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• Hadrons in the initial state

• Naive parton model and Deep Inelastic Scattering

• Radiative corrections

• parton evolution and the proton structure functions
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• Processes with hadrons in the initial state which are characterised by an high momentum 
transfer are described by the improved parton model formula

‣ hadron-hadron collisions

‣ lepton-hadron collisions

Hadrons in the initial state
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Partons in the initial state 
• where:
‣ an incoming hadron is equivalent to a “broad beam” of elementary constituents each 

carring a fraction x of the total hadron momentum according to a parton distribution 
function (pdf)

‣ the short distance cross section is calculable in perturbation theory

‣ the dependence of               upon µ is mild and determined by the                  
Dokshitzer-Gribov-Lipatov- Altarelli-Parisi evolution equation:

➡ µ dependence in pdf’s and in the short distance cross section compensate. The scale 
has to be chosen close to the hard scale of the process to avoid the presence of large 
logarithms in the short distance cross section (same as for the renormalisation scale in 
e+e-)
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• a flux of composed particles (like atoms, nuclei or positronium bound states) is 
equivalent to a flux of their constituents carring just a fraction of the total moment 
with a distribution dictated by the intensity of the interaction among the constituents

• boosting the bound state particles along one direction there is a spread of the 
longitudinal component of the momentum while the transverse component remains 
the same as for the particle at rest (negligible after the boost)

• will work as far as we have large scattering angles (at small angle partons could 
scatter coherently) or, simply, as far as we can neglect the transverse momentum of 
the partons

Naive parton model
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➡ x is the fraction of the total momentum carried by the constituent c 
➡ variance of the fraction depends on the interaction strength



• measuring the outgoing electron all the invariants can be calculated

• scaling: in the limit of large Q2 and finite xBJ

Deep inelastic scattering
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• hadron is a beam of parsons:

• neglecting parton transverse momentum:

Scaling in the parton model
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Isospin and weak interactions
• combining data for electron scattering off protons and neutrons (deuterons) we extract 

u(x) and d(p) in both (assuming isospin symmetry, i.e. neutron is like proton with u and d 
exchanged)

• note that now the interaction can create an infinite number of quark pairs (very
 

different from a non relativistic bound state like positronium where                   ), now
 

each distribution can diverge for very low momentum fraction, but still:

• photons interact the same way with u and u̅, to get the difference we measure the 
structure functions related to charged current electroweak interactions like for neutrino 
DIS or W± production in pp collisions
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• there will be divergences associated with radiation

• we expect that soft and collinear divergences associated to gluon radiation from the 
final state will cancels as for e+e- annihilation into hadrons

• for the initial state the situation is different: the collinear divergences are associated 
to different kinematical configurations, in particular to different final states!

Perturbative corrections

p̂

p̂� l

l

‣ denominator 
diverges for p 
parallel to l

• this is a very different situation with respect to e+e- annihilation
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• to parametrise the divergences let’s decompose the momenta:

Perturbative corrections
p̂

p̂� l

l

p̂ = (p0, 0! , p0) ! = ( p0, 0! , ! p0)

• phase space:

‣ kinematic
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• as for the amplitude

• at the level of amplitude squared we would expect a dependence               but that’s 
not the case because when l becomes parallel to p also the product of p and the gluon 
polarisation (that is transverse in any physical gauge) vanishes.  The conservation of 
angular momentum provides a more general argument: no helicity flip and the vectorial 
nature of the gluon provides suppression

• indeed, with a bit of Dirac algebra one can show that:

• squaring the amplitude and keeping only the divergent terms:

Perturbative corrections
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• multiplying: the phase space factor, the divergent part of the amplitude squared, the flux 
factor, a colour factor, and integrating over the phase space, for the most divergent real 
correction to the cross section we get:

• including the most divergent part also from the virtual corrections one has:

• soft divergence,            , cancels, collinear one,              , do not!

