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√
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√
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√
sf0(500) T-MATRIX POLE

√
s

Note that Γ ≈ 2 Im(
√
spole).

VALUE (MeV) DOCUMENT ID TECN COMMENT

(400–550)−i(200–350) OUR ESTIMATE(400–550)−i(200–350) OUR ESTIMATE(400–550)−i(200–350) OUR ESTIMATE(400–550)−i(200–350) OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •
(512 ± 15)−i(188 ± 12) 1 ABLIKIM 17 BES3 J/ψ → γ 3π

(440 ± 10)−i(238 ± 10) 2 ALBALADEJO 12 RVUE Compilation

(445 ± 25)−i(278+22
−18)

3,4 GARCIA-MAR...11 RVUE Compilation

(457+14
−13)−i(279+11

− 7)
3,5 GARCIA-MAR...11 RVUE Compilation

(442+5
−8)−i(274+6

−5)
6 MOUSSALLAM11 RVUE Compilation

(452 ± 13)−i(259 ± 16) 7 MENNESSIER 10 RVUE Compilation

(448 ± 43)−i(266 ± 43) 8 MENNESSIER 10 RVUE Compilation

(455 ± 6+31
−13)−i(278 ± 6+34

−43)
9 CAPRINI 08 RVUE Compilation

(463 ± 6+31
−17)−i(259 ± 6+33

−34)
10 CAPRINI 08 RVUE Compilation

(552+ 84
−106)−i(232+81

−72)
11 ABLIKIM 07A BES2 ψ(2S) → π+π− J/ψ

(466 ± 18)−i(223 ± 28) 12 BONVICINI 07 CLEO D+ → π−π+π+

(472 ± 30)−i(271 ± 30) 13 BUGG 07A RVUE Compilation

(484 ± 17)−i(255 ± 10) GARCIA-MAR...07 RVUE Compilation

(430)−i(325) 14 ANISOVICH 06 RVUE Compilation

(441+16
− 8)−i(272+ 9

−12.5)
15 CAPRINI 06 RVUE ππ → ππ

(470 ± 50)−i(285 ± 25) 16 ZHOU 05 RVUE

(541 ± 39)−i(252 ± 42) 17 ABLIKIM 04A BES2 J/ψ → ωπ+π−
(528 ± 32)−i(207 ± 23) 18 GALLEGOS 04 RVUE Compilation

(440 ± 8)−i(212 ± 15) 19 PELAEZ 04A RVUE ππ → ππ

(533 ± 25)−i(249 ± 25) 20 BUGG 03 RVUE

517 − i240 BLACK 01 RVUE π0π0 → π0π0

(470 ± 30)−i(295 ± 20) 15 COLANGELO 01 RVUE ππ → ππ

(535+48
−36)−i(155+76

−53)
21 ISHIDA 01 Υ(3S) → Υ ππ

610 ± 14− i620 ± 26 22 SUROVTSEV 01 RVUE ππ → ππ, K K

(540+36
−29)−i(193+32

−40) ISHIDA 00B pp → π0π0π0

445 − i235 HANNAH 99 RVUE π scalar form factor

(523 ± 12)−i(259 ± 7) KAMINSKI 99 RVUE ππ → ππ, K K , σσ

442 − i 227 OLLER 99 RVUE ππ → ππ, K K

469 − i203 OLLER 99B RVUE ππ → ππ, K K

445 − i221 OLLER 99C RVUE ππ → ππ, K K , ηη

(1530+ 90
−250)−i(560 ± 40) ANISOVICH 98B RVUE Compilation

420 − i 212 LOCHER 98 RVUE ππ → ππ , K K

440 − i245 23 DOBADO 97 RVUE Compilation

(602 ± 26)−i(196 ± 27) 24 ISHIDA 97 ππ → ππ

(537 ± 20)−i(250 ± 17) 25 KAMINSKI 97B RVUE ππ → ππ, K K , 4π
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470 − i250 26,27 TORNQVIST 96 RVUE ππ → ππ, K K , K π,
ηπ

387 − i305 27,28 JANSSEN 95 RVUE ππ → ππ, K K

420 − i370 29 ACHASOV 94 RVUE ππ → ππ

(506 ± 10)−i(247 ± 3) KAMINSKI 94 RVUE ππ → ππ, K K

370 − i356 30 ZOU 94B RVUE ππ → ππ, K K

408 − i342 27,30 ZOU 93 RVUE ππ → ππ, K K

470 − i208 31 VANBEVEREN 86 RVUE ππ → ππ, K K , ηη,
...

(750 ± 50)−i(450 ± 50) 32 ESTABROOKS 79 RVUE ππ → ππ, K K

(660 ± 100)−i(320 ± 70) PROTOPOP... 73 HBC ππ → ππ, K K

650 − i370 33 BASDEVANT 72 RVUE ππ → ππ

1 S-matrix pole; 8595 events.
2Applying the chiral unitary approach at NLO to the Ke4 data of BATLEY 10 and πN →
ππN data of HYAMS 73, GRAYER 74, and PROTOPOPESCU 73.

3Uses the Ke4 data of BATLEY 10C and the πN → ππN data of HYAMS 73,
GRAYER 74, and PROTOPOPESCU 73.

4Analytic continuation using Roy equations.
5Analytic continuation using GKPY equations.
6Using Roy equations.
7Average of three variants of the analytic K-matrix model. Uses the Ke4 data of BAT-
LEY 08A and the πN → ππN data of HYAMS 73 and GRAYER 74.

8Average of the analyses of three data sets in the K-matrix model. Uses the data of
BATLEY 08A, HYAMS 73, and GRAYER 74, partially of COHEN 80 or ETKIN 82B.

9 From the Ke4 data of BATLEY 08A and πN → ππN data of HYAMS 73.
10 From the Ke4 data of BATLEY 08A and πN → ππN data of PROTOPOPESCU 73,

GRAYER 74, and ESTABROOKS 74.
11 From a mean of three different f0(500) parametrizations. Uses 40k events.
12 From an isobar model using 2.6k events.
13Reanalysis of ABLIKIM 04A, PISLAK 01, and HYAMS 73 data.
14Using the N/D method.
15 From the solution of the Roy equation (ROY 71) for the isoscalar S-wave and using a

phase-shift analysis of HYAMS 73 and PROTOPOPESCU 73 data.
16Reanalysis of the data from PROTOPOPESCU 73, ESTABROOKS 74, GRAYER 74,

ROSSELET 77, PISLAK 03, and AKHMETSHIN 04.
17 From a mean of six different analyses and f0(500) parameterizations.
18Using data on ψ(2S) → J/ψππ from BAI 00E and on Υ(nS) → Υ(mS)ππ from

BUTLER 94B and ALEXANDER 98.
19Reanalysis of data from PROTOPOPESCU 73, ESTABROOKS 74, GRAYER 74, and

COHEN 80 in the unitarized ChPT model.
20 From a combined analysis of HYAMS 73, AUGUSTIN 89, AITALA 01B, and PISLAK 01.
21A similar analysis (KOMADA 01) finds (580+79

−30)−i(190+107
− 49) MeV.

22Coupled channel reanalysis of BATON 70, BENSINGER 71, BAILLON 72, HYAMS 73,
HYAMS 75, ROSSELET 77, COHEN 80, and ETKIN 82B using the uniformizing variable.

23Using the inverse amplitude method and data of ESTABROOKS 73, GRAYER 74, and
PROTOPOPESCU 73.

24Reanalysis of data from HYAMS 73, GRAYER 74, SRINIVASAN 75, and ROSSELET 77
using the interfering amplitude method.

25Average and spread of 4 variants (“up” and “down”) of KAMINSKI 97B 3-channel model.
26Uses data from BEIER 72B, OCHS 73, HYAMS 73, GRAYER 74, ROSSELET 77, CA-

SON 83, ASTON 88, and ARMSTRONG 91B. Coupled channel analysis with flavor
symmetry and all light two-pseudoscalars systems.

