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m fix Polyakov line holonomies Uy(X,0) = P, (temporal
gauge) and integrate out all other d.o.f.

e5°(P) = [ DUp(,0) DU, DYTL, 0[Py — Up(%,0)]e |
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QCD phase diagram from the lattice

Effective Polyakov Line Action
m map LGT to Polyakov line action (SU(3) spin) model

m fix Polyakov line holonomies Uy(X,0) = P, (temporal
gauge) and integrate out all other d.o.f.

eSP(P) = [ DUp(X, 0) DUk DY ], 0[P« — Uo(X, 0)]eSt

J

m derive Sp at =0, for i > 0 we have (true to all orders of
strong coupling/hopping parameter expansion)

Sh(Px, PL) = SE=°[eMr Py, e Nt P]

)

m hard to compute exp[Sp(Py)] directly, but action ratios are
easily computed as expectation values — relative weights

via derivatives of Sp w.r.t. Fourier components a, of Py
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m setting a particular ax = 0, we construct from the resulting

configuration Py = Py — eikx Zy pye—iky/L3
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m setting a particular ax = 0, we construct from the resulting

configuration Py = Py — eikx Zy pye—iky/L3

P; = (C(+ Aa/z)eikx L fijx and P)/(, =S (a — Aa/2)eikx + fijx J
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m setting a particular ax = 0, we construct from the resulting

configuration Py = Py — eikx Zy pye—iky/L3

P. = (a4 Aa/2)e*™ 4 fP, and P! = (a — Aa/2)e™™ + FP, J

m effective Polyakov line action motivated by heavy-dense
action, where h is some inverse power of hopping
parameter and satisfies the Pauli exclusion principle
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m setting a particular ax = 0, we construct from the resulting
configuration P, = P, — e/ >, P,e~iky /13
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m effective Polyakov line action motivated by heavy-dense
action, where h is some inverse power of hopping
parameter and satisfies the Pauli exclusion principle
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m setting a particular ax = 0, we construct from the resulting
configuration Py = P, — e Zy Pye_lky/L3

P, = (a+ Aa/2)e™ + P, and P = (a — Aa/2)e™ + P, |

m effective Polyakov line action motivated by heavy-dense
action, where h is some inverse power of hopping
parameter and satisfies the Pauli exclusion principle

Ser[Px] = Zx7y P«K(x — y)Py
+p 3, log(1 + het/ T Tr[P.] + h2e*/ T Tr[Pi] + K33/ T)
log(1 + e~/ T Tr[P,] + h2e=24/T Tr[PJ] + h3e=34/T)

m determine K(x — y) and h from fitting to lattice data

5(52)a=a = 2K(K)a + £ X, (3he™ + 3h2e=** 4 c.c.) |
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Fitting to lattice data
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Fourier transform K(k) to K(r)
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Finite size cutoff R.,; for K(r)
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Solve sign problem for the effective action

m remaining sign problem can be solved by mean field theory
(see also Splittorff and Greensite, 2012)
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Solve sign problem for the effective action

m remaining sign problem can be solved by mean field theory
(see also Splittorff and Greensite, 2012)

m treatment of SU(3) spin models at finite x is a minor
variation of standard mean field theory at zero p

m basic idea is that each spin is effectively coupled to the
average spin on the lattice, not just nearest neighbors

S8 = 3Ty TP UK (x — y) + S, T TULK(O)] |

m we introduce two magnetizations u, v for TrU and TrUf

TrUy = (TrUy — u) + u , TrUL = (TrUS — v) + v |
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s9 = é;‘a KO (T + uTrUL) — vt

+ é ZX: Tr[UTrUIK (0) + Eo

with By = 3, (TrUs — u)(TrUJ — v)K(x — y)
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S = ;);) K(X)[XX:(VTrUX + uTrUf) — uvl3)

+ é XX: Tr[UTrUIK (0) + Eo

with By = 3, (TrUs — u)(TrUJ — v)K(x — y)

m if we drop Ey the total action (including p # 0) is local and
group integrations can be carried out analytically
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S = ;);) K(X)[XX:(VTrUX + uTrUf) — uvl3)

