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Figure 14-12. The overall 95% CL for ( , ) in 1998, including the limits on via the
amplitude measurements (described in the text). Each contour is a 95% CL obtained with one fixed
set of theoretical parameters. These parameters are scanned within the boundaries of Table 14-3
and the set of all these contours represents the best constraints on and at 95% CL. Also
shown (for illustrative purposes only) as dotted lines, are the individual constraints brought by the
different measurements: they are obtained by varying coherently all the uncertainties (experimental
and theoretical) to produce the maximum and minimum variation in this plane. For , the
dotted line represents the constraint obtained by taking the ratio using simply the limit

and the upper value of .
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[BELLE2-NOTE-PH-2015-002, retrieved from B2TiP]

VII. SUMMARY OF THE SENSITIVITY FOR SELECTED OBSERVABLES

TABLE XXXVIII: Expected errors on several selected observables with an integrated
luminosity of 5 ab�1 and 50 ab�1 of Belle II data. The current results (from Belle) are also
given. Ls denotes the approximate integrated luminosity at which the statistical precision
of a given observable will match its systematic uncertainty. Errors given in % represent

relative errors.

Observables Belle Belle II Ls

(2014) 5 ab�1 50 ab�1 [ab�1]
sin 2⇥ 0.667± 0.023± 0.012 ±0.012 ±0.008 6
� ±2⇤ ±1⇤

⇤ ±14⇤ ±6⇤ ±1.5⇤

S(B ⌅ ↵K0) 0.90+0.09
�0.19 ±0.053 ±0.018 >50

S(B ⌅ ⌅⌅K0) 0.68± 0.07± 0.03 ±0.028 ±0.011 >50
S(B ⌅ K0

SK0
SK0

S) 0.30± 0.32± 0.08 ±0.100 ±0.033 44
|Vcb| incl. ±2.4% ±1.0% < 1
|Vcb| excl. ±3.6% ±1.8% ±1.4% < 1
|Vub| incl. ±6.5% ±3.4% ±3.0% 2
|Vub| excl. (had. tag.) ±10.8% ±4.7% ±2.4% 20
|Vub| excl. (untag.) ±9.4% ±4.2% ±2.2% 3
B(B ⌅ ⌦⌃) [10�6] 96± 26 ±10% ±5% 46
B(B ⌅ µ⌃) [10�6] < 1.7 5 >> 5 >50
R(B ⌅ D⌦⌃) ±16.5% ±5.6% ±3.4% 4
R(B ⌅ D⇥⌦⌃) ±9.0% ±3.2% ±2.1% 3
B(B ⌅ K⇥+⌃⌃) [10�6] < 40 ±30% >50
B(B ⌅ K+⌃⌃) [10�6] < 55 ±30% >50
B(B ⌅ Xs⇤) [10�6] ±13% ±7% ±6% < 1
ACP (B ⌅ Xs⇤) ±0.01 ±0.005 8
S(B ⌅ K0

S⌥
0⇤) �0.10± 0.31± 0.07 ±0.11 ±0.035 > 50

S(B ⌅ �⇤) �0.83± 0.65± 0.18 ±0.23 ±0.07 > 50
C7/C9 (B ⌅ Xs⇡⇡) ⇤20% 10% 5%
B(Bs ⌅ ⇤⇤) [10�6] < 8.7 ±0.3
B(Bs ⌅ ⌦+⌦�) [10�3] < 2
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TABLE XXXIX: Continued from previous page.

Observables Belle Belle II Ls

(2014) 5 ab�1 50 ab�1 [ab�1]
B(Ds ⌅ µ⇤) 5.31⇥ 10�3(1± 0.053± 0.038) ±2.9% ±(0.9%-1.3%) > 50
B(Ds ⌅ ⌅⇤) 5.70⇥ 10�3(1± 0.037± 0.054) ±(3.5%-4.3%) ±(2.3%-3.6%) 3-5
yCP [10�2] 1.11± 0.22± 0.11 ±(0.11-0.13) ±(0.05-0.08) 5-8
A� [10�2] �0.03± 0.20± 0.08 ±0.10 ±(0.03-0.05) 7 - 9
AK+K�

CP [10�2] �0.32± 0.21± 0.09 ±0.11 ±0.06 15
A⇥+⇥�

CP [10�2] 0.55± 0.36± 0.09 ±0.17 ± 0.06 > 50
A⇤�

CP [10�2] ± 5.6 ±2.5 ±0.8 > 50
xKS⇥+⇥� [10�2] 0.56± 0.19± 0.07

0.13 ±0.14 ±0.11 3
yKS⇥+⇥� [10�2] 0.30± 0.15± 0.05

0.08 ±0.08 ±0.05 15
|q/p|KS⇥+⇥� 0.90± 0.16

0.15 ±
0.08
0.06 ±0.10 ±0.07 5-6

⇧KS⇥+⇥� [⇥] �6± 11± 4
5 ±6 ±4 10

A⇥0⇥0

CP [10�2] �0.03± 0.64± 0.10 ±0.29 ±0.09 > 50

A
K0

S⇥0

CP [10�2] �0.10± 0.16± 0.09 ±0.08 ±0.03 > 50
Br(D0 ⌅ ��) [10�6] < 1.5 ±30% ±25% 2

⌅ ⌅ µ� [10�9] < 45 < 14.7 < 4.7
⌅ ⌅ e� [10�9] < 120 < 39 < 12

⌅ ⌅ µµµ [10�9] < 21.0 < 3.0 < 0.3
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Table 27: Statistical sensitivities of the LHCb upgrade to key observables. For each observable the expected sensitivity is
given for the integrated luminosity accumulated by the end of LHC Run 1, by 2018 (assuming 5 fb�1 recorded during Run
2) and for the LHCb Upgrade (50 fb�1). An estimate of the theoretical uncertainty is also given – this and the potential
sources of systematic uncertainty are discussed in the text.

Type Observable LHC Run 1 LHCb 2018 LHCb upgrade Theory
B0

s mixing ⌃s(B0
s ⇥ J/⌥⌃) (rad) 0.049 0.025 0.009 � 0.003

⌃s(B0
s ⇥ J/⌥ f0(980)) (rad) 0.068 0.035 0.012 � 0.01
Asl(B0

s ) (10
�3) 2.8 1.4 0.5 0.03

Gluonic ⌃e⇥
s (B0

s ⇥ ⌃⌃) (rad) 0.15 0.10 0.018 0.02
penguin ⌃e⇥

s (B0
s ⇥ K⇥0K̄⇥0) (rad) 0.19 0.13 0.023 < 0.02

2�e⇥(B0 ⇥ ⌃K0
S) (rad) 0.30 0.20 0.036 0.02

Right-handed ⌃e⇥
s (B0

s ⇥ ⌃⇥) (rad) 0.20 0.13 0.025 < 0.01
currents ⇧ e⇥(B0

s ⇥ ⌃⇥)/⇧B0
s

5% 3.2% 0.6% 0.2%
Electroweak S3(B0 ⇥ K⇥0µ+µ�; 1 < q2 < 6GeV2/c4) 0.04 0.020 0.007 0.02
penguin q20 AFB(B0 ⇥ K⇥0µ+µ�) 10% 5% 1.9% � 7%

AI(Kµ+µ�; 1 < q2 < 6GeV2/c4) 0.09 0.05 0.017 � 0.02
B(B+ ⇥ ⌅+µ+µ�)/B(B+ ⇥ K+µ+µ�) 14% 7% 2.4% � 10%

Higgs B(B0
s ⇥ µ+µ�) (10�9) 1.0 0.5 0.19 0.3

penguin B(B0 ⇥ µ+µ�)/B(B0
s ⇥ µ+µ�) 220% 110% 40% � 5%

Unitarity ⇥(B ⇥ D(⇥)K(⇥)) 7⇧ 4⇧ 0.9� negligible
triangle ⇥(B0

s ⇥ D⌅
s K

±) 17⇧ 11⇧ 2.0� negligible
angles �(B0 ⇥ J/⌥K0

S) 1.7⇧ 0.8⇧ 0.31� negligible
Charm A�(D0 ⇥ K+K�) (10�4) 3.4 2.2 0.4 –

CP violation �ACP (10�3) 0.8 0.5 0.1 –
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[LHCb-PUB-2014-040]

n.b.: LHCb making key contributions (Bs leptonic, Λb, …)

LHCb Run 2 + upgrade projections



why we still care

• B-physics: much better precision + new channels (e.g. much more 
information on rare decays) 

• + contributions from ATLAS/CMS 

• + dedicated charm physics (BESIII running from 2011, large charm 
production cross section at Belle II, ...) 

