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Â

a µ
(ζ

)] |0〉
] −

1

G
e

n
e

ra
liz

e
d

re
n

o
rm

a
liz

a
tio

n

O r
e
n
(χ

,.
..
)
=

Z
χ
Z

R
O(

χ
,.

..
)

xx



O
n

e
-g

lu
o

n
e

xc
h

a
n

g
e

sf
o

rt
h

e
g

e
n

e
ra

liz
e

d
m

ul
tip

lic
a

tiv
e

re
n

o
rm

a
liz

a
tio

n
fa

c
to

r

(a
)

(b
)

+
(h

.c
.)

(c
)

(d
)

p

n
−

Fi
g

ur
e

1:
O

n
e

-g
lu

o
n

e
xc

h
a

n
g

e
s

fo
r

th
e

g
e

n
e

ra
liz

e
d

m
u

lti
p

lic
a

tiv
e

re
n

o
rm

a
liz

a
tio

n
fa

c
to

r

xxi



O
n

e
-g

lu
o

n
e

xc
h

a
n

g
e

sf
o

rt
h

e
g

e
n

e
ra

liz
e

d
m

ul
tip

lic
a

tiv
e

re
n

o
rm

a
liz

a
tio

n
fa

c
to

r

(a
)

(b
)

+
(h

.c
.)

(c
)

(d
)

p

n
−

G
e

n
e

ra
liz

e
d

re
n

o
rm

a
liz

a
tio

n
c

o
n

st
a

n
t

re
a

d
s

Ẑ
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Ẑ

m
o
d
(µ

,α
s
,p

+
)

=
3 4
α

s π
C

F
+

O
(α

2 s
)

xxii



Re
n

o
rm

a
liz

a
tio

n
g

ro
up

e
q

ua
tio

n
s

B
,Γ

.
o

ff-
lig

h
t-

c
o

n
e

a
n

d
d

ire
c

t
lin

k

µ
d d
µ
F [

v
,
v
0
]
=

γ
0
F [

v
,
v
0
]

,
γ
0

=
3 4

α
s
C

F

π
+

O
(α

2 s
)

e
xt

ra
c

tio
n

o
ft

h
e

so
ft

fa
c

to
r F [

v
]
→
F [

v
]
·R

−
1

v

µ
d d
µ

[ F
[
v

]
·R

−
1

v

] =
(γ

0
−

γ
R
)

[ F
[
v

]
·R

−
1

v

]

γ
R

—
a

n
o

m
a

lo
us

d
im

e
n

sio
n

o
ft

h
e

so
ft

fa
c

to
r

xxiii



A
.

p
u

re
lig

h
t-

c
o

n
e

µ
d d
µ
F [

n
]
=

(γ
0
−

γ
c
u
sp

)
F [

n
]

g
e

n
e

ra
liz

e
d

re
n

o
rm

a
liz

a
tio

n
“r

e
st

o
re

s”
th

e
a

n
o

m
a

lo
u

s
d

im
e

n
sio

n

F [
n
](
η
)
→
F [

n
](
η
)
·R

−
1
(η

)

µ
d d
µ

[ F
[
n

]
·R

−
1

n

] =
γ
0

[ F
[
n

]
·R

−
1

n

]

xxiv



A
.

p
u

re
lig

h
t-

c
o

n
e

w
ith

M
a

n
d

e
lst

a
m

-L
e

ib
b

ra
n

d
t

p
re

sc
rip

tio
n

µ
d d
µ

[ FM
L

[
n

]
·R

−
1

n

] =
µ

d d
µ
FM

L
[
n

]
=

γ
0

[ FM
L

[
n

]
·R

−
1

n

] =
γ
0
FM

L
[
n

]

a
n

o
m

a
lo

us
d

im
e

n
sio

n
w

ith
o

ut
lig

h
t-

c
o

n
e

a
rt

ifa
c

ts
fro

m
th

e
ve

ry
b

e
g

in
n

in
g

!

xxv



G
e

n
e

ra
liz

e
d

d
e

fin
iti

o
n

o
fT

M
D

:

F [
n
]
(x

,k
⊥
)
·R

−
1

n
=

1 2

∫
d
ξ−

d
2
ξ

⊥
2π

(2
π
)2

e−
ik

+
ξ
−

+
ik
⊥
·ξ
⊥
〈h
| ψ̄

(ξ
−
,ξ

⊥
)[

ξ−
,ξ

⊥
;∞

−
,ξ

⊥
]† [n

]

