂
𝜈𝜇
𝜇

)︂
L

𝜇R

(︂
𝜈𝜏
𝜏

)︂
L

𝜏R

Quarks(︂
u
d

)︂
L

uR , dR

(︂
c
s

)︂
L

cR , sR

(︂
t
b

)︂
L

tR , bR

To account for (V − A) pattern only left fermions interact with W𝜇. The covariant derivative
for left SU(2) doublets

DL
𝜇 =

(︃
𝜕𝜇 − i

2

(︀
gW 3

𝜇 + g ′Y f
LB𝜇

)︀
−i g√

2
W+

𝜇

−i g√
2
W−

𝜇 𝜕𝜇 + i
2

(︀
gW 3

𝜇 − g ′Y f
LB𝜇

)︀)︃ ,
while for the right SU(2) singlets we have

DR
𝜇 = 𝜕𝜇 − ig ′Y

f
R

2
B𝜇

Here g and g ′ are the SU(2) and U(1) couplings. But what is Y f
L/R?
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Gauge Theory of Electroweak Interactions

Let us consider the interactions mediated by the introduced gauge bosons in more details. We
have “charged-current” interactions

ℒl
CC =

g√
2
𝜈eL𝛾𝜇W

+
𝜇 eL + h.c. =

g

2
√
2
𝜈e𝛾𝜇W

+
𝜇 (1− 𝛾5) e + h.c.

and “neutral-current” interactions

ℒl
NC = 𝜈eL𝛾𝜇

(︂
+
1

2
gW 3

𝜇 +
Y l
L

2
g ′B𝜇

)︂
𝜈eL

+ ēL𝛾𝜇

(︂
−1

2
gW 3

𝜇 +
Y l
L

2
g ′B𝜇

)︂
eL

+ g ′ēR𝛾𝜇
Y e
R

2
B𝜇eR

Q: Where is QED photon A𝜇?

W 3
𝜇 = Z𝜇 cos 𝜃W + A𝜇sin 𝜃W

B𝜇 = −Z𝜇 sin 𝜃W + A𝜇cos 𝜃W

The photon A𝜇 should not interact with
𝜈L, but couple to eL and eR with the same
strength!

Weinberg angle

Ex: Derive similar expressions for quarks.
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Gauge Theory of Electroweak Interactions
It is a simple exercise to get the following relations between fermion electric charges Qf and
weak hypercharges Y f :

g sin 𝜃W = e(Q𝜈 − Qe) = e(Qu − Qd)

g ′Y l
Lcos 𝜃W = e(Q𝜈 + Qe) = −e

g ′Y Q
L cos 𝜃W = e(Qu + Qd) =

1

3
e

g ′Y f
Rcos 𝜃W = 2eQf , f = e, u, d

and the elementary charge e.

From these relations we obtain e = g sin 𝜃W and can fix all hypercharges

Y Q
L = −1

3
Y l
L, Y e

R = 2Y l
L, Y u

R = −4

3
Y l
L, Y d

R = +
2

3
Y l
L,

but one, e.g., Y l
L. Sorry, too many e’s.
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Gauge Theory of Electroweak Interactions: Neutral Current
The neutral-current Lagrangian ℒNC takes the form:

ℒNC = eJA𝜇A
𝜇 +

g

cos 𝜃W
JZ𝜇 Z𝜇,

where

JA𝜇 =
∑︁
f

Qf f̄ 𝛾𝜇f , JZ𝜇 =
1

4

∑︁
f

f̄ 𝛾𝜇 (vf − af 𝛾5) f ,

vf = 2T f
3 − 4Qf sin

2 𝜃W , af = 2T f
3

and T f
3 = ±1

2 for up-type/down-type fermions.

Example: Qu = 2/3, T u
3 = 1/2, so

vu = 1− 8

3
sin2 𝜃W , au = 1

Ex: Deduce vf /af for other fermions.
NB: No dependence on Y l

L, which remains to be free (to be fixed)!

Gargamelle,1972-73
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The EW interactions of the SM fermions: Mini summary

X We use gauge principle to introduce EW interactions.

X We account for (V − A) structure for charged currents

ℒCC =
g

2
√
2
𝜈e𝛾𝜇(1− 𝛾5)W

+
𝜇 e + ū𝛾𝜇(1− 𝛾5)W

+
𝜇 d + h.c.