•theory has to meet the challenge



• methodology 
- reach of lattice HQ physics 
- FLAG 

• SM tree-level decays 
- leptonic 
- semileptonic 
- CKM 

• rare decays 

• conclusions and outlook

plan



• methodology 
- reach of lattice HQ physics 
- FLAG 

• SM tree-level decays 
- leptonic 
- semileptonic 
- CKM 

• rare decays 

• conclusions and outlook

plan



M��������� L������ QCD F����� ���� ������� N
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Figure 3: The light hadron spectrum of QCD. Horizontal lines and bands are the experimental
values with their decay widths. Our results are shown by solid circles. Vertical error bars
represent our combined statistical (SEM) and systematic error estimates. π, K and Ξ have no
error bars, because they are used to set the light quark mass, the strange quark mass and the
overall scale, respectively.
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Fig. 6.1 Quark masses.

• It would allow to study QCD in di�erent conditions, such as high density or
temperature, as took place in the early universe or in very dense systems such as
neutron stars

• QCD is in some sense a model field theory for many extensions of the SM, as
well as for the lattice approach. In QCD we know where the UV fixed point lies
so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very di⌅cult since approaching the continuum limit
in controlled conditions would require

amq ⇥ 1, (6.7)

and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the e�ect of the heavy quarks
can be accurately described by an e�ective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the e�ects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the e�ect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An e⌅cient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this e�ective theory as an e⌅cient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, �̄,�] = S[U ] + SW [U, �̄,�] (6.8)

physics reach

first-principles approach = control all systematic uncertainties

L�1 ⌧ µ⌧ a�1• cover all relevant scales: 
• control scaling (exploit universality!), 

renormalisation, … 
• ultimately: get rid of cutoffs at physical 

kinematics

complement with other first-principles/systematic approaches: 
dispersion relations, effective theories, …

Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
e�ects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a� 0, L�⇥ and m� 0

Niels Bohr Institute, 16.–18. August 2006 Lattice sizes, quark masses, ... 6/31
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of the light fields only (gluons and the lighter quarks), where the e�ect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An e⌅cient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this e�ective theory as an e⌅cient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD
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• charm physics directly accessible for some time now 
• fraction of available ensembles used for HQ physics still limited
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approaches to B physics
what one would like to do

⇤/mq

a

b

c

ci



⇤/mq

a

b

c

interp/ratio
⇤/mq

a

b

c

npHQET

⇤/mq

a

b

c

NRQCD
⇤/mq

a

b

c

RHQ

(perturbatively) tuned RG 
trajectory for good scaling

effective theory used differently, different pros/cons balance: crosschecks crucial

ratios cancel systematics, 
lead to known static point

scaling window expected

non-perturbative QCD-
HQET matching at mb

approaches to B physics
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FLAG
what FLAG provides for each quantity:

• complete list of references 
• summary of relevant formulae and notation 
• quick-look summary tables 
• quality assessment of computation setup: colour-coded tables 
• averages/estimates (if sensible) 
• a “lattice dictionary” for non-experts 
• thorough appendix tables with details of all computations for experts 
• between-editions updates at http://itpwiki.unibe.ch/flag

cite the original works!

http://itpwiki.unibe.ch/flag
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the discretization. See Appendix A.4 for a brief description
of the different variants in use and some useful references.
Finally, χPT can also be used to estimate the size of finite-
volume effects measured in units of the inverse pion mass,
thus providing information on the systematic error due to
finite-volume effects in addition to that obtained by compar-
ing simulations at different volumes.

Critical slowing down:
The lattice spacings reached in recent simulations go down
to 0.05 fm or even smaller. In this regime, long autocor-
relation times slow down the sampling of the configura-
tions [66– 75]. Many groups check for autocorrelations in a
number of observables, including the topological charge, for
which a rapid growth of the autocorrelation time is observed
with decreasing lattice spacing. This is often referred to as
topological freezing. A solution to the problem consists in
using open boundary conditions in time, instead of the more
common antiperiodic ones [76]. More recently two other
approaches have been proposed, one based on a multiscale
thermalization algorithm [77] and another based on defin-
ing QCD on a nonorientable manifold [78]. The problem
is also touched upon in Sect. 9.2, where it is stressed that
attention must be paid to this issue. While large-scale simula-
tions with open boundary conditions are already far advanced
[79], unfortunately so far no results reviewed here have been
obtained with any of the above methods. It is usually assumed
that the continuum limit can be reached by extrapolation from
the existing simulations and that potential systematic errors
due to the long autocorrelation times have been adequately
controlled.

Simulation algorithms and numerical errors:
Most of the modern lattice-QCD simulations use exact algo-
rithms such as those of Refs. [80,81], which do not produce
any systematic errors when exact arithmetic is available. In
reality, one uses numerical calculations at double (or in some
cases even single) precision, and some errors are unavoid-
able. More importantly, the inversion of the Dirac operator is
carried out iteratively and it is truncated once some accuracy
is reached, which is another source of potential systematic
error. In most cases, these errors have been confirmed to
be much less than the statistical errors. In the following we
assume that this source of error is negligible. Some of the
most recent simulations use an inexact algorithm in order to
speed-up the computation, though it may produce systematic
effects. Currently available tests indicate that errors from the
use of inexact algorithms are under control.

2 Quality criteria, averaging and error estimation

The essential characteristics of our approach to the problem
of rating and averaging lattice quantities have been outlined

in our first publication [1]. Our aim is to help the reader assess
the reliability of a particular lattice result without necessarily
studying the original article in depth. This is a delicate issue,
since the ratings may make things appear simpler than they
are. Nevertheless, it safeguards against the common prac-
tice of using lattice results, and drawing physics conclusions
from them, without a critical assessment of the quality of the
various calculations. We believe that, despite the risks, it is
important to provide some compact information as regards
the quality of a calculation. We stress, however, the impor-
tance of the accompanying detailed discussion of the results
presented in the various sections of the present review.

2.1 Systematic errors and colour code

The major sources of systematic error are common to most
lattice calculations. These include, as discussed in detail
below, the chiral, continuum and infinite-volume extrapo-
lations. To each such source of error for which systematic
improvement is possible we assign one of three coloured
symbols: green star, unfilled green circle (which replaced in
Ref. [2] the amber disk used in the original FLAG review [1])
or red square. These correspond to the following ratings:

⋆ the parameter values and ranges used to generate the
datasets allow for a satisfactory control of the system-
atic uncertainties;

◦ the parameter values and ranges used to generate the
datasets allow for a reasonable attempt at estimat-
ing systematic uncertainties, which, however, could be
improved;

! the parameter values and ranges used to generate the
datasets are unlikely to allow for a reasonable control
of systematic uncertainties.