27Demonstrates explicitly that f0(500) and f0(1370) are two different poles.
28Analysis of data from FALVARD 88.
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29Analysis of data from OCHS 73, ESTABROOKS 75, ROSSELET 77, and MUKHIN 80.
30Analysis of data from OCHS 73, GRAYER 74, and ROSSELET 77.
31Coupled-channel analysis using data from PROTOPOPESCU 73, HYAMS 73,

HYAMS 75, GRAYER 74, ESTABROOKS 74, ESTABROOKS 75, FROGGATT 77, COR-
DEN 79, BISWAS 81.

32Analysis of data from APEL 72C, GRAYER 74, CASON 76, PAWLICKI 77. Includes
spread and errors of 4 solutions.

33Analysis of data from BATON 70, BENSINGER 71, COLTON 71, BAILLON 72,PRO-
TOPOPESCU 73, and WALKER 67.

f0(500) BREIT-WIGNER MASS OR K-MATRIX POLE PARAMETERSf0(500) BREIT-WIGNER MASS OR K-MATRIX POLE PARAMETERSf0(500) BREIT-WIGNER MASS OR K-MATRIX POLE PARAMETERSf0(500) BREIT-WIGNER MASS OR K-MATRIX POLE PARAMETERS

VALUE (MeV) DOCUMENT ID TECN COMMENT

(400–550) OUR ESTIMATE(400–550) OUR ESTIMATE(400–550) OUR ESTIMATE(400–550) OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •
513±32 34 MURAMATSU 02 CLEO e+ e− ≈ 10 GeV

478+24
−23±17 AITALA 01B E791 D+ → π−π+π+

563+58
−29

35 ISHIDA 01 Υ(3S) → Υ ππ

555 36 ASNER 00 CLE2 τ− → π−π0π0 ντ
540±36 ISHIDA 00B pp → π0π0π0

750± 4 ALEKSEEV 99 SPEC 1.78 π− ppolar → π−π+ n

744± 5 ALEKSEEV 98 SPEC 1.78 π− ppolar → π−π+ n

759± 5 37 TROYAN 98 5.2 np → npπ+π−
780±30 ALDE 97 GAM2 450 pp → ppπ0π0

585±20 38 ISHIDA 97 ππ → ππ

761±12 39 SVEC 96 RVUE 6–17 πN polar → π+π−N

∼ 860 40,41 TORNQVIST 96 RVUE ππ → ππ, K K , K π, ηπ

1165±50 42,43 ANISOVICH 95 RVUE π− p → π0π0n,

pp → π0π0π0, π0π0η, π0ηη
∼ 1000 44 ACHASOV 94 RVUE ππ → ππ

414±20 39 AUGUSTIN 89 DM2

34Statistical uncertainty only.
35A similar analysis (KOMADA 01) finds 526+48

−37 MeV.

36 From the best fit of the Dalitz plot.
37 6σ effect, no PWA.
38Reanalysis of data from HYAMS 73, GRAYER 74, SRINIVASAN 75, and ROSSELET 77

using the interfering amplitude method.
39Breit-Wigner fit to S-wave intensity measured in πN → π−π+N on polarized targets.

The fit does not include f0(980).
40Uses data from ASTON 88, OCHS 73, HYAMS 73, ARMSTRONG 91B, GRAYER 74,

CASON 83, ROSSELET 77, and BEIER 72B. Coupled channel analysis with flavor sym-
metry and all light two-pseudoscalars systems.

41Also observed by ASNER 00 in τ− → π−π0π0 ντ decays.
42Uses π0π0 data from ANISOVICH 94, AMSLER 94D, and ALDE 95B, π+π− data from

OCHS 73, GRAYER 74 and ROSSELET 77, and ηη data from ANISOVICH 94.
43The pole is on Sheet III. Demonstrates explicitly that f0(500) and f0(1370) are two

different poles.
44Analysis of data from OCHS 73, ESTABROOKS 75, ROSSELET 77, and MUKHIN 80.
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K ∗
0(800)

or κ

I (JP ) = 1
2 (0

+)

OMITTED FROM SUMMARY TABLE
Needs confirmation. See the mini-review on scalar mesons under
f0(500) (see the index for the page number).

K∗
0(800) MASSK∗
0(800) MASSK∗
0(800) MASSK∗
0(800) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

682 ±29 OUR AVERAGE682 ±29 OUR AVERAGE682 ±29 OUR AVERAGE682 ±29 OUR AVERAGE Error includes scale factor of 2.4. See the ideogram below.

826 ±49 +49
−34 1338 1 ABLIKIM 11B BES2 J/ψ → K0

S K0
S π+π−

849 ±77 +18
−14 1421 2,3 ABLIKIM 10E BES2 J/ψ → K±K0

S π∓π0

841 ±30 +81
−73 25k 4,5 ABLIKIM 06C BES2 J/ψ → K∗(892)0K+π−

658 ±13 6 DESCOTES-G...06 RVUE πK → πK

797 ±19 ±43 15k 7,8 AITALA 02 E791 D+ → K−π+π+

• • • We do not use the following data for averages, fits, limits, etc. • • •
663 ± 8 ±34 9 BUGG 10 RVUE S-matrix pole

706.0± 1.8±22.8 141k 10 BONVICINI 08A CLEO D+ → K−π+π+

856 ±17 ±13 54k 11 LINK 07B FOCS D+ → K−π+π+

750 +30
−55

12 BUGG 06 RVUE

855 ±15 0.6k 13 CAWLFIELD 06A CLEO D0 → K+K−π0

694 ±53 3,14 ZHOU 06 RVUE K p → K−π+n

753 ±52 15 PELAEZ 04A RVUE K π → K π

594 ±79 14 ZHENG 04 RVUE K− p → K−π+ n

722 ±60 16 BUGG 03 RVUE 11 K− p → K−π+ n

905 +65
−30

17 ISHIDA 97B RVUE 11 K− p → K−π+ n

1The Breit-Wigner parameters from a fit with seven intermediate resonances. The S-

matrix pole position is (764 ± 63+71
−54) − i (306 ± 149+143

− 85) MeV.

2 From a fit including ten additional resonances and energy-independent Breit-Wigner
width.

3 S-matrix pole.
4 S-matrix pole. GUO 06 in a chiral unitary approach report a mass of 757 ± 33 MeV and
a width of 558 ± 82 MeV.

5A fit in theK∗
0(800) + K∗(892) + K∗(1410) model with mass and width of theK∗

0(800)

from ABLIKIM 06C well describes the left slope of the K0
S π− invariant mass spectrum

in τ− → K0
S π−ντ decay studied by EPIFANOV 07.

6 S-matrix pole. Using Roy-Steiner equations (ROY 71) as well as unitarity, analyticity
and crossing symmetry constraints.

7Not seen by KOPP 01 using 7070 events of D0 → K−π+π0. LINK 02E and LINK 05I

show clear evidence for a constant non-resonant scalar amplitude rather than K∗
0(800)

in their high statistics analysis of D+ → K−π+µ+ νµ.
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f0(980) IG (JPC ) = 0+(0 + +)

See also the minireview on scalar mesons under f0(500). (See the
index for the page number.)

f0(980) MASSf0(980) MASSf0(980) MASSf0(980) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

990 ±20 OUR ESTIMATE990 ±20 OUR ESTIMATE990 ±20 OUR ESTIMATE990 ±20 OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •
989.4± 1.3 424 ABLIKIM 15P BES3 J/ψ → K+K− 3π

989.9± 0.4 706 ABLIKIM 12E BES3 J/ψ → γ 3π

1003 + 5
−27

1,2 GARCIA-MAR...11 RVUE Compilation

996 ± 7 1,3 GARCIA-MAR...11 RVUE Compilation

996 + 4
−14

4 MOUSSALLAM11 RVUE Compilation

981 ±43 5 MENNESSIER 10 RVUE Compilation

1030 +30
−10

6 ANISOVICH 09 RVUE 0.0 pp, πN

977 +11
− 9 ± 1 44 7 ECKLUND 09 CLEO 4.17 e+ e− →

D−
s
D∗+
s

+ c.c.