X We reproduce electromagnetic interactions:

ℒA
NC = eJA𝜇A

𝜇

X We predict additional neutral boson

ℒA
NC =

g

cos 𝜃W
JZ𝜇 Z𝜇

× All gauge bosons are massless! A mass term like M2
WW+

𝜇 W−
𝜇 is forbidden by symmetry

W𝜇 → W𝜇 + 𝜕𝜇𝜔 + ...

× All fermions are massless! A mass term like me ēe mixes left and right. But eL belongs to
SU(2) doublet, while eR is SU(2) singlet!
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Hidden Gauge Symmetry

We need to generate masses for W±
𝜇 and Z𝜇 but not for A𝜇 without explicit breaking of the

gauge symmetry.

Let’s consider simple U(1) gauge symmetry for scalar electrodynamics:

ℒ = 𝜕𝜇𝜑
†𝜕𝜇𝜑− V (𝜑†𝜑)− 1

4
F 2
𝜇𝜈 + ie

(︁
𝜑†𝜕𝜇𝜑− 𝜑𝜕𝜇𝜑

†
)︁
A𝜇 + e2A𝜇A𝜇𝜑

†𝜑,

which is invariant under

𝜑→ e ie𝜔(x)𝜑, A𝜇 → A𝜇 + 𝜕𝜇𝜔.

In polar coordinates (𝜑 = 1√
2
𝜌(x)e i𝜃(x)) the Lagrangian

ℒ =
1

2
(𝜕𝜇𝜌)

2 +
e2𝜌2

2

(︂
A𝜇 − 1

e
𝜕𝜇𝜃

)︂(︂
A𝜇 − 1

e
𝜕𝜇𝜃

)︂
− V (𝜌2/2)− 1

4
F 2
𝜇𝜈

is still invariant. (Ex: How 𝜌 and 𝜃 change under U(1) transformations?)
NB: The symmetry becomes hidden if we define B𝜇 ≡ A𝜇 − 1

e 𝜕𝜇𝜃!

A. Bednyakov (JINR) QFT & EW SM 18 / 48



Spontaneous Symmetry Breaking

ℒ =
1

2
(𝜕𝜇𝜌)

2 +
e2𝜌2

2
B𝜇B𝜇 − V (𝜌2/2)− 1

4
F 2
𝜇𝜈(B)

Here 𝜌(x) is a dynamical field. We get mass term if 𝜌(x) → v = const.

𝜑

V (𝜑)

𝜇 > 0

V = 𝜇2𝜑†𝜑+ 𝜆(𝜑†𝜑)2

It is invariant under global
phase-shift symmetry

𝜑→ e i𝛼𝜑. 𝜑

V (𝜑)

𝜇 < 0

|𝜑0|

The case 𝜇2 > 0 is trivial.

For 𝜇2 < 0 we have a valley of degenerate minima:

𝜕V

𝜕𝜑†
= 0 ⇒ 𝜑†0𝜑0 = −𝜇

2

2𝜆
=

v2

2
> 0 ⇒ 𝜑0 =

v√
2
e i𝛽
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The Brout-Englert-Higgs mechanism

Non-zero 𝜑 in the minimum of the potential is interpreted as the vacuum expectation value
(vev) of the quantum field:

v√
2
= ⟨0|𝜑(x)|0⟩, 𝛽 = 0 (Why?)

To introduce particles as excitations we have to shift the field:

𝜑(x) =
v + h(x)√

2
e i𝜁(x)/v , ⟨0|h(x)|0⟩ = 0, ⟨0|𝜁(x)|0⟩ = 0

ℒ =
1

2
(𝜕𝜇h)

2 + e2v2

2 B𝜇B𝜇 + evhB𝜇B𝜇 + e2

2 B𝜇B𝜇h
2 − V − 1

4
F 2
𝜇𝜈(B)

V = −|𝜇|2
2

(v + h)2 +
𝜆

4
(v + h)4 = 2𝜆v2

2 h2 + 𝜆vh3 + 𝜆
4h

4 − 𝜆

4
v4

Massive field B𝜇 without explicit symmetry breaking! This is the essence of
Brout-Englert-Higgs-Hagen-Guralnik-Kibble mechanism.
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The Brout-Englert-Higgs mechanism: Counting DOFs
We start with