The appearance of a red tag, even in a single source of sys-
tematic error of a given lattice result, disqualifies it from
inclusion in the global average.

The attentive reader will notice that these criteria differ
from those used in Refs. [1,2]. In the previous FLAG edi-
tions we used the three symbols in order to rate the relia-
bility of the systematic errors attributed to a given result by
the paper’s authors. This sometimes proved to be a daunt-
ing task, as the methods used by some collaborations for
estimating their systematics are not always explained in
full detail. Moreover, it is sometimes difficult to disentan-
gle and rate different uncertainties, since they are inter-
woven in the error analysis. Thus, in the present edition
we have opted for a different approach: the three sym-
bols rate the quality of a particular simulation, based on
the values and range of the chosen parameters, and its
aptness to obtain well-controlled systematic uncertainties.
They do not rate the quality of the analysis performed
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from those used in Refs. [1,2]. In the previous FLAG edi-
tions we used the three symbols in order to rate the relia-
bility of the systematic errors attributed to a given result by
the paper’s authors. This sometimes proved to be a daunt-
ing task, as the methods used by some collaborations for
estimating their systematics are not always explained in
full detail. Moreover, it is sometimes difficult to disentan-
gle and rate different uncertainties, since they are inter-
woven in the error analysis. Thus, in the present edition
we have opted for a different approach: the three sym-
bols rate the quality of a particular simulation, based on
the values and range of the chosen parameters, and its
aptness to obtain well-controlled systematic uncertainties.
They do not rate the quality of the analysis performed
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Table 33 Ratios of decay constants of the B and Bs mesons (for details see Table 32)

Collaboration Refs. Nf Publication
status

Continuum
extrapolation

Chiral
extrapolation

Finite
volume

Renormalization/
matching

Heavy-quark
treatment

fBs / fB+ fBs / fB0 fBs / fB

ETM 13E [456] 2 + 1 + 1 C ⋆ ◦ ◦ ◦ " − − 1.201(25)

HPQCD 13 [52] 2 + 1 + 1 A ⋆ ⋆ ⋆ ◦ " 1.217(8) 1.194(7) 1.205(7)

RBC/UKQCD 14 [53] 2 + 1 A ◦ ◦ ◦ ◦ " 1.223(71) 1.197(50) −
RBC/UKQCD 14A [54] 2 + 1 A ◦ ◦ ◦ ◦ " − − 1.193(48)

RBC/UKQCD 13A [457] 2 + 1 C ◦ ◦ ◦ ◦ " − − 1.20(2)stat
a

HPQCD 12 [55] 2 + 1 A ◦ ◦ ◦ ◦ " − − 1.188(18)

FNAL/MILC 11 [48] 2 + 1 A ◦ ◦ ⋆ ◦ " 1.229(26) − −
RBC/UKQCD 10C [464] 2 + 1 A # # # ◦ " − − 1.15(12)

HPQCD 09 [59] 2 + 1 A ◦ ◦ ◦ ◦ " − − 1.226(26)

ALPHA 14 [57] 2 A ⋆ ⋆ ⋆ ⋆ " − − 1.203(65)

ALPHA 13 [458] 2 C ⋆ ⋆ ⋆ ⋆ " − − 1.195(61)(20)

ETM 13B, 13Cb [20,58] 2 A ⋆ ◦ ⋆ ◦ " − − 1.206(24)

ALPHA 12A [459] 2 C ⋆ ⋆ ⋆ ⋆ " − − 1.13(6)

ETM 12B [460] 2 C ⋆ ◦ ⋆ ◦ " − − 1.19(5)

ETM 11A [182] 2 A ◦ ◦ ⋆ ◦ " − − 1.19(5)

a Statistical errors only
b Update of ETM 11A and 12B
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fore we have established separate criteria forαs results, which
will be discussed in Sect. 9.2.

2.1.2 Heavy-quark actions

In most cases, and in particular for the b quark, the dis-
cretization of the heavy-quark action follows a very different
approach to that used for light flavours. There are several
different methods for treating heavy quarks on the lattice,
each with their own issues and considerations. All of these
methods use Effective Field Theory (EFT) at some point in
the computation, either via direct simulation of the EFT, or
by using EFT as a tool to estimate the size of cutoff errors, or
by using EFT to extrapolate from the simulated lattice quark
masses up to the physical b-quark mass. Because of the use
of an EFT, truncation errors must be considered together with
discretization errors.

The charm quark lies at an intermediate point between the
heavy and light quarks. In our previous review, the bulk of the
calculations involving charm quarks treated it using one of
the approaches adopted for the b quark. Many recent calcu-
lations, however, simulate the charm quark using light-quark
actions, in particular the N f = 2 + 1 + 1 calculations. This
has become possible thanks to the increasing availability of
dynamical gauge field ensembles with fine lattice spacings.
But clearly, when charm quarks are treated relativistically,
discretization errors are more severe than those of the corre-
sponding light-quark quantities.

In order to address these complications, we add a new
heavy-quark treatment category to the rating system. The
purpose of this criterion is to provide a guideline for the level
of action and operator improvement needed in each approach
to make reliable calculations possible, in principle.

A description of the different approaches to treating heavy
quarks on the lattice is given in Appendix A.1.3, includ-
ing a discussion of the associated discretization, truncation,
and matching errors. For truncation errors we use HQET
power counting throughout, since this review is focussed on
heavy-quark quantities involving B and D mesons rather than
bottomonium or charmonium quantities. Here we describe
the criteria for how each approach must be implemented
in order to receive an acceptable (!) rating for both the
heavy-quark actions and the weak operators. Heavy-quark
implementations without the level of improvement described
below are rated not acceptable ( !). The matching is evalu-
ated together with renormalization, using the renormaliza-
tion criteria described in Sect. 2.1.1. We emphasize that
the heavy-quark implementations rated as acceptable and
described below have been validated in a variety of ways,
such as via phenomenological agreement with experimental
measurements, consistency between independent lattice cal-
culations, and numerical studies of truncation errors. These
tests are summarized in Sect. 8.

Relativistic heavy-quark actions:
! at least tree-level O(a) improved action and weak opera-
tors.
This is similar to the requirements for light-quark actions. All
current implementations of relativistic heavy-quark actions
satisfy this criterion.
NRQCD
! tree-level matched through O(1/mh) and improved
through O(a2).
The current implementations of NRQCD satisfy this crite-
rion, and also include tree-level corrections of O(1/m2

h) in
the action.
HQET
! tree-level matched through O(1/mh) with discretization
errors starting at O(a2).
The current implementation of HQET by the ALPHA Col-
laboration satisfies this criterion, since both action and weak
operators are matched nonperturbatively through O(1/mh).
Calculations that exclusively use a static-limit action do not
satisfy this criterion, since the static-limit action, by defini-
tion, does not include 1/mh terms. We therefore consider
static computations in our final estimates only if truncation
errors (in 1/mh) are discussed and included in the systematic
uncertainties.

Light-quark actions for heavy quarks
! discretization errors starting at O(a2) or higher.
This applies to calculations that use the tmWilson action,
a nonperturbatively improved Wilson action, or the HISQ
action for charm-quark quantities. It also applies to calcula-
tions that use these light-quark actions in the charm region
and above together with either the static limit or with an
HQET inspired extrapolation to obtain results at the physical
b quark mass. In these cases, the continuum extrapolation
criteria described earlier must be applied to the entire range
of heavy-quark masses used in the calculation.

