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• Higher order corrections for LHC processes

• Resummation for specific distributions

• Parton shower

• Merging, Matching, and both
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• Drell Yan process and Di-boson production known including up to two loop QCD at fully differential level

Higher order QCD corrections in hadron collisions

Figure 3: The CMS rapidity distribution of an on-shell Z boson at the LHC. The LO, NLO, and
NNLO results have been included. The bands indicate the variation of the renormalization and
factorization scales in the range MZ /2 ! µ ! 2MZ .

range used in the rest of the paper, µF = µR = µ and M/2 < µ < 2M , provides a good

guide to the perturbative uncertainty remaining from the terms beyond NNLO.

In Fig. 5 we present the rapidity distribution for on-shell Z production at Run II of

the Tevatron. The scale variation is unnaturally small at LO; it is 3% at central rapidities,

and varies from 0.1% to 5% from Y = 1 to Y = 2. This occurs because the direction of

the scale variation reverses within the range of µ considered, i.e., d! LO /dµ = 0 for a value

of µ which satisifes MZ /2 ! µ ! 2MZ . This value of µ depends upon rapidity, leading to

scale dependences which vary strongly with Y . The scale variation exhibits a more proper

behavior at NLO, starting at 3% at central rapidities and increasing to 5–6% at Y = 2.5.

At NNLO the scale dependence is drastically reduced, as at the LHC, and remains below

1% for all relevant rapidity values. The magnitude of the higher-order corrections is slightly

larger at the Tevatron than at the LHC. The NLO prediction is higher than the LO result

by nearly 45% at central rapidities; this shift decreases to 30% at Y = 1.5 and to 15% at

Y = 2.5. The NNLO corrections further increase the NLO prediction by 3–5% over the

rapidity range Y ! 2.

This remarkable stability of the rapidity distribution with respect to scale variation

cannot be attributed to the smallness of the NNLO QCD corrections to the partonic cross
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[Anastasiou, Dixon, Melnikov, Petriello 2004]
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Figure 1: Sample of Born diagrams contributing toW + W� production both in the di↵erent-ßavour
case (l 6= l 0) and in the same-ßavour case (l = l 0).
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Figure 2: Sample of Born diagrams contributing toW + W� production only in the same-ßavour
case. In the di↵erent-ßavour case, they would describeZZ production in the 2l2⌫ 0 channel.

Additionally, in the case of equal lepton ßavours,l = l 0, o↵-shell ZZ production diagrams are
involved, as shown in Figure 2, where thel+ l�⌫l ø⌫l Þnal state is generated

(d) via resonantt-channelZZ production with Z ! l+ l� and Z ! ⌫l ø⌫l decays;

(e) via further Z ! 4 leptons topologies,Z/ �⇤ ! llZ ! ll ⌫l⌫l or Z ! ⌫l⌫lZ ! ll ⌫l⌫l . Any
double-resonant conÞgurations are kinematically suppressed or excluded by phase-space cuts.

Note that the appearance of infrared (IR) divergent�⇤ ! l+ l� splittings in the case of equal lepton
ßavours would prevent a fully inclusive phase-space integration.

Our calculation is performed in the complex-mass scheme [54], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no reso-
nance approximation is applied. Our implementation can deal with any combination of leptonic
ßavours, l, l 0 2 {e, µ,⌧}. However, in this paper we will focus on the di↵erent-ßavour chan-
nel pp! µ+ e�⌫µ ø⌫e + X . For the sake of brevity, we will often denote this process asW + W�

production though.

The NNLO computation requires the following scattering amplitudes atO(↵2
S):

• tree amplitudes forqøq ! l+ l 0�⌫l ø⌫l 0 gg, qøq(0) ! l+ l 0�⌫l ø⌫l 0 q(00) øq(000) , and crossing-related pro-
cesses;

• one-loop amplitudes forqøq! l+ l 0�⌫l ø⌫l 0 g, and crossing-related processes;

• squared one-loop amplitudes forqøq! l+ l 0�⌫l ø⌫l 0 and gg! l+ l 0�⌫l ø⌫l 0 ;

• two-loop amplitudes forqøq! l+ l 0�⌫l ø⌫l 0 .
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Figure 4: Distribution in the invariant mass of the W+W ! pair, mW +W � = mµ+e�⌫µ⌫̄e . No
acceptance cuts are applied. Absolute LO (black, dotted), NLO (red, dashed) and NNLO (blue,
solid) predictions at

p
s = 8TeV (left) and

p
s = 13TeV (right) are plotted in the upper frames.

The lower frames display NLO"+gg (green, dot-dashed) and NNLO predictions normalized to NLO.
The bands illustrate the scale dependence of the NLO and NNLO predictions. In the case of ratios,
scale variations are applied only to the numerator, while the NLO prediction in the denominator
corresponds to the central scale.

contributes only at its leading order at O(↵2
S) and thus could receive large relative corrections, was

not expected to break this picture due to its overall smallness already in Ref. [46]. That conclusion
is supported by the recent calculation of the NLO corrections to the loop-induced gg channel [37].

In Figures 4–7 we present distributions that characterize the kinematics of the reconstructed
W bosons¦ . Absolute predictions at the various perturbative orders are complemented by ratio
plots that illustrate the relative di! erences with respect to NLO. In order to assess the importance
of genuine NNLO corrections, full NNLO results are compared to NLO"+gg predictions in the
ratio plots.

In Figure 4 we show the distribution in the total invariant mass, mW +W � = mµ+e�⌫µ⌫̄e . This
observable features the characteristic threshold behaviour around 2mW , with a rather long tail
and a steeply falling cross section in the o! -shell region below threshold. Although suppressed by
two orders of magnitude, the Z-boson resonance that originates from topologies of type (b) and
(c) in Figure 1 is clearly visible at mµ+e�⌫µ⌫̄e = mZ . Radiative QCD e! ects turn out to be largely
insensitive to the EW dynamics that governs o! -shell W -boson decays and dictates the shape of

¶The various kinematic variables are deÞned in terms of the o! -shell W -boson momenta,pW + = pµ+ + p! µ and
pW� = pe� + pø! e .
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For the rapidity distribution of the massive boson we substitute

δ

(

pV áp1

pV áp2
! u

)

"
pV áp2

pV á(p1 ! up2) ! i0
! (c.c.). (3.4)

The above substitution introduces a propagator with a scalar product in the numerator and

a denominator linear in the momentum of V . However, the multi-loop methods we employ

are not sensitive to such irregularities in the form of the propagators; they only require

that the propagator of Eq. (3.4) be polynomial in the momenta. Substituting Eqs.(3.3)

and (3.4) into Eq. (2.10), we obtain a forward scattering amplitude with “cut” propagators

originating from both the on-shell conditions on the final-state particles and the rapidity

constraint. Pictorially, the three di! erent contributions can be represented by diagrams

similar to the following ones:

¥ Virtual-Virtual;

#

¥ Real-Virtual;

#

¥ Real-Real.

#

We have associated an additional “rapidity” propagator with the V boson, which we rep-

resent by a straight line just to the right of the cut from the usual wavy (cut) V boson

propagator. In the above diagrams, cut propagators represent di! erences of two complex

conjugate terms, propagators on di! erent sides of the cut have di! erent prescriptions for

their imaginary part, and the initial and final states are identical.

The three contributions are now expressed as two-loop amplitudes in which the cuts

denote di! erences of propagators with opposite iϵ prescriptions. These cut conditions are

accounted for at the very end of the calculation, after using generic multi-loop methods

to simplify the two-loop expressions. We generate the diagrams for the forward scattering

amplitude using QGRAF [42]. We then apply the Feynman rules, introduce the rapidity

“propagator” of Eq. (3.4), and perform color and Dirac algebra (we use conventional dimen-

sional regularization) using FORM [43]. This generates a large number of integrals with

cut propagators which we must evaluate. The evaluation of these integrals is discussed in

the next Section. Our treatment of γ5 in dimensional regularization follows the discussion

in Ref. [18], to which we refer the reader for further details.
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For the rapidity distribution of the massive boson we substitute

!
!

pV · p1

pV · p2
! u

"
"

pV · p2

pV · (p1 ! up2) ! i0
! (c.c.). (3.4)

The above substitution introduces a propagator with a scalar product in the numerator and
a denominator linear in the momentum of V . However, the multi-loop methods we employ
are not sensitive to such irregularities in the form of the propagators; they only require
that the propagator of Eq. (3.4) be polynomial in the momenta. Substituting Eqs.(3.3)
and (3.4) into Eq. (2.10), we obtain a forward scattering amplitude with ÒcutÓ propagators
originating from both the on-shell conditions on the Þnal-state particles and the rapidity
constraint. Pictorially, the three di ! erent contribution s can be represented by diagrams
similar to the following ones:

• Virtual-Virtual;

#

• Real-Virtual;

#

• Real-Real.

#

We have associated an additional ÒrapidityÓ propagator with the V boson, which we rep-
resent by a straight line just to the right of the cut from the u sual wavy (cut) V boson
propagator. In the above diagrams, cut propagators represent di ! erences of two complex
conjugate terms, propagators on di! erent sides of the cut have di! erent prescriptions for
their imaginary part, and the initial and Þnal states are identical.

The three contributions are now expressed as two-loop amplitudes in which the cuts
denote di! erences of propagators with oppositei" prescriptions. These cut conditions are
accounted for at the very end of the calculation, after usinggeneric multi-loop methods
to simplify the two-loop expressions. We generate the diagrams for the forward scattering
amplitude using QGRAF [42]. We then apply the Feynman rules, introduce the rapidity
ÒpropagatorÓ of Eq. (3.4), and perform color and Dirac algebra (we use conventional dimen-
sional regularization) using FORM [43]. This generates a large number of integrals with
cut propagators which we must evaluate. The evaluation of these integrals is discussed in
the next Section. Our treatment of #5 in dimensional regularization follows the discussion
in Ref. [18], to which we refer the reader for further details.
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For the rapidity distribution of the massive boson we substitute

!
!

pV · p1

pV · p2
− u

"
→

pV · p2

pV · (p1 − up2) − i0
− (c.c.). (3.4)

The above substitution introduces a propagator with a scalar product in the numerator and

a denominator linear in the momentum of V . However, the multi-loop methods we employ

are not sensitive to such irregularities in the form of the propagators; they only require

that the propagator of Eq. (3.4) be polynomial in the momenta. Substituting Eqs.(3.3)

and (3.4) into Eq. (2.10), we obtain a forward scattering amplitude with “cut” propagators

originating from both the on-shell conditions on the final-state particles and the rapidity

constraint. Pictorially, the three different contributions can be represented by diagrams

similar to the following ones:

• Virtual-Virtual;

⇒

• Real-Virtual;

⇒

• Real-Real.

⇒

We have associated an additional “rapidity” propagator with the V boson, which we rep-

resent by a straight line just to the right of the cut from the usual wavy (cut) V boson

propagator. In the above diagrams, cut propagators represent differences of two complex

conjugate terms, propagators on different sides of the cut have different prescriptions for

their imaginary part, and the initial and final states are identical.

The three contributions are now expressed as two-loop amplitudes in which the cuts

denote differences of propagators with opposite i" prescriptions. These cut conditions are

accounted for at the very end of the calculation, after using generic multi-loop methods

to simplify the two-loop expressions. We generate the diagrams for the forward scattering

amplitude using QGRAF [42]. We then apply the Feynman rules, introduce the rapidity

“propagator” of Eq. (3.4), and perform color and Dirac algebra (we use conventional dimen-

sional regularization) using FORM [43]. This generates a large number of integrals with

cut propagators which we must evaluate. The evaluation of these integrals is discussed in

the next Section. Our treatment of #5 in dimensional regularization follows the discussion

in Ref. [18], to which we refer the reader for further details.
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[Grazzini, Kallweit, Pozzorini, Rathlev, Wiesemann 2016]
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• stable top anti-top quark production is known including up to second order QCD corrections       
[Czakon, Fielder, Mitov 2013]

Higher order QCD corrections in hadron collisions
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too, and a consistent NNLO treatment would require the
analysis of Ref. [35] to be extended to NNLO, which is
now possible with the help of the results derived in this
letter as well as Ref. [12]. Given the numerical effect is
small (a 0.7% shift at LHC 8 TeV and a 0.4% shift at the
Tevatron), in this work we take A = 0.

As can be concluded from table I the precision of the
theoretical prediction at full NNLO+NNLL is very high.
At the Tevatron, the scale uncertainty is as low as 2.2%
and just slightly larger, about 3%, at the LHC. The inclu-
sion of the NNLO correction to the gg-initiated reaction
increases the Tevatron prediction of Ref. [12] by about
1.4%, which agrees well with what was anticipated in
that reference.

Collider ! tot [pb] scales [pb] pdf [pb]

Tevatron 7.009 +0 .259(3 .7%)
! 0.374(5 .3%)

+0 .169(2 .4%)
! 0.121(1 .7%)

LHC 7 TeV 167.0 +6 .7(4 .0%)
! 10.7(6 .4%)

+4 .6(2 .8%)
! 4.7(2 .8%)

LHC 8 TeV 239.1 +9 .2(3 .9%)
! 14.8(6 .2%)

+6 .1(2 .5%)
! 6.2(2 .6%)

LHC 14 TeV 933.0 +31 .8(3 .4%)
! 51.0(5 .5%)

+16 .1(1 .7%)
! 17.6(1 .9%)

TABLE II: Pure NNLO theoretical predictions for various
colliders and c.m. energies.

To assess the numerical impact from soft gluon re-
summation, in table II we present results analogous to
the ones in table I but without soft gluon resummation,
i.e. at pure NNLO. Comparing the results in the two
tables we conclude that the effect of the resummation
is a (2.2, 2.9, 2.7, 2.2)% increase in central values and
(2.4, 2.2, 2.1, 1.5)% decrease in scale dependence for, re-
spectively, (Tevatron, LHC7, LHC8, LHC14).

Next we compare our predictions with the most precise
experimental data available from the Tevatron and LHC.
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FIG. 3: Theoretical prediction for the Tevatron as a function
of the top quark mass, compared to the latest combination of
Tevatron measurements.
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FIG. 4: Theoretical prediction for the LHC as a function of
the collider c.m. energy, compared to available measurement
from ATLAS and/or CMS at 7 and 8 TeV.

The comparison with the latest Tevatron combination
[36] is shown in Þg. 3. The measured value! tot = 7 .65±
0.42 pb is given, without conversion, at the best top mass
measurement [37]m = 173.18± 0.94 GeV. From this
comparison we conclude that theory and experiment are
in good agreement at this very high level of precision.

In Þg. 4 we show the theoretical prediction for the
tøt total cross-section at the LHC as a function of the
c.m. energy. We compare with the most precise avail-
able data from ATLAS at 7 TeV [38], CMS at 7 [39] and
8 TeV [40] as well as the ATLAS and CMS combination
at 7 TeV [41]. We observe a good agreement between
theory and data. Where conversion is provided [39], the
measurements have been converted tom = 173.3 GeV.

Finally, we make available simpliÞed Þts for the top
mass dependence of the NNLO+NNLL cross-section, in-
cluding its scale and pdf uncertainties:

! (m) = ! (mref )
! mref

m

" 4
(16)

×

#

1 + a1
m − mref

mref
+ a2

$
m − mref

mref

%2
&

.

The coefficient a1,2 can be found in table III.

CONCLUSIONS AND OUTLOOK

In this work we compute the NNLO corrections to
gg → tøt + X . With this last missing reaction included,
the total inclusive top pair production cross-section at
hadron colliders is now known exactly through NNLO
in QCD. We also derive estimates for the two-loop hard
matching coefficients which allows NNLL soft-gluon re-
summation matched consistently to NNLO. All results
are implemented in the programTop++ (v2.0) [33].

…  +…+ …+
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FIG. 3: Top-antitop pT distribution in LO, NLO and NNLO
QCD. Error bands from scale variation only.

variation has not been included in these results (or in any
other results shown in this Letter). For clarity, in Figs. 1
and 2 the scale variation is only shown for the NNLO
correction. When computing various perturbative orders
we always use PDFs of matching order.