982.2± 1.0+ 8.1
− 8.0

8 UEHARA 08A BELL 10.6 e+ e− →
e+ e−π0π0

976.8± 0.3+10.1
− 0.6 64k 9 AMBROSINO 07 KLOE 1.02 e+ e− → π0π0γ

984.7± 0.4+ 2.4
− 3.7 64k 10 AMBROSINO 07 KLOE 1.02 e+ e− → π0π0γ

973 ± 3 262± 30 11 AUBERT 07AKBABR 10.6 e+ e− →
φπ+π−γ

970 ± 7 54 ± 9 11 AUBERT 07AKBABR 10.6 e+ e− →
φπ0π0γ

953 ±20 2.6k 12 BONVICINI 07 CLEO D+ → π−π+π+

985.6+ 1.2
− 1.5

+ 1.1
− 1.6

13 MORI 07 BELL 10.6 e+ e− →
e+ e−π+π−

983.0± 0.6+ 4.0
− 3.0

14 AMBROSINO 06B KLOE 1.02 e+ e− →
π+π− γ

977.3± 0.9+ 3.7
− 4.3

15 AMBROSINO 06B KLOE 1.02 e+ e− →
π+π− γ

950 ± 9 4286 16 GARMASH 06 BELL B+ → K+π+π−
965 ±10 17 ABLIKIM 05 BES2 J/ψ → φπ+π−,

φK+K−
1031 ± 8 18 ANISOVICH 03 RVUE

1037 ±31 TIKHOMIROV 03 SPEC 40.0 π−C →
K0
S K0

S K0
LX

973 ± 1 2438 19 ALOISIO 02D KLOE e+ e− → π0π0γ

977 ± 3 ± 2 848 20 AITALA 01A E791 D+
s

→ π−π+π+

969.8± 4.5 419 21 ACHASOV 00H SND e+ e− → π0π0γ

985 +16
−12 419 22,23 ACHASOV 00H SND e+ e− → π0π0γ

976 ± 5 ± 6 24 AKHMETSHIN 99B CMD2 e+ e− → π+π− γ
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977 ± 3 ± 6 268 24 AKHMETSHIN 99C CMD2 e+ e− → π0π0γ

975 ± 4 ± 6 25 AKHMETSHIN 99C CMD2 e+ e− → π0π0γ

975 ± 4 ± 6 26 AKHMETSHIN 99C CMD2 e+ e− → π+π− γ,

π0π0 γ
985 ±10 BARBERIS 99 OMEG 450 pp →

ps pf K
+K−

982 ± 3 BARBERIS 99B OMEG 450 pp → ps pf π
+π−

982 ± 3 BARBERIS 99C OMEG 450 pp → ps pf π
0π0

987 ± 6 ± 6 27 BARBERIS 99D OMEG 450 pp → K+K−,

π+π−
989 ±15 BELLAZZINI 99 GAM4 450 pp → ppπ0π0

991 ± 3 28 KAMINSKI 99 RVUE ππ → ππ, K K , σσ

∼ 980 28 OLLER 99 RVUE ππ → ππ, K K

∼ 993.5 OLLER 99B RVUE ππ → ππ, K K

∼ 987 28 OLLER 99C RVUE ππ → ππ, K K , ηη

957 ± 6 29 ACKERSTAFF 98Q OPAL Z → f0 X

960 ±10 ALDE 98 GAM4

1015 ±15 28 ANISOVICH 98B RVUE Compilation

1008 30 LOCHER 98 RVUE ππ → ππ , K K

955 ±10 29 ALDE 97 GAM2 450 pp → ppπ0π0

994 ± 9 31 BERTIN 97C OBLX 0.0 pp → π+π−π0

993.2± 6.5± 6.9 32 ISHIDA 96 RVUE ππ → ππ, K K

1006 TORNQVIST 96 RVUE ππ → ππ, K K , K π,
ηπ

997 ± 5 3k 33 ALDE 95B GAM2 38 π− p → π0π0 n

960 ±10 10k 34 ALDE 95B GAM2 38 π− p → π0π0 n

994 ± 5 AMSLER 95B CBAR 0.0 pp → 3π0

∼ 996 35 AMSLER 95D CBAR 0.0 pp → π0π0π0,

π0ηη, π0π0 η
987 ± 6 36 ANISOVICH 95 RVUE

1015 JANSSEN 95 RVUE ππ → ππ, K K

983 37 BUGG 94 RVUE pp → η2π0

973 ± 2 38 KAMINSKI 94 RVUE ππ → ππ, K K

988 39 ZOU 94B RVUE

988 ±10 40 MORGAN 93 RVUE ππ (K K) → ππ (K K),
J/ψ → φππ (K K),
Ds → π (ππ)

971.1± 4.0 29 AGUILAR-... 91 EHS 400 pp

979 ± 4 41 ARMSTRONG 91 OMEG 300 pp → ppππ ,
ppK K

956 ±12 BREAKSTONE90 SFM pp → ppπ+π−
959.4± 6.5 29 AUGUSTIN 89 DM2 J/ψ → ωπ+π−
978 ± 9 29 ABACHI 86B HRS e+ e− → π+π−X

985.0+ 9.0
−39.0 ETKIN 82B MPS 23 π− p → n2K0

S

974 ± 4 41 GIDAL 81 MRK2 J/ψ → π+π−X

975 42 ACHASOV 80 RVUE

986 ±10 41 AGUILAR-... 78 HBC 0.7 pp → K0
S K0

S
969 ± 5 41 LEEPER 77 ASPK 2–2.4 π− p →

π+π− n , K+K− n
987 ± 7 41 BINNIE 73 CNTR π− p → nMM
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1012 ± 6 43 GRAYER 73 ASPK 17 π− p → π+π− n

1007 ±20 43 HYAMS 73 ASPK 17 π− p → π+π− n

997 ± 6 43 PROTOPOP... 73 HBC 7 π+p → π+ pπ+π−
1Quoted number refers to real part of pole position.
2Analytic continuation using Roy equations. Uses the Ke4 data of BATLEY 10C and the
πN → ππN data of HYAMS 73, GRAYER 74, and PROTOPOPESCU 73.

3Analytic continuation using GKPY equations. Uses the Ke4 data of BATLEY 10C and
the πN → ππN data of HYAMS 73, GRAYER 74, and PROTOPOPESCU 73.

4Pole position. Used Roy equations.
5Average of the analyses of three data sets in the K-matrix model. Uses the data of
BATLEY 08A, HYAMS 73, and GRAYER 74, partially of COHEN 80 or ETKIN 82B.

6On sheet II in a 2-pole solution. The other pole is found on sheet III at (850−100i) MeV
7Using a relativistic Breit-Wigner function and taking into account the finite Ds mass.
8Breit-Wigner mass. Using finite width corrections according to FLATTE 76 and
ACHASOV 05, and the ratio gf0K K /gf0ππ

= 0.

9 In the kaon-loop fit.
10 In the no-structure fit.
11 Systematic errors not estimated.
12 FLATTE 76 parameterization. gf0ππ

= 329± 96 MeV/c2 assuming g
f0KK

/gf0ππ
=2.

13Breit-Wigner mass. Using finite width corrections according to FLATTE 76 and
ACHASOV 05, and the ratio gf0K K /gf0ππ

= 4.21 ± 0.25 ± 0.21 from ABLIKIM 05.

14 In the kaon-loop fit following formalism of ACHASOV 89.
15 In the no-structure fit assuming a direct coupling of φ to f0 γ.
16 FLATTE 76 parameterization. Supersedes GARMASH 05.
17 FLATTE 76 parameterization, g

f0K K
/gf0ππ

= 4.21 ± 0.25 ± 0.21.

18K-matrix pole from combined analysis of π− p → π0π0n, π− p → K K n,

π+π− → π+π−, pp → π0π0π0, π0ηη, π0π0η, π+π−π0, K+K−π0, K0
S K0

S π0,

K+K0
S π− at rest, pn → π−π−π+, K0

S K−π0, K0
S K0

S π− at rest.
19 From the negative interference with the f0(500) meson of AITALA 01B using the

ACHASOV 89 parameterization for the f0(980), a Breit-Wigner for the f0(500), and
ACHASOV 01F for the ρπ contribution.