2.1.3 Conventions for the figures

For a coherent assessment of the present situation, the quality
of the data plays a key role, but the colour coding cannot be
carried over to the figures. On the other hand, simply showing
all data on equal footing would give the misleading impres-
sion that the overall consistency of the information available
on the lattice is questionable. Therefore, in the figures we
indicate the quality of the data in a rudimentary way, using
the following symbols:

" corresponds to results included in the average or estimate
(i.e. results that contribute to the black square below);

"# corresponds to results that are not included in the average
but pass all quality criteria;

# corresponds to all other results;
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Fig. 20 Decay constants of the B and Bs mesons. The values are taken from Table 32 (the fB entry for FNAL/MILC 11 represents fB+ ). The
significance of the colours is explained in Sect. 2. The black squares and grey bands indicate our averages in Eqs. (152), (153) and (154)

Fig. 21 Ratio of the decay constants of the B and Bs mesons. The
values are taken from Table 33 (the fB entry for FNAL/MILC 11 repre-
sents fB+ ). The significance of the colours is explained in Sect. 2. The
black squares and grey bands indicate our averages in Eqs. (152), (153)
and (154)

tuned nonperturbatively in Ref. [476] by requiring that the
spin-averaged Bs-meson mass, MBs = (MBs + 3MB∗

s
)/4,

and the hyperfine splitting, !MBs
= MB∗

s
− MBs equal the

PDG values, and that the lattice rest and kinetic meson masses
are equal. Statistical uncertainties in the tuned parameters are
propagated to the decay constants via jackknife resampling.
Simulations with different values of the RHQ parameters are
used to estimate the remaining uncertainties in the decay con-
stants from the tuning procedure. Regarding valence light-
and strange-quarks, the authors of RBC/UKQCD 14 adopt
exactly the same domain-wall discretization as that in the sea-

quark sector. For each lattice spacing, such valence domain-
wall fermion propagators at six choices of the mass parameter
are generated. These six values straddle between the lightest
and strange sea-quark masses in the gauge-field ensembles,
and several of them correspond to the unitary points. With the
above lattice setting, the heavy-meson-decay constants are
obtained, employing an axial current that is O(a)-improved
to one-loop level. The renormalization of the axial current
is carried out with a mostly nonperturbative procedure pro-
posed in Ref. [477]. Linear interpolations for the heavy-quark
action parameters, as well as the valence strange-quark mass
are then performed on these heavy-meson-decay constants.
As for the chiral extrapolation for the light-quark mass, it
is implemented together with the continuum extrapolation
(linear in a2) adopting SU (2)-HMχPT at NLO.37 The decay
constants, fB+ and fB0 , are determined by chirally extrap-
olating to the physical u- and d-quark masses, respectively,
and their isospin-averaged counterpart, fB , is not reported.
Notice that only the unitary points in the light-quark mass
are used in the central procedure for the chiral extrapola-
tion. This extrapolation serves as the method to confirm that
finite-size effects are at the subpercentage level by comparing
with the prediction of finite-volume HMχPT [469]. Further-
more, since there is no observed sea-quark dependence in
fBs , it is extrapolated to the continuum limit straight after
the interpolation of the valence strange-quark mass. The

37 The authors of RBC/UKQCD 14 claim that using the NLO SU (3)-
HMχPT extrapolation formulae, acceptable fits for the decay constants
can be found. On the other hand, no reasonable fit for the ratio, fBs / fB ,
can result from this procedure, because this ratio has smaller statistical
errors. The NLO SU (3)-HMχPT predictions are then used as a means
to estimate the systematic effects arising from the chiral-continuum
extrapolation.
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FLAG-3 — B decay constants
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Table 33 Ratios of decay constants of the B and Bs mesons (for details see Table 32)

Collaboration Refs. Nf Publication
status

Continuum
extrapolation

Chiral
extrapolation

Finite
volume

Renormalization/
matching

Heavy-quark
treatment

fBs / fB+ fBs / fB0 fBs / fB

ETM 13E [456] 2 + 1 + 1 C ⋆ ◦ ◦ ◦ " − − 1.201(25)

HPQCD 13 [52] 2 + 1 + 1 A ⋆ ⋆ ⋆ ◦ " 1.217(8) 1.194(7) 1.205(7)

RBC/UKQCD 14 [53] 2 + 1 A ◦ ◦ ◦ ◦ " 1.223(71) 1.197(50) −
RBC/UKQCD 14A [54] 2 + 1 A ◦ ◦ ◦ ◦ " − − 1.193(48)

RBC/UKQCD 13A [457] 2 + 1 C ◦ ◦ ◦ ◦ " − − 1.20(2)stat
a

HPQCD 12 [55] 2 + 1 A ◦ ◦ ◦ ◦ " − − 1.188(18)

FNAL/MILC 11 [48] 2 + 1 A ◦ ◦ ⋆ ◦ " 1.229(26) − −
RBC/UKQCD 10C [464] 2 + 1 A # # # ◦ " − − 1.15(12)

HPQCD 09 [59] 2 + 1 A ◦ ◦ ◦ ◦ " − − 1.226(26)

ALPHA 14 [57] 2 A ⋆ ⋆ ⋆ ⋆ " − − 1.203(65)

ALPHA 13 [458] 2 C ⋆ ⋆ ⋆ ⋆ " − − 1.195(61)(20)

ETM 13B, 13Cb [20,58] 2 A ⋆ ◦ ⋆ ◦ " − − 1.206(24)

ALPHA 12A [459] 2 C ⋆ ⋆ ⋆ ⋆ " − − 1.13(6)

ETM 12B [460] 2 C ⋆ ◦ ⋆ ◦ " − − 1.19(5)

ETM 11A [182] 2 A ◦ ◦ ⋆ ◦ " − − 1.19(5)

a Statistical errors only
b Update of ETM 11A and 12B
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[FLAG-3, Aoki et al., EPJC (2017) 77:112, arXiv:1310.8555v2]

2 188(7) 227(7) 1.206(23)
2+1 192.0(4.3) 228.4(3.7) 1.201(16)
2+1+1 186(4) 224(5) 1.205(7)

Nf fB [MeV] fBs [MeV] fBs/fB
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Fig. 20 Decay constants of the B and Bs mesons. The values are taken from Table 32 (the fB entry for FNAL/MILC 11 represents fB+ ). The
significance of the colours is explained in Sect. 2. The black squares and grey bands indicate our averages in Eqs. (152), (153) and (154)