No overflow events are included in any of the bins
shown in this Letter. The normalizations of the distri-
butions in Figs. 1 and 2 are derived in such a way that
the integral over the bins shown in these figures yields
unity. Because of a slight di! erence in the bins, we note
a small mismatch with respect to the measurements we
compare to: for the top-quark pT distribution CMS has
one additional bin 400GeV < pT < 500GeV (not shown
in Fig. 1). This bin contributes only around 4 per mil
to the normalization of the data and we neglect it in the
comparison. The yt distribution computed by us extends
to |yt| < 2.6. This last bin di! ers slightly from the cor-
responding CMS bin which extends to |yt| < 2.5. This
mismatch is shown explicitly in Fig. 2.

We observe that the inclusion of NNLO QCD correc-
tions in the pT ,t distribution brings SM predictions closer
to CMS data in all bins. In fact the two agree within er-
rors in all bins but one (recall that the PDF error has not
been included in Fig. 2). The case of the yt distribution
is more intriguing; we observe in Fig. 2 that the NNLO
and NLO central values are essentially identical in the
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FIG. 4: As in Fig. 3 but for the top pair invariant mass.

whole rapidity range (this is partly related to the size of
the bins). Given the size of the data error, it does not
appear that there is any notable tension between NNLO
QCD and data. The apparent stability of this distri-
bution with respect to NNLO radiative corrections will
clearly make comparisons with future high-precision data
very interesting.
We do not compare with the CMS data for the mtøt

and ytøt distributions since the mismatch in binning is
more significant. Instead, in Figs. 4 and 5 we present
the NNLO predictions for the absolute normalizations
of these distributions. We stress that the bin sizes we
present are significantly smaller than the ones in the ex-
isting experimental publications. This should make it
possible to use our results in a variety of future experi-
mental and theoretical analyses. For this reason, in Fig. 3
we also present the absolute prediction for the top-quark
pT distribution with much finer binning compared to the
one in Fig. 1.
In Figs. 3,4, and 5 we show the scale variation for each

computed perturbative order, together with the NLO and
NNLO K factors. In all cases one observes a consistent
reduction in scale variation with successive perturbative
orders. Importantly, we also conclude that our scale vari-
ation procedure is reliable, since NNLO QCD corrections
are typically contained within the NLO error bands (and
to a lesser degree for NLO with respect to LO). We also
notice that the NNLO corrections do not a! ect the shape



• differential (inclusive) Higgs boson production in gluon fusion and vector boson fusion is known including 
up to two (three) loops by several (1) groups ([Anastasiou, Duhr, Dulat, Herzog, Mistlberger 2015])

Higher order QCD corrections in hadron collisions
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Figure 8: The dependence of the cross-section on a common renormalization and factorization
scale µ = µF = µR .

! scale
EF T,k

LO (k = 0) ±14.8%
NLO (k = 1) ±16.6%
NNLO (k = 2) ±8.8%
N3LO (k = 3) ±1.9%

Table 5: Scale variation of the cross-section as defined in eq. (3.11) for a common renormalization
and factorization scale µ = µF = µR .

the treatment of both infrared and ultraviolet singularities. For a physical process such

as inclusive Higgs production, where one cannot identify very disparate physical scales,

large separations between the renormalization from the factorization scale entail the risk

of introducing unnecessarily large logarithms. In Fig. 8 we present the dependence of the

cross-section on a common renormalization and factorization scale µ = µR = µF . Through

N3LO, the behaviour is very close to the scale-variation pattern observed when varying

only the renormalization scale with the factorization scale held fixed. More precisely, using

the same quantifier as introduced in eq. (3.11) for the variation of the renormalization scale

only, the variation of the cross-section in the range [mH / 4, mH ] for the common scale µ
is shown in Tab. 5. We observe that the scale variation with µR = µF is slightly reduced

compared to varying only the renormalization scale at NLO and NNLO, and this di" erence
becomes indeed imperceptible at N3LO.

The scale variation is the main tool for estimating the theoretical uncertainty of a

cross-section in perturbative QCD, and it has been successfully applied to a multitude of

– 16 –

NNNLO

…+

Rapid progress of the theory community on such calculations:
➡ on both the calculation of difficult integrals and the construction of general subtraction schemes
➡ all the complicated calculations carried out so far have proved useful to match the experimental precision!
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All order corrections
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• Note however that logarithmic enhancement in the computation of observables are 
very frequent

• They require resummation:

➡ UV log: Running, the Renormalisation Group Equation resume this log

➡ collinear log: Altarelli-Parisi Equation resume these logs

All order corrections
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• Note however that logarithmic enhancement in the computation of observables are 
very frequent

• They require resummation:

➡ UV log: Running, the Renormalisation Group Equation resume this log

➡ collinear log: Altarelli-Parisi Equation resume these logs

➡ other logs: poles cancels, but large logarithmic contribution can remain if the 
measurement constraint produce an unbalanced cancellation of real and virtual 
contribution (suppression or emphasis of the real contribution)

• basic example: Sterman-Weinberg jets

• But this situation can happen for every observable quantity

All order corrections

9



• Pt of a Z boson (or W/H)

Higher order corrections
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Fig. 24: Some graphs contributing to the Drell-Yan partonic cross section in QCD.
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where one should not forget the appropriate CKM factors. A recent summary of W/Z cross section
studies at the Tevatron is given in ref. [67].

From the measured ratio
R =

! W áB(W $ e' )
! Z áB(Z $ ee)

, (198)

assuming that the ratio of the production cross section is accurately calculable, one can extract B(W $
e'̄ ), and from it " W ,

" W =
" (W $ e'̄ )
B(W $ e'̄ )

, (199)

assuming that the e' width is correctly given by the standard model.
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• But also, for other measurements that are very well defined experimentally:

- small mass limit of a jet, or small jet radius

- distributions of heavy particles produced close to threshold 

- …

• Prediction for all these observables need resummation of large logs in the region where 

Higher order corrections
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- small mass limit of a jet, or small jet radius

- distributions of heavy particles produced close to threshold 
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• Prediction for all these observables need resummation of large logs in the region where ↵SL
2 ⇠ 1



• pt of the Higgs boson (EFT production) decaying into two photons
[Bizoń, Chen, Gehrmann-De Ridder, Gehrmann, Glover, Huss, Monni, Re, Rottoli, Torrielli  2018]

Resummation for specific distributions: Higgs boson production
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uncertainties with µR, µF, Q variations

 d
!

/d
 p

tH
 [p

b/
G

eV
]

NNLO

N3LL+NNLO

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

ra
tio

 to
 N

3 LL
+

N
N

LO

pt
H [GeV]

 0.9

 1

 1.1

 10  20  30  40  50  60  70  80  90  100  110  120

Figure 6 . Comparison of the transverse momentum distribution for Higgs boson production at NNLO and
N3LL+NNLO for a central scale choice of µR = µF = mH /2 (left) and µR = µF = mH (right). In both
cases, Q = mH /2. The lower panel shows the ratio to the N3LL+NNLO prediction.

RadISH+NNLOJET, 13 TeV, mH = 125 GeV
µR = µF = mH/2, Q = mH/2

PDF4LHC15 (NNLO)
uncertainties with µR, µF, Q variations
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Figure 7 . Comparison of the transverse momentum distribution for Higgs boson production between
N3LL+NNLO, NNLL+NLO, and NNLO at central scale choice of µR = µF = mH /2. The lower panel
shows the ratio to the N3LL+NNLO prediction.

uncertainty. Choosing mH as a central scale (right plot of Figure 6) leads to a broader uncertainty
band resulting in a more robust estimate of the perturbative error. This is particularly the case
for predictions above 50 GeV, where resummation effects are progressively less important. We
notice indeed that in both cases the effect of resummation starts to be increasingly relevant for
pH
t ! 40 GeV.

In the following we choose mH / 2 as a central scale. Nevertheless, we stress that a comparison to
data (not performed here for Higgs boson production) will require a study of different central-scale
choices.

To conclude, Figure 7 reports the comparison between our best prediction (N3LL+NNLO),
the NNLL+NLO, and the NNLO distributions. The plot shows a very good convergence of the
predictions at different perturbative orders, with a significant reduction of the scale uncertainty in
the whole kinematic range considered here.
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• pt of the Higgs boson (EFT production) decaying into two photons
[Bizoń, Chen, Gehrmann-De Ridder, Gehrmann, Glover, Huss, Monni, Re, Rottoli, Torrielli  2018]

Resummation for specific distributions: Higgs boson production
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Figure 5 . Comparison between di! erent combinations of fixed-order (NLO and NNLO) and resummation
(NNLL and N3LL) for the transverse momentum distribution for Higgs boson production at

p
s = 13 TeV .

Left: NLO and Right: NNLO. The lower panel shows the ratio of predictions to that obtained with N3LL
resummation.

defined as the envelope of all the above variations. We discuss the results for inclusive production
in Section 5.1, and then present the predictions for the fiducial distributions in Section 5.2.

5.1 Matched predictions for inclusive Higgs

We start by quantifying the size of the N3LL effects compared to NNLL resummation. In the left
plot of Figure 5 we compare the differential distributions at N3LL+NLO and NNLL+NLO in the
small-pHt region. The lower panel of the plot shows the ratio of both predictions to the central line
of the N3LL+NLO band, which corresponds to central scales in our setup. We observe that N3LL
corrections are very moderate in size, with effects of order 2% on the central prediction in most of
the displayed range, growing up to at most 5% only in the region of extremely low pHt . The central
N3LL+NLO result is entirely contained in the NNLL+NLO uncertainty band. On the other hand,
the inclusion of the N3LL corrections reduces the perturbative uncertainty for pHt ! 5 GeV.

The right plot of Figure 5 shows the same comparison for the matching to NNLO. The effect
of the N3LL corrections is consistent with the previous order, with a percent-level correction in
most of the range, growing up to 5% at very small pHt . Similarly, the perturbative uncertainty is
significantly reduced below 10 GeV with respect to the NNLL+NNLO case. It is important to stress
that in the NNLL+NNLO matching the fixed order and the expansion of the resummation differ by
a divergent term ! 1/p H

t at small pHt . The fact that the divergence is not visible in the distribution
reported in the upper panel of Figure 5 is entirely due to the nature of the multiplicative scheme,
which ensures that the distribution follows the resummation scaling at small pHt , therefore damping
the divergence. A multiplicative matching of N3LL resummation to NNLO was already shown in
Ref. [85], where however no significant reduction in the uncertainty band at small pHt was observed in
that case. This feature was due to the limited statistics of the fixed-order distributions used in that
analysis at small pHt , whose fluctuations dominated the uncertainty band at very small transverse
momentum. An additive matching of N3LL to NNLO was recently performed in Ref. [94].

Next, we consider the comparison between the matched prediction and the fixed-order one.
Figure 6 shows this comparison for two different central scales. The left plot is obtained with
central µF = µR = mH / 2, while the right plot is obtained with µF = µR = mH . The rest of
the setup is kept as described above. We observe that at µF = µR = mH / 2 the uncertainty band
is affected by cancellations in the scale variation, which accidentally lead to a small perturbative

– 15 –
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• pt of the Higgs boson (EFT production) decaying into two photons
[Bizoń, Chen, Gehrmann-De Ridder, Gehrmann, Glover, Huss, Monni, Re, Rottoli, Torrielli  2018]

Resummation for specific distributions: Higgs boson production
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Figure 8 . Comparison of the transverse momentum distribution for Higgs boson production at
p
s =

13 TeV in the fiducial volume defined by Eq. (5.1) at N3LL+NLO and NLO (left) and N3LL+NNLO and
NNLO (right). The lower panel shows the ratio to the N3LL+NNLO prediction.

6 Results for Drell-Yan production

We now turn to the study of Drell-Yan pair production at the LHC. In this section we present the
results for the differential distributions of the transverse momentum of the DY pair, as well as for
the angular observable! !

⌘.
We consider 8 TeV proton-proton collisions, and compare the resulting calculation for the

differential spectra with ATLAS data from Ref. [ 99]. The Þducial phase-space volume is deÞned as
follows:

p`
±

t > 20 GeV, |" `± | < 2.4, |Y``| < 2.4, 46 GeV < M`` < 150 GeV, (6.1)

wherep`
±

t are the transverse momenta of the two leptons," `±
are their pseudo-rapidities, whileY``

and M`` are the rapidity and invariant mass of the di-lepton system, respectively. All rapidities
and pseudo-rapidities are evaluated in the hadronic centre-of-mass frame.

For our results, we use parton densities as obtained from theNNPDF3.0set. The reference value
we set for the parameterp appearing in the modiÞed logarithms isp = 4, but we have checked that
a variation of p by one unit does not induce any signiÞcant differences.

We set the central scales asµR = µF = MT =
!

M2
`` + p2

t , while the central resummation scale
is chosen to bexQ = Q/M`` = 1/2. The theoretical uncertainty is estimated through the same set
of variations as for Higgs boson production.

The results for pZ
t and ! !

⌘ are shown in the following two subsections. All plots have the same
pattern: the main panels display the comparison of normalised differential distributions at NNLO
(green), NNLL+NLO (blue), and N 3LL+NNLO (red), respectively, overlaid on ATLAS data points
(black). Correspondingly, the lower insets of each panel show the ratio of the theoretical curves to
data, with the same colour code as in the main panels.

6.1 Matched predictions for fiducial pZ
t distributions

In Figure 9 we display the normalisedpZ
t distributions in which, in addition to the Þducial cuts

reported above, we consider three different lepton-pair invariant-mass windows:

low invariant mass : 46 GeV < M`` < 66 GeV,

medium invariant mass : 66 GeV < M`` < 116 GeV,

Ð 18 Ð
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5.2 Matched predictions for fiducial H ! !!

Experimental measurements are performed within a Þducial phase-space volume, deÞned in order
to comply with the detector geometry and to enhance signal sensitivity. On the theoretical side it
is therefore highly desirable to provide predictions that exactly match the experimental setup. The
availability of matched predictions that are fully di ! erential in the Born phase space also allows for
a direct comparison to data without relying on Monte Carlo modeling of acceptances. In this section
we consider the processpp ! H ! !! and, in particular, we focus on the transverse momentum of
the !! system in the presence of Þducial cuts.

The Þducial volume is deÞned by the set of cuts detailed below [7]

min(p�1
t , p�2

t ) > 31.25 GeV, max(p�1
t , p�2

t ) > 43.75 GeV,

0 < |" �1, 2 | < 1.37 or 1.52 < |" �1, 2 | < 2.37, |Y�� | < 2.37 , (5.1)

wherep�1
t , p�2

t are the transverse momenta of the two photons," �i are their pseudo-rapidities in the
hadronic centre-of-mass frame, andY�� is the photon-pair rapidity. In the deÞnition of the Þducial
volume we do not include the photon-isolation requirement, since this would introduce additional
logarithmic corrections of non-global nature in the problem, spoiling the formal N3LL+NNLO
accuracy of the di! erential distributions. 4 We consider on-shell Higgs boson production followed
by a decay into two photons under the narrow-width approximation with a branching ratio of
2.35⇥ 10�3.

In Figure 8 we show the comparison of the matched and the Þxed-order predictions for the
transverse momentum of the photon pair in the Þducial volume, at di! erent perturbative accuracies:
N3LL+NLO vs. NLO in the left panel, and N 3LL+NNLO vs. NNLO in the right one.

By comparing the two panels of Figure8 we notice a substantial reduction in the theoretical
uncertainty in the medium-high-p��t region, driven by the increase in perturbative accuracy of
the Þxed-order computation; at very low p��t , the prediction is dominated by resummation, which
is common to both panels. The pattern observed in the right panel is very similar to what we
obtained in the inclusive case in the left panel of Figure6. We stress again that the particularly
small uncertainty of the matched prediction is to a certain extent due to the choice of central scales
we adopt, namelyµR = µF = mH /2, which su! ers from large accidental cancellations.

4However, we point out that photon-isolation criteria in this case are not aggressive, and therefore they could be
safely included at fixed order.

Ð 17 Ð
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Figure 9. Comparison of the normalised transverse momentum distribution for Drell-Yan pair production
at NNLO (green), NNLL+NLO (blue) and N 3LL+NNLO (red) at

!
s = 8 TeV integrated over the full

lepton-pair rapidity range ( 0 < |Y!! | < 2.4), in three di fferent lepton-pair invariant-mass windows. For
reference, the ATLAS data is also shown, and the lower panel shows the ratio of each prediction to data.

availability of experimental measurements, in Figures 13 and 14 we also provide predictions sliced
in Y`` for the low- and high- di-lepton invariant-mass windows, respectively. The three rapidity
slices we focus on correspond to regions (a+b), (c+d), and (e+f) of Eq. (6.3).