ℒ1 = 𝜕𝜇𝜑
†𝜕𝜇𝜑+ ie

(︁
𝜑†𝜕𝜇𝜑− 𝜑𝜕𝜇𝜑

†
)︁
A𝜇 + e2A𝜇A𝜇𝜑

†𝜑− V − 1

4
F 2
𝜇𝜈(A),

and end with [
√
2𝜑 = (v + h) exp(i𝜁(x)/v), B𝜇 = A𝜇 − 𝜕𝜇𝜁/(ev)]

ℒ2 =
1

2
(𝜕𝜇h)

2 − e2v2

2

(︂
1 +

h2

v2

)︂
B𝜇B𝜇 + evhB𝜇B𝜇 − V − 1

4
F 2
𝜇𝜈(B).

ℒ1: 2 DOFs (complex scalar 𝜑, 𝜑†) + 2 DOFs (massless vector A𝜇).

ℒ2: 1 DOFs (real scalar h) + 3 DOFs (massive vector field B𝜇).

One scalar DOF was “eaten” by the gauge field to become massive.

Q: Which one?

A: The (would-be) Nambu-Goldstone (boson)!

V (𝜑)

𝜁
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SSB and Renormalizability

Both ℒ1 and ℒ2 has some issues:

ℒ1 : Manifestly gauge-invariant, but not suitable for PT (imaginary mass);

ℒ2 : Hidden gauge symmetry, only physical DOFs, but non-renormalizable by power counting.

There is another, explicitly renormalizable version of the Lagrangian with shifted 𝜑 written in
cartesian coordinates: 𝜑 = 1√

2
(v + 𝜂 + i𝜉)

ℒ3 =
v4𝜆

4
− 1

4
F𝜇𝜈F𝜇𝜈 +

e2v2

2
A𝜇A𝜇 +

1

2
𝜕𝜇𝜉 𝜕𝜇𝜉 − evA𝜇𝜕𝜇𝜉

+
1

2
𝜕𝜇𝜂 𝜕𝜇𝜂 −

2v2𝜆

2
𝜂2 + eA𝜇𝜉𝜕𝜇𝜂 − eA𝜇𝜂𝜕𝜇𝜉 − v𝜆𝜂(𝜂2 + 𝜉2)

− 𝜆

4
(𝜂2 + 𝜉2)2 +

e2

2
A𝜇A𝜇(2v𝜂 + 𝜂2 + 𝜉2).

NB: Now we have massless unphysical field 𝜉 in the spectrum, but it mixes with longitudinal
component of A𝜇 (“partially eaten”).
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A Remark on the Goldstone Theorem

V (𝜑)

𝜁

The Goldstone theorem states that if the vacuum
breaks a global continuous symmetry there is a
massless boson (Nambu-Goldstone) in the
spectrum: any non-derivative interactions violates

𝜁 → 𝜁 + ev𝜔, 𝜔 = const

Fortunately, we have local symmetry with hungry A𝜇...

We need 3 massive bosons W±,Z𝜇.

3 symmetries out of SU(2)L × U(1)Y has to be
spontaneously broken to get 3 victims (would-be)
Nambu-Goldstone bosons.

NB: The Higgs boson (see lect. by F. Maltoni) was a by-product of the mass-generation
mechanism (the main task was to “exorcise” massless fields).
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SSB in the EW theory

To break SU(2)L × U(1)Y we can use a scalar SU(2)-doublet:

Φ =
1√
2
exp

(︂
i
𝜁i𝜎

i

2v

)︂(︂
0

v + h(x)

)︂
, Φ0 ≡ ⟨0|Φ|0⟩ = 1√

2

(︂
0
v

)︂
Let it be also charged under U(1)Y :

Φ → exp

(︂
ig
𝜎i

2
𝜔a + ig ′YH

2
𝜔′
)︂
Φ

We do not want to break U(1)emand seak for a combination of SU(2)L and U(1)Y
generators that annihilate the vacuum:

QΦ0 = 0, Q =
𝜎3
2

+
YH

2
=

1

2

(︂
1 + YH 0

0 −1 + YH

)︂
For YH = 1, the vacuum has zero electric charge.
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SSB in the EW theory

The Lagrangian for Φ

ℒΦ = (D𝜇Φ)
†(D𝜇Φ)− V (Φ), with V (Φ) = 𝜇2Φ†Φ+ 𝜆(Φ†Φ)2

leads to v = |𝜇2|
𝜆 provided 𝜇 < 0.