Fig. 21 Ratio of the decay constants of the B and Bs mesons. The
values are taken from Table 33 (the fB entry for FNAL/MILC 11 repre-
sents fB+ ). The significance of the colours is explained in Sect. 2. The
black squares and grey bands indicate our averages in Eqs. (152), (153)
and (154)

tuned nonperturbatively in Ref. [476] by requiring that the
spin-averaged Bs-meson mass, MBs = (MBs + 3MB∗

s
)/4,

and the hyperfine splitting, !MBs
= MB∗

s
− MBs equal the

PDG values, and that the lattice rest and kinetic meson masses
are equal. Statistical uncertainties in the tuned parameters are
propagated to the decay constants via jackknife resampling.
Simulations with different values of the RHQ parameters are
used to estimate the remaining uncertainties in the decay con-
stants from the tuning procedure. Regarding valence light-
and strange-quarks, the authors of RBC/UKQCD 14 adopt
exactly the same domain-wall discretization as that in the sea-

quark sector. For each lattice spacing, such valence domain-
wall fermion propagators at six choices of the mass parameter
are generated. These six values straddle between the lightest
and strange sea-quark masses in the gauge-field ensembles,
and several of them correspond to the unitary points. With the
above lattice setting, the heavy-meson-decay constants are
obtained, employing an axial current that is O(a)-improved
to one-loop level. The renormalization of the axial current
is carried out with a mostly nonperturbative procedure pro-
posed in Ref. [477]. Linear interpolations for the heavy-quark
action parameters, as well as the valence strange-quark mass
are then performed on these heavy-meson-decay constants.
As for the chiral extrapolation for the light-quark mass, it
is implemented together with the continuum extrapolation
(linear in a2) adopting SU (2)-HMχPT at NLO.37 The decay
constants, fB+ and fB0 , are determined by chirally extrap-
olating to the physical u- and d-quark masses, respectively,
and their isospin-averaged counterpart, fB , is not reported.
Notice that only the unitary points in the light-quark mass
are used in the central procedure for the chiral extrapola-
tion. This extrapolation serves as the method to confirm that
finite-size effects are at the subpercentage level by comparing
with the prediction of finite-volume HMχPT [469]. Further-
more, since there is no observed sea-quark dependence in
fBs , it is extrapolated to the continuum limit straight after
the interpolation of the valence strange-quark mass. The

37 The authors of RBC/UKQCD 14 claim that using the NLO SU (3)-
HMχPT extrapolation formulae, acceptable fits for the decay constants
can be found. On the other hand, no reasonable fit for the ratio, fBs / fB ,
can result from this procedure, because this ratio has smaller statistical
errors. The NLO SU (3)-HMχPT predictions are then used as a means
to estimate the systematic effects arising from the chiral-continuum
extrapolation.
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Fig. 20 Decay constants of the B and Bs mesons. The values are taken from Table 32 (the fB entry for FNAL/MILC 11 represents fB+ ). The
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Fig. 21 Ratio of the decay constants of the B and Bs mesons. The
values are taken from Table 33 (the fB entry for FNAL/MILC 11 repre-
sents fB+ ). The significance of the colours is explained in Sect. 2. The
black squares and grey bands indicate our averages in Eqs. (152), (153)
and (154)

tuned nonperturbatively in Ref. [476] by requiring that the
spin-averaged Bs-meson mass, MBs = (MBs + 3MB∗

s
)/4,

and the hyperfine splitting, !MBs
= MB∗

s
− MBs equal the

PDG values, and that the lattice rest and kinetic meson masses
are equal. Statistical uncertainties in the tuned parameters are
propagated to the decay constants via jackknife resampling.
Simulations with different values of the RHQ parameters are
used to estimate the remaining uncertainties in the decay con-
stants from the tuning procedure. Regarding valence light-
and strange-quarks, the authors of RBC/UKQCD 14 adopt
exactly the same domain-wall discretization as that in the sea-

quark sector. For each lattice spacing, such valence domain-
wall fermion propagators at six choices of the mass parameter
are generated. These six values straddle between the lightest
and strange sea-quark masses in the gauge-field ensembles,
and several of them correspond to the unitary points. With the
above lattice setting, the heavy-meson-decay constants are
obtained, employing an axial current that is O(a)-improved
to one-loop level. The renormalization of the axial current
is carried out with a mostly nonperturbative procedure pro-
posed in Ref. [477]. Linear interpolations for the heavy-quark
action parameters, as well as the valence strange-quark mass
are then performed on these heavy-meson-decay constants.
As for the chiral extrapolation for the light-quark mass, it
is implemented together with the continuum extrapolation
(linear in a2) adopting SU (2)-HMχPT at NLO.37 The decay
constants, fB+ and fB0 , are determined by chirally extrap-
olating to the physical u- and d-quark masses, respectively,
and their isospin-averaged counterpart, fB , is not reported.
Notice that only the unitary points in the light-quark mass
are used in the central procedure for the chiral extrapola-
tion. This extrapolation serves as the method to confirm that
finite-size effects are at the subpercentage level by comparing
with the prediction of finite-volume HMχPT [469]. Further-
more, since there is no observed sea-quark dependence in
fBs , it is extrapolated to the continuum limit straight after
the interpolation of the valence strange-quark mass. The

37 The authors of RBC/UKQCD 14 claim that using the NLO SU (3)-
HMχPT extrapolation formulae, acceptable fits for the decay constants
can be found. On the other hand, no reasonable fit for the ratio, fBs / fB ,
can result from this procedure, because this ratio has smaller statistical
errors. The NLO SU (3)-HMχPT predictions are then used as a means
to estimate the systematic effects arising from the chiral-continuum
extrapolation.
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QED corrections to leptonic decays
• Need P ! `⌫ + `⌫� for KLN
• Real photon emission in pert.th up to a (tiny) �E� in P -rest frame
• IR divergences universal and cancel between virtual photon
contribution (NP) and real photon emission (pert) - L acts as
intermediate IR regulator Inclusive
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/M
IL
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H
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D

m
entioned

above,both
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M

IL
C

asqtad
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bles.Fulldetails
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Table

39
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tables
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A
ppendix

B
.6.5.

T
he

FN
A

L
/M

IL
C

study
[540]em

ploys
ensem

bles
atfour

values
ofthe

lattice
spacing
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approxim

ately
0
.045

and
0
.12

fm
,and

severalvaluesofthe
light-quark

m
ass

corresponding
to

pions
w

ith
R

M
S

m
asses

ranging
betw

een
260

and
670

M
eV

(w
ith

just
one

ensem
ble

w
ith

M
R

M
S

π
≃

330
M

eV
atthe

finestlattice
spacing).T

he
b

and
c

quarksare
treated
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the

Ferm
ilab

approach.T
he

quantities
directly

studied
are

the
form

factors
h±

defined
by

Table 39 Lattice results for the B → D∗ℓν, B → Dℓν, and Bs → Dsℓν semileptonic form factors and R(D)

Collaboration Refs. Nf Publication
status

Continuum
extrapolation

Chiral
extrapolation

Finite volume Renormalization Heavy-quark
treatment

w = 1 form factor/ratio

FNAL/MILC 14 [539] 2 + 1 A ⋆ ◦ ⋆ ◦ " F B→D∗
(1) 0.906(4)(12)

HPQCD 15 [541] 2 + 1 A ◦ ◦ ◦ ◦ " GB→D(1) 1.035(40)

FNAL/MILC 15C [540] 2 + 1 A ⋆ ◦ ⋆ ◦ " GB→D(1) 1.054(4)(8)

HPQCD 15 [541] 2 + 1 A ◦ ◦ ◦ ◦ " R(D) 0.300(8)

FNAL/MILC 15C [540] 2 + 1 A ⋆ ◦ ⋆ ◦ " R(D) 0.299(11)

Atoui 13 [537] 2 A ⋆ ◦ ⋆ – " GB→D(1) 1.033(95)

Atoui 13 [537] 2 A ⋆ ◦ ⋆ – " GBs→Ds (1) 1.052(46)
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newer B→D computations include results w>1
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newer B→D computations include results w>1 ⇒ R(D)=0.300(8)
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q2 spectrum and |Vub| 

6 

ISGW2 quark 
model excluded 

Fit BCL parameterization of f+(q2) to data: 

P = 3%  

Data in agreement with form factor shapes from LQCD and LCSR large phase space ⇒ accurate description of q2 dependence over a 
significant region crucial for a precise CKM determination

easily accessible kinematics on 
the lattice (not-too-fast pions)