The prediction subdivided in rapidity slices largely shares the same features as that integrated
over rapidity, which has been detailed in Figure 11. In the central invariant-mass window, data is
accurately reproduced by the N3LL+NNLO prediction, regardless of the considered rapidity slice,
with a theoretical systematics in the 5% range or smaller in most cases but for the low-! !

⌘ region at
large rapidity where the uncertainty is in the 5–10% range. The quality of the description slightly
degrades at low invariant mass, and to a lesser extent also at high invariant mass, mainly in the
hard region, with a pattern similar to that displayed by the rapidity-integrated spectrum. Overall,
the uncertainty associated with the N3LL+NNLO is of order of 5% or better, with a significant
improvement both in the shape and in the systematics with respect to NNLL+NLO.

– 20 –
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Resummation for specific distributions: Drell-Yan production
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• the leading soft/collinear logarithmic enhancement can be resummed for all observables

• starting from an hard 2 to 2 process it is possible to build an approximation for all the 
diagrams in which subsequent multiple emissions has distributed the available energy to a 
shower of partons

• consider final state radiation in e+e- annihilation(simplifying example)

➡ start from the hard qqbar event. It happens at a certain fixed starting hard scale Q
➡ we know that collinear emission from each leg is enhanced
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• the leading soft/collinear logarithmic enhancement can be resummed for all observables

• starting from an hard 2 to 2 process it is possible to build an approximation for all the 
diagrams in which subsequent multiple emissions has distributed the available energy to a 
shower of partons

• consider final state radiation in e+e- annihilation(simplifying example)

➡ start from the hard qqbar event. It happens at a certain fixed starting hard scale Q
➡ we know that collinear emission from each leg is enhanced
➡ we look for an iterative formula to approximately describe the sequence of parton 

splittings

Parton Shower

2

+

dW23 =
dx1

1 ! x1
dx3Pqg(x3) =

dcos✓23

1 ! cos✓23
dx3Pqg(x3)

Pqg(x3) = CF
↵S

2⇡
1 + (1 � x3)2

x3

d! 223
! 223

dE3

E3

! 23 ! 0

E3 ! 0

⇠ �0dW23

• qg splitting probability:
p1

p2
p3

Q

d�R = �0dW13 + �0dW23 + finite terms
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Parton Shower

d! R ! ! 0

X

i

d" 2

" 2
dzPji (z)

the one in Eq. (7). The distribution can therefore be written as the sum
of two separate distributions, describing the emission of a gluon close to the
directions of the quark or the antiquark. Since the distributions are summed,
they are e↵ectively independent. We emphasize again though, that they are
derived from the proper sum of amplitudes for diagrams in which the gluon is
attached to either emitter; it is just convenient to separate them into pieces
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where now$ is the opening angle between the gluon and the parton that emit-
ted it. This is starting to look like something that can be implemented and
iterated in a Monte Carlo algorithm, with an independent emission distribu-
tion for each parton. Before generalizing it, we point out one mathematically-
trivial property of this equation, which will turn out to be important for the
physical properties of our parton shower algorithm. In writing down Eq. (9),
we have focused on the small-$ region, which gives the collinear divergence.
However, we would have obtained a mathematically-identical expression if we
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Any of these forms would give identical results in the collinear limit, but
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• probability diverges, let’s think for example to the invariant mass of the internal propagator as a 
cut off
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Note! Indeed, to describe the collinear limit we could 
have used also other variables that are good as well, we 
get the same expression if they are proportional to ! 2 
for example                         or 
as a result we would get identical results for the 
collinear limit, but different extrapolation away from it.
Let’s move to the virtuality of the internal line.
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where now✓ is the opening angle between the gluon and the parton that emit-
ted it. This is starting to look like something that can be implemented and
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tion for each parton. Before generalizing it, we point out one mathematically-
trivial property of this equation, which will turn out to be important for the
physical properties of our parton shower algorithm. In writing down Eq. (9),
we have focused on the small-$ region, which gives the collinear divergence.
However, we would have obtained a mathematically-identical expression if we
had chosen to parameterize the phase space in terms of any other variable
proportional to $2, for example the virtuality of the o↵-shell quark propaga-
tor, q2 = z(1 " z) $2 E 2, whereE is its energy, or the gluonÕs transverse mo-
mentum with respect to the parent quarkÕs direction,k2

! = z2(1 " z)2 $2 E 2,
since

d$2

$2
=

dq2

q2
=

dk2
!

k2
!

. (10)

Any of these forms would give identical results in the collinear limit, but
di↵erent extrapolations away from it, i.e. di↵erent Þnite terms accompanying
the divergence.

While it is not obvious from our derivation, the structure of Eq. (9)
is completely general. For any hard process that produces partons of any
ßavour i , the cross section for a hard conÞguration that has cross section! 0

to be accompanied by a partonj with momentum fraction z is given by

d! ! ! 0

!

partons ,i

" s

2#
d$2

$2
dz P

ji

(z,%)d%, (11)

24

22

Note! Indeed, to describe the collinear limit we could 
have used also other variables that are good as well, we 
get the same expression if they are proportional to ! 2 
for example                         or 
as a result we would get identical results for the 
collinear limit, but different extrapolation away from it.
Let’s move to the virtuality of the internal line.
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where now $ is the opening angle between the gluon and the parton that emit-
ted it. This is starting to look like something that can be implemented and
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• probability diverges, let’s think for example to the invariant mass of the internal propagator as a 
cut off

• but still the probability for a given emission path built reiterating these emissions can well 
exceed unity! while the sum of the probabilities of all shower configuration must yield 1 

• indeed, approaching the strict collinear limit, the fixed order theory prediction is challenged and 
this enhancement are not really there as such
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where now$ is the opening angle between the gluon and the parton that emit-
ted it. This is starting to look like something that can be implemented and
iterated in a Monte Carlo algorithm, with an independent emission distribu-
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Note! Indeed, to describe the collinear limit we could 
have used also other variables that are good as well, we 
get the same expression if they are proportional to ! 2 
for example                         or 
as a result we would get identical results for the 
collinear limit, but different extrapolation away from it.
Let’s move to the virtuality of the internal line.
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where now $ is the opening angle between the gluon and the parton that emit-
ted it. This is starting to look like something that can be implemented and
iterated in a Monte Carlo algorithm, with an independent emission distribu-
tion for each parton. Before generalizing it, we point out one mathematically-
trivial property of this equation, which will turn out to be important for the
physical properties of our parton shower algorithm. In writing down Eq. (9),
we have focused on the small-$ region, which gives the collinear divergence.
However, we would have obtained a mathematically-identical expression if we
had chosen to parameterize the phase space in terms of any other variable
proportional to $2, for example the virtuality of the o! -shell quark propaga-
tor, q2 = z(1 " z) $2 E 2, where E is its energy, or the gluon’s transverse mo-
mentum with respect to the parent quark’s direction, k2

! = z2(1 " z)2 $2 E 2,
since

d$2

$2
=

dq2

q2
=

dk2
!

k2
!

. (10)

Any of these forms would give identical results in the collinear limit, but
di! erent extrapolations away from it, i.e. di! erent finite terms accompanying
the divergence.

While it is not obvious from our derivation, the structure of Eq. (9)
is completely general. For any hard process that produces partons of any
flavour i , the cross section for a hard configuration that has cross section ! 0

to be accompanied by a parton j with momentum fraction z is given by

d! ! ! 0

X

partons,i

" s

2#
d$2

$2
dz Pji (z,%)d%, (11)

24



• probability diverges, let’s think for example to the invariant mass of the internal propagator as a 
cut off

• but still the probability for a given emission path built reiterating these emissions can well 
exceed unity! while the sum of the probabilities of all shower configuration must yield 1 

• indeed, approaching the strict collinear limit, the fixed order theory prediction is challenged and 
this enhancement are not really there as such 

• in turn we need to dump this emission probability with a factor that has to restore unitarity 
keeping into account the missing virtual corrections and resum the logarithmic enhancement
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ted it. This is starting to look like something that can be implemented and
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tion for each parton. Before generalizing it, we point out one mathematically-
trivial property of this equation, which will turn out to be important for the
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Note! Indeed, to describe the collinear limit we could 
have used also other variables that are good as well, we 
get the same expression if they are proportional to ! 2 
for example                         or 
as a result we would get identical results for the 
collinear limit, but different extrapolation away from it.
Let’s move to the virtuality of the internal line.
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where now✓ is the opening angle between the gluon and the parton that emit-
ted it. This is starting to look like something that can be implemented and
iterated in a Monte Carlo algorithm, with an independent emission distribu-
tion for each parton. Before generalizing it, we point out one mathematically-
trivial property of this equation, which will turn out to be important for the
physical properties of our parton shower algorithm. In writing down Eq. (9),
we have focused on the small-✓ region, which gives the collinear divergence.
However, we would have obtained a mathematically-identical expression if we
had chosen to parameterize the phase space in terms of any other variable
proportional to ✓

2, for example the virtuality of the o! -shell quark propaga-
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Any of these forms would give identical results in the collinear limit, but
di! erent extrapolations away from it, i.e. di! erent Þnite terms accompanying
the divergence.

While it is not obvious from our derivation, the structure of Eq. (9)
is completely general. For any hard process that produces partons of any
ßavour i , the cross section for a hard conÞguration that has cross section�0

to be accompanied by a partonj with momentum fraction z is given by
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• to simplify the things, let’s consider a single kind of splitting, to be definite, that we have just gluons

Parton Shower

d�R ! �0Pgg(z)
dq2

q2
dz
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• to simplify the things, let’s consider a single kind of splitting, to be definite, that we have just gluons

• we normalise the emission probability multiplying times the inclusive probability of no emission 
generating a virtuality above q2 and given the maximum possible virtuality Q2 (Sudakov form factor)

Parton Shower

d�R ! �0Pgg(z)
dq2

q2
dz

d! 1st ! emission = Pgg(z)
dq2

q2 dz! g(Q2, q2)
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• to simplify the things, let’s consider a single kind of splitting, to be definite, that we have just gluons

• we normalise the emission probability multiplying times the inclusive probability of no emission 
generating a virtuality above q2 and given the maximum possible virtuality Q2 (Sudakov form factor)

• of course, this “no emission” probability has to be related to the emission probability, it has to be a 
function of it. Given that for smaller and smaller q2 the emission probability diverges, in this limit the 
inclusive “no emission” probability has to go to zero rapidly, so regularising the divergence

Parton Shower
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d! 1st ! emission = Pgg(z)
dq2

q2 dz! g(Q2, q2)
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• now let’s compute "  (here comes the resummation!)
The probability of emission giving a virtuality among q2 to q2+dq2 is:

• so, for such infinitesimal range of virtuality dq2 the “no emission” probability is

Parton Shower
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Z z
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dP (no emission) = 1� dWg = 1 � dq2
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dzPgg(z)
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• now let’s compute "  (here comes the resummation!)
The probability of emission giving a virtuality among q2 to q2+dq2 is:

• so, for such infinitesimal range of virtuality dq2 the “no emission” probability is

• to get the “no emission” probability over the finite range from q2up to Q2, we don’t integrate this, 
but take the product over “all” the infinitesimal regions, so collecting the probability of “no multiple 
emission” of every number of gluons

Parton Shower

dWg =
dq2

q2

Z z
max

z
min

dzPgg(z)

dP (no emission) = 1� dWg = 1 � dq2

q2

! zmax

zmin

dzPgg(z)

! g(Q2, q2) =
!

dP(no emission) = exp

"

!
# Q 2

q2

dk2

k2

# zmax

zmin

dzPgg(z)

$

29



• the parton shower is then produced generating radiation with distribution

• this formula can now be iterated updating the upper Q2 scale to the extracted q2 at each 
step until the virtuality of the internal line reaches the cut-off scale 

Parton Shower
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Parton Shower
Observations:

• a large number of technicalities: momentum reshuffling after each emission, management of 
multiple splitting processes, hadrons in the initial state…

➡ hadronization models are just models that parametrise data in terms of a large number 
of parameters, inspired by QCD but in principle there could well be no physics at all in 
their parameters

➡ initial state has to take into account the structure of the colliding hadrons, more 
technical complications but is done with the same logic (space-like shower)
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Parton Shower
Observations:

• a large number of technicalities: momentum reshuffling after each emission, management of 
multiple splitting processes, hadrons in the initial state…

➡ hadronization models are just models that parametrise data in terms of a large number 
of parameters, inspired by QCD but in principle there could well be no physics at all in 
their parameters

➡ initial state has to take into account the structure of the colliding hadrons, more 
technical complications but is done with the same logic (space-like shower)

• and choices: evolution variable, scale in the strong coupling, cut-off scale…
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Parton Shower
Observations:

• a large number of technicalities: momentum reshuffling after each emission, management of 
multiple splitting processes, hadrons in the initial state…

➡ hadronization models are just models that parametrise data in terms of a large number 
of parameters, inspired by QCD but in principle there could well be no physics at all in 
their parameters

➡ initial state has to take into account the structure of the colliding hadrons, more 
technical complications but is done with the same logic (space-like shower)

• and choices: evolution variable, scale in the strong coupling, cut-off scale…

➡ wide angle soft emission and coherence: evolution variable !  angle or kt

➡ cut-off scale dependence. Note that soft radiation has to be more and more collinear 
and so we can imagine that although soft radiation is long range, hadronization can be 
considered a local process

• and even more needed for a full description of the possible kind of collisions: multiple 
interactions in hadron-hadron collisions, other non perturbative phenomena…
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Perturbatively, the internal structure of jets is determined by multiple emissions of gluons and depends
on the type of initiating parton, i.e. a quark or gluon. Perturbative QCD predicts that gluon-initiated jets
are broader in shape with a higher particle multiplicity on average [283]. To some extent it is therefore
possible to di! erentiate statistically between gluon and quark jets by looking into the jet substructure.
Jet shapes, however, are also sensitive to non-perturbative e! ects of the parton fragmentation and the
underlying event. Corresponding measurements are valuable inputs to improve the modelling of such soft
contributions in MC event generators like Pythia , Herwig++ , or Sherpa .
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Fig. 20. (a) Di ! erential jet shape ⇢(r) as a function of the distance r from the jet axis for jets with 110 < pT <

125 GeV from CMS. The data are compared to various tunes of the Pythia6 and to the Pythia8 and Herwig++
event generators. (b) Illustration of the jet shape observables. (c) Integrated jet shape 1 � (r = 0 .3) as a function
of the jet pT from ATLAS [284]. The data are compared to the prediction for gluon-initiated and quark-initiated
jets using the Pythia6 MC event generator with tune Perugia2010. (Adapted from Refs. [284, 285].)

Figure 20(a) shows a CMS measurement [285] of the di! erential jet shape, for the example of the jetpT
interval 110 < p T < 125 GeV, in comparison to several LO MC event generators at particle level. While
Herwig++ and Pythia8 predict somewhat broader jet shapes than measured, thePythia6 tunes
D6T and Z2 deviate in the opposite direction. The best description of the data is given byPythia6
with the tune Perugia2010, something, which is also observed in a similar investigation by the ATLAS
collaboration [284]. By employing this tune for the integrated jet shape, shown in the form of 1�! (r = 0 .3)
as a function of the jet pT in Þgure 20(c), ATLAS demonstrates the sensitivity of this observable with
respect to the jet-initiating parton. At small jet pT the examined inclusive jet sample is predominantly
composed of gluon jets, while with increasing jetpT the quark-initiated component grows. In the Þgure,
the change in the fraction of quark-initiated to gluon-initiated jets is averaged over the jet rapidity up to
|y| < 2.8. If studied double-di! erentially, a mild dependence on|y| of this fraction is observed as expected.
The sensitivity of jet shapes to non-perturbative e! ects and modelling uncertainties, however, prevents
an extraction of the quark-gluon jet fraction. Instead, they provide valuable input to the tuning of these
e! ects in MC event generators.