Gauge symmetry allows us to get rid of 𝜁i (unitary gauge):

|D𝜇Φ|2 =
1

2
(𝜕𝜇h)

2 +
g2

8
(v + h)2|W 1

𝜇 + iW 2
𝜇 |2

+
1

8
(v + h)2(gW 3

𝜇 − g ′YHB𝜇)
2.

We do not want to generate mass for the photon (YH = 1):

0 = g sin 𝜃W − g ′ cos 𝜃W ,

e = g sin 𝜃W = gg ′/
√︀
g2 + g ′2

W 3
𝜇 = Z𝜇 cos 𝜃W + A𝜇 sin 𝜃W

B𝜇 = −Z𝜇 sin 𝜃W + A𝜇cos 𝜃W

Ex: We have not fixed the value Y l
L for leptons. Relate Y l

L to YH .
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|D𝜇Φ|2 =
1

2
(𝜕𝜇h)

2 +
g2

4
(v + h)2W+

𝜇 W−
𝜇

+
1

8
(v + h)2(g2 + g ′2)Z 2

𝜇 .

Masses of W- and Z-bosons are related:

MW = gv/2, MZ =
√︀
g2 + g ′2v/2

𝜌 =
M2

W

M2
Z cos2 𝜃W

= 1(?)

W 3
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SSB and Fermion Masses

The SU(2)L × U(1)Y forbids fermion mass terms:

m𝜓𝜓 = m
(︀
𝜓L𝜓R + 𝜓R𝜓L

)︀
To add masses in the SM we introduce Yukawa interactions:

ℒY = −ye(L̄Φ)eR − yd(Q̄Φ)dR − yu(Q̄Φc)uR + h.c.

with SU(2) doublets

L =

(︂
𝜈e
e

)︂
L

,Q =

(︂
u
d

)︂
L

,Φ =

(︂
𝜑+

𝜑0

)︂
,Φc =

(︂
𝜑0*

−𝜑−
)︂

Φ → ⟨0|Φ|0⟩:

ℒf
m = −

[︂
yev√
2
ēe +

ydv√
2
d̄d +

yuv√
2
ūu

]︂
, mf =

yf v√
2

Ex: Check that all terms in ℒY are singlets w.r.t SU(2)L × U(1)Y .
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SSB and Fermion Masses: Towards Flavour Physics

The Lagrangian ℒY can be generalized to account for known three generations (introduce
indices i , j = 1, 2, 3):

ℒY = −y ijl (L̄iΦ)ljR − y ijd (Q̄iΦ)djR − y iju (Q̄iΦ
c)ujR + h.c.

Yukawa Matrices are non-diagonal (and complex) ⇒

ℒf
m = −y ijf v√

2
f̄ iL f

j
R + h.c. M ij

f =
y ijf v√
2

Mass Eigenstates: Diagonalizing Mf we obtain masses mf .

NB1: Couplings of the mass eigenstates f to h are proportional to mf .
NB2: Three generations are required to have 𝒞𝒫 violation in quark sector.
NB3: Dirac mass for neutrinos can also be introduced in a similar way.

(see details in lect. by J.Zupan and S. Pascoli)
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The SM Lagrangian: Gauge
Let us combine all the ingredients and write down the Full SM Lagrangian

ℒSM = ℒGauge(gs , g , g
′)

+ ℒYukawa(yu, yd , yl)

+ ℒHiggs(𝜆, 𝜇
2)

[︀
−VHiggs(𝜆, 𝜇

2)
]︀

+ ℒGauge-fixing + ℒGhosts

ℒGauge = −1

4
G a
𝜇𝜈G

a
𝜇𝜈⏟  ⏞  

SU(3)c

−1

4
W i

𝜇𝜈W
i
𝜇𝜈⏟  ⏞  

SU(2)L

−1

4
B𝜇𝜈B𝜇𝜈⏟  ⏞  
U(1)Y

+(D𝜇Φ)
†(D𝜇Φ)