[HFAG]

B→πlν



q2 dependence of form factors

[from H Ma’s talk on behalf of BESIII at CHARM 2015]

13

Extracted Parameters of Form Factors

D0�K-e+v D0��-e+v

fK
+(0)|Vcs| 0.7209�0.0022�0.0033 f�+(0)|Vcd| 0.1475�0.0014�0.0005

Simple Pole
Mpole 1.9207�0.0103�0.0069 Mpole 1.9114�0.0118�0.0038

fK
+(0)|Vcs| 0.7163�0.0024�0.0034 f�+(0)|Vcd| 0.1437�0.0017�0.0008

Mod. Pole
� 0.3088�0.0195�0.0129 � 0.2794�0.0345�0.0113

fK
+(0)|Vcs| 0.7139�0.0023�0.0034 f�+(0)|Vcd| 0.1415�0.0016�0.0006

ISGW2
rISGW2 1.6000�0.0141�0.0091 rISGW2 2.0688�0.0394�0.0124

fK
+(0)|Vcs| 0.7172�0.0025�0.0035 f�+(0)|Vcd| 0.1435�0.0018�0.0009

Series.2.Par
r1 -2.2278�0.0864�0.0575 r1 -2.0365�0.0807�0.0260

fK
+(0)|Vcs| 0.7196�0.0035�0.0041 f�+(0)|Vcd| 0.1420�0.0024�0.0010

r1 -2.3331�0.1587�0.0804 r1 -1.8434�0.2212�0.0690Series.3.Par

r2 3.4223�3.9090�2.4092 r2 -1.3871�1.4615�0.4677

D0��-e+vD0�K-e+v



various parametrisations based on pole dominance: Bećirević-Kaidalov, 
Ball-Zwicky, Hill, ... difficult to systematically improve precision

z-parametrisations proposed to solve this issue (almost) rigourously by 
exploiting unitarity and crossing symmetry

[Bećirević, Kaidalov PLB 478 (2000) 417]
[Ball, Zwicky PRD 71 (2005) 014015]

[Hill PRD 73 (2006) 014012]

[Okubo PRD 3 (1971) 2807, 4 (1971) 725]
[Bourrely, Machet, de Rafael NPB 189 (1981) 157]

[Boyd, Grinstein, Lebed PRL 74 (1995) 4603]
[Lellouch NPB 479 (1996) 353]

[Bourrely, Caprini, Micu EJPC 27 (2003) 439]
[Arnesen, Grinstein, Rothstein, Stewart PRL 95 (2005) 071802]

[Becher, Hill PLB 633 (2006) 61]
[Flynn, Nieves PRD 75 (2007) 013008]

[Bourrely, Caprini, Lellouch PRD 79 (2009) 013008]

a benchmark case: f+(B ! ⇥l�)
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a benchmark case: f+(B ! ⇥l�)



f+(q
2) =

1

B(q2)�(q2, t0)

X

n�0

anz(q
2, t0)

n

BGL: complicated outer function � �⇥
X

n�0

|an|2 . 1

[Boyd, Grinstein, Lebed PRL 74 (1995) 4603]

[Bourrely, Caprini, Lellouch PRD 79 (2009) 013008]

BCL: f+(q2) = 1

1� q2/m2
B⇤

X

n�0

anz
n �!

X

m,n�0

Bmnaman . 1

B(q2) = z(q2,m2
B⇤)

crucial for optimal use:
- all sub-threshold poles included in Blaschke factor 
- fixed kinematics (coefficients implicitly depend on quark masses)

(recommended by FLAG)

a benchmark case: f+(B ! ⇥l�)



does the unitarity bound apply?
• using a z-parametrisation as part of a global fit including a, mq, ...

(modified z-expansion) tricky 
- poles can cross threshold as quark masses change 
- complicated entanglement of (mq,a) dependence (complete form 

factor vs. z-parametrisation coefficient) 

• pole structure not always well-known (scalar channels, D decay), 
or complicated (Λb decay) 

• missing sub-threshold poles may imply convergence breakdown 
(proton charge radius analysis by Hill, Paz et al, D semileptonic 
decay data by Bećirević et al)

[Hill, Paz PRD 82 (2010) 113005]
[Bhattacharya, Hill, Paz PRD 84 (2011) 073006]

[Epstein, Paz, Roy PRD 90 (2014) 074027]
[Bećirević et al arXiv:1407.1019]
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q
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form
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som
ew
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Table 36 Results for the B → πℓν semileptonic form factor. The quantity #ζ is defined in Eq. (173); the quoted values correspond to q1 = 4 GeV, q2 = qmax, and they are given in ps−1

Collaboration Refs. Nf Publication
status

Continuum
extrapolation

Chiral
extrapolation

Finite volume Renormalization Heavy-quark
treatment

z-Parameterization #ζ Bπ

FNAL/MILC 15 [504] 2 + 1 A ⋆ ◦ ⋆ ◦ " BCL n/a

RBC/UKQCD 15 [505] 2 + 1 A ◦ ◦ ◦ ◦ " BCL 1.77(34)

HPQCD 06 [503] 2 + 1 A ◦ ◦ ◦ ◦ " n/a 2.07(41)(39)
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Table 37 Results for the Bs → Kℓν semileptonic form factor

Collaboration Refs. Nf Publication
status

Continuum
extrapolation

Chiral
extrapolation

Finite
volume

Renormalization Heavy-quark
treatment

z-Parameterization

RBC/UKQCD 15 [505] 2 + 1 A ◦ ◦ ◦ ◦ ! BCL

HPQCD 14 [511] 2 + 1 A ◦ ◦ ◦ ◦ ! BCLa

a Results from modified z-expansion

fore, following the procedure we adopted for the B → π

case, we present a joint fit to the vector and scalar form
factors and implement explicitly the q2 = 0 constraint by
expressing the coefficient b0

N0−1 in terms of all others.
For the fits we employ a BCL ansatz with t+ = (MBs +

MK±)2 ≃34.35 GeV2 and t0 = (MBs + MK±)(
!
MBs −√

MK±)2 ≃15.27 GeV2. Our pole factors will contain a
single pole in both the vector and scalar channels, for which
we take the mass values MB∗ = 5.325 GeV and MB∗(0+) =
5.65 GeV.48

We quote as our preferred result the outcome of the N+ =
N 0 = 3 BCL fit:

Bs → K (N f = 2 + 1)

Central values Correlation matrix

a+0 0.360(14) 1 0.098 −0.216 0.730 0.345

a+1 −0.828(83) 0.098 1 0.459 0.365 0.839

a+2 1.11(55) −0.216 0.459 1 0.263 0.6526

a0
0 0.233(10) 0.730 0.365 0.263 1 0.506

a0
1 0.197(81) 0.345 0.839 0.652 0.506 1

where the uncertainties on a0 and a1 encompass the central
values obtained from O(z2) fits, and thus adequately reflect
the systematic uncertainty on those series coefficients.49

These can be used as the averaged FLAG results for the
lattice-computed form factors f+(q2) and f0(q2). The coef-
ficient a+3 can be obtained from the values for a+0 – a+2 using
Eq. (184). The fit is illustrated in Fig. 25.

8.3.4 Form factors for rare and radiative B-semileptonic
decays to light flavours

Lattice-QCD input is also available for some exclusive
semileptonic decay channels involving neutral-current b →

48 The values of the scalar resonance mass in Bπ scattering taken
by HPQCD and RBC/UKQCD are MB∗(0+) = 5.6794(10) GeV and
MB∗(0+) = 5.63 GeV, respectively. We use an average of the two
values, and have checked that changing it by ∼ 1% has a negligible
impact on the fit results.
49 In this case, O(z4) fits with just two degrees of freedom, are signifi-
cantly less stable. Still, the results for a+0 and a+1 are always compatible
with the ones at O(z2) and O(z3) within one standard deviation.