In the context of jets initiated by heavy boosted objects, the investigation of jet substructure has
attracted much attention lately. Potential new particles like Z 0 bosons or heavyt 0 quarks that decay
hadronically may be at the origin of jets with two or three, respectively, high-energetic partons frag-
menting into only one jet. The required boosts for these hypothetical particles are attainable at the
LHC, in particular at 13 TeV centre-of-mass energy as foreseen for the restart in 2015. Searches for these
particles proÞt from a better understanding of the QCD background in the form of quark-initiated or

Jet shape at the LHC
• require resummation of large soft and collinear logarithmic enhancement

➡ parton shower description

• fraction, " , of the jet transverse momentum contained within a ring of radius r around the jet core 
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probes the composition of jet objects and thus depends on the production process, the jet algorithm and
its parameters used to cluster the jets, and on additional selection or Þltering steps applied to the Þnal
states. The aim of Òjet groomingÓ procedures is to reduce the impact of underlying-event and pile-up con-
tributions on the jet properties and sometimes also to remove certain types of intra-jet parton splittings,
all that in order to maximise the sensitivity to the desired signal. Examples of jet-grooming procedures
include trimming [266], pruning [261], mass-drop [267, 268] or soft-drop [269] Þltering. Dedicated the-
oretical predictions for the jet-mass distribution exist for a variety of production processes, including
dijet Þnal states, vector-boson plus jet production and Higgs-boson plus jet production [270Ð273]. The
mass distribution of QCD jets after the application of grooming techniques has recently been discussed
in Refs. [274, 275].

In Ref. [262] the CMS collaboration has presented an analysis of the jet-mass observable in dijet
and W/Z +jet events, focusing on the e! ects of various grooming techniques and comparing data to
parton-shower Monte Carlo predictions. For an integrated luminosity of 5 fb! 1 of 7 TeV collision data
they considered both the anti-kt and CambridgeÐAachen [276Ð278] jet algorithms using various distance
parameters, namelyR = 0 .7 for anti-kt and R = 0 .8 and R = 1 .2 for CambridgeÐAachen. The groomed
and ungroomed data are compared to Monte Carlo predictions fromPythia6 and Herwig++ . As an
example, the unfolded jet-mass distribution ofZ (``)+jet events is shown in Þgure 19. Depicted there is
the jet-mass variable for anti-kt jets after a pruning procedure, analysed for four slices in jet transverse
momentum (note the arbitrary scaling factors). For all the jet- pT slices both generators describe the data
well. A similar level of congruence is observed for the alternative grooming techniques and combinations
of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e ! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and modelsÑmost prominently the so-called Òunderlying eventÓ
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protonsÕ constituents (Òmulti-parton interactionsÓ) that give rise to
the production of many additional Þnal-state particles.

In this section these aspects shall be exempliÞed by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the proÞle of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term Òjet shapeÓ has been coined [280, 281]. The
di! erential jet shape ⇢(r ) as a function of the distancer i =

!
(�i, jet y)2 + ( �i, jet �)2 to the jet axis is

deÞned as the average fraction of jetpT contained inside an annulus of inner radiusr a = r ��r/ 2 and
outer radius r b = r + �r/ 2 for an ensemble ofN jets:

⇢(r ) =
1
N

"

jets

1
�r

#
r a " r i <r b

pT ,i
#

r i " R pT ,i
,

where the second sum runs over all jet constituentsi . The integrated jet shape (r ) is then given by the
integral of the di! erential jet shape up to a radiusr (see the illustrations in Þgure 20(b)). Conventionally,
measurements are presented in terms of 1�  (r = r core ), where r core is usually taken to be 0.3 [282].
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mass distribution of QCD jets after the application of grooming techniques has recently been discussed
in Refs. [274, 275].

In Ref. [262] the CMS collaboration has presented an analysis of the jet-mass observable in dijet
and W/Z +jet events, focusing on the e! ects of various grooming techniques and comparing data to
parton-shower Monte Carlo predictions. For an integrated luminosity of 5 fb! 1 of 7 TeV collision data
they considered both the anti-kt and Cambridge–Aachen [276–278] jet algorithms using various distance
parameters, namely R = 0.7 for anti-kt and R = 0.8 and R = 1.2 for Cambridge–Aachen. The groomed
and ungroomed data are compared to Monte Carlo predictions from Pythia6 and Herwig++ . As an
example, the unfolded jet-mass distribution of Z (!! )+jet events is shown in figure 19. Depicted there is
the jet-mass variable for anti-kt jets after a pruning procedure, analysed for four slices in jet transverse
momentum (note the arbitrary scaling factors). For all the jet-pT slices both generators describe the data
well. A similar level of congruence is observed for the alternative grooming techniques and combinations
of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and models—most prominently the so-called “underlying event”
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protons’ constituents (“multi-parton interactions”) that give rise to
the production of many additional final-state particles.

In this section these aspects shall be exemplified by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the profile of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term “jet shape” has been coined [280, 281]. The
di! erential jet shape " (r ) as a function of the distance r i =

!
(# i, jet y)2 + (# i, jet $)2 to the jet axis is

defined as the average fraction of jet pT contained inside an annulus of inner radius r a = r ! # r/ 2 and
outer radius r b = r + # r/ 2 for an ensemble of N jets:
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r i " R pT ,i
,

where the second sum runs over all jet constituents i . The integrated jet shape %(r ) is then given by the
integral of the di! erential jet shape up to a radius r (see the illustrations in figure 20(b)). Conventionally,
measurements are presented in terms of 1 ! %(r = r core), where r core is usually taken to be 0.3 [282].
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From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
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techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and models—most prominently the so-called “underlying event”
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protons’ constituents (“multi-parton interactions”) that give rise to
the production of many additional final-state particles.

In this section these aspects shall be exemplified by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.
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Focusing on the internal structure of jets, the profile of the distribution of transverse momentum within
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where the second sum runs over all jet constituents i . The integrated jet shape %(r ) is then given by the
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Courtesy of [Tancredi Carli, Klaus Rabbertz, and Steffen Schumann 2015]

Carli, Rabbertz, Schumann: Studies of Quantum Chromodynamics at the LHC 29

probes the composition of jet objects and thus depends on the production process, the jet algorithm and
its parameters used to cluster the jets, and on additional selection or Þltering steps applied to the Þnal
states. The aim of Òjet groomingÓ procedures is to reduce the impact of underlying-event and pile-up con-
tributions on the jet properties and sometimes also to remove certain types of intra-jet parton splittings,
all that in order to maximise the sensitivity to the desired signal. Examples of jet-grooming procedures
include trimming [266], pruning [261], mass-drop [267, 268] or soft-drop [269] Þltering. Dedicated the-
oretical predictions for the jet-mass distribution exist for a variety of production processes, including
dijet Þnal states, vector-boson plus jet production and Higgs-boson plus jet production [270Ð273]. The
mass distribution of QCD jets after the application of grooming techniques has recently been discussed
in Refs. [274, 275].

In Ref. [262] the CMS collaboration has presented an analysis of the jet-mass observable in dijet
and W/Z +jet events, focusing on the e! ects of various grooming techniques and comparing data to
parton-shower Monte Carlo predictions. For an integrated luminosity of 5 fb! 1 of 7 TeV collision data
they considered both the anti-kt and CambridgeÐAachen [276Ð278] jet algorithms using various distance
parameters, namelyR = 0 .7 for anti-kt and R = 0 .8 and R = 1 .2 for CambridgeÐAachen. The groomed
and ungroomed data are compared to Monte Carlo predictions fromPythia6 and Herwig++ . As an
example, the unfolded jet-mass distribution ofZ (!! )+jet events is shown in Þgure 19. Depicted there is
the jet-mass variable for anti-kt jets after a pruning procedure, analysed for four slices in jet transverse
momentum (note the arbitrary scaling factors). For all the jet- pT slices both generators describe the data
well. A similar level of congruence is observed for the alternative grooming techniques and combinations
of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e ! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and modelsÑmost prominently the so-called Òunderlying eventÓ
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protonsÕ constituents (Òmulti-parton interactionsÓ) that give rise to
the production of many additional Þnal-state particles.

In this section these aspects shall be exempliÞed by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the proÞle of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term Òjet shapeÓ has been coined [280, 281]. The
di! erential jet shape " (r ) as a function of the distancer i =

!
(# i, jet y)2 + ( # i, jet $)2 to the jet axis is

deÞned as the average fraction of jetpT contained inside an annulus of inner radiusr a = r ! # r/ 2 and
outer radius r b = r + # r/ 2 for an ensemble ofN jets:

" (r ) =
1
N

"

jets

1
# r

#
r a " r i <r b

pT ,i
#

r i " R pT ,i
,

where the second sum runs over all jet constituentsi . The integrated jet shape%(r ) is then given by the
integral of the di! erential jet shape up to a radiusr (see the illustrations in Þgure 20(b)). Conventionally,
measurements are presented in terms of 1! %(r = r core ), where r core is usually taken to be 0.3 [282].



35

0 0.1 0.2 0.3 0.4 0.5 0.6

 (
r)

ρ

1

10
 jets R = 0.6tanti-k

 < 30 GeV
jet

T
20 GeV < p

 | < 3.6
jet

2.8 < | y

ATLAS Preliminary

-1 dt = 37 pbL∫Data  

Pythia AMBT1

r
0 0.1 0.2 0.3 0.4 0.5 0.6

D
A

T
A

 / 
M

C

0.8
1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

 (
r)

!

1

10
 jets R = 0.6tanti-k

 < 45 GeV
jet

T
30 GeV < p

 | < 3.6
jet

2.8 < | y

ATLAS Preliminary

-1 dt = 37 pbL"Data  

Pythia AMBT1

r
0 0.1 0.2 0.3 0.4 0.5 0.6

D
A

T
A

 / 
M

C

0.8
1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

 (
r)

!

1

10
 jets R = 0.6tanti-k

 < 60 GeV
jet

T
45 GeV < p

 | < 3.6
jet

2.8 < | y

ATLAS Preliminary

-1 dt = 37 pbL"Data  

Pythia AMBT1

r
0 0.1 0.2 0.3 0.4 0.5 0.6

D
A

T
A

 / 
M

C

0.8
1

1.2

Figure 5: The jet shape! (r) measured using calorimeter clusters for anti-kt jets with R = 0.6 in the
rapidity interval 2.8 < |y| < 3.6, compared to Pythia with tune AMBT1. This is shown separately for jets
with transverse momenta of 20< pT < 30 GeV (top), 30< pT < 45 GeV (middle), and 45< pT < 60 GeV
(bottom). The statistical error bars are smaller than the size of the markers.
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Figure 5: The jet shaper(r) measured using calorimeter clusters for anti-kt jets with R = 0.6 in the
rapidity interval 2.8 < |y| < 3.6, compared to Pythia with tune AMBT1. This is shown separately for jets
with transverse momenta of 20< pT < 30 GeV (top), 30< pT < 45 GeV (middle), and 45< pT < 60 GeV
(bottom). The statistical error bars are smaller than the size of the markers.
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Jet shape at the LHC
• works also for lower pt jets

Carli, Rabbertz, Schumann: Studies of Quantum Chromodynamics at the LHC 29

probes the composition of jet objects and thus depends on the production process, the jet algorithm and
its parameters used to cluster the jets, and on additional selection or Þltering steps applied to the Þnal
states. The aim of Òjet groomingÓ procedures is to reduce the impact of underlying-event and pile-up con-
tributions on the jet properties and sometimes also to remove certain types of intra-jet parton splittings,
all that in order to maximise the sensitivity to the desired signal. Examples of jet-grooming procedures
include trimming [266], pruning [261], mass-drop [267, 268] or soft-drop [269] Þltering. Dedicated the-
oretical predictions for the jet-mass distribution exist for a variety of production processes, including
dijet Þnal states, vector-boson plus jet production and Higgs-boson plus jet production [270Ð273]. The
mass distribution of QCD jets after the application of grooming techniques has recently been discussed
in Refs. [274, 275].

In Ref. [262] the CMS collaboration has presented an analysis of the jet-mass observable in dijet
and W/Z +jet events, focusing on the e! ects of various grooming techniques and comparing data to
parton-shower Monte Carlo predictions. For an integrated luminosity of 5 fb! 1 of 7 TeV collision data
they considered both the anti-kt and CambridgeÐAachen [276Ð278] jet algorithms using various distance
parameters, namelyR = 0 .7 for anti-kt and R = 0 .8 and R = 1 .2 for CambridgeÐAachen. The groomed
and ungroomed data are compared to Monte Carlo predictions fromPythia6 and Herwig++ . As an
example, the unfolded jet-mass distribution ofZ (``)+jet events is shown in Þgure 19. Depicted there is
the jet-mass variable for anti-kt jets after a pruning procedure, analysed for four slices in jet transverse
momentum (note the arbitrary scaling factors). For all the jet- pT slices both generators describe the data
well. A similar level of congruence is observed for the alternative grooming techniques and combinations
of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e ! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and modelsÑmost prominently the so-called Òunderlying eventÓ
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protonsÕ constituents (Òmulti-parton interactionsÓ) that give rise to
the production of many additional Þnal-state particles.

In this section these aspects shall be exempliÞed by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the proÞle of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term Òjet shapeÓ has been coined [280, 281]. The
di! erential jet shape ⇢(r ) as a function of the distancer i =

!
(�i, jet y)2 + ( �i, jet �)2 to the jet axis is

deÞned as the average fraction of jetpT contained inside an annulus of inner radiusr a = r ��r/ 2 and
outer radius r b = r + �r/ 2 for an ensemble ofN jets:

⇢(r ) =
1
N

"

jets

1
�r

#
r a " r i <r b

pT ,i
#

r i " R pT ,i
,

where the second sum runs over all jet constituentsi . The integrated jet shape (r ) is then given by the
integral of the di! erential jet shape up to a radiusr (see the illustrations in Þgure 20(b)). Conventionally,
measurements are presented in terms of 1�  (r = r core ), where r core is usually taken to be 0.3 [282].
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of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and models—most prominently the so-called “underlying event”
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protons’ constituents (“multi-parton interactions”) that give rise to
the production of many additional final-state particles.

In this section these aspects shall be exemplified by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the profile of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term “jet shape” has been coined [280, 281]. The
di! erential jet shape " (r ) as a function of the distance r i =

!
(# i, jet y)2 + (# i, jet $)2 to the jet axis is

defined as the average fraction of jet pT contained inside an annulus of inner radius r a = r ! # r/ 2 and
outer radius r b = r + # r/ 2 for an ensemble of N jets:
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where the second sum runs over all jet constituents i . The integrated jet shape %(r ) is then given by the
integral of the di! erential jet shape up to a radius r (see the illustrations in figure 20(b)). Conventionally,
measurements are presented in terms of 1 ! %(r = r core), where r core is usually taken to be 0.3 [282].

Carli, Rabbertz, Schumann: Studies of Quantum Chromodynamics at the LHC 29

probes the composition of jet objects and thus depends on the production process, the jet algorithm and
its parameters used to cluster the jets, and on additional selection or filtering steps applied to the final
states. The aim of “jet grooming” procedures is to reduce the impact of underlying-event and pile-up con-
tributions on the jet properties and sometimes also to remove certain types of intra-jet parton splittings,
all that in order to maximise the sensitivity to the desired signal. Examples of jet-grooming procedures
include trimming [266], pruning [261], mass-drop [267, 268] or soft-drop [269] filtering. Dedicated the-
oretical predictions for the jet-mass distribution exist for a variety of production processes, including
dijet final states, vector-boson plus jet production and Higgs-boson plus jet production [270–273]. The
mass distribution of QCD jets after the application of grooming techniques has recently been discussed
in Refs. [274, 275].