+ L̄i i D̂ Li + Q̄i i D̂ Qi⏟  ⏞  
SU(2)L doublets

+ l̄Ri i D̂ lRi
+ ūRi i D̂uRi

+ d̄Ri i D̂ dRi⏟  ⏞  
SU(2)L singlets

We have three parameters gs , g , g
′ in the Gauge sector.
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The SM Lagrangian: Gauge Self-Interactions
Let us combine all the ingredients and write down the Full SM Lagrangian

ℒSM = ℒGauge(gs , g , g
′)

+ ℒYukawa(yu, yd , yl)

+ ℒHiggs(𝜆, 𝜇
2)

[︀
−VHiggs(𝜆, 𝜇

2)
]︀

+ ℒGauge-fixing + ℒGhosts

Due to Non-Abelian nature we have Gauge-boson self-interactions:

𝛾,Z

W+

W−

𝛾,Z

𝛾,Z

W+

W−

W+

W−

W+

W−
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The SM Lagrangian: Gauge Self-Interactions

e+

e–

e+

e–
γ Z

+

e+

e–

W+

W–

+

W+

W–

W+

W–

0

10

20

30

160 180 200

√s (GeV)

σ
W

W
 (

p
b

)

YFSWW/RacoonWW

no ZWW vertex (Gentle)

only νe exchange (Gentle)

LEP
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The SM Lagrangian: Gauge-Higgs Interactions
Let us combine all the ingredients and write down the Full SM Lagrangian

ℒSM = ℒGauge(gs , g , g
′)

+ ℒYukawa(yu, yd , yl)

+ ℒHiggs(𝜆, 𝜇
2)

[︀
−VHiggs(𝜆, 𝜇

2)
]︀

+ ℒGauge-fixing + ℒGhosts

The Higgs boson h interacts with W and Z , but not with 𝛾:

h

W+

W−

h

Z

Z

h

h

Z

Z

h

h

W+

W−

Ex: What are the couplings?

W+ W+

h

80.3

80.4

80.5

10 10
2

10
3

mH  [GeV]

m
W

  [
G

eV
]

Excluded

High Q2 except mW/ΓW

68% CL

mW (LEP2, Tevatron)
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The SM Lagrangian: Gauge-Fermion Interactions
Let us combine all the ingredients and write down the Full SM Lagrangian

ℒSM = ℒGauge(gs , g , g
′)

+ ℒYukawa(yu, yd , yl)

+ ℒHiggs(𝜆, 𝜇
2)

[︀
−VHiggs(𝜆, 𝜇

2)
]︀

+ ℒGauge-fixing + ℒGhosts

After diagonalization of Yukawa matrices, we have flavour-changing charge-current interactions,
but flavour-conserving neutral-current transitions:

W+

ui

dj

+ W−

di

uj

Z , 𝛾

ui , di

ui , di

NB: The CKM matrix appears in charged currents (see lect. by J. Zupan)

W+ W+

b

t

160

180

200

10 10
2

10
3

mH  [GeV]

m
t  

[G
eV

]

Excluded

High Q2 except mt

68% CL

mt (Tevatron)
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The SM Lagrangian: Yukawa
Let us combine all the ingredients and write down the Full SM Lagrangian

ℒSM = ℒGauge(gs , g , g
′)

+ ℒYukawa(yu, yd , yl)

+ ℒHiggs(𝜆, 𝜇
2)

[︀
−VHiggs(𝜆, 𝜇

2)
]︀

+ ℒGauge-fixing + ℒGhosts

The Higgs boson h interacts with fermions (again, no
change of flavour). Not all parameters in complex
matrices yf are physical. The physical ones are 6q + 3l
masses, 3 angles in CKM matrix and 1 CPV phase.

h

u, d , l

u, d , l

Ex: What are the couplings? Why no Flavour-Changing-Neutral-Current?
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The SM Lagrangian: Higgs self-interactions
Let us combine all the ingredients and write down the Full SM Lagrangian

ℒSM = ℒGauge(gs , g , g
′)

+ ℒYukawa(yu, yd , yl)

+ ℒHiggs(𝜆, 𝜇
2)

[︀
−VHiggs(𝜆, 𝜇

2)
]︀

+ ℒGauge-fixing + ℒGhosts

The shift in the Higgs field generates triple self-interaction h:

h

h

h

h

h

h

h

NB: Two parameters in the Higgs sector: Mh = 2𝜆v2 and v2 = −|𝜇|2/𝜆.
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The SM Input Parameters

There are 18+1 free parameters in the canonical SM (no 𝜈R).