Fig. 25 The form factors (1 − q2/m2
B∗ ) f+(q2) and (1 −

q2/m2
B∗(0+)) f0(q

2) for Bs → Kℓν plotted versus z. (See text for a
discussion of the datasets.) The grey and orange bands display our pre-
ferred N+ = N 0 = 3 BCL fit (five parameters) to the plotted data with
errors

q transitions at the quark level, where q = d, s. Being for-
bidden at tree level in the SM, these processes allow for
stringent tests of potential new physics; simple examples are
B → K ∗γ , B → K (∗)ℓ+ℓ−, or B → πℓ+ℓ−where the B
meson (and therefore the light meson in the final state) can
be either neutral or charged.

The corresponding SM effective weak Hamiltonian is
considerably more complicated than the one for the tree-
level processes discussed above: after neglecting top-quark
effects, as many as ten dimension-six operators formed by
the product of two hadronic currents or one hadronic and one
leptonic current appear.50 Three of the latter, coming from
penguin and box diagrams, dominate at short distances and
have matrix elements that, up to small QED corrections, are
given entirely in terms of B → (π, K , K ∗) form factors.
The matrix elements of the remaining seven operators can be
expressed, up to power corrections whose size is still unclear,
in terms of form factors, decay constants and light-cone dis-
tribution amplitudes (for the π , K , K ∗ and B mesons) by
employing OPE arguments (at large di-lepton invariant mass)
and results from Soft Collinear Effective Theory (at small
di-lepton invariant mass). In conclusion, the most important
contributions to all of these decays are expected to come
from matrix elements of current operators (vector, tensor,

50 See, e.g., Ref. [513] and references therein.
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Table 41 Results for |Vcb|. When two errors are quoted in our averages,
the first one comes from the lattice form factor, and the second from
the experimental measurement. The HFAG inclusive average obtained
in the kinetic scheme from Ref. [197] is shown for comparison

From |Vcb| × 103

Our average for N f = 2 + 1 B → D∗ℓν 39.27(56)(49)

Our average for N f = 2 + 1 B → Dℓν 40.1(1.0)

Our average for N f = 2 B → Dℓν 41.0(3.8)(1.5)

HFAG inclusive average B → Xcℓν 42.46(88)

Fig. 29 Lattice and experimental data for f B→D
+ (q2) and f B→D

0 (q2)
versus z. Green symbols denote lattice-QCD points included in the fit,
while blue and indigo points show experimental data divided by the
value of |Vcb| obtained from the fit. The grey and orange bands display
the preferred N+ = N 0 = 3 BCL fit (six parameters) to the lattice-QCD
and experimental data with errors

9 The strong coupling αs

9.1 Introduction

The strong coupling ḡ(µ) defined at scale µ, plays a key role
in the understanding of QCD and in its application for col-
lider physics. For example, the parametric uncertainty from
αs is one of the dominant sources of uncertainty in the Stan-
dard Model prediction for the H → bb̄ partial width, and
the largest source of uncertainty for H → gg. Thus higher
precision determinations of αs are needed to maximize the
potential of experimental measurements at the LHC, and for
high-precision Higgs studies at future colliders [556– 558].
The value of αs also yields one of the essential boundary
conditions for completions of the standard model at high
energies.

In order to determine the running coupling at scale µ

αs(µ) =
ḡ2(µ)

4π
, (215)

we should first “measure” a short-distance quantityQ at scale
µ either experimentally or by lattice calculations and then
match it with a perturbative expansion in terms of a running
coupling, conventionally taken as αMS(µ),

Q(µ) = c1αMS(µ)+ c2αMS(µ)
2 + · · · . (216)

The essential difference between continuum determinations
of αs and lattice determinations is the origin of the values of
Q in Eq. (216).

The basis of continuum determinations are experimen-
tally measurable cross sections from which Q is defined.
These cross sections have to be sufficiently inclusive and at

Fig. 30 Left Summary of |Vub| determined using: (i) the B-meson lep-
tonic decay branching fraction, B(B− → τ − ν̄), measured at the Belle
and BaBar experiments, and our averages for fB from lattice QCD; and
(ii) the various measurements of the B → πℓν decay rates by Belle

and BaBar, and our averages for lattice determinations of the relevant
vector form factor f+(q2).Right Same for determinations of |Vcb| using
semileptonic decays. The HFAG inclusive results are from Ref. [197]
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Table 40 Experimental measurements for B(B− → τ−ν̄). The first
error on each result is statistical, while the second error is systematic

Collaboration Tagging method B(B− → τ−ν̄) × 104

Belle [550] Hadronic 0.72+0.27
−0.25 ± 0.11

Belle [452] Semileptonic 1.25 ± 0.28 ± 0.27

BaBar [451] Hadronic 1.83+0.53
−0.49 ± 0.24

BaBar [551] Semileptonic 1.7 ± 0.8 ± 0.2

similar to R(D) (cf. Sect. 8.4) between the τ and light lepton
channels are also available.

8.6 Determination of |Vub|

We now use the lattice-determined Standard Model tran-
sition amplitudes for leptonic (Sect. 8.1) and semileptonic
(Sect. 8.3) B-meson decays to obtain exclusive determi-
nations of the CKM matrix element |Vub|. In this sec-
tion, we describe the aspect of our work that involves
experimental input for the relevant charged-current exclu-
sive decay processes. The relevant formulae are Eqs. (147)
and (172). Among leptonic channels the only input comes
from B → τντ , since the rates for decays to e and µ

have not yet been measured. In the semileptonic case we
only consider B → πℓν transitions (experimentally mea-
sured for ℓ = e, µ). As discussed in Sects. 8.3 and 8.5,
there are now lattice predictions for the rates of the decays
Bs → Kℓν and %b → p ℓν; however, in the former
case the process has not been experimentally measured yet,
while in the latter case the only existing lattice computation
does not meet FLAG requirements for controlled systemat-
ics.

We first investigate the determination of |Vub| through
the B → τντ transition. This is the only experimen-
tally measured leptonic decay channel of the charged B-
meson. After the publication of the previous FLAG report [2]
in 2013, the experimental measurements of the branching
fraction of this channel, B(B− → τ−ν̄), were updated.
While the results from the BaBar Collaboration remain
the same as those reported before the end of 2013, the
Belle Collaboration reanalysed the data and reported that
the value of B(B− → τ−ν̄) obtained with semilep-
tonic tags changed from 1.54+0.380.29

−0.37−0.31 × 10−4 to 1.25 ±
0.28 ± 0.27 × 10−4 [452]. Table 40 summarizes the cur-
rent status of experimental results for this branching frac-
tion.

It is obvious that all the measurements listed in Table 40
have significance less than 5σ , and the uncertainties are
dominated by statistical errors. These measurements lead to
the averages of experimental measurements for B(B− →
τ ν̄) [451,452],

B(B− → τ ν̄) = 0.91 ± 0.22 from Belle,

= 1.79 ± 0.48 from BaBar. (207)

We notice that minor tension between results from the two
collaborations can be observed, even in the presence of large
errors. Despite this situation, in Ref. [184] the Particle Data
Group performed a global average of B(B− → τ ν̄) employ-
ing all the information in Table 40. Here we choose to proceed
with the strategy of quoting different values of |Vub| as deter-
mined using inputs from the Belle and the BaBar experiments
shown in Eq. (207), respectively.