In Ref. [262] the CMS collaboration has presented an analysis of the jet-mass observable in dijet
and W/Z +jet events, focusing on the e! ects of various grooming techniques and comparing data to
parton-shower Monte Carlo predictions. For an integrated luminosity of 5 fb! 1 of 7 TeV collision data
they considered both the anti-kt and Cambridge–Aachen [276–278] jet algorithms using various distance
parameters, namely R = 0.7 for anti-kt and R = 0.8 and R = 1.2 for Cambridge–Aachen. The groomed
and ungroomed data are compared to Monte Carlo predictions from Pythia6 and Herwig++. As an
example, the unfolded jet-mass distribution of Z (!! )+jet events is shown in figure 19. Depicted there is
the jet-mass variable for anti-kt jets after a pruning procedure, analysed for four slices in jet transverse
momentum (note the arbitrary scaling factors). For all the jet-p

T

slices both generators describe the data
well. A similar level of congruence is observed for the alternative grooming techniques and combinations
of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and models—most prominently the so-called “underlying event”
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protons’ constituents (“multi-parton interactions”) that give rise to
the production of many additional final-state particles.

In this section these aspects shall be exemplified by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the profile of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term “jet shape” has been coined [280, 281]. The
di! erential jet shape " (r ) as a function of the distance r i =

!
(# i, jety)2 + (# i, jet$)2 to the jet axis is

defined as the average fraction of jet p
T

contained inside an annulus of inner radius r a = r ! # r/ 2 and
outer radius r b = r + # r/ 2 for an ensemble of N jets:

" (r ) =
1

N

"

jets

1

# r

#
r a " r i <r b

p
T,i

#
r i " R p

T,i
,

where the second sum runs over all jet constituents i . The integrated jet shape %(r ) is then given by the
integral of the di! erential jet shape up to a radius r (see the illustrations in figure 20(b)). Conventionally,
measurements are presented in terms of 1 ! %(r = r

core

), where r
core

is usually taken to be 0.3 [282].

Carli, Rabbertz, Schumann: Studies of Quantum Chromodynamics at the LHC 29

probes the composition of jet objects and thus depends on the production process, the jet algorithm and
its parameters used to cluster the jets, and on additional selection or Þltering steps applied to the Þnal
states. The aim of Òjet groomingÓ procedures is to reduce the impact of underlying-event and pile-up con-
tributions on the jet properties and sometimes also to remove certain types of intra-jet parton splittings,
all that in order to maximise the sensitivity to the desired signal. Examples of jet-grooming procedures
include trimming [266], pruning [261], mass-drop [267, 268] or soft-drop [269] Þltering. Dedicated the-
oretical predictions for the jet-mass distribution exist for a variety of production processes, including
dijet Þnal states, vector-boson plus jet production and Higgs-boson plus jet production [270Ð273]. The
mass distribution of QCD jets after the application of grooming techniques has recently been discussed
in Refs. [274, 275].

In Ref. [262] the CMS collaboration has presented an analysis of the jet-mass observable in dijet
and W/Z +jet events, focusing on the e! ects of various grooming techniques and comparing data to
parton-shower Monte Carlo predictions. For an integrated luminosity of 5 fb! 1 of 7 TeV collision data
they considered both the anti-kt and CambridgeÐAachen [276Ð278] jet algorithms using various distance
parameters, namelyR = 0 .7 for anti-kt and R = 0 .8 and R = 1 .2 for CambridgeÐAachen. The groomed
and ungroomed data are compared to Monte Carlo predictions fromPythia6 and Herwig++ . As an
example, the unfolded jet-mass distribution ofZ (!! )+jet events is shown in Þgure 19. Depicted there is
the jet-mass variable for anti-kt jets after a pruning procedure, analysed for four slices in jet transverse
momentum (note the arbitrary scaling factors). For all the jet- pT slices both generators describe the data
well. A similar level of congruence is observed for the alternative grooming techniques and combinations
of jet algorithm and distance parameter. Somewhat larger deviations between data and Monte Carlo
estimates are observed for regions of small jet mass. However, it is in particular this region of phase space
that is most a! ected by non-perturbative corrections from pile-up, underlying event and hadronisation.
Attempts to analytically estimate the e ! ects of the underlying event and parton-to-hadron fragmentation
on the jet-mass distribution have been presented in Ref. [279].

From the analysis presented by CMS and a similar one presented by ATLAS [56], agreement of jet-
mass and substructure observables with modern parton-shower Monte Carlo tools is established. This
paves the way to successfully use these techniques in future analyses and particularly in searches for new
phenomena.

9 Beyond Perturbative QCD

So far the focus has been mainly on measurements that can reliably be addressed using QCD perturbative
techniques. Experimentally, however, hadrons are observed in the detectors, and accordingly the transition
of partons into hadrons needs to be accounted for. Furthermore, there is a wealth of e! ects that require
the use of non-perturbative methods and modelsÑmost prominently the so-called Òunderlying eventÓ
that accompanies a hard scattering. As an example, the underlying event includes contributions from
multiple interactions of the colliding protonsÕ constituents (Òmulti-parton interactionsÓ) that give rise to
the production of many additional Þnal-state particles.

In this section these aspects shall be exempliÞed by presenting LHC measurements of jet-shape vari-
ables, of jet-radius ratios and of observables sensitive to soft-particle production and double and multi-
parton scattering.

9.1 Jet Shapes

Focusing on the internal structure of jets, the proÞle of the distribution of transverse momentum within
a jet can be examined. For this type of observable the term Òjet shapeÓ has been coined [280, 281]. The
di! erential jet shape " (r ) as a function of the distancer i =

!
(# i, jet y)2 + ( # i, jet $)2 to the jet axis is

deÞned as the average fraction of jetpT contained inside an annulus of inner radiusr a = r ! # r/ 2 and
outer radius r b = r + # r/ 2 for an ensemble ofN jets:

" (r ) =
1
N

"

jets

1
# r

#
r a " r i <r b

pT ,i
#

r i " R pT ,i
,

where the second sum runs over all jet constituentsi . The integrated jet shape%(r ) is then given by the
integral of the di! erential jet shape up to a radiusr (see the illustrations in Þgure 20(b)). Conventionally,
measurements are presented in terms of 1! %(r = r core ), where r core is usually taken to be 0.3 [282].



Parton Shower

Note that:

• soft and collinear approximations that underlie PS may fail to reproduce the full 
pattern of hard wide-angle emissions

• PS generate cross sections for the requested hard process that are correct at LO

Nevertheless:

• PS is a fundamental tool to study the sensitivity of the experiments in high energy 
physics

• one would like to include all possible hard processes and all of them computed 
including higher order corrections in a framework like this

➡ we are on this path…
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Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 
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Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 

1. Define a scale Q1 for the kT algorithm resolution parameter                       that acts as a cut-off 
regulator to compute x-jet cross section using exact tree level matrix element with x-parton in 
the final state. Do it for x from 2 to n (typically 5 or 6)

yini = Q2
1/Q 2
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Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 

1. Define a scale Q1 for the kT algorithm resolution parameter                       that acts as a cut-off 
regulator to compute x-jet cross section using exact tree level matrix element with x-parton in 
the final state. Do it for x from 2 to n (typically 5 or 6)

2. Select the jet multiplicity (n) and partonic subprocess (i) with probability:

2.2 Matrix element improvement

We can improve the description of the 3-jet distribution throughout the region
yqøq > y qg, yøqg > y ini by using the full tree-level matrix element squared|M qøqg|2 in
place of the NLL branching probability! q(q, Q) in Eq. (2.12). More precisely, we gen-
erate qøqg momentum conÞgurations according to the matrix element squared, with
resolution cuto" yini = Q2

1/Q
2, and then weight each conÞguration by the Sudakov

factor Fqøqg(Q1, Q; q) in Eq. (2.13), whereq is given by Eq. (2.11). For consistency
with Eqs. (2.5)Ð(2.7), we should also useq as the argument of the running coupling
in the matrix element squared.

Similarly in the four-jet case of Eq. (2.14) the product! q(q, Q)! q(q!, Q) is an
approximation to the full matrix element squared|M qøqgg|2 in the kinematic region
whereyqg and yøqg! are the smallest interparton separations. Thus it is legitimate in
NLL approximation to replace it by |M qøqgg|2 in that region. The remaining factor
Fqøqgg(Q1, Q; q, q!) in Eq. (2.14) is the extra Sudakov weight to be applied.

In general, we obtain an improved description of the jet rates and distributions,
above the resolution valueyini , by choosing the parton conÞgurations according to
the tree-level matrix elements squared and then weighting them by a product of
Sudakov form factors. The arguments of the form factors and the running coupling
are given by the nodal values of thekT -resolution in the branching process, estimated
by applying the kT -clustering algorithm to the parton conÞguration.

2.3 General procedure

The proposed procedure for generatinge+ e" ! n-jet conÞgurations at c.m. energy
Q and jet resolution yini is thus as follows:

1. Select the jet multiplicity n and parton identities i with probability

P(0) (n, i ) =
! (0)

n,i
! k= N

k,j ! (0)
k,j

(2.18)

where ! (0)
n,i is the tree-level e+ e" ! n-jet cross section at resolutionyini =

Q2
1/Q 2, calculated using a Þxed value" S(Q1) for the strong coupling. The

label i is to distinguish di" erent parton identities with the same multiplicity,
e.g. i = qøqggor qøqqøq for n = 4. N is the largest jet multiplicity for which the
calculation can realistically be performed (N " 6 currently). Errors will then
be of relative order" N " 1

S . Ideally, one should check that any given result is
insensitive toN .

2. Distribute the jet momenta according to the corresponding n-parton matrix
elements squared|M n,i |2, again using Þxed" S(Q1).

6

yini = Q2
1/Q 2
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Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 

1. Define a scale Q1 for the kT algorithm resolution parameter                       that acts as a cut-off 
regulator to compute x-jet cross section using exact tree level matrix element with x-parton in 
the final state. Do it for x from 2 to n (typically 5 or 6)

2. Select the jet multiplicity (n) and partonic subprocess (i) with probability:

3. Generate an event with probability given by the exact matrix element

2.2 Matrix element improvement

We can improve the description of the 3-jet distribution throughout the region
yqøq > y qg, yøqg > y ini by using the full tree-level matrix element squared|M qøqg|2 in
place of the NLL branching probability! q(q, Q) in Eq. (2.12). More precisely, we gen-
erate qøqg momentum conÞgurations according to the matrix element squared, with
resolution cuto" yini = Q2

1/Q
2, and then weight each conÞguration by the Sudakov

factor Fqøqg(Q1, Q; q) in Eq. (2.13), whereq is given by Eq. (2.11). For consistency
with Eqs. (2.5)Ð(2.7), we should also useq as the argument of the running coupling
in the matrix element squared.

Similarly in the four-jet case of Eq. (2.14) the product! q(q, Q)! q(q!, Q) is an
approximation to the full matrix element squared|M qøqgg|2 in the kinematic region
whereyqg and yøqg! are the smallest interparton separations. Thus it is legitimate in
NLL approximation to replace it by |M qøqgg|2 in that region. The remaining factor
Fqøqgg(Q1, Q; q, q!) in Eq. (2.14) is the extra Sudakov weight to be applied.

In general, we obtain an improved description of the jet rates and distributions,
above the resolution valueyini , by choosing the parton conÞgurations according to
the tree-level matrix elements squared and then weighting them by a product of
Sudakov form factors. The arguments of the form factors and the running coupling
are given by the nodal values of thekT -resolution in the branching process, estimated
by applying the kT -clustering algorithm to the parton conÞguration.

2.3 General procedure

The proposed procedure for generatinge+ e" ! n-jet conÞgurations at c.m. energy
Q and jet resolution yini is thus as follows:

1. Select the jet multiplicity n and parton identities i with probability

P(0) (n, i ) =
! (0)

n,i
! k= N

k,j ! (0)
k,j

(2.18)

where ! (0)
n,i is the tree-level e+ e" ! n-jet cross section at resolutionyini =

Q2
1/Q 2, calculated using a Þxed value" S(Q1) for the strong coupling. The

label i is to distinguish di" erent parton identities with the same multiplicity,
e.g. i = qøqggor qøqqøq for n = 4. N is the largest jet multiplicity for which the
calculation can realistically be performed (N " 6 currently). Errors will then
be of relative order" N " 1

S . Ideally, one should check that any given result is
insensitive toN .

2. Distribute the jet momenta according to the corresponding n-parton matrix
elements squared|M n,i |2, again using Þxed" S(Q1).

6

yini = Q2
1/Q 2

40



Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 

1. Define a scale Q1 for the kT algorithm resolution parameter                       that acts as a cut-off 
regulator to compute x-jet cross section using exact tree level matrix element with x-parton in 
the final state. Do it for x from 2 to n (typically 5 or 6)

2. Select the jet multiplicity (n) and partonic subprocess (i) with probability:

3. Generate an event with probability given by the exact matrix element
4. Reconstruct the PS probability of this event using the kT algorithm backward recombining 

parsons until only 2 remain and build a weight combining Sudakov from factors and Splitting 
probabilities with #S evaluated at the scale of the branching process for each branch

2.2 Matrix element improvement

We can improve the description of the 3-jet distribution throughout the region
yqøq > y qg, yøqg > y ini by using the full tree-level matrix element squared|M qøqg|2 in
place of the NLL branching probability! q(q, Q) in Eq. (2.12). More precisely, we gen-
erate qøqg momentum conÞgurations according to the matrix element squared, with
resolution cuto" yini = Q2

1/Q
2, and then weight each conÞguration by the Sudakov

factor Fqøqg(Q1, Q; q) in Eq. (2.13), whereq is given by Eq. (2.11). For consistency
with Eqs. (2.5)Ð(2.7), we should also useq as the argument of the running coupling
in the matrix element squared.

Similarly in the four-jet case of Eq. (2.14) the product! q(q, Q)! q(q!, Q) is an
approximation to the full matrix element squared|M qøqgg|2 in the kinematic region
whereyqg and yøqg! are the smallest interparton separations. Thus it is legitimate in
NLL approximation to replace it by |M qøqgg|2 in that region. The remaining factor
Fqøqgg(Q1, Q; q, q!) in Eq. (2.14) is the extra Sudakov weight to be applied.

In general, we obtain an improved description of the jet rates and distributions,
above the resolution valueyini , by choosing the parton conÞgurations according to
the tree-level matrix elements squared and then weighting them by a product of
Sudakov form factors. The arguments of the form factors and the running coupling
are given by the nodal values of thekT -resolution in the branching process, estimated
by applying the kT -clustering algorithm to the parton conÞguration.

2.3 General procedure

The proposed procedure for generatinge+ e" ! n-jet conÞgurations at c.m. energy
Q and jet resolution yini is thus as follows:

1. Select the jet multiplicity n and parton identities i with probability

P(0) (n, i ) =
! (0)

n,i
! k= N

k,j ! (0)
k,j

(2.18)

where ! (0)
n,i is the tree-level e+ e" ! n-jet cross section at resolutionyini =

Q2
1/Q 2, calculated using a Þxed value" S(Q1) for the strong coupling. The

label i is to distinguish di" erent parton identities with the same multiplicity,
e.g. i = qøqggor qøqqøq for n = 4. N is the largest jet multiplicity for which the
calculation can realistically be performed (N " 6 currently). Errors will then
be of relative order" N " 1

S . Ideally, one should check that any given result is
insensitive toN .

2. Distribute the jet momenta according to the corresponding n-parton matrix
elements squared|M n,i |2, again using Þxed" S(Q1).

6

yini = Q2
1/Q 2
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Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 

1. Define a scale Q1 for the kT algorithm resolution parameter                       that acts as a cut-off 
regulator to compute x-jet cross section using exact tree level matrix element with x-parton in 
the final state. Do it for x from 2 to n (typically 5 or 6)

2. Select the jet multiplicity (n) and partonic subprocess (i) with probability:

3. Generate an event with probability given by the exact matrix element
4. Reconstruct the PS probability of this event using the kT algorithm backward recombining 

parsons until only 2 remain and build a weight combining Sudakov from factors and Splitting 
probabilities with #S evaluated at the scale of the branching process for each branch

5. Accept or reject the event according to the combined PS weight:
a. If the event is accepted, assign a color configuration and start the shower from each leg of the 

n parton event at scale t at which it has been generated, vetoing radiation harder then Q1 

b. If the event is rejected go back to 1.

2.2 Matrix element improvement

We can improve the description of the 3-jet distribution throughout the region
yqøq > y qg, yøqg > y ini by using the full tree-level matrix element squared|M qøqg|2 in
place of the NLL branching probability! q(q, Q) in Eq. (2.12). More precisely, we gen-
erate qøqg momentum conÞgurations according to the matrix element squared, with
resolution cuto" yini = Q2

1/Q
2, and then weight each conÞguration by the Sudakov

factor Fqøqg(Q1, Q; q) in Eq. (2.13), whereq is given by Eq. (2.11). For consistency
with Eqs. (2.5)Ð(2.7), we should also useq as the argument of the running coupling
in the matrix element squared.