• in reality we can imagine that a lower cutoff scale of 1GeV regulate the divergence, but 
the prediction will develop a strong sensitivity to this IR cutoff.
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• higher order corrections worsen the situation

• the effective expansion parameter will be of order 1
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• cancellation of the divergence will not be enough, we will need of the summation of the 
leading remaining effects (same situation as for the running coupling renormalisation)

• the problem is solved with a renormalisation in a similar way we did the ultraviolet 
renormalisation for e+e- (and at the same time for all the observables receiving QCD 
corrections).

• After that, prediction for a specific process can be used to match theory and data fitting 
new building blocks that can be used in all other experiments.

l?for multiple radiation over large      gap
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• after all, the divergence is related to the vanishing of a denominator representing a 
massless propagator that is going on-shell

• further the amplitude exactly factorises in the collinear limit into two amplitudes, one with 
the initial radiation and another one with the hard collision

• so a long distance enter in the problem, the collinear emission might well happen quite far 
from the hard interaction (with the photon for the DIS for example), and be considered as 
a process among the ones that regulates the life of the hadron. (Failure of the parton 
model, the transverse momentum of the partons is not limited to Λ, although it stays 
relatively small).

• ultimately we are going to adsorb this collinear divergence into the definition of the parton 
distribution functions that make up the proton
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• let us convolute the corrected short distance cross section with 
the parton density

• we then multiply times                   and get:
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• we have to consider a parton as having a structure, that depends upon the scale at 
which we are probing it

• the parton distribution     corresponds, at a given x, to the density of a parton in the 
proton integrated over transverse momentum     up to µ 

efq

l ! 16

Perturbative corrections



• large corrections depend upon unknown low scale dynamics

• they can be adsorbed into a redefinition of the parton density

• parton density redefinition does not depend upon the specific hard process, they are 
universal!

• there is a variety of arguments showing that the above construction holds to all order 
in perturbation theory (Factorisation theorem)

• low scale dynamics of parton density functions can only be measured, but their scale 
dependence is predictable in perturbation theory:

➡ effective resummation of the logarithms associated to multiple collinear emissions
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• indeed, a system of coupled equations:

Altarelli-Parisi splitting probabilities 
and evolution equation
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• large x (x ➝ 1)

Altarelli-Parisi splitting probabilities 
and evolution equation
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• large x (x ➝ 1)

Altarelli-Parisi splitting probabilities 
and evolution equation
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• large x (x ➝ 1)

Altarelli-Parisi splitting probabilities 
and evolution equation

• from the definition of the plus distribution
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• small x (x ➝ 0)

Altarelli-Parisi splitting probabilities 
and evolution equation
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• small x (x ➝ 0)

Altarelli-Parisi splitting probabilities 
and evolution equation
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• evolution do not have to spoil the sum rules

• take the proton:

• deriving with respect to the scale we have the conditions:

✓and the splitting probability functions of the previous slide fulfil them!

Altarelli-Parisi splitting probabilities 
and evolution equation
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• Splitting functions are expressed as a power series in

• In the terms of the series there are terms proportional to           and to            and 

•  The leading-order DGLAP evolution sums up the                   contributions, next-to-leading 
order sum the                           terms

• small x resummation also performed predicting a power low behaviour 

•  The NNLO contributions to the splitting functions and the DIS coefficient functions are 
also all known

• The precision of the experimental data demands that at least NLO, and preferably NNLO, 
DGLAP evolution be used in comparisons between QCD theory and experiment
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• from the parton model prediction:

we move to the one including the leading 
radiative corrections with µ2=Q2 to 
cancel the log in the hard matrix element 
that is resumed in the pdf evolution (as 
for the renormalisation log in e+e-)

• we are resolving the virtual fluctuations 
of the constituent quarks

Parton evolution and the
proton structure function19. Structure functions 7
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Figure 19.2: The proton structure function F p
2 given at two Q2 values (6.5 GeV2

and 90 GeV2), which exhibit scaling at the ‘pivot’ point x ∼ 0.14. See the captions
in Fig. 19.8 and Fig. 19.10 for the references of the data. The various data sets have
been renormalized by the factors shown in brackets in the key to the plot, which
were globally determined in a previous HERAPDF analysis [13]. The curves were
obtained using the PDFs from the HERAPDF analysis [14]. In practice, data for
the reduced cross section, F2(x, Q2) − (y2/Y+)FL(x, Q2), were fitted, rather than
F2 and FL separately. The agreement between data and theory at low Q2 and x can
be improved by a positive higher-twist correction to FL(x, Q2) [15,16] (see Fig. 8 of
Ref. [16]).