20Coupled-channel Breit-Wigner, couplings gπ=0.09±0.01±0.01, gK=0.02±0.04±0.03.
21 Supersedes ACHASOV 98I. Using the model of ACHASOV 89.
22 Supersedes ACHASOV 98I.
23 In the “narrow resonance” approximation.
24Assuming Γ(f0)= 40 MeV.
25 From a narrow pole fit taking into account f0(980) and f0(1200) intermediate mecha-

nisms.
26 From the combined fit of the photon spectra in the reactions e+ e− → π+π− γ,

π0π0γ.
27 Supersedes BARBERIS 99 and BARBERIS 99B
28T-matrix pole.
29 From invariant mass fit.
30On sheet II in a 2 pole solution. The other pole is found on sheet III at (1039−93i) MeV.
31On sheet II in a 2 pole solution. The other pole is found on sheet III at (963-29i) MeV.
32Reanalysis of data from HYAMS 73, GRAYER 74, SRINIVASAN 75, and ROSSELET 77

using the interfering amplitude method.
33At high

∣∣t
∣∣.

34At low
∣∣t
∣∣.
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a0(980) IG (JPC ) = 1−(0 + +)

See our minireview on scalar mesons under f0(500). (See the index
for the page number.)

a0(980) MASSa0(980) MASSa0(980) MASSa0(980) MASS

VALUE (MeV) DOCUMENT ID

980±20 OUR ESTIMATE980±20 OUR ESTIMATE980±20 OUR ESTIMATE980±20 OUR ESTIMATE Mass determination very model dependent

ηπ FINAL STATE ONLYηπ FINAL STATE ONLYηπ FINAL STATE ONLYηπ FINAL STATE ONLY
VALUE (MeV) EVTS DOCUMENT ID TECN CHG COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •
982.5 ± 1.6 ±1.1 16.9k 1 AMBROSINO 09F KLOE 1.02 e+ e− → ηπ0 γ

986 ± 4 ANISOVICH 09 RVUE 0.0 pp, πN

982.3 + 0.6
− 0.7

+3.1
−4.7

2 UEHARA 09A BELL γγ → π0η

987.4 ± 1.0 ±3.0 3,4 BUGG 08A RVUE 0 pp → π0π0η

989.1 ± 1.0 ±3.0 4,5 BUGG 08A RVUE 0 pp → π0π0η

985 ± 4 ±6 318 ACHARD 02B L3 183–209 e+ e− →
e+ e− ηπ+π−

995 +52
−10 36 6 ACHASOV 00F SND e+ e− → ηπ0 γ

994 +33
− 8 36 7 ACHASOV 00F SND e+ e− → ηπ0 γ

975 ± 7 BARBERIS 00H 450 pp → pf ηπ
0 ps

988 ± 8 BARBERIS 00H 450 pp →
∆++
f

ηπ− ps
∼ 1055 8 OLLER 99 RVUE ηπ, KK

∼ 1009.2 8 OLLER 99B RVUE ππ → ππ, KK

993.1 ± 2.1 9 TEIGE 99 B852 18.3 π− p →
ηπ+π− n

988 ± 6 8 ANISOVICH 98B RVUE Compilation

987 TORNQVIST 96 RVUE ππ → ππ, KK , K π,
ηπ

991 JANSSEN 95 RVUE ηπ → ηπ, K K , K π,
ηπ

984.45± 1.23±0.34 AMSLER 94C CBAR 0.0 pp → ωηπ0

982 ± 2 10 AMSLER 92 CBAR 0.0 pp → ηηπ0

984 ± 4 1040 10 ARMSTRONG 91B OMEG± 300 pp →
ppηπ+π−

976 ± 6 ATKINSON 84E OMEG± 25–55 γp → ηπn

986 ± 3 500 11 EVANGELIS... 81 OMEG± 12 π− p →
ηπ+π−π− p

990 ± 7 145 11 GURTU 79 HBC ± 4.2 K− p → Λη2π

980 ±11 47 CONFORTO 78 OSPK − 4.5 π− p → pX−
978 ±16 50 CORDEN 78 OMEG± 12–15 π−p → nη2π

977 ± 7 GRASSLER 77 HBC − 16 π∓ p → pη3π

989 ± 4 70 WELLS 75 HBC − 3.1–6 K− p → Λη2π

HTTP://PDG.LBL.GOV Page 1 Created: 5/30/2017 17:21
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972 ±10 150 DEFOIX 72 HBC ± 0.7 pp → 7π

970 ±15 20 BARNES 69C HBC − 4–5 K− p → Λη2π

980 ±10 CAMPBELL 69 DBC ± 2.7 π+ d

980 ±10 15 MILLER 69B HBC − 4.5 K−N → ηπΛ

980 ±10 30 AMMAR 68 HBC ± 5.5 K− p → Λη2π

1Using the model of ACHASOV 89 and ACHASOV 03B.
2 From a fit with the S-wave amplitude including two interfering Breit-Wigners plus a
background term.

3Parameterizes couplings to KK , πη, and πη′.
4 Using AMSLER 94D and ABELE 98.
5 From the T-matrix pole on sheet II.
6Using the model of ACHASOV 89. Supersedes ACHASOV 98B.
7 Using the model of JAFFE 77. Supersedes ACHASOV 98B.
8 T-matrix pole.
9Breit-Wigner fit, average between a±

0
and a00. The fit favors a slightly heavier a±

0
.

10 From a single Breit-Wigner fit.
11 From f1(1285) decay.

K K ONLYK K ONLYK K ONLYK K ONLY
VALUE (MeV) EVTS DOCUMENT ID TECN CHG COMMENT

925 ± 5 ±8925 ± 5 ±8925 ± 5 ±8925 ± 5 ±8 190k 1 AAIJ 16N LHCB D0 → K0
S K±π∓

• • • We do not use the following data for averages, fits, limits, etc. • • •
∼ 1053 2 OLLER 99C RVUE ππ → ππ, K K

982 ± 3 3 ABELE 98 CBAR 0.0 pp → K0
LK±π∓

975 ±15 BERTIN 98B OBLX ± 0.0 pp → K±Ks π
∓

976 ± 6 316 DEBILLY 80 HBC ± 1.2–2 pp → f1(1285)ω

1016 ±10 100 4 ASTIER 67 HBC ± 0.0 pp

1003.3± 7.0 143 5 ROSENFELD 65 RVUE ±
1Using a two-channel resonance parametrization with couplings fixed to ABELE 98.
2T-matrix pole.
3T-matrix pole on sheet II, the pole on sheet III is at 1006-i49 MeV.
4ASTIER 67 includes data of BARLOW 67, CONFORTO 67, ARMENTEROS 65.
5Plus systematic errors.

a0(980) WIDTHa0(980) WIDTHa0(980) WIDTHa0(980) WIDTH

VALUE (MeV) EVTS DOCUMENT ID TECN CHG COMMENT

50 to 100 OUR ESTIMATE50 to 100 OUR ESTIMATE50 to 100 OUR ESTIMATE50 to 100 OUR ESTIMATE Width determination very model dependent. Peak width
in ηπ is about 60 MeV, but decay width can be much larger.

• • • We do not use the following data for averages, fits, limits, etc. • • •

75.6 ± 1.6 +17.4
−10.0

1 UEHARA 09A BELL γγ → π0 η

80.2 ± 3.8 ± 5.4 2 BUGG 08A RVUE 0 pp → π0π0η

50 ±13 ± 4 318 ACHARD 02B L3 183–209 e+ e− →
e+ e− ηπ+π−

72 ±16 BARBERIS 00H 450 pp → pf ηπ
0 ps

61 ±19 BARBERIS 00H 450 pp →
∆++
f ηπ− ps

∼ 42 3 OLLER 99 RVUE ηπ, K K

∼ 112 3 OLLER 99B RVUE ππ → ηπ, K K

HTTP://PDG.LBL.GOV Page 2 Created: 5/30/2017 17:21
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D. Iagolnitzer, J. Zinn-Justin, J. B. Zuber, Nucl. Phys. B 60 (1973) 233

• Lagrangian model of pseudoscalar-meson scattering, with ex-
changes of the vector mesons ρ, K ?, φ.

• Model is not renormalisable, so subtraction constants are used.

• Born plus 1-loop diagrams are unitarised with Padé method.





R. L. Jaffe, Phys. Rev. D 15 (1977) 267

• Light scalar mesons described as q2q̄2 states in the MIT Bag Model.

• Pure bound-state calculation, without dynamical effects of decay.

• Very large attractive colour-hyperfine mass shifts for q2q̄2 nonet.