Similarly in the four-jet case of Eq. (2.14) the product! q(q, Q)! q(q!, Q) is an
approximation to the full matrix element squared|M qøqgg|2 in the kinematic region
whereyqg and yøqg! are the smallest interparton separations. Thus it is legitimate in
NLL approximation to replace it by |M qøqgg|2 in that region. The remaining factor
Fqøqgg(Q1, Q; q, q!) in Eq. (2.14) is the extra Sudakov weight to be applied.

In general, we obtain an improved description of the jet rates and distributions,
above the resolution valueyini , by choosing the parton conÞgurations according to
the tree-level matrix elements squared and then weighting them by a product of
Sudakov form factors. The arguments of the form factors and the running coupling
are given by the nodal values of thekT -resolution in the branching process, estimated
by applying the kT -clustering algorithm to the parton conÞguration.

2.3 General procedure

The proposed procedure for generatinge+ e" ! n-jet conÞgurations at c.m. energy
Q and jet resolution yini is thus as follows:

1. Select the jet multiplicity n and parton identities i with probability

P(0) (n, i ) =
! (0)

n,i
! k= N

k,j ! (0)
k,j

(2.18)

where ! (0)
n,i is the tree-level e+ e" ! n-jet cross section at resolutionyini =

Q2
1/Q 2, calculated using a Þxed value" S(Q1) for the strong coupling. The

label i is to distinguish di" erent parton identities with the same multiplicity,
e.g. i = qøqggor qøqqøq for n = 4. N is the largest jet multiplicity for which the
calculation can realistically be performed (N " 6 currently). Errors will then
be of relative order" N " 1

S . Ideally, one should check that any given result is
insensitive toN .

2. Distribute the jet momenta according to the corresponding n-parton matrix
elements squared|M n,i |2, again using Þxed" S(Q1).

6

yini = Q2
1/Q 2
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Merging
Multi-jet final states can be described at LO+LL using LO matrix elements with up to n parsons in 
the final state. Let’s consider e+e- at an Energy scale Q for simplicity

[Catani, Kuhn, Krauss,  Webber 2001] 

1. Define a scale Q1 for the kT algorithm resolution parameter                       that acts as a cut-off 
regulator to compute x-jet cross section using exact tree level matrix element with x-parton in 
the final state. Do it for x from 2 to n (typically 5 or 6)

2. Select the jet multiplicity (n) and partonic subprocess (i) with probability:

3. Generate an event with probability given by the exact matrix element
4. Reconstruct the PS probability of this event using the kT algorithm backward recombining 

parsons until only 2 remain and build a weight combining Sudakov from factors and Splitting 
probabilities with #S evaluated at the scale of the branching process for each branch

5. Accept or reject the event according to the combined PS weight:
a. If the event is accepted, assign a color configuration and start the shower from each leg of the 

n parton event at scale t at which it has been generated, vetoing radiation harder then Q1 

b. If the event is rejected go back to 1.

Needs modifications when there are hadrons in the initial state, but the logic is the same: the point 
is always to regularise matrix elements factorising the phase space into hard (ME domain) and soft 
(PS domain) and to accept or reject an event according to the PS weight of the event

2.2 Matrix element improvement

We can improve the description of the 3-jet distribution throughout the region
yqøq > y qg, yøqg > y ini by using the full tree-level matrix element squared|M qøqg|2 in
place of the NLL branching probability! q(q, Q) in Eq. (2.12). More precisely, we gen-
erate qøqg momentum conÞgurations according to the matrix element squared, with
resolution cuto" yini = Q2

1/Q
2, and then weight each conÞguration by the Sudakov

factor Fqøqg(Q1, Q; q) in Eq. (2.13), whereq is given by Eq. (2.11). For consistency
with Eqs. (2.5)Ð(2.7), we should also useq as the argument of the running coupling
in the matrix element squared.

Similarly in the four-jet case of Eq. (2.14) the product! q(q, Q)! q(q!, Q) is an
approximation to the full matrix element squared|M qøqgg|2 in the kinematic region
whereyqg and yøqg! are the smallest interparton separations. Thus it is legitimate in
NLL approximation to replace it by |M qøqgg|2 in that region. The remaining factor
Fqøqgg(Q1, Q; q, q!) in Eq. (2.14) is the extra Sudakov weight to be applied.

In general, we obtain an improved description of the jet rates and distributions,
above the resolution valueyini , by choosing the parton conÞgurations according to
the tree-level matrix elements squared and then weighting them by a product of
Sudakov form factors. The arguments of the form factors and the running coupling
are given by the nodal values of thekT -resolution in the branching process, estimated
by applying the kT -clustering algorithm to the parton conÞguration.

2.3 General procedure

The proposed procedure for generatinge+ e" ! n-jet conÞgurations at c.m. energy
Q and jet resolution yini is thus as follows:

1. Select the jet multiplicity n and parton identities i with probability

P(0) (n, i ) =
! (0)

n,i
! k= N

k,j ! (0)
k,j

(2.18)

where ! (0)
n,i is the tree-level e+ e" ! n-jet cross section at resolutionyini =

Q2
1/Q 2, calculated using a Þxed value" S(Q1) for the strong coupling. The

label i is to distinguish di" erent parton identities with the same multiplicity,
e.g. i = qøqggor qøqqøq for n = 4. N is the largest jet multiplicity for which the
calculation can realistically be performed (N " 6 currently). Errors will then
be of relative order" N " 1

S . Ideally, one should check that any given result is
insensitive toN .

2. Distribute the jet momenta according to the corresponding n-parton matrix
elements squared|M n,i |2, again using Þxed" S(Q1).

6

yini = Q2
1/Q 2
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Successful  but do not expect too much

• 5% uncertainty on the strong coupling results on 30% uncertainty for 6 jets production, and 
then there is scale variations (both renormalization and factorisation), hadronization effects…

• description with just MC programs is more an exercise to tune them than a real test for QCD

10 The ATLAS Collaboration: Multi-jet cross sections in pro ton-proton collisions at a 7 TeV center-of-mass energy

evaluated by adding the individual systematic uncertain-
ties in quadrature but excluding the uncertainty coming
from the luminosity measurement. The ratio of the predic-
tions from the Monte Carlo simulations to the measure-
ments is shown at the bottom of each Þgure. For Figures 6,
8 and 9, the lighter (grey) error band that appears in the
ratio of the predictions from the Monte Carlo simulations
to the measurements represents the total systematic un-
certainty on the shape of the measured distributions.

Only a few representative Monte Carlo simulations
that were studied are shown in the Þgures and tables. All
Monte Carlo simulations are normalized to the measured
inclusive two jet cross section. The normalization factors
applied to the Monte Carlo simulations studied are given
in Table 3, and distinctive features of some of the Monte
Carlo simulations not shown are discussed when relevant.
Most ALPGEN Monte Carlo simulations predict an inclu-

Leading-order Monte Carlo Normalization factor
ALPGEN+HERWIG AUET1 1.11
ALPGEN+PYTHIA MC09 ! 1.22

PYTHIA AMBT1 0.65
SHERPA 1.06

Table 3. Normalization factors applied to each of the Monte
Carlo simulations in order to match the measured inclusive
two-jet cross section.

sive multi-jet cross section similar to the measured cross
section, while the PYTHIA Monte Carlo simulation re-
quires scaling factors which differ the most from unity.
The differences in the normalization factors between ALP-
GEN+PYTHIA MC09 ! and ALPGEN+HERWIG/JIMMY
AUET1 illustrate di fferences between PYTHIA and HER-
WIG/JIMMY and their interplay with the matrix-element
and parton-shower matching implemented in ALPGEN.
The normalization factor for SHERPA is found to be the
closest to unity.

Figure 6 shows the results for the cross section as a
function of the inclusive jet multiplicity. The measurement
systematics are dominated by the jet energy scale uncer-
tainty and range from 10-20% at low multiplicities to al-
most 30-40% at high multiplicities. The Monte Carlo sim-
ulation predictions agree with the measured results across
the full inclusive multiplicity spectrum, even when com-
paring just to the shape of the distributions.

A study that reduces signiÞcantly the impact of sys-
tematic uncertainties is the ratio of the n-jet to ( n ! 1)-jet
cross section as a function of multiplicity. In this ratio, the
impact of the jet energy scale uncertainty is signiÞcantly
reduced and the uncertainty due to the luminosity cancels
out. Figure 7 presents the results for such a study. Both
the uncertainties in the data correction for efficiencies and
resolutions and the jet energy scale contribute comparably
to the total systematic uncertainty, whereas the statistical
uncertainties are smaller than the systematic uncertain-
ties, and negligible in most bins. All Monte Carlo simula-
tions are consistent with the measurements at the present
precision, yet there is a noticeable spread in the predic-
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Fig. 6. Total inclusive jet cross section as a function
of multiplicity. The data are compared to leading-order
Monte Carlo simulations (ALPGEN+HERWIG AUET1, ALP-
GEN+PYTHIA MC09 ! , PYTHIA AMBT1 and SHERPA) nor-
malized to the measured inclusive two-jet cross section. The
darker (orange) shaded error bands correspond to the system-
atic uncertainties on the measurement, excluding the lumin os-
ity uncertainty. The lighter (grey) shaded error band corre -
sponds to the systematic uncertainty on the shape of the mea-
sured distribution. A plot of the ratio of the di ! erent Monte
Carlo simulations to the data is presented at the bottom of th e
Þgure.

3 4 5 6

n-
1

σ/ n
σ

0.05

0.1

0.15

0.2

0.25

0.3

3 4 5 6

n-
1

σ/ n
σ

0.05

0.1

0.15

0.2

0.25

0.3 ATLAS
-1

 L dt=2.4 pb∫R=0.4, 

=7 TeV)+syst.sData (

ALPGEN+HERWIG AUET1

PYTHIA AMBT1

ALPGEN+PYTHIA MC09Õ

SHERPA

Inclusive Jet Multiplicity (n)
3 4 5 6

M
C

/D
at

a

0.8
1

1.2

Inclusive Jet Multiplicity (n)
3 4 5 6

M
C

/D
at

a

0.8
1

1.2

Fig. 7. Ratio of the n-jet cross section to the (n ! 1)-jet cross
section for values of n varying from three to six. Systematic
uncertainties on the cross section ratios are shown as an error
band. Other details are as in the caption to Figure 6.
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tions. Differences at the level of 15% are observed between
PYTHIA AMBT1 and ALPGEN+PYTHIA MC09 ! in the
Þrst bin. These differences most likely arise from the dif-
ference between the pure parton-shower (with 2! 2 ma-
trix elements) implemented in PYTHIA and the parton-
shower-matched matrix-element calculation (with up to
2 ! 6 matrix elements) implemented in ALPGEN. All
ALPGEN+PYTHIA tunes studied are comparable in this
measurement.

The differential cross section for multi-jet events as a
function of the jet pT is useful for characterizing kine-
matic features. The comparison reveals signiÞcant differ-
ences between the leading order calculations and the mea-
surements. Figure 8 presents thepT -dependent differential

cross sections for the leading, second leading, third leading
and fourth leading jet in multi-jet events. The systematic
uncertainty in the measurement is 10-20% acrosspT and
increasing up to 30% for the fourth leading jet differential
cross section. The jet energy scale systematic uncertainty
remains the dominant uncertainty in the measurement.
However, the uncertainty is less than 10% (grey shaded
error band) for the leading and second leading jetpT dis-
tributions.

All Monte Carlo simulations agree reasonably well with
the data (orange darker shaded error band). However,
the PYTHIA AMBT1 Monte Carlo simulation predicts
a somewhat steeper slope compared to the data as a func-
tion of the leading jet pT and the second leading jetpT ,

100 200 300 400 500 600 700 800

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410

510

100 200 300 400 500 600 700 800

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410

510
ATLAS

-1
 L dt=2.4 pb"R=0.4, 

=7 TeV)+syst.sData (

1.11#ALPGEN+HERWIG AUET1 

0.65#PYTHIA AMBT1 
1.22#ALPGEN+PYTHIA MC09Õ 

1.06#SHERPA 
 2$jetsN

 (leading jet) [GeV]
T

p
100 200 300 400 500 600 700 800

M
C

/D
at

a

1

1.5

 (leading jet) [GeV]
T

p
100 200 300 400 500 600 700 800

M
C

/D
at

a

1

1.5

(a)

100 200 300 400 500 600 700 800

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410

510

100 200 300 400 500 600 700 800

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410

510
ATLAS

-1
 L dt=2.4 pb"R=0.4, 

=7 TeV)+syst.sData (

1.11#ALPGEN+HERWIG AUET1 

0.65#PYTHIA AMBT1 
1.22#ALPGEN+PYTHIA MC09Õ 

1.06#SHERPA 
 2$jetsN

 leading jet) [GeV]nd (2
T

p
100 200 300 400 500 600 700 800

M
C

/D
at

a

1

1.5

 leading jet) [GeV]nd (2
T

p
100 200 300 400 500 600 700 800

M
C

/D
at

a

1

1.5

(b)

100 150 200 250 300 350 400

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410

100 150 200 250 300 350 400

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410
ATLAS

-1
 L dt=2.4 pb"R=0.4, 

=7 TeV)+syst.sData (

1.11#ALPGEN+HERWIG AUET1 

0.65#PYTHIA AMBT1 
1.22#ALPGEN+PYTHIA MC09Õ 

1.06#SHERPA 
 3$jetsN

 leading jet) [GeV]rd (3
T

p
100 150 200 250 300 350 400

M
C

/D
at

a

1

1.5

 leading jet) [GeV]rd (3
T

p
100 150 200 250 300 350 400

M
C

/D
at

a

1

1.5

(c)

60 80 100 120 140 160 180 200

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410

60 80 100 120 140 160 180 200

 [p
b/

G
eV

]
T

/d
 p

!
d 

-110

1

10

210

310

410
ATLAS

-1
 L dt=2.4 pb"R=0.4, 

=7 TeV)+syst.sData (

1.11#ALPGEN+HERWIG AUET1 

0.65#PYTHIA AMBT1 
1.22#ALPGEN+PYTHIA MC09Õ 

1.06#SHERPA 
 4$jetsN

 leading jet) [GeV]th (4
T

p
60 80 100 120 140 160 180 200

M
C

/D
at

a

1

1.5

 leading jet) [GeV]th (4
T

p
60 80 100 120 140 160 180 200

M
C

/D
at

a

1

1.5

(d)

Fig. 8. Differential cross section as a function of leading jet pT for events with Njets ! 2 (a), 2nd leading jet pT for events with
Njets ! 2 (b), 3rd leading jet pT for events with Njets ! 3 (c) and 4th leading jet pT for events with Njets ! 4 (d). The results are
compared to different leading-order Monte Carlo simulation s normalized to the measured inclusive two-jet cross section. Other
details are as in the caption to Figure 6.
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Matching: NLO and PS
First proposals have been the MC@NLO [Frixione and Webber 2002] and the POWHEG [Nason 2004] 
methods. Let’s take for example the POWHEG method that stands for positive weight hardest emission 
generator. See the original references for the proofs, we just sketch the construction

• we start considering the first emission in a parton shower approach

d�1st emission

= �0P
gg

(z)
dk2

T

k2
T

dz�(Q2, q2)
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Matching: NLO and PS
First proposals have been the MC@NLO [Frixione and Webber 2002] and the POWHEG [Nason 2004] 
methods. Let’s take for example the POWHEG method that stands for positive weight hardest emission 
generator. See the original references for the proofs, we just sketch the construction

• we start considering the first emission in a parton shower approach

• to have NLO prediction on inclusive variables one start generating the “underlining born” kinematic 
configuration with probability given by NLO accuracy for parton level generation

d�1st emission

= �0P
gg

(z)
dk2

T

k2
T

dz�(Q2, q2)

In the POWHEG approach, one performs the generation of the hardest event with
NLO accuracy, in a framework that does not depend upon the SMCÕs shower algorithm.
This is why it is fully independent from the SMC. Furthermore , the subsequent showers
takes place at softer transverse momenta, and thus a! ects infrared-safe observables only
at the next-to-next-to-leading order (NNLO). Thus, the mat ching problem considerably
simpliÞes, since it no longer requires a detailed examination of the properties of the SMC.