×[
∞
−
,ξ

⊥
;∞

−
,∞

⊥
]† [l

]
γ

+
[∞

−
,∞

⊥
;∞

−
,0

⊥
] [l

]
[∞

−
,0

⊥
;0
−
,0

⊥
] [n

]ψ
(0
−
,0

⊥
)|h
〉×

×[ SO
F
T

FA
C

T
O

R
] −

1

SO
F
T

FA
C

T
O

R
=

〈0
|P

ex
p

[ ig

∫ C c
u
sp

d
ζ

µ
ta

A
a µ
(ζ

)] ·P
−

1
ex

p
[ −

ig

∫ C′
c
u
sp

d
ζ

µ
ta

A
a µ
(ξ

+
ζ
)] |0〉

xxvi



G
e

n
e

ra
liz

e
d

-t
o

-g
e

n
e

ra
liz

e
d

d
e

fin
iti

o
n

o
fT

M
D

:P
a
u

li
S

p
in

I
n

te
r
a
c
ti

o
n

s

IC
h

,A
.I.

Ka
ra

n
ik

a
s,

N
.G

.S
te

fa
n

is:
20

10

G
a

u
g

e
p

o
te

n
tia

lA
a µ

is
sp

in
-b

lin
d
→

g
e

n
e

ra
liz

e
d

c
o

n
c

e
p

tio
n

o
fg

a
ug

e
in

va
ria

n
c

e
h

a
s

to
in

c
lu

d
e

c
o

up
lin

g
to

sp
in

n
in

g
p

a
rt

ic
le

s
in

te
rm

s
o

ft
h

e
Pa

ul
it

e
rm
∼

F
µ

ν
S

µ
ν
,w

ith
th

e
sp

in
o

p
e

ra
to

rS
µ

ν
=

1 4
[γ

µ
,
γ

ν
]:

•
En

h
a

n
c

e
d

lig
h

tli
ke

g
a

ug
e

lin
k

w
ith

Pa
ul

it
e

rm
:

[[
∞

−
,
0 ⊥

;
0
−
,
0 ⊥

]]
=
P

e
x
p

[ −
ig

∫
∞

0

d
σ

u
µ
A

µ a
(u

σ
)t

a
−

ig

∫
∞

0

d
σ

S
µ

ν
F

µ
ν

a
(u

σ
)t

a

]

•
En

h
a

n
c

e
d

tr
a

n
sv

e
rs

e
g

a
ug

e
lin

k
w

ith
Pa

ul
it

e
rm

:

[[
∞

−
,
∞

⊥
;
∞

−
,
0 ⊥

]]
=
P

e
x
p

[ −
ig

∫
∞

0

d
τ
l ⊥
·A

a ⊥
(l

τ
)t

a
−

ig

∫
∞

0

d
τ
S

µ
ν
F

µ
ν

a
(l

τ
)t

a

]

xxvii



(∞
−
,~ 0

⊥
)

(0
−
,~ 0

⊥
)

(ξ
−
,
~ ξ ⊥

)
(∞

−
,
~ ξ ⊥

)

P
P

xxviii



•
C

o
llin

e
a

rP
D

F
fro

m
TM

D
s:

D
e

fin
iti

o
n

A
re

p
ro

d
uc

e
s

th
e

D
G

LA
P

e
vo

lu
tio

n
a

ft
e

ri
n

te
g

ra
tio

n
:

∫̃ d
2
k
⊥
F [

n
](
x
,k
⊥
,µ

)
=

F
[
n

](
x
,µ

)

µ
d d
µ

F
[
n

]
=
K D

G
L
A

P
⊗

F
[
n

]

D
e

fin
iti

o
n

B
fa

ils
to

re
p

ro
d

uc
e

th
e

D
G

LA
P

e
vo

lu
tio

n
a

ft
e

ri
n

te
g

ra
tio

n
:

∫̃ d
2
k
⊥
F [

v
](
x
,k
⊥
,µ

)
=

F
[
v

](
x
,µ

)

µ
d d
µ

F
[
v

]
=
K v

⊗
F

[
v

]
,
K v
6=K

D
G

L
A

P

xxix



F
U

L
L

(?
)

S
E

T
of

th
e

E
V

O
L

U
T

I
O

N
E

Q
U

A
T

I
O

N
S

f
or

T
M

D

•
U

V
-e

vo
lu

tio
n

(in
th

e
in

te
g

ra
te

d
c

a
se

—
D

G
LA

P)

µ
d d
µ
P(

x
,k
⊥
,µ

,ζ
)

=
K U

V
⊗
P(

x
,k
⊥
,µ

,ζ
)

•
ra

p
id

ity
e

vo
lu

tio
n

(C
o

llin
s-

So
p

e
r)

ζ
d d
ζ
P(

x
,k
⊥
,µ

,ζ
)

=
K C

S
⊗
P(

x
,k
⊥
,µ

,ζ
)

•
BF

KL
e

vo
lu

tio
n
→

C
o

llin
s-

So
p

e
r?

x
d d
x
P(

x
,k
⊥
,µ

,ζ
)

=
K B

F
K

L
⊗
P(

x
,k
⊥
,µ

,ζ
)

•
...