• Since here δ (“a0(980)”) and S? (“f0(980)”) have the same quark
content, they come out degenerate in mass (1100 MeV).

• Masses of ε (“f0(500)”), κ (“K ?
0 (800)”): 650 MeV, 900 MeV.



R. Delbourgo, M. D. Scadron, Phys. Rev. Lett. 48 (1982) 379

• In the quark-level linear σ model, the quark loop for the pion
decay constant is given by

• Self-consistency via the quark-level Goldberger-Treiman relation
then leads to mdyn = fπ 2π/

√
Nc ≈ 315 MeV in the chiral limit.

• In the quark-level linear σ model, this gives just like in NJL models
mσ = 2mdyn ≈ 630 MeV in the chiral limit.

• Later, Delbourgo and Scadron formulated the quark-level linear
σ model fully self-consistently via bootstrap at loop order. They
also generalised the model to flavour SU(3).



E. van Beveren, T. A. Rijken, K. Metzger, C. Dullemond, G. Rupp,
J. E. Ribeiro, Z. Phys. C 30 (1986) 615 [arXiv:0710.4067 [hep-ph]]
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A low-lying scalar meson nonet in a unitarized
meson model
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Abstract

A unitarized nonrelativistic meson model which is successful for the description of the
heavy and light vector and pseudoscalar mesons yields, in its extension to the scalar mesons
but for the same model parameters, a complete nonet below 1 GeV. In the unitarization
scheme, real and virtual meson-meson decay channels are coupled to the quark-antiquark
confinement channels. The flavor-dependent harmonic-oscillator confining potential itself
has bound states ǫ(1.3 GeV), S(1.5 GeV), δ(1.3 GeV), κ(1.4 GeV), similar to the results
of other bound-state qq̄ models. However, the full coupled-channel equations show poles
at ǫ(0.5 GeV), S(0.99 GeV), δ(0.97 GeV), κ(0.73 GeV). Not only can these pole positions
be calculated in our model, but also cross sections and phase shifts in the meson-scattering
channels, which are in reasonable agreement with the available data for ππ, ηπ and Kπ in
S-wave scattering.
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• Unitarised quark-meson model, with all parameters fixed from
previous work.

• All decay channels with pseudoscalar and vector mesons included.

• Poles of light scalar mesons found at:
f0(470− i208), K ∗

0 (727− i263), a0(968− i28), f0(994− i20).

• Additional poles found for f0(1370), K ∗
0 (1430), a0(1450),

f0(1500), at reasonable values.

• Moreover, S-wave scattering data were reasonably reproduced.



R. Kaminski, L. Lesniak, J. P. Maillet, Phys. Rev. D 50 (1994) 3145

• Purely mesonic model with two coupled channels (ππ and KK̄ ).

• Phenomenological separable potentials of rank 2 (ππ) and 1 (KK̄ ).

• Lippmann-Schwinger equation used with relativistic propagators.

• The 8 parameters were fitted to data on δππ, δKK̄ , and η.

Table V: Masses and widths of resonances obtained in fits to the data sets
1 and 2 compared with values of the Particle Data Group [34] and Ref. [39]
for f0(500).

set 1 set 2 Particle Data Group
pole M (MeV) Γ (MeV) M (MeV) Γ (MeV) M (MeV) Γ (MeV)

f0(500) 506±10 494±5 505±10 497±5 ≤ 700 ≥ 600
f0(975) 973±2 29±2 974±2 30±1 974.1±2.5 47±9
f0(1400) 1430±5 145±25 1428+13

−7 157+43
−29 ∼ 1400 150÷ 400

Table VI: Comparison of the ππ and KK scattering lengths obtained in the
present work (sets 1, 2 and nonrelativistic fit) with other determinations.

Source aππ (m−1
π ) Re(aKK) (fm) Im(aKK) (fm)

set 1 0.172±0.008 -1.73±0.07 0.59±0.04
set 2 0.174±0.008 -1.58±0.09 0.61±0.04

nonrel. fit 0.40 -1.70 0.78
[48] — -1.15 1.80
[32] 0.207±0.028 — —

29



G. Janssen, B. C. Pearce, K. Holinde, J. Speth, Phys. Rev. D 52
(1995) 2690 [arXiv:nucl-th/9411021]

• Pseudoscalar-meson scattering with Blankenblecler-Sugar equation.

• Exchanges of ρ, K ?, ω, φ (t-channel); ε (f0), ρ, f2 (s-channel).

• Model needs several cutoffs, apart from other parameters.

• I = 1/2 case (κ = K ?
0 (800)) is not treated.



N. A. Törnqvist, M. Roos, Phys. Rev. Lett. 76 (1996) 1575

• Unitarised relativistic quark-meson model for the light scalar
mesons.

• For each scalar, one bare qq̄ state is coupled to channels of two
pseudoscalar mesons.

• Six parameters, including an ad hoc negative Adler zero for Kπ,
were fitted to the data.

• Note: no K ?
0 (800) (κ) was found, probably due to the unre-

alistic Adler zero (see AIP Conf. Proc. 756 (2005) 360 [hep-
ph/0412078].

VOLUME 76, NUMBER 10 P H Y S I C A L R E V I E W L E T T E R S 4 MARCH 1996

FIG. 2. The running mass and2ImPssd for the simple model
function (2) and theKK threshold usingg  1.14. Choosing
m0 such that there is a bound state at the threshold, there is
another resonance as seen from the second crossing ofs with
the running mass. This crossing point gives the 90± or Breit-
Wigner mass of the second state.

Therefore, one can expect a repetition of the phenomenon,
such that there could exist a second manifestation of the
I  1 state, somewhere in the 1.5 GeV region, in addition
to a0s980d. This could be thea0s1450d seen by the crystal
barrel [6]. And as we shall see below, the model of [3]
actually has an image pole near this mass, which in an
improved model and fit could emerge as thea0s1450d.
On the other hand, in the strange channel, there is only
one important channel open, theKp with a Clebsch-
Gordan coefficient reducing the coupling compared to
ss-KK by s3y4d1y2. This, together with the fact that the
Kp threshold involves two unequal mass mesons, implies
that the resonance doubling phenomenon does not appear
in the strange sector.

We now look for the actual pole positions in the
model of [3], and list the significant ones in Table I.
Four of these, which are near the physical region, were
already given in [3]: thef0s980d, f0s1300d, a0s980d, and
K

p

0 s1430d. However, we now find two new poles. (There

are of course more image poles, which we do not list,
since these are very far from the physical region.) Note
that all the poles in Table I are manifestations ofthe
same nonet. In [3] the Breit-Wigner parameters of the
s meson were also given, but it was not specified which
pole should be associated with it. We list in Table I
the pole positions both in the usual variable

p
spole and

in s  m
2
pole 2 iImspole, which is more natural in a

relativistic theory.
We now unambiguously find that thef0s980d and

f0s1300d are two manifestations of the samess state.
The only important pole inuu 1 dd is the first pole
in Table I which is the long sought fors. Its pole
is at s  0.158 2 i0.235 GeV2, and it gives rise to a
very broad, 880 MeV, Breit-Wigner-like background with
mBW  860 MeV. One can convince oneself that this
is the right conclusion by decoupling the two channels
ss and uu 1 dd. This can be done within the model,
maintaining unitarity, etc., by sendingm0 or m0 1 2ms

(gradually) to infinity. (One may if one wishes also
increase together withms the K, h, and h0 masses in
the thresholds.) Thes pole remains always almost at
the same position as in Table I even whenms ! `, while
there is no trace off0s980d nor f0s1300d in uu 1 dd.
The two latter poles remain, however, in thess channel
even when this is completely decoupled fromuu 1 dd.
The f0s980d remains near theKK threshold whereas
f0s1300d is shifted to somewhat higher values.

A posteriori, this result is natural also in light of the mix-
ing anglesdS found for the physical states (see Table I).
At the s pole, as well as for energies&900 MeV, dS is
small along the reals axis. Thus thepp amplitudes below
this energy are dominated by thes and only slightly per-
turbed by thess andKK channels. Thef0s980d and the
near octetf0s1300d owe their existence to thess ! KK

channel dynamics and have a comparatively small mixing
with thes, also evident from the rather small mixing angle
dS of these states. The near octet nature of thef0s1300d
is supported by the small branching ratio of 0.02 tohh
found by GAMS2000 [7], since the 8-hh coupling nearly
vanishes for the conventional pseudoscalar mixing angle.