3.3 POWHEG

In the POWHEG formalism, the generation of the hardest emission is performed Þrst,
using full NLO accuracy, and using the SMC to generate subsequent radiation. We give
here a simple illustration of the method, ignoring, for the moment, the complications due
to the presence of several singular regions in the NLO cross section. We begin by deÞning

øB(! n ) = B (! n) + V (! n )

+
! "

d" rad [R(! n+1 ) ! C(! n+1 )] +
"

dz
z

[G! (! n, ! ) + G" (! n, " )]
#ø! n = ! n

, (3.2)

where we have assumed that all the! n+1 , ! n,# are expressed in terms of the barred
variables. Next we introduce the Sudakov form factor14

# (! n , pT) = exp

$
%

&
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" '
d" rad R(! n+1 ) ! (kT (! n+1 ) ! pT)

( ø! n = ! n

B (! n)

)
*

+
. (3.3)

The function kT (! n+1 ) should be equal, near the singular limit, to the transversemomen-
tum of the emitted parton relative to the emitting one. The PO WHEG cross section for
the generation of the hardest event is then

d" = øB (! n) d! n

,

#
-
! n , pmin
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.
+ # (! n , kT (! n+1 ))

R (! n+1 )
B (! n )

d" rad

/

ø! n = ! n

, (3.4)

where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
of kT (! n+1 ) < p min

T are not allowed. The cross section (3.4) has the following properties:

¥ At large kT it coincides with the NLO cross section up to NNLO terms.

¥ It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

¥ At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.

14Torbj¬orn Sj¬ostrand has pointed out to us that a similar Sud akov form factor is also used in PYTHIAfor
weak vector-bosons decay and production, in order to implement a matrix-element matching for the Þrst
emission in the shower, see refs. [30, 31].
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Matching: NLO and PS
First proposals have been the MC@NLO [Frixione and Webber 2002] and the POWHEG [Nason 2004] 
methods. Let’s take for example the POWHEG method that stands for positive weight hardest emission 
generator. See the original references for the proofs, we just sketch the construction

• we start considering the first emission in a parton shower approach

• to have NLO prediction on inclusive variables one start generating the “underlining born” kinematic 
configuration with probability given by NLO accuracy for parton level generation

• then one attach the hardest radiation with probability given by a Sudakov form factor build upon the ratio 
of Real and Born matrix elements:
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= �0P
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In the POWHEG approach, one performs the generation of the hardest event with
NLO accuracy, in a framework that does not depend upon the SMCÕs shower algorithm.
This is why it is fully independent from the SMC. Furthermore , the subsequent showers
takes place at softer transverse momenta, and thus a! ects infrared-safe observables only
at the next-to-next-to-leading order (NNLO). Thus, the mat ching problem considerably
simpliÞes, since it no longer requires a detailed examination of the properties of the SMC.

3.3 POWHEG

In the POWHEG formalism, the generation of the hardest emission is performed Þrst,
using full NLO accuracy, and using the SMC to generate subsequent radiation. We give
here a simple illustration of the method, ignoring, for the moment, the complications due
to the presence of several singular regions in the NLO cross section. We begin by deÞning
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The function kT (! n+1 ) should be equal, near the singular limit, to the transversemomen-
tum of the emitted parton relative to the emitting one. The PO WHEG cross section for
the generation of the hardest event is then

d" = øB (! n) d! n
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where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
of kT (! n+1 ) < p min

T are not allowed. The cross section (3.4) has the following properties:

¥ At large kT it coincides with the NLO cross section up to NNLO terms.

¥ It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

¥ At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.

14Torbj¬orn Sj¬ostrand has pointed out to us that a similar Sud akov form factor is also used in PYTHIAfor
weak vector-bosons decay and production, in order to implement a matrix-element matching for the Þrst
emission in the shower, see refs. [30, 31].
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NLO accuracy, in a framework that does not depend upon the SMCÕs shower algorithm.
This is why it is fully independent from the SMC. Furthermore , the subsequent showers
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simpliÞes, since it no longer requires a detailed examination of the properties of the SMC.
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where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
of kT (! n+1 ) < p min

T are not allowed. The cross section (3.4) has the following properties:

• At large kT it coincides with the NLO cross section up to NNLO terms.

• It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

• At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.

14 Torbjörn Sjöstrand has pointed out to us that a similar Sudakov form factor is also used in PYTHIA for

weak vector-bosons decay and production, in order to implement a matrix-element matching for the first

emission in the shower, see refs. [30, 31].
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In the POWHEG approach, one performs the generation of the hardest event with
NLO accuracy, in a framework that does not depend upon the SMCÕs shower algorithm.
This is why it is fully independent from the SMC. Furthermore , the subsequent showers
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at the next-to-next-to-leading order (NNLO). Thus, the mat ching problem considerably
simpliÞes, since it no longer requires a detailed examination of the properties of the SMC.
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In the POWHEG formalism, the generation of the hardest emission is performed Þrst,
using full NLO accuracy, and using the SMC to generate subsequent radiation. We give
here a simple illustration of the method, ignoring, for the moment, the complications due
to the presence of several singular regions in the NLO cross section. We begin by deÞning
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where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
of kT (! n+1 ) < p min

T are not allowed. The cross section (3.4) has the following properties:

¥ At large kT it coincides with the NLO cross section up to NNLO terms.

¥ It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

¥ At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.

14 Torbj¬orn Sj¬ostrand has pointed out to us that a similar Sud akov form factor is also used in PYTHIAfor
weak vector-bosons decay and production, in order to implement a matrix-element matching for the Þrst
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Matching: NLO and PS
First proposals have been the MC@NLO [Frixione and Webber 2002] and the POWHEG [Nason 2004] 
methods. Let’s take for example the POWHEG method that stands for positive weight hardest emission 
generator. See the original references for the proofs, we just sketch the construction

• we start considering the first emission in a parton shower approach

• to have NLO prediction on inclusive variables one start generating the “underlining born” kinematic 
configuration with probability given by NLO accuracy for parton level generation

• then one attach the hardest radiation with probability given by a Sudakov form factor build upon the ratio 
of Real and Born matrix elements:

• finally, assign a color configuration and shower the event vetoing emissions harder then the first one to 
avoid double counting

d�1st emission

= �0P
gg

(z)
dk2

T

k2
T

dz�(Q2, q2)

In the POWHEG approach, one performs the generation of the hardest event with
NLO accuracy, in a framework that does not depend upon the SMCÕs shower algorithm.
This is why it is fully independent from the SMC. Furthermore , the subsequent showers
takes place at softer transverse momenta, and thus a! ects infrared-safe observables only
at the next-to-next-to-leading order (NNLO). Thus, the mat ching problem considerably
simpliÞes, since it no longer requires a detailed examination of the properties of the SMC.

3.3 POWHEG

In the POWHEG formalism, the generation of the hardest emission is performed Þrst,
using full NLO accuracy, and using the SMC to generate subsequent radiation. We give
here a simple illustration of the method, ignoring, for the moment, the complications due
to the presence of several singular regions in the NLO cross section. We begin by deÞning
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The function kT (! n+1 ) should be equal, near the singular limit, to the transversemomen-
tum of the emitted parton relative to the emitting one. The PO WHEG cross section for
the generation of the hardest event is then
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where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
of kT (! n+1 ) < p min

T are not allowed. The cross section (3.4) has the following properties:

¥ At large kT it coincides with the NLO cross section up to NNLO terms.

¥ It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

¥ At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.

14Torbj¬orn Sj¬ostrand has pointed out to us that a similar Sud akov form factor is also used in PYTHIAfor
weak vector-bosons decay and production, in order to implement a matrix-element matching for the Þrst
emission in the shower, see refs. [30, 31].
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where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
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T are not allowed. The cross section (3.4) has the following properties:

• At large kT it coincides with the NLO cross section up to NNLO terms.

• It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

• At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.

14 Torbjörn Sjöstrand has pointed out to us that a similar Sudakov form factor is also used in PYTHIA for
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at the next-to-next-to-leading order (NNLO). Thus, the mat ching problem considerably
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using full NLO accuracy, and using the SMC to generate subsequent radiation. We give
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where it is assumed that! n+1 is parametrized in terms of " rad and ! n, and that values
of kT (! n+1 ) < p min

T are not allowed. The cross section (3.4) has the following properties:

¥ At large kT it coincides with the NLO cross section up to NNLO terms.

¥ It reproduces correctly the value of infrared safe observables at the NLO. Thus, also
its integral around the small kT region has NLO accuracy.

¥ At small kT it behaves no worse than standard Shower Monte Carlo generators.

Thus, it fulÞlls the requirement of the previous subsectionfor the inclusion of NLO correc-
tions in an SMC.
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NLO + PS: t t ̄@LHC14
• Inclusive variables have NLO precision [Frixione, Nason, Webber 2003]

49

low-! S set of MRST99 parton densities [10], since this set has a! QCD value which is
rather close to that used asHERWIG default. This value of! QCD (! MS

5 = 164 MeV) is
used for all our MC@NLO, MC, and NLO runs. In the case of standard HERWIG MC
runs, we give each event (we generate unweighted events) a weight equal to " tot /N tot ,
with Ntot the total number of events generated. For fully exclusive distributions with
no cuts applied, this is equivalent to normalizingHERWIG results to the total NLO
rate " tot (with our choice of parameters, we obtain" tot = 6.668 pb at the Tevatron,
and " tot = 736.6 pb at the LHC). All the MC@NLO and MC results (but not, of
course, the NLO ones) include the hadronization of the partons in the Þnal state.

Figure 7: MC@NLO (solid), HERWIG (dashed) and NLO (dotted) results fo r the rapidity
(left panel) and the transverse momentum (right panel) of the top quark at the LHC, with
acceptance cuts. HERWIG results have been normalized as explained in the text.

We present in Þg. 7 the rapidity (left panel) and the transverse momentum (right
panel) distributions of the top quark. The rapidity (transverse momentum) result has
been obtained after applying the cutp(t)

T > 20 GeV (|y(t)| < 1). The solid, dashed and
dotted histograms show the MC@NLO, MC and NLO results, respectively. These
distributions are fairly inclusive, and we expect them to bereliably predicted by NLO
QCD in a wide range. From the Þgure, we see that the NLO and MC@NLO results
are extremely close to each other in the whole ranges considered. HERWIG results
are also fairly close to the NLO and MC@NLO ones, giving only aslightly broader
rapidity distribution. The same pattern can be found for theinvariant mass of thetøt
pair. We conclude that, for these kinds of observables, NNLOe" ects are very small,
and NLO, MC and MC@NLO are almost equivalent. This also implies that any
possible reshu# ing of the momenta, due to the hadronizationphase in MC@NLO,
has negligible impact on thet and øt. The right panel of Þg. 7 also clearly shows
a characteristic feature of the comparisons between MC@NLOand NLO results,
namely that the former are numerically more stable than the latter. This feature,

26



NLO + PS: t t ̄@LHC14

which is even more evident in the case ofb production, is due to the fact that, as
eq. (2.1) documents, in MC@NLO all cancellations between large numbers occur at
the level of short-distance cross sections, rather than in histograms as in the case of
NLO computations.

We now turn to the case of more exclusive quantities, such as correlations between
t and øt variables. In Þg. 8 we present the modulus of the vector sum ofthe transverse
momenta of thet and øt, which we denote byp(t øt)

T . NLO computations cannot predict
this observable in the regionp(t øt)

T ! 0, because of a logarithmic divergence forp(t øt)
T "

0; on the other hand, NLO is expected to give reliable predictions at largep(t øt)
T . The

MC behaves in the opposite way; thanks to the cascade emission of soft and collinear
partons, it can e! ectively resum the distribution around p(t øt)

T = 0. However, its
results are not reliable in the large-p(t øt)

T region, which is mainly populated by events
in which a very hard parton recoils against thetøt pair.

Figure 8: As in fig. 7, for the transverse momentum of the tt̄ pair, without (left panel)

and with (right panel) acceptance cuts.

The complementary behaviour of the NLO and MC approaches canbe seen
clearly in Þg. 8, regardless of the cuts on the rapidities andtransverse momenta
of the heavy quarks. In the tail of thep(t øt)

T distribution, the NLO cross section is
much larger than the MC one, simply because hard emissions are correctly treated
only in the former. The presence of the dead zones shown in Þgs. 2 and 3 makes it
very di" cult to generate a very hard parton recoiling against the tøt pair in the MC,
which therefore gives rates much below the NLO result in thisregion. For p(t øt)

T " 0,
the di! erence between the two histograms shows the e! ect of all-order resummation;
clearly, no meaningful comparison between NLO and data can be attempted in this
region. It is therefore reassuring that the MC@NLO result interpolates the MC and
NLO results smoothly. In the small-p(t øt)

T region, the shape of the MC@NLO curve
is identical to that of the MC result. This is evidence of the fact that MC and

27

• Complementary behaviour of the NLO and MC approaches regardless of the cuts on the rapidities and 
transverse momenta of the top quark of the heavy quarks

• In the tail of the transverse momentum pt distribution of the top pairs, the NLO cross section is much 
larger than the MC one, simply because hard emissions are correctly treated only in the former. 

• For small transverse momentum of the top pair the difference between the two histograms shows the 
effect of all-order resummation, clearly, no meaningful comparison between NLO and data can be 
attempted in this region

smooth interpolation performed by MC@NLO

[Frixione, Nason, Webber 2003]
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Merging and Matching

• NLO+PS generators for a process that has at least 1 jet in the final state in the leading 
order, has divergences when this radiation became unresolved
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(b) A sample of diagrams belonging to the second class of virtual corrections are illustrated
in Þg. 3. In this Þgure we have plotted Higgs-Strahlung-typediagrams when a closed
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Figure 3: A sample of one-loop Higgs-Strahlung diagrams, with massless and massive closed
fermionic loop.

quark loop is present, and theZ boson couples to the internal quark. No such diagrams
are present forW production, since the ßavour running in the loop must be conserved.
These contributions vanish by charge-conjugation invariance (FurryÕs theorem), when
they couple to a vector current. For axial currents, they cancel in pairs of up-type and
down-type quarks, because they have opposite axial coupling, as long as the loop of
di! erent ßavours can be considered massless. Thus, the up-quark contribution cancels
with the down-quark, and, since we treat the charm as massless, its contribution cancels
with the strange one. Only the di! erence between the diagramswith a massive top
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• NLO+PS generators for a process that has at least 1 jet in the final state in the leading 
order, has divergences when this radiation became unresolved

• they can be made finite by multiplying the probability for the first emission by an extra 
Sudakov form factor, of course
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Merging and Matching

• NLO+PS generators for a process that has at least 1 jet in the final state in the leading 
order, has divergences when this radiation became unresolved

• they can be made finite by multiplying the probability for the first emission by an extra 
Sudakov form factor, of course

• BTW, an optimal choice of this factor can be done, such that the formal accuracy of the 
inclusive generation is NLO accurate                    [Hamilton, Nason, Oleari, Zanderighi 2013]
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Merging and Matching

• NLO+PS generators for a process that has at least 1 jet in the final state in the leading 
order, has divergences when this radiation became unresolved

• they can be made finite by multiplying the probability for the first emission by an extra 
Sudakov form factor, of course

• BTW, an optimal choice of this factor can be done, such that the formal accuracy of the 
inclusive generation is NLO accurate                    [Hamilton, Nason, Oleari, Zanderighi 2013]

➡ this method is called MINLO that stands for Multi-scale improved NLO

➡ you can generate simultaneously WH+0/1jet or Wbb+̄0/1 jet or whatever other process 
+0/1 jets with this technique

➡ do not require a merging scale as for CKKW

• this is not the only way to do that, several techniques used by aMC@NLO and SHERPA 
collaborations to merge NLO computations with more jets in the final state
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Merging and Matching: HV+0/1j @LHC8HZ ! He+ e! production total cross sections in fb at the LHC, 8 TeV
KR,KF 1, 1 1, 2 2, 1 1, 1

2
1
2 , 1

1
2 ,

1
2 2, 2

HZJ-MiNLO 12.818(9) 12.478(7) 12.97(1) 12.93(2) 12.659(9) 13.14(2) 12.684(9)
HZ 13.0979(4) 12.9304 (4) 13.1705(5) 13.3002(5) 13.0501(4) 13.2559 (4) 12.9986(4)

Table 2: Total cross section for HZ ! He+e! at the 8 TeV LHC, obtained with the HZJ-MiNLO
and the HZprograms, at NLO level, for di! erent scales combinations. The maximum and minimum
of the cross sections are highlighted.