Combining the results in Eq. (207) with the experimental
measurements of the mass of the τ -lepton and the B-meson
lifetime and mass, the Particle Data Group presented [184]

|Vub| fB = 0.72 ± 0.09 MeV from Belle,

= 1.01 ± 0.14 MeV from BaBar, (208)

which can be used to extract |Vub|.
N f = 2 Belle B → τντ : |Vub| = 3.83(48)(15) × 10−3,

N f = 2 + 1 Belle B → τντ : |Vub| = 3.75(47)(9) × 10−3,

N f = 2 + 1 + 1 Belle B → τντ : |Vub| = 3.87(48)(9) × 10−3;
N f = 2 Babar B → τντ : |Vub| = 5.37(74)(21) × 10−3,

N f = 2 + 1 Babar B → τντ : |Vub| = 5.26(73)(12) × 10−3,

N f = 2 + 1 + 1 Babar B → τντ : |Vub| = 5.43(75)(12) × 10−3.

(209)

where the first error comes from experiment and the second
comes from the uncertainty in fB .

Let us now turn our attention to semileptonic decays. The
experimental value of |Vub| f+(q 2) can be extracted from
the measured branching fractions for B0 → π ± ℓν and/or
B± → π0ℓν applying Eq. (172);57 |Vub| can then be deter-
mined by performing fits to the constrained BCL z parame-
terization of the form factor f+(q 2) given in Eq. (185). This
can be done in two ways: one option is to perform sepa-
rate fits to lattice and experimental results, and extract the
value of |Vub| from the ratio of the respective a0 coeffi-
cients; a second option is to perform a simultaneous fit to
lattice and experimental data, leaving their relative normal-
ization |Vub| as a free parameter. We adopt the second strat-
egy, because it combines the lattice and experimental input
in a more efficient way, leading to a smaller uncertainty on
|Vub|.

The available state-of-the-art experimental input, as em-
ployed, e.g., by HFAG, consists of five datasets: three
untagged measurements by BaBar (6-bin [552] and 12-
bin [439]) and Belle [438], all of which assume isospin sym-
metry and provide combined B0 → π− and B+ → π0

data; and the two tagged Belle measurements of B̄0 → π+

57 Since ℓ = e, µ the contribution from the scalar form factor in
Eq. (172) is negligible.
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(13-bin) and B− → π0 (7-bin ) [553]. In the previous
version of the FLAG review [2] we only used the 13-
bin Belle and 12-bin BaBar datasets, and performed sep-
arate fits to them due to the lack of information on sys-
tematic correlations between them. Now, however, we will
follow established practice and perform a combined fit to
all the experimental data. This is based on the existence
of new information as regards cross-correlations, which
allows us to obtain a meaningful final error estimate.58

The lattice input dataset will be the same as discussed in
Sect. 8.3.

We perform a constrained BCL fit of the vector and scalar
form factors (this is necessary in order to take into account
the f+(q 2 = 0) = f0(q 2) constraint) together with the com-
bined experimental datasets. We find that the error on Vub
stabilizes for (N+ = N 0 = 3). The result of the combined
fit is

B → πℓν (N f = 2 + 1)

Central values Correlation matrix

Vub × 103 3.73 (14) 1 0.852 0.345 −0.374 0.211 0.247

a+0 0.414 (12) 0.852 1 0.154 −0.456 0.259 0.144

a+1 −0.494 (44) 0.345 0.154 1 −0.797 −0.0995 0.223

a+2 −0.31 (16) −0.374 −0.456 −0.797 1 0.0160 −0.0994

a0
0 0.499 (19) 0.211 0.259 −0.0995 0.0160 1 −0.467

a0
1 −1.426 (46) 0.247 0.144 0.223 −0.0994 −0.467 1

Figure 28 shows both the lattice and the experimental data
for (1 − q 2/m2

B∗) f+(q 2) as a function of z(q 2), together
with our preferred fit; experimental data have been rescaled
by the resulting value for |Vub|2. It is worth noting the good
consistency between the form factor shapes from lattice and
experimental data. This can be quantified, e.g., by com-
puting the ratio of the two leading coefficients in the con-
strained BCL parameterization: the fit to lattice form fac-
tors yields a+1 /a+0 = −1.67(12) (cf. the results presented
in Sect. 8.3.2), while the above lattice+experiment fit yields
a+1 /a+0 = −1.193(16).

We plot the values of |Vub| we have obtained in Fig. 30,
where the determination through inclusive decays by the
Heavy Flavour Averaging Group (HFAG) [197], yielding
|Vub| = 4.62(20)(29) × 10−3, is also shown for compar-
ison. In this plot the tension between the BaBar and the
Belle measurements of B(B− → τ−ν̄) is manifest. As dis-
cussed above, it is for this reason that we do not extract |Vub|
through the average of results for this branching fraction from
these two collaborations. In fact this means that a reliable
determination of |Vub| using information from leptonic B-
meson decays is still absent; the situation will only clearly

58 See, e.g., Sect. V.D of [504] for a detailed discussion.

Fig. 28 Lattice and experimental data for (1−q 2/m2
B∗ ) f B→π

+ (q 2) and
f B→π
0 (q 2) versus z.Green symbols denote lattice-QCD points included

in the fit, while blue and indigo points show experimental data divided
by the value of |Vub| obtained from the fit. The grey and orange bands
display the preferred N+ = N 0 = 3 BCL fit (six parameters) to the
lattice-QCD and experimental data with errors

improve with the more precise experimental data expected
from Belle II. The value for |Vub| obtained from semileptonic
B decays for N f = 2 + 1, on the other hand, is significantly
more precise than both the leptonic and the inclusive deter-
minations, and exhibits the well-known ∼ 3σ tension with
the latter.

8.7 Determination of |Vcb|

We will now use the lattice QCD results for the B → D(∗)ℓν
form factors in order to obtain determinations of the CKM
matrix element |Vcb| in the Standard Model. The relevant
formulae are given in Eq. (189).

Let us summarize the lattice input that satisfies FLAG
requirements for the control of systematic uncertainties, dis-
cussed in Sect. 8.4. In the (experimentally more precise)
B → D∗ℓν channel, there is only one N f = 2 + 1 lat-
tice computation of the relevant form factor F B→D∗

at zero
recoil. Concerning the B → Dℓν channel, for N f = 2 there
is one determination of the relevant form factorGB→D at zero
recoil;59 while for N f = 2 + 1 there are two determinations

59 The same work provides GBs→Ds , for which there are, however, no
experimental data.
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Table 41 Results for |Vcb|. When two errors are quoted in our averages,
the first one comes from the lattice form factor, and the second from
the experimental measurement. The HFAG inclusive average obtained
in the kinetic scheme from Ref. [197] is shown for comparison

From |Vcb| × 103

Our average for N f = 2 + 1 B → D∗ℓν 39.27(56)(49)

Our average for N f = 2 + 1 B → Dℓν 40.1(1.0)

Our average for N f = 2 B → Dℓν 41.0(3.8)(1.5)

HFAG inclusive average B → Xcℓν 42.46(88)

Fig. 29 Lattice and experimental data for f B→D
+ (q2) and f B→D

0 (q2)
versus z. Green symbols denote lattice-QCD points included in the fit,
while blue and indigo points show experimental data divided by the
value of |Vcb| obtained from the fit. The grey and orange bands display
the preferred N+ = N 0 = 3 BCL fit (six parameters) to the lattice-