+ é XX: Tr[UTrUIK (0) + Eo

with By = 3, (TrUs — u)(TrUJ — v)K(x — y)

m if we drop Ey the total action (including p # 0) is local and
group integrations can be carried out analytically

m parameters u and v are chosen such that Ey can be treated
as a perturbation, (Ep) = 0 when u = (TrU,), v = (TrU})

m equivalent to the stationarity of the mean field free energy
with respect to variations in v and v — solve numerically
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with A= Jov, B = Jou, Jo = > .20 K(x)/9 and

G(A,B):D(u, oA aB> Z det[ Ufs/o[zx/E]],

where [y is a Bessel function and D,-j- is the i, j-th component
of a matrix of differential operators

DS — Di,j+5 s> 0
Di+|5|j s<0 ’

i—=j .

D. — (88) . 2]
i = o\

13.3.2018 Excited QCD 2018, Kopaonik, Serbia 10



" =4/ BERGISCHE
UNIVERSITAT QCD phase diagram from the lattice
| #27  \wuPPERTAL

Simulation parameters and mean field results

for effective Polyakov line actions derived from LGT

on 163x6 lattices with Wilson gauge action and

dynamical staggered fermions with mg = 695MeV

scale setting via a from Necco-Sommer expression

we keep N; = 6 and my; = 695MeV fixed and vary T via
a0 = K(x =0)/9, Jo = 3,20 K(x)/9, note small h!!!

B |TMeV]| a[fm] ma (P) K(0) ao Jo [h(mfd)| up/T [uMeV]
5.63 163 0.201 | 0.711 |0.00188| 7.648 |-0.0079 | 0.6803 [0.00183 - -
5.66 176 0.187 | 0.660 |0.00318| 8.764 |-0.0201| 0.8224 [0.00184| 5.425 955
5.68 184 0.178 | 0.630 |0.00558| 9.069 |-0.0192| 0.8381 [0.00288| 5.075 934
5.70 193 0.170 | 0.601 |0.01198| 9.382 |-0.0256 | 0.8646 [0.00513| 4.625 893
5.73 206 0.159 | 0.561 |0.05734| 10.221 |-0.0360 | 0.8709 [0.01527| 3.525 726
5.75 216 0.152 | 0.536 |0.07235| 9.851 |-0.0334| 0.8608 [0.02971| 2.825 610
5.77 226 0.145 | 0.513 |0.08354| 9.760 |-0.0380 | 0.7753 |0.03940| 1.125 254
5.775 229 0.144 | 0.508 |0.08522| 9.719 [-0.0364 | 0.7920 |0.03530| 1.825 418
5.78 231 0.142 | 0.502 |0.08703| 9.834 [-0.0454 | 0.7622 |0.04515| 0.775 179
5.80 241 0.136 | 0.482 |0.09332| 10.039 |-0.0438| 0.7623 |0.04639| 0.675 163
5.85 267 0.123 | 0.435 |0.10992| 10.151 |-0.0540 | 0.6850 [0.07716 - -

13.3.2018 Excited QCD 2018, Kopaonik, Serbia 11
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Finite temperature transition at ;1 =0
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Free energy f.r/ T = Jyuv — log G(A, B)
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Number density n = (0G/0u)/G

number density
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Preliminary Phase Diagram
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m tricky because of different lattice fermions, number of
flavors and quark masses
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Comparison to other methods

m tricky because of different lattice fermions, number of
flavors and quark masses

m analytical continuation from imaginary u (M. d’Elia and
M.-P. Lombardo, 2003)

m four flavors of staggered quarks, ma = 0.05

2
w T(u)=Te(1— 0.0212“T2 ), fit Te ~ 220MeV
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Comparison to other methods

m tricky because of different lattice fermions, number of
flavors and quark masses

m analytical continuation from imaginary u (M. d’Elia and
M.-P. Lombardo, 2003)

m four flavors of staggered quarks, ma = 0.05

2
w T(u)=Te(1— 0.0212“T2 ), fit Te ~ 220MeV

m heavy-dense complex Langevin (G. Aarts, F. Attanasio, B.
Jager, and D. Sexty, 2016)

m two flavors of Wilson fermions, x = 0.04 (heavy!)