Figure 8: Total cross section variation for HVJ-MiNLO(solid red) and HV(dashed black). The
maximum and minimum values for the total cross section are taken from tabs. 1 and 2. The total
cross section with central scales is drawn in dotted lines.

Since the improved MiNLOprescription applied here achieves NLO accuracy for ob-

servables inclusive in the HV production, we begin showing results for the most inclusive

quantity, i.e. the total cross section. In tabs. 1 and 2 we collect the results for the total

cross sections obtained with the HVJ-MiNLOand the HVprograms, both at full NLO level,

for di! erent scale combinations. The scale variation in the HVJ-MiNLOresults is obtained

by multiplying the factorization scale and each of the several renormalization scales that

appear in the procedure by the scale factors K F and K R , respectively, where

(K R , K F ) = (0.5, 0.5), (0.5, 1), (1, 0.5), (1, 1), (2, 1), (1, 2), (2, 2). (5.1)

The Sudakov form factor is also changed according to the prescription described in ref. [22].

For ease of visualization, in fig. 8 we have plotted the maximum and minimum values for

the HVJ-MiNLO(red lines) and HV(black lines) cross sections in solid and dashed lines,

respectively. We have also plotted the central-scale cross section in dotted lines. Notice

that we expect agreement only up to terms of higher order in ! S, since the HVJ-MiNLOresults
include terms of higher order, and also since the meaning of the scale choice is di! erent
in the two approaches. For similar reasons, we do not expect the scale variation bands

to be exactly the same in the two approaches. From the tables and the figure, it is clear

that the standard HVNLO+PS results and the HVJ-MiNLOone are fairly consistent: the

HVJ-MiNLOindependent scale variation is in general larger than the HVone, and it shrinks

if a symmetric scale variations is performed, as illustrated in the last two columns of the

– 10 –

• total cross sections
[Luisoni, Nason, Oleari et al 2013]



Merging and Matching: HV+0/1j @LHC8
• differential distributions: HW rapidity

tables. In general theHVJ-MiNLOcentral values are 2% smaller than theHVones. As already
pointed out in ref. [22], comparing full independent scale variation in the HVJ-MiNLOand
in the HVapproaches does not seem to be totally fair. In fact, in theHVcase, there is no
renormalization scale dependence at LO, while there is sucha dependence inHVJ-MiNLO.
It was shown in ref. [22] for the case ofW production at LO that an independent scale
variation corresponds at least in part to a symmetric scale variation in the MiNLOformula.
It is thus not surprising that the MiNLOindependent scale variation is so much larger than
the HVone also at NLO. If we limit ourselves to consider only symmetric scale variations,
the MiNLOand the HVresults are more consistent, although theHVscale variation band is
extremely small.
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Figure 9: Comparison between theHW+ PYTHIAresult and the HWJ-MiNLO+ PYTHIAresult for the
HW ! rapidity distribution at the LHC at 8 TeV. The left plot shows the 7-po int scale-variation
band for the HWgenerator, while the right plot shows the HWJ-MiNLO7-point band.

Turning now to less inclusive quantities, we plot in Þg. 9 therapidity distribution of
the HW system obtained with the HWand HWJ-MiNLOgenerator. We remind that this
quantity is predicted at NLO by both generators, and in fact t he agreement is very good.
The uncertainty band of the HWgenerator is shown on the left while that of theHWJ-MiNLO
generator is shown on the right.

In Þg. 10 we show another inclusive quantity, i.e. the charged lepton transverse mo-
mentum from the W ! decay. Also in this case we Þnd perfect agreement between thetwo
generators

In Þgs. 11 and 12 we compare theHWand HWJ-MiNLOgenerators for the transverse
momentum of the HW system. In this case we do observe small differences, that are
however perfectly acceptable if we remember that this distribution is only computed at
leading order by the HWgenerator, while it is computed at NLO accuracy by the HWJ-
MiNLOgenerator. It can also be noted that the uncertainty band for the HWgenerator is
uniform, while it depends upon the transverse momentum for the HWJ-MiNLOone. In fact,
the uniformity of the scale-variation band in the HWcase is well understood: inPOWHEG, the
scale uncertainty manifests itself only in the øB function, while the shape of the transverse-
momentum distribution is totally insensitive to it.

The transverse momentum of the second jet computed with theHWJ-MiNLOgenerator

Ð 11 Ð

[Luisoni, Nason, Oleari et al 2013]



Merging and Matching: HV+0/1j @LHC8
• differential distributions: HW pt

10! 3d
σ
/d

y l
[p
b
]

ra
ti
o

yl

d
σ
/d

y l
[p
b
]

ra
ti
o

HW+Pythia
HWJ+Pythia

0.5
1.0
1.5

-4 -3 -2 -1 0 1 2 3 4

10! 3d
σ
/d

y l
[p
b
]

ra
ti
o

yl

d
σ
/d

y l
[p
b
]

ra
ti
o

HWJ+Pythia
HW+Pythia

0.5
1.0
1.5

-4 -3 -2 -1 0 1 2 3 4

Figure 10: Comparison between the HW+PYTHIAresult and the HWJ-MiNLO+PYTHIAresult for the
rapidity distribution of the charged lepton from the W ! decay, at the LHC at 8 TeV. The left
plot shows the 7-point scale-variation band for the HWgenerator, while the right plot shows the
HWJ-MiNLO7-point band.

10! 6

10! 5

10! 4

10! 3

d
σ
/d

pH
W

T
[p
b
/G

eV
]

ra
ti
o

pHW
T [GeV]

d
σ
/d

pH
W

T
[p
b
/G

eV
]

ra
ti
o

HW+Pythia
HWJ+Pythia

0.5
1.0
1.5

0 50 100 150 200 250 300 350 400

10! 6

10! 5

10! 4

10! 3

d
σ
/d

pH
W

T
[p
b
/G

eV
]

ra
ti
o

pHW
T [GeV]

d
σ
/d

pH
W

T
[p
b
/G

eV
]

ra
ti
o

HWJ+Pythia
HW+Pythia

0.5
1.0
1.5

0 50 100 150 200 250 300 350 400

Figure 11: Comparison between the HW+PYTHIAresult and the HWJ-MiNLO+PYTHIAresult for the
HW ! transverse-momentum distribution. The bands are obtained as in fig. 9.
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T range.

compared with the pure NLO result is plotted in fig. 13. In this plot, MiNLOplays no role,

but the POWHEGformalism is still in place. In fact, the NLO prediction for the second jet
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compared with the pure NLO result is plotted in Þg. 13. In this plot, MiNLOplays no role,
but the POWHEGformalism is still in place. In fact, the NLO prediction for t he second jet
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Figure 13: Comparison between theHWJ-MiNLO+ PYTHIAand the NLO HWJresult for the transverse
momentum of the second hardest jet, at the LHC at 8 TeV, in two di! erent pT ranges. The plots
shows the 7-point scale-variation band for theHWJgenerator.

has a diverging behavior at low transverse momenta, that is tamed in the POWHEG BOX
generator by the Sudakov form factor. Thus, the two results di! er considerably from each
other, especially at low transverse momenta.
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Figure 14: Comparison between theHZ+ PYTHIAresult and the HZJ-MiNLO+ PYTHIAresult for the
HZ rapidity distribution at the LHC at 8 TeV. The left plot shows the 7-po int scale-variation band
for the HZgenerator, while the right plot shows the HZJ-MiNLO7-point band.

Conclusions similar to those forHW (j ) can be drawn forHZ (j ) associated production.
For this reason, we refrain from commenting Þgs. 14Ð18 that show the same physical
quantities shown previously but for HZ production.

6. Conclusions

In this paper we presented newPOWHEG BOXgenerators forHV and HV + 1 jet production,
with all spin correlations from the vector boson decay into leptons correctly included. The
codes for the Born and the real contributions were computed using the existing interface to
MadGraph4, while the code for the virtual amplitude was computed usinga new interface
to GoSam. This interface allows for the automatic generation of the virtual code for generic

Ð 13 Ð
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[Luisoni, Nason, Oleari et al 2013]
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[Luisoni, Oleari et al 2015]
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the MiNLO Sudakov form factor, attached to the hardest jet accompanying the W bøb system.
Again the agreement is very good. The Þnite contribution to the differential cross section
visible in the Þrst pWbb

T bin, in W bøb production, is due to events that have not radiated at
the LHE level. This peak is diluted away when the whole showeris completed by a Monte
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Figure 11: Rapidity and transverse momentum distribution of the W bøb system, generated by the
Wbbj+ MiNLO code, and showered byPYTHIA.

Carlo program such asPYTHIA or HERWIG [52, 53], as shown in Þg. 11, right panel. In this
Þgure, we plot the differential cross sections as a function ofyWbb and pWbb

T after the shower
has been completed byPYTHIA. No hadronization has been switched on at this level, but
we have explicitly checked that it has a negligible effect on these distributions.

Away from the small transverse-momentum region, the differential cross section as a
function of pWbb

T is predicted at LO by the Wbb generator, and at NLO by the Wbbj one.
This is clearly displayed in Þg. 12, where the scale variation bands for W bøb production
reaches the 70%, while they are around 40% forW bøbj production.

5. Comparison with ATLAS and CMS data

In this section we compare the results that we obtained with the Wbb and Wbbj generators
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the LHE level. This peak is diluted away when the whole showeris completed by a Monte
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Figure 11: Rapidity and transverse momentum distribution of the W bøb system, generated by the
Wbbj+ MiNLO code, and showered byPYTHIA.

Carlo program such asPYTHIA or HERWIG [52, 53], as shown in Þg. 11, right panel. In this
Þgure, we plot the di! erential cross sections as a function ofyWbb and pWbb

T after the shower
has been completed byPYTHIA. No hadronization has been switched on at this level, but
we have explicitly checked that it has a negligible e! ect on these distributions.

Away from the small transverse-momentum region, the di! erential cross section as a
function of pWbb

T is predicted at LO by the Wbb generator, and at NLO by the Wbbj one.
This is clearly displayed in Þg. 12, where the scale variation bands for W bøb production
reaches the 70%, while they are around 40% forW bøbj production.

5. Comparison with ATLAS and CMS data

In this section we compare the results that we obtained with the Wbb and Wbbj generators
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Matching NNLO with PS

• Reweighing NLO+PS generators for a process that has exactly 1 jet in the final state in 
the leading order (like H/W/Z+1jet, and in principle every process producing a 
colourless final state plus 1jet) with a parton level NNLO computation for the fully 
inclusive production of such a colourless final state, one obtain NNLO+PS matching!

[Hamilton, Nason, Re, Zanderighi 2013]
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Matching NNLO with PS

• Reweighing NLO+PS generators for a process that has exactly 1 jet in the final state in 
the leading order (like H/W/Z+1jet, and in principle every process producing a 
colourless final state plus 1jet) with a parton level NNLO computation for the fully 
inclusive production of such a colourless final state, one obtain NNLO+PS matching!

• in practice:

a. produce a sample of events for H+1jet, for example, including the MINLO Sudakov
b. bin the sample in the fully inclusive variables (just rapidity for H, azimuth is irrelevant)
c. reweight the events such that the rapidity distribution is the one of the full NNLO 

computation

• for more complicated Born processes it’s a difficult task:

➡ more variables and so need to reweight multi-dimensional histograms!

• can be extended to more complex final state, but some parts of the MINLO Sudakov 
suppression factor for the general case are still missing
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NNLO+PS: Higgs production @LHC8

On the left, in the red shaded area, one can see the scale uncertainty band predicted
by the Nnlops simulation, with the conventional Þxed orderHnnlo result superimposed
as green points. The lower panel shows the ratio with respect to theNnlops prediction
obtained with its central scale choice. On the right we have made the same plots as on the
left but with the Hnnlo predictions replacing those of theNnlops and vice versa; the scale
uncertainty bands are formed as described in Sec.3. In the following we will compare the
Nnlops to other results with plots of the same kind. As expected, for this observable the
two calculations are in full agreement, both for their central values and scale uncertainty
envelopes; the latter being approximately±10% in size.
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Figure 1 . Comparison of the Nnlops and Hnnlo results for the Higgs fully inclusive rapidity
distribution. The Hnnlo central scale isµF = µR = mH / 2, and its error band is the 7-point scale
variation envelope. On the left (right) plot only the Nnlops (Hnnlo ) uncertainty is displayed. The
lower left (right) panel shows the ratio with respect to the Nnlops (Hnnlo ) prediction obtained
with its central scale choice.

4.2 Higgs boson transverse momentum

Here, to begin with, we wish to discuss the evolution of theNnlops programÕs prediction,
at each of the main stages of the simulation process, as part of its validation and in order to
provide relevant background, before comparing it to state-of-the-art resummed calculations.
In Þgure 2 we show how the Higgs boson transverse momentum spectrum is a! ected at the
various phases of the event generation process in the underlyingHj-Minlo simulation (as
described in sects. 2 and 3 of ref. [39]): the Minlo enhanced Þxed order prediction (red),
the Hj-Minlo hardest emission cross section (blue) and theHj-Minlo events including
parton shower e! ects (green). The conventional NNLO QCD prediction fromHnnlo with
µR = µF = mH is shown in black. In the lower panel all predictions in the upper panel
are shown as a ratio with respect to the centralHj-Minlo + Pythia prediction. All of
these predictions have the sameO !

! 4
S

"
accuracy if the small transverse momentum region

is excluded.
The Þrst most obvious feature is the di! erence between the variousHj-Minlo predic-

tions and those of the conventional Þxed order programHnnlo in the low pT region, with
the latter exhibiting unphysical divergent behaviour, and the former displaying, instead, the
anticipated, physical, Sudakov peak. In the highpT tail region all of the predictions are in
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Figure 4 . Comparison of the ! = ! Nnlops (red) with the NNLL+NNLO prediction of HqT
(green) for the Higgs transverse momentum. InHqT we chooseµR = µF = 1

2 mH as the central
scales, and keep the resummation scale always Þxed to12 mH . On the left (right), the Nnlops
(HqT ) uncertainty band is shown. In the lower panel, the ratio to the Nnlops (HqT ) central
prediction is displayed.

Figure 5 . As in Þg. 4 but with ! = 1
2 in the proÞle function.

In Þgures 4 and 5, we compare theNnlops (see eq. (3.2)) with the HqT [55, 56]
result for two choices of the! parameter in the proÞle function. The uncertainty band is
the envelope of the 21-point scale variation illustrated in section3. We used the ÔswitchedÕ
output of HqT , forming the related uncertainty band from the envelope of the seven results
obtained by independent variations ofµR and µF, by a factor of two, symmetrically, about
µR = µF = 1

2mH, while keeping the resummation scale always Þxed to12mH.

Pleasingly, we see that theNnlops and HqT results are almost completely contained
within each otherÕs uncertainty band in the region of moderate transverse momenta. We
have veriÞed that at high transverse momentum theHqT prediction agrees identically with
that of Hnnlo , since the ÔswitchedÕ output in the former uses the Þxed order result in this
region. It follows that here we see theHqT spectrum falling less rapidly than that of the
Nnlops simulation at large pH

T. As was seen in Þg.3 and remarked upon in the related
discussion, in the case of! = ! , the Nnlops result is very well approximated by that of
Hj-Minlo multiplied by a uniform NNLO-to-NLO K -factor of 1.5, leaving the slope of the
distribution unchanged. On the other hand, for ! = 1

2 (Þg. 5) the K -factor enhancement is
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[Hamilton, Nason, Re, Zanderighi 2013]
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HNNLO: [Catani, Grazzini 2007] HqT: [Bozzi, Catani, De Florian, Grazzini 2005],

[De Florian, Ferrera, Grazzini, Tommasini 2011]