To make predictions they have to be extracted from experiment.

There are different, yet related, sets of parameters. For example,

18= 1 1 1 1 1 9 4
primary: gs g g ′ 𝜆 𝜇 yf yij
practical: 𝛼s MZ 𝛼 GF MH mf VCKM

𝛼s =
g2
s (Q)
4𝜋 , (4𝜋)𝛼 = g2g ′2/(g2 + g ′2), M2

Z = (g2+g ′2)v2

4 ,

GF = 1√
2v2 , Mh = 2𝜆v2, mf = yf v/

√
2

Ex: Where is 𝜇? (Lagrangian parameter, not renormalization scale:)
NB: Tree-level relations, can be corrected in high orders of perturbation theory
(renormalization scheme!).
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Scale dependence of primary SM parameters

Hint for
Grand
Unification?

Hint for
vacuum
metastability?

2 4 6 8 10 12 14 16 18 20
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Fig. made by A. Pikelner, MR package
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W

n jet(s)≥

Z

n jet(s)≥

γW γZ WW WZ ZZ
µll, l=e,→, Zνl→EW: W

qqW
EW 

qqZ
EW

WW
→γγ

γqqW
EW

ssWW
 EW

γqqZ
EW

qqZZ
EW γWV γγZ γγW tt

=n jet(s)

t-cht tW s-cht γtt tZq ttW ttZ tttt
σ∆ in exp. Hσ∆Th. 

ggH qqH
VBF VH WH ZH ttH HH

CMS 95%CL limits at 7, 8 and 13 TeV

)-1 5.0 fb≤7 TeV CMS measurement (L 
)-1 19.6 fb≤8 TeV CMS measurement (L 
)-1 35.9 fb≤13 TeV CMS measurement (L 

Theory prediction
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The Absolutely Amazing Theory of Almost Everything: Summary

Based on Symmetry principles: Lorentz + SU(3)C × SU(2)L × U(1)Y gauge symmetry

Renormalizable and unitary

All predicted particles are discovered experimentally

The structure of all interactions is fixed (but not all couplings are tested experimentally)

Anomaly free theory*

Can account for rich Flavour Physics (lect. by J. Zupan).

Three generations allow 𝒞𝒫-violation (lect. by J. Zupan).

Can be extended to incorporate neutrino masses and mixing (lect by S. Pascoli)

Survives stringent experimental tests
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Issues of the SM
Features to be clarified:

Unification of all interactions? (Gravity?)

Pattern behind Flavour Physics (hierarchy in masses and mixing, 3 generations)?

Symmetry behind SM charge assignment?

Origin of the Higgs potential?

Origin of accidental Baryon and Lepton number symmetries*?

No CP-volation in strong interactions**

Why the Higgs mass is so low? (Hierarchy/Naturalness problem)

...

Phenomenological problems:

Origin of neutrino masses (see lect. by S. Pascoli)

Baryon asymmetry (see lect. by A. De Simone)

Dark matter, Dark energy, Inflation (see lect. by A. De Simone)

Tension in (g − 2)𝜇, b → s𝜇𝜇, b → cl𝜈.

...

A. Bednyakov (JINR) QFT & EW SM 40 / 48



Concluding remarks

The SM is enormously successful theory.

Any New Physics theory should reproduce the
SM as the low-energy limit.

The values of the SM parameters do not give
hints for New Physics scale.

We still believe that the SM is not an ultimate
theory (see lect. by B. Allanch) and we you
eagerly search for any deviations ...

In the absence of direct signal a key role is
played by precision measurements
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FCC-ee prospects

Observable Measurement Current precision FCC-ee stat. Possible syst. Challenge

MZ [MeV] Lineshape 91187.5± 2.1 0.005 < 0.1 QED corr.
ΓZ [MeV] Lineshape 2495.2± 2.3 0.008 < 0.1 QED corr.

Rℓ Peak 20.767± 0.025 0.0001 < 0.001 Statistics
Rb Peak 0.21629± 0.00066 0.000003 < 0.00006 g → bb̄
N𝜈 Peak 2.984± 0.008 0.00004 0.004 Lumi meast.
A𝜇𝜇
FB Peak 0.0171± 0.0010 0.000004 < 0.00001 Ebeam meast.