TABLE I. The 3P0 resonance parameters in units of MeV. The first resonance is thes. The two following are both
manifestations of the samess state. Thef0s980d anda0s980d have no Breit-Wigner-like description, and theGBW for the latter is
rather the peak width. The last entry is an image pole to thea0s980d, which in an improved fit could represent thea0s1450d. The
f0s1300d andK

p

0 s1430d poles appear simultaneously on two sheets since thehh and theKh couplings, respectively, nearly vanish.
The mixing angledS for thes is with respect touu 1 dd, while for the two heavierf0’s it is with respect toss. Pure SU3f states
havedS  235.3±.

Resonance mBW GBW dS,BW fRespoleg1y2 2Imspole

mpole
s

1y2
pole

dS,pole Sheet Comment

f0s400 2 900d 860 880 s29 1 i8.5d± 397 590 470 2 i250 s23.4 1 i1.5d± II The s meson; nearuu 1 dd state
f0s980d · · · · · · · · · 1006 34 1006 2 i17 s0.4 1 i39d± II First nearss state
f0s1300d 1186 350 s232 1 i1d± 1202 338 1214 2 i168 s236 1 i2d± III,V Second nearss state
K

p

0 s1430d 1349 498 · · · 1441 320 1450 2 i160 · · · II,III The sd state
a0s980d 987 ø100 · · · 1084 270 1094 2 i145 · · · II First ud state
a0s1450d · · · · · · · · · 1566 578 1592 2 i284 · · · III Secondud state?

1577



M. Harada, F. Sannino, J. Schechter, Phys. Rev. D 54 (1996) 1991

• Amplitudes constructed from an effective nonlocal chiral La-
grangian.

• Local unitarity by assuming the amplitudes to be the sum of a
relativistic Breit-Wigner form plus a non-resonant background.

• Fits of the few parameters are done to ππ data up to 1.2 GeV, in
different scenarios.

to compare the real part of our predicted amplitude with the
real part of the experimental amplitude. Note that the diffi-
culties mentioned above arise only for the direct channel
poles; the crossed channel poles and contact terms will give
purely real finite contributions.

It should be noted that if we predict the real part of the
amplitude, the imaginary part can always be recovered by
assuming elastic unitarity ~which is likely to be a reasonable
approximation up to about 1 GeV!. Specializing Eq. ~A6! in
Appendix A to the pp channel we have for the imaginary
piece I l

I of the I ,l partial wave amplitude

I l
I
5

1

2
@16Ah l

I2
24R l

I2# , ~2.5!

where h l
I is the elasticity parameter. Obviously, this formula

is only meaningful if the real part obeys the bound

uR l
Iu<

h l
I

2
. ~2.6!

The main difficulty one has to overcome in obtaining a uni-
tary amplitude by the present method is the satisfaction of
this bound. Therefore, one sees that making regularizations
such as Eqs. ~2.2! and ~2.4!, which provide unitarity in the
immediate region of a narrow resonance, is not at all tanta-
mount to unitarizing the model by hand. One might glance
again at Fig. 1 for emphasis on this point.

To summarize this discussion, we will proceed by com-
paring the real part of a suitably regularized tree amplitude
computed from a chiral Lagrangian of pseudoscalar mesons
and resonances with the real part of the experimental ampli-
tude deduced from the standard phase shift analysis.

III. OVERVIEW AND LOW ENERGY REGION

The amplitude will be constructed from the nonlinear chi-
ral Lagrangian briefly summarized in Appendix B. To start
with, we shall neglect the existence of the K mesons. Then,
the form of the unregularized amplitude is identical to the
one presented in Ref. @4#. The neutral resonances which can
contribute have the quantum numbers JPC

5011, 122, and
211. We show in Table I the specific ones which are in-
cluded, together with their masses and widths, when avail-
able from the Particle Data Group ~PDG! @7# listings.

Essentially, there are only three arbitrary parameters in

the whole model, these correspond to the three unknowns in
the description of a broad scalar resonance given by Eq.
~2.3!. We will include only the minimal two derivative chiral
contact interaction contained in Eq. ~2.7! of Appendix B.
Clearly, higher derivative contact interaction may also be
included ~see, for example, Sec. III E of Ref. @4#!.

As shown in Fig. 1, although the introduction of the r
dramatically improves unitarity up to about 2 GeV, R0

0 vio-
lates unitarity to a lesser extent starting around 500 MeV.
~As noted in Ref. @4#, the I5J50 channel is the only
troublesome one.! To completely restore unitarity in the
present framework, it is necessary to include a low mass
broad scalar state which has historically been denoted as the
s . It seems helpful to recall the contribution of such a par-
ticle to the real part of the amplitude component A(s ,t ,u)
defined in Eq. ~A8!:

ReAs~s ,t ,u !5Re
32p

3H

G

M s
3 ~s22mp

2 !2
~M s

2
2s !1iM sG8

~s2M s
2 !2

1M s
2 G8

2 ,

~3.1!

where

H5S 124
mp

2

M s
2 D 1/2S 122

mp
2

M s
2 D 2

'1, ~3.2!

and G is related to the coupling constant g0 defined in Eq.
~B11! by

G5g0
2

3HM s
3

64p
. ~3.3!

Note that the factor (s22mp
2 )2 is due to the derivative-type

coupling required for chiral symmetry in Eq. ~B11!. The total
amplitude will be crossing symmetric since A(s ,t ,u) and
A(u ,t ,s) in Eq. ~A8! are obtained by performing the indi-
cated permutations. G8 is a parameter which we introduce to
regularize the propagator. It can be called a width, but it
turns out to be rather large so that, after the r and p contri-
butions are taken into account, the partial wave amplitude
R0

0 does not clearly display the characteristic resonant behav-
ior. In the most general situation one might imagine that G
could become complex as in Eq. ~2.4! due to higher order in
1/Nc corrections. It should be noted, however, that Eq. ~2.4!
expresses nothing more than the assumption of unitarity for a
narrow resonance and hence should not really be applied to
the present broad case. A reasonable fit was found in Ref. @4#
for G purely real, but not equal to G8. By the use of Eq.
~2.5!, unitarity, is in fact, locally satisfied.

A best overall fit is obtained with the parameter choices;
M s5559 MeV, G/G850.29, and G85370 MeV . These
have been slightly fine tuned from the values in Ref. @4# in
order to obtain a better fit in the 1 GeV region. The result for
the real part R0

0 due to the inclusion of the s contribution
along with the p and r contributions is shown in Fig. 2. It is
seen that the unitarity bound is satisfied and there is a rea-
sonable agreement with the experimental points @8,9# up to
about 800 MeV. Beyond this point the effects of other reso-
nances @mainly the f 0(980)# are required. From Eqs. ~3.1!,
~A9!, and ~A11!, we see that the contribution of s to R0

0

turns negative when s.M s
2 . This is the mechanism which

TABLE I. Resonances included in the pp→pp channel as
listed by the PDG. Note that the s is not present in the PDG and is
not being described exactly as a Breit-Wigner shape; we listed the
fitted parameters shown in column 1 of Table II where G8 is the
analogue of the Breit-Wigner width.

IG(JPC) M ~MeV! G tot~MeV! B(2p)%

s(550) 01(011) 559 370 2

r(770) 11(122) 769.9 151.2 100
f 0(980) 01(011) 980 40–400 78.1
f 2(1270) 01(211) 1275 185 84.9
f 0(1300) 01(011) 1000–1500 150–400 93.6
r(1450) 11(122) 1465 310 Seen
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S. Ishida, M. Ishida, H. Takahashi, T. Ishida, K. Takamatsu,
T. Tsuru, Prog. Theor. Phys. 95 (1996) 745 [hep-ph/9610325]

• Unitary ”interfering-amplitude” method used for the channels ππ
and KK̄ to describe the light isoscalar mesons.

• An ad hoc negative background phase is introduced forππ instead
of the usual Adler zero.

• The σ is supposed not to couple to KK̄ .

Downloaded from https://academic.oup.com/ptp/article-abstract/95/4/745/1847900
by Uni Siena user
on 08 March 2018



J. A. Oller, E. Oset, J. R. Pelaez, Phys. Rev. D 59 (1999) 074001
[Errata-ibid 60 (1999) 099906, 75 (2007) 099903]

• Amplitudes from O(p2) and O(p4) chiral Langrangians are uni-
terised with the Inverse Amplitude Method.

• The seven free parameters of the O(p2) Lagrangian are fitted to
the data.

• Pole positions are found for the light scalar and vector mesons.

slope aroundd590°, by means of

GR5

M R
2
2s

M R
tand~s !. ~37!

We also saw that, in practice, ther andK* only couple to
pp andKp, respectively. Thes decays only topp and the
k only to Kp due to phase space and dynamical suppression
of other channels@see Fig. 5~d!#. The case of thef 0 anda0 is
different, since they can decay either topp or KK̄ ~the f 0)
and ph or KK̄ ~the a0). In order to determine the partial
decay widths of these resonances we follow the procedure of
@8#, where we show that, assuming a Breit-Wigner shape for
the amplitudes around the resonance pole, the partial decay
widths are given by

GR,152

1

16p2EEmin

Emax
dE

q

E2
4M R Im T11,

GR,252

1

16p2EEmin

Emax
dE

q

E2
4M R

~ Im T21!
2

Im T11
, ~38!

whereE stands for the total c.m. energy of the meson-meson
system,q is the momentum of one meson in the c.m. and the
labels 1,2 stand forKK̄, pp in the case of thef 0 and
KK̄, ph in the case of thea0 . The masses of the final
mesons arem1 ,m2 . The upper limit in the integral,Emax , is
.M R1GR whereGR is the total width@8# and Emin5M R
2GR , unless the threshold energy (m11m2) for the decay is
bigger than that quantity, in which caseEmin5m11m2 . In
this way we largely avoid the contribution of the back-
grounds in the amplitudes. One caveat must be raised con-
cerning Eq.~38!, which was already pointed out in the study
of the f 0→gg decay@44#. The subtlety is that around this
resonance the phase shifts@see Fig. 1~a!# are of the order of
90°, due to the background coming from the broads pole.

TABLE III. Masses and partial widths in MeV.

Channel Mass Width Mass Width Partial
(I,J) Resource from pole from pole effective effective widths

~0,0! s 442 454 '600 very large pp2100%
pp265%

~0,0! f 0(980) 994 28'980 '30

KK̄235%
~0,1! f(1020) 980 0 980 0
~1/2,0! k 770 500'850 very large Kp2100%
~1/2,1! k* (890) 892 42 *895 42 Kp2100%

ph250%
~1,0! a0(980) 1055 42 980 40

KK̄250%
~1,1! r(770) 759 141 771 147 pp5100%

FIG. 8. (uT IJ501u)
2 for KK̄→KK̄ showing the singularity corresponding to thef resonance.
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Abstract

Evidence for theσ pole has been reported in production processes such asD+ → π+π−π+; likewise evidence for theκ pole
appears inD+ → K−π+π+. Their effects inππ andKπ elastic scattering are much less conspicuous. However, consistent
fits to both production data and elastic scattering may be obtained by including the Adler zero into ans-dependent width for
each resonance. These zeros suppress strongly the effects of the σ andκ poles in elastic scattering; the zeros are absent from
amplitudes for production data. With this prescription, data fromππ → ππ , Ke4 decays and CP violation inK0 decays give
a σ pole position of(525± 40) − i(247± 25) MeV. A combined analysis with production data gives a betterdetermination of
(533± 25) − i(249± 25) MeV. The analysis of LASS data forKπ elastic scattering, including the Adler zero, determines aκ

pole at(722± 60) − i(386± 50) MeV.
The Fourier transform of the matrix element forσ → ππ reveals a compact interaction region with RMS radius∼ 0.4 fm.

 2003 Published by Elsevier B.V.

PACS: 13.25.Gv; 14.40.Gx; 13.40.Hq

The σ and κ have a confused and controversial
history. The E791 Collaboration observes a low mass
π+π− peak inD+ → π+π−π+ [1]; they fit it with
a simple Breit–Wigner resonance which they interpret
as theσ . A similar peak was observed in earlier DM2
data onJ/Ψ → ωπ+π− [2]. The E791 Collaboration
also reports a low massKπ enhancement in data on
D+ → K−π+π+ [3]; they again fit this enhancement
with a simple Breit–Wigner resonance and claim it as
the κ . Preliminary BES data onJ/Ψ → K∗(892)κ
presented at the Tokyo conference this year provide
supporting evidence for aκ peak; there are two
discrete solutions for the width if it is fitted as a

E-mail address: bugg@v2.rl.ac.uk (D.V. Bugg).

resonance [4]. An essential question is why these
peaks do not appear inππ andKπ elastic scattering.

The answer has been known for some years to
experts in the field; but it has not so far found its way
into the formulae commonly used by experimentalists
to fit data. A primary objective of this Letter is
to introduce suitable formulae, consistent with the
essential features of chiral perturbation theory. There
is a problem in the over-simplified formulae presently
used by some experimental groups in fitting theσ .
A false pole appears below theππ threshold. This
Letter reports formulae which eliminate this false pole
and provides examples of the application of these
formulae. A re-analysis of the experimental data along
these or similar lines is desirable, in order to achieve
consistency with the data on elastic scattering.

0370-2693/$ – see front matter 2003 Published by Elsevier B.V.
doi:10.1016/j.physletb.2003.07.078

• Relativistic Breit-Wigner forms used for σ in ππ and κ in Kπ .

• Theoretical Adler zeros introduced via s-dependent widths.

• Combined fits were done to both elastic-scattering and production
data.

• The Adler zeros were argued to prevent the formation of bound
states, pushing the σ and κ poles away into the complex plane.
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• Employs Roy equation for the S-wave ππ scattering amplitude,
which is a twice-subtracted dispersion relation:

Mass and Width of the Lowest Resonance in QCD
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Institute for Theoretical Physics, University of Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland
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We demonstrate that near the threshold, the �� scattering amplitude contains a pole with the quantum
numbers of the vacuum—commonly referred to as the �—and determine its mass and width within small
uncertainties. Our derivation does not involve models or parametrizations but relies on a straightforward
calculation based on the Roy equation for the isoscalar S wave.

DOI: 10.1103/PhysRevLett.96.132001 PACS numbers: 12.39.Fe, 11.30.Rd, 11.55.Fv, 11.80.Et

According to the Particle Data Group, the lowest reso-
nance in the spectrum of QCD carries angular momentum
‘ � 0 and isospin I � 0. The state is listed as f0�600� and
is usually called the �. It manifests itself as a pole on the
second sheet of the isoscalar S wave of �� scattering. We
denote this partial wave amplitude by t0

0
�s�. The numbers

for the pole position found in the literature cover a very
broad range. For recent reviews, we refer to Refs. [1–3]. In
fact, since such a state is not easily accommodated in the
multiplets expected for q �q bound states and glueballs,
some authors question its existence.

All of the pole determinations we are aware of rely on
models and, moreover, use specific parametrizations to
perform the analytic continuation. In the present Letter,
we instead rely on an equation which has been shown to
follow from first principles, the dispersive representation of
the partial wave amplitude t0

0
�s� due to Roy [4]:

t0
0
�s� � a� �s� 4M2

��b�
Z �2

4M2
�

ds0fK0�s; s
0� Imt0

0
�s0�

� K1�s; s
0� Imt1

1
�s0� � K2�s; s

0� Imt2
0
�s0�g � d0

0
�s�:

(1)

It amounts to a twice subtracted dispersion relation.

Crossing symmetry implies that both subtraction constants
can be expressed in terms of the S wave scattering lengths:
a � a0

0
, b � �2a0

0
� 5a2

0
�=�12M2

��. The integral describes

the curvature generated by the S and P waves below �, and
the so-called driving term d0

0
�s� collects the dispersion

integrals over the higher partial waves (‘ � 2), as well as
the high energy end of the integral over the S and P waves.