?

xxx



C
ur

re
n

t
p

ro
b

le
m

s:

•
Q

C
D

fa
c

to
riz

a
tio

n
w

ith
in

th
e

TM
D

a
p

p
ro

a
c

h
:

F
st

ru
c
tu

re
fu

n
c
ti

o
n

=
H

h
a
rd
⊗
F

d
is

tr
ib

u
ti

o
n
⊗
F

fr
a
g
m

e
n
ta

ti
o
n
⊗

S
so

ft

—
e

xp
e

c
te

d
,b

u
t

n
o

t
p

ro
ve

d
so

fa
r;

[s
o

m
e

c
o

un
te

r-e
xa

m
p

le
s

a
re

kn
o

w
n

]

•
O

p
e

ra
to

rd
e

fin
iti

o
n

o
fT

M
D

s:
e

xt
ra

[o
v
e
rl

a
p
p
in

g
=

U
V
⊗

ra
p
id

it
y
]

d
iv

e
rg

e
n

c
e

s
→

sa
tis

fa
c

to
ry

in
th

e
o

n
e

-lo
o

p
o

rd
e

r
(g

e
n

e
ra

liz
e

d
re

n
o

rm
a

liz
a

tio
n

);
h

ig
h

e
r

o
rd

e
rs

to
b

e
st

ud
ie

d

•
Ve

ry
c

o
m

p
lic

a
te

d
st

ru
c

tu
re

o
fg

a
ug

e
lin

ks
→

n
o

n
-u

n
iv

e
rs

a
lit

y
o

fT
M

D
s

•
Ev

o
lu

tio
n

e
q

u
a

tio
n

s
fo

r
TM

D
:

(i)
U

V
e

vo
lu

tio
n

,
(ii

)
ra

p
id

ity
C

o
llin

s-
So

p
e

r
e

vo
lu

tio
n

,
(ii

i)
sm

a
ll-

X
BF

KL
[?

]
e

vo
lu

tio
n

—
fu

ll
se

t
o

f
th

e
e

vo
lu

tio
n

e
q

ua
tio

n
s:

[n
o

t
kn

o
w

n
so

fa
r]

•
Re

la
tio

n
sh

ip
b

e
tw

e
e

n
(u

n
in

te
g

ra
te

d
)

TM
D

s
a

n
d

c
o

llin
e

a
r(

in
te

g
ra

te
d

)
PD

Fs
:

[n
o

t
kn

o
w

n
so

fa
r]

•
Ro

le
o

ft
h

e
so

ft
fa

c
to

r:
d

iff
e

re
n

t
w

ith
in

d
iff

e
re

n
t

fra
m

e
w

o
rk

s

•
La

tt
ic

e
sim

u
la

tio
n

s:
p

ro
b

le
m

s
w

ith
lig

h
t-

lik
e

g
a

ug
e

lin
ks

•
...

A
LO

T
O

F
W

O
RK

IN
FR

O
N

T
O

F
U

S!

xxxi



T
M

D
R

O
A

D
M

A
P

xxxii



Fi
e

ld
-t

h
e

o
re

tic
a

n
a

ly
sis

o
f

T
M

D

is
in

p
ro

g
re

ss
!

xxxiii



IC
h

.,
A

.K
a

ra
n

ik
a

s,
N

.S
te

fa
n

is:

•
N

uc
l.

Ph
ys

.
B

84
0

(2
01

0)
37

9

IC
h

.,
N

.S
te

fa
n

is:

•
A

IP
C

o
nf

.
Pr

o
c

.1
10

5
(2

00
9)

32
7

•
M

o
d

.
Ph

ys
.

Le
tt

A
24

(2
00

9)
29

13
•

Ph
ys

.
Re

v.
D

80
(2

00
9)

05
40

08
•

N
uc

l.
Ph

ys
.

B
80

2
(2

00
8)

14
6

•
Ph

ys
.

Re
v.

D
77

(2
00

8)
09

40
01

•
a

rX
iv

:
1

0
0

8
.0

7
2

5
[h

e
p

-p
h

]

•
a

rX
iv

:
0

9
1

1
.1

0
3

1
[h

e
p

-p
h

]

•
a

rX
iv

:
0

8
1

1
.4

3
5

7
[h

e
p

-p
h

]

•
a

rX
iv

:
0

8
0

9
.5

2
3

5
[h

e
p

-p
h

]

•
a

rX
iv

:
0

8
0

9
.1

3
1

5
[h

e
p

-p
h

]

•
a

rX
iv

:
0

8
0

8
.3

3
9

0
[h

e
p

-p
h

]

xxxiv