𝛼s(MZ) Rℓ 0.1190± 0.0025 0.000001 0.00015 New Physics
1/𝛼QED(MZ) A𝜇𝜇

FB around peak 128.952± 0.014 0.004 0.002 EW corr.
MW [MeV] Threshold scan 80385± 15 0.3 < 1 QED corr.

N𝜈 e+e− → 𝛾 Z(inv.) 2.92± 0.05 0.0008 < 0.001 ?
𝛼s(MW) Bhad = (Γhad/Γtot)W Bhad = 67.41± 0.27 0.00018 0.00015 CKM Matrix

mtop [MeV] Threshold scan 173200± 900 10 10 QCD

From Mogens Dam, Precision Electroweak measurements at the FCC-ee
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Some additional material
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Some of the LEP EWWG Results

 [GeV]WM

80.0 80.2 80.4 80.6 80.8 81.0

ALEPH  0.051±80.440 

DELPHI  0.067±80.336 

L3  0.055±80.270 

OPAL  0.052±80.415 

LEP  0.033±80.376 
/DoF = 48.9/412χ

LEP W-Boson Mass

0

1

2

3

4

5

6

10040 200

mH [GeV]

∆
χ2

Excluded

∆αhad =∆α(5)

0.02750±0.00033

0.02757±0.00010

incl. low Q2 data

Theory uncertainty
    

From arXiv:1302.3415
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Hierarchy/Naturalness Problem

What is wrong with light higgs boson?:

v ∼ 102 GeV ΛNP ∼ 103−16 GeV

Radiation corrections to the mass of scalar Higgs boson depends quadratically on UV
cut-off (possibe New Physics) Λ ∼ ΛNP.

f

f̄

• •H H • • •

W, Z, H
W, Z, H

M2
H = M2

H,0 + 𝛿M2
H , M

2
H,0 – bare mass.

𝛿M2
H =

(︂
1

4

(︀
9g2 + 3g ′2)︀−6y2t +6𝜆

)︂
Λ2

16𝜋2

Λ = 10 TeV, (800 GeV)2 −(1.8 TeV)2 (600 GeV)2
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Higgs Boson and Scattering of Longitudinal W-bosons

At high-energies the amplitude of longitudinal W scattering:

ℳ = g2𝜖𝜇L(p1)𝜖
𝜈
L(p2) (2g𝜇𝜎g𝜈𝜌 − g𝜇𝜌g𝜈𝜎 − g𝜇𝜈g𝜌𝜎) 𝜖

𝜌
L(k1)𝜖

𝜎
L(k2)

ℳ ∝ g2 E 4

M4
W

We expect perturbative unitarity violation for E ∼ MW .

WL WL

WL WL

p𝜈2

p𝜇1

k𝜌2

k𝜎1
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Higgs Boson and Scattering of Longitudinal W-bosons

Z 0, 𝛾
Z 0, 𝛾 ℳ ∝ g2 E 2

M2
W

h
h ℳ ∝ −g2 E 2

M2
W

The Higgs is crucial for unitarization of WW-scattering!
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Axial Anomalies
Anomalies correspond to situations when a symmetry of the classical Lagrangian is violated at
the quantum level. A well-known example is Axial/Chiral Anomaly, when classical conservation
law for the current is modified at quantum level:

JA𝜇 = Ψ̄𝛾𝜇𝛾5Ψ, 𝜕𝜇J
A
𝜇 = 2imΨ𝛾5Ψ+

𝛼

2𝜋
F𝜇𝜈 F̃𝜇𝜈 , F̃𝜇𝜈 = 1/2𝜖𝜇𝜈𝜌𝜎F𝜌𝜎

The EW interactions in the SM distinguish left from right (remember V − A?).

Anom ∼ Tr[ta, {tb, tc}]L − Tr[ta, {tb, tc}]R

If anomaly does not vanish, the theory is
not consistent.

In the SM contributions to anomalies
miraculously cancel each other separately
for each generation.

TrY 3 = 3

[︂
(
1

3
)3 + (

1

3
)3 − (

4

3
)3 − (−

2

3
)3
]︂
+ (−1)3 + (−1)3 − (−2)3 = 0.

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑
colour uL dL uR dR 𝜈L eL eR

From Kazakov D.I.
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