Similar equations hold for all other partial waves. Those
for the S and P waves amount to a set of coupled integral
equations, which strongly constrain the low energy prop-
erties of these waves [5–7]. Previous work on the Roy
equations concerned the behavior on the real axis. In
Ref. [7], a crude estimate of the mass and width of the �
was given, but, as emphasized in several reviews (see, e.g.,
[1,2]), this estimate relies on a parametric extrapolation off
the real axis and is thus subject to a sizable systematic
uncertainty.

The present Letter closes this gap. We show that the
domain of validity of the Roy equations can be extended to
complex values of s and use this extension to (a) prove the
existence of a second sheet pole close to the threshold and
(b) determine the position of this pole within rather small
uncertainties. For this purpose, we need only the particular
equation quoted above. The explicit expression for the
kernels occurring therein reads:

K0�s; s
0� �

1

��s0 � s�
�

2L

3��s� 4M2
��

�
5s0 � 2s� 16M2

�

3�s0�s0 � 4M2
��

;

K1�s; s
0� �

6�s0 � 2s� 4M2
��L

��s0 � 4M2
���s� 4M2

��
�

3�2s0 � 3s� 4M2
��

�s0�s0 � 4M2
��

;

K2�s; s
0� �

10L

3��s� 4M2
��

�
5�2s0 � s� 4M2

��

3�s0�s0 � 4M2
��

; where L � ln

�
s� s0 � 4M2

�

s0

�

:

(2)

The first term in K0�s; s
0� accounts for the contributions

generated by the right-hand cut. The remainder of K0�s; s
0�

describes those contributions from the left-hand cut that
are also due to Imt0

0
, while those from Imt1

1
(P wave) and

Imt2
0

(exotic S wave) are booked separately.
For our analysis, it is essential that the dispersion inte-

gral is dominated by the contributions from the low energy

region: Because the Roy equations involve two subtrac-
tions, the kernels Kn�s; s

0� fall off in proportion to 1=s03 for
large s0. Note that the contributions from the left-hand cut
play an important role here: Dropping these, K0�s; s

0�
reduces to the first term, which falls off only with the first
power of s0. Taken by itself, the contribution from the right-
hand cut is therefore sensitive to the poorly known high
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• where K0, K1, K2 are S-, P-, and D-wave kernels, respectively,
with contributions from the right- and left-hand cuts, Imt0

0 , Imt1
1 ,

and Imt2
0 (exotic S-wave).

• Also, d0
0 (s) is an estimate of contributions from higher partial

waves plus the remainder of the integral over S- and P-waves
above the cutoff Λ ≥ 1.4 GeV.

• The subtraction constants a, b can be expressed in terms of the
S-wave scattering lengths a0

0, a
2
0, from chiral perturbation theory.

• Resulting σ (f0(500)) pole: (441− i272) MeV.
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In the 391 MeV pion case, we find that all parametriza-

tions which successfully describe the finite-volume spectra

have a pole on the real energy axis below ππ threshold on

the physical Riemann sheet, which we interpret as the σ

appearing as a bound state of mass 758(4) MeV.

Considering the amplitude determined with 236 MeV

pions, we observe in Fig. 4 a qualitative change of behavior

in the phase-shift curve to a form which does not resemble

either that expected for a bound state or that of a narrow

elastic resonance. We find that all successful descriptions of

the spectrum have a pole on the second Riemann sheet with

a large imaginary part, which we interpret as the σ

appearing as a broad resonance. Because the amplitude,

determined from the finite-volume spectrum, is only con-

strained on the real energy axis, which is far from the pole

position, there is a significant variation in the precise

determination of the location of the pole under reasonable

variations of the parametrization form. Details of these

forms can be found in Refs. [25] and in the Supplemental

Material [28]. Given the important phenomenological role

of the Adler zero, we consider some parametrizations that

include it. The phenomenon of significant pole position

variation has been previously observed when experimental

ππ phase-shift data are used to fix parameters in amplitude

models that do not build in dispersive constraints [5].

Figure 5 shows the complex energy plane illustrating the

extracted pole position s0 ¼ ½E
σ
− ði=2ÞΓ

σ
�2 for a range of

parametrization choices. We also show the coupling jg
σππ

j
extracted from the residue of the t matrix at the pole

g2
σππ

¼ lims→s0
ðs0 − sÞtðsÞ.

Summary and outlook.—In this Letter, we have, for the

first time, determined the low-lying spectra of the scalar-

isoscalar channel of QCD in a box, including all required

quark propagation diagrams. From the finite-volume spec-

tra, we have extracted the ππ elastic scattering amplitude

which shows qualitatively different behavior at the two pion

masses considered, 236 and 391MeV, with the heavier mass

featuring a σ appearing as a stable bound state.

The amplitude parametrizations we explored to describe

the finite-volume spectrum determined with 236MeV pions

all feature a σ appearing as a broad resonance, but the pole

position is not precisely determined, showing variation with

parametrization choice. We believe that this comes about

because our parametrizations, while maintaining elastic

unitarity, do not necessarily respect the analytical constraints

placed on them by causality and crossing symmetry. In the

future, we plan to adapt dispersive approaches so that they

are applicable to describing the lattice data, and we expect

this will allow us to pin down the σ pole position with

precision directly from QCD.

With constrained amplitude forms in hand, it will

become appropriate to perform calculations with lighter

u, d quarks, such that we move closer to the physical pion

mass, in order to make direct comparison with the

experimental situation. It will also be useful to examine

pion masses between the 236 and 391MeV considered here

to determine how the transition we have observed from

bound state to resonance is manifested—a suggestion from

unitarized chiral perturbation theory [30] has the coupling

g
σππ

, which one might conclude from Fig. 5 is approx-

imately independent of quark mass, having a divergent

behavior somewhere near m
π
∼ 300 MeV.

Our calculational techniques allow us to determine

finite-volume spectra above the KK̄ threshold, and by

considering such energies within a coupled-channel analy-

sis, we expect to be able to study any f0ð980Þ-like
resonance that may appear. Such a state is anticipated as

an isospin partner of the a0 resonance which we observed

near the KK̄ threshold in a recent 391 MeV pion mass

calculation [25]. A comprehensive study of the light scalar

meson nonet (σ, κ, a0, f0) within first-principles QCD will

then be possible. The finite-volume approach can also be

extended to study the coupling of these states to external

currents [26,27,31–36]—by examining the current virtuality

dependence of the form factors evaluated at the resonance

pole, we expect to be able to infer details of the constituent

structure of the scalar mesons.

We thank our colleagues within the Hadron Spectrum

Collaboration and, in particular, thank Bálint Joó for help.

We also thank Kate Clark for use of the QUDA codes.
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FIG. 5. Upper panel: t-matrix pole positions for a variety of

parametrizations: K-matrix pole-plus-polynomial forms (1a)–

(1c) with and (2) without Chew-Mandelstam phase space and/

or (3a),(3b) Adler zero [29], (4) relativistic Breit-Wigner, and

(5) effective range expansion. See the Supplemental Material for

a full description [28]. Green points: bound-state pole (physical

sheet) at m
π
¼ 391 MeV. Red points: resonant pole (unphysical

sheet) at m
π
¼ 236 MeV. Black point: Resonant pole from

dispersive analysis of experimental data (conservative average

presented in Ref. [5]). Lower panel: Coupling g
σππ

from t-matrix

residue at the pole—points from various parametrizations are

shifted horizontally for clarity.
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IV. Conclusions

• The light scalar mesons are awkward in the traditional static quark
model, due to their low masses and the unusual mass pattern.

• An ingenious way out were the tetraquarks proposed by Jaffe in
the context of the MIT bag model, due to very large negative
mass shifts for the lowest nonet of scalars from the colour-spin
“hyperfine” interaction.

• However, such tetraquark approaches usually neglect the probably
large dynamical effects of decay to S-wave two-meson channels.

• The Helsinki and Nijmegen unitarised models showed long ago
that unitarisation effects can be large enough to explain the light
scalars, via the generation of additional, dynamical states.

• In particular, in 1986 the Nijmegen model predicted a complete
light scalar nonet with masses and widths still compatible with
present-day PDG values, using parameters fixed in previous work.

• Very recent lattice results by the JLab and Graz groups lend sup-
port to this picture of scalar mesons as qq̄ states with large meson-
meson admixtures.