1 1w
T(p) = 481(1 — ?) —279.3(1 — P)2

[

0 0
m 1o = —log(2k) motivated by hopping parameter expansion
m take a pg to give the closest fit to our data
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Analytical Continuation from imaginary p
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Heavy-dense Complex Langevin
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Conclusions

m determined effective Polyakov line action for staggered
fermions with mg = 695MeV with standard Wilson gauge
action for a range of gauge couplings on 163 x 6 lattices
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Conclusions

m determined effective Polyakov line action for staggered
fermions with mg = 695MeV with standard Wilson gauge
action for a range of gauge couplings on 163 x 6 lattices

m good agreement for the Polyakov line correlators computed
in the effective theory and underlying lattice gauge theory
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Conclusions

m determined effective Polyakov line action for staggered
fermions with mg = 695MeV with standard Wilson gauge
action for a range of gauge couplings on 163 x 6 lattices

m good agreement for the Polyakov line correlators computed
in the effective theory and underlying lattice gauge theory

m solved sign problem for the effective theory by mean field
and find a phase transition line and correct density limit

m good agreement with analytical continuation from
imaginary p (d’Elia and Lombardo, 2003)

m comparison to heavy dense complex Langevin and other
methods tricky because of different lattice fermions,
number of flavors and quark masses
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Discussion

m second critical endpoint suggests heavy quark regime or
maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)
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Discussion

m second critical endpoint suggests heavy quark regime or
maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)

m simple PLA ansatz may not hold on finer lattices (diverging
interaction range) and for lighter quarks?
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maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)

m simple PLA ansatz may not hold on finer lattices (diverging
interaction range) and for lighter quarks?

m Polyakov lines in higher representations, trilinear couplings,
etc., maybe required at higher densities?

m higher order (multi-body interactions) and chiral /center
symmetry breaking terms suppressed by small h?
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second critical endpoint suggests heavy quark regime or
maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)

simple PLA ansatz may not hold on finer lattices (diverging
interaction range) and for lighter quarks?

Polyakov lines in higher representations, trilinear couplings,
etc., maybe required at higher densities?

higher order (multi-body interactions) and chiral/center
symmetry breaking terms suppressed by small h?

can the mean-field PLA still locate transition lines and
determine critical properties reliably?

Excited QCD 2018, Kopaonik, Serbia 23



[ =4 BERGISCHE
UNIVERSITAT QCD phase diagram from the lattice
= WUPPERTAL

Discussion

13.3.2018

second critical endpoint suggests heavy quark regime or
maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)

simple PLA ansatz may not hold on finer lattices (diverging
interaction range) and for lighter quarks?

Polyakov lines in higher representations, trilinear couplings,
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Discussion

m second critical endpoint suggests heavy quark regime or
maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)

m simple PLA ansatz may not hold on finer lattices (diverging
interaction range) and for lighter quarks?

m Polyakov lines in higher representations, trilinear couplings,
etc., maybe required at higher densities?

m higher order (multi-body interactions) and chiral /center
symmetry breaking terms suppressed by small h?

m can the mean-field PLA still locate transition lines and

determine critical properties reliably?
m supplement RW and MF approach with other methods, e.g.
m inverse Monte-Carlo (Wozar et al., Bahrampour et al.)
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Discussion

13.3.2018

second critical endpoint suggests heavy quark regime or
maybe quark-hadron continuity (smooth superfluid nuclear
to superconducting quark matter transition)

simple PLA ansatz may not hold on finer lattices (diverging
interaction range) and for lighter quarks?

Polyakov lines in higher representations, trilinear couplings,
etc., maybe required at higher densities?

higher order (multi-body interactions) and chiral/center
symmetry breaking terms suppressed by small h?

can the mean-field PLA still locate transition lines and

determine critical properties reliably?
supplement RW and MF approach with other methods, e.g.
m inverse Monte-Carlo (Wozar et al., Bahrampour et al.)
m strong coupling effective PLA (G. Bergner, J. Langelage, O.
Philipsen)
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Questions?
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