In QCD, the above processes are described in terms of scale-dependent parton
distributions fa(x, µ2), where a = g or q and, typically, µ is the scale of the probe Q. For
Q2 ≫ M2, the structure functions are of the form

Fi =
∑

a

Ca
i ⊗ fa, (19.21)

where ⊗ denotes the convolution integral

C ⊗ f =

∫ 1

x

dy

y
C(y) f

(

x

y

)

, (19.22)
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Q2

wave length
• main effect of radiative corrections is to shift partons 

from higher to lower x with increasing Q2
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• kinematic domain in x and Q of the 
data collection used in pdf fits

Parton distributions at NNLO

• fit results
• similar results also from the other 

collaborations: MMHT, CT(EQ), 
HERAPD, ABMP and JR
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gn
1 /Fn

1 ) and COMPASS [88,89]. NLO analyses are given in Refs. [16Ð18] and [80,91].
Improved parton-to-hadron fragmentation functions, needed to describe the semi-inclusive
DIS data, can be found in Refs. [82Ð84]. A recent determination [85], using the NNPDF
methodology, concentrates just on the inclusive polarizedDIS data, and Þnds the errors
on the polarized gluon PDF have been underestimated in the earlier analyses. An update
to this [15], where jet and W± data from pp collisions and openÐcharm DIS data have
been included via reweighting, reduces the uncertainty a little and suggests a positive
polarized gluon PDF. The PDFs obtained in the NLO NNPDF analy sis [15] at scales of
µ2 = 10 and 104 GeV2 are shown in Fig. 19.5.
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Figure 19.5: The bands are x times the unpolarized (a,b) parton distributions
f (x) (where f = uv, dv, u, d, s ≃ øs, c = øc, b = øb, g) obtained in NNLO NNPDF3.0
global analysis [56] at scalesµ2 = 10 GeV2 (left) and µ2 = 104 GeV2 (right), with
αs(M2

Z ) = 0 .118. The analogous results obtained in the NNLO MMHT analysis can
be found in Fig. 1 of Ref [55]. The corresponding polarized parton distributions are
shown (c,d), obtained in NLO with NNPDFpol1.1 [15].
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Figure 19.4: Kinematic domains in x and Q2 probed by fixed-target and collider
experiments. Some of the final states accessible at the LHC are indicated in
the appropriate regions, where y is the rapidity. The incoming partons have
x1,2 = (M/14 TeV)e±y with Q = M where M is the mass of the state shown in
blue in the figure. For example, exclusive J/! and Υ production at high |y| at the
LHC may probe the gluon PDF down to x ∼ 10−5.

using the “Hessian” formulation. The free parameters are expanded around their best
fit values, and orthogonal eigenvector sets of PDFs depending on linear combinations of
the parameter variations are obtained. The uncertainty is then the quadratic sum of the
uncertainties arising from each eigenvector. The NNPDF group combines a Monte Carlo
representation of the probability measure in the space of PDFs with the use of neural
networks. Fits are performed to a number of “replica” data sets obtained by allowing
individual data points to fluctuate randomly by amounts determined by the size of the
data uncertainties. This results in a set of replicas of unbiased PDF sets. In this case
the best prediction is the average obtained using all PDF replicas and the uncertainty
is the standard deviation over all replicas. It is now possible to convert the eigenvectors
of Hessian-based PDFs to Monte Carlo replicas [60] and vice versa [61]. The PDFs are
made available in a common format at LHAPDF [62].

In these analyses, the u, d and s quarks are taken to be massless, but the treatment
of the heavy c and b quark masses, mQ, differs, and has a long history, which may
be traced from Refs. [63–74]. The MSTW, CT, NNPDF and HERAPDF analyses use
different variants of the General-Mass Variable-Flavour-Number Scheme (GM-VFNS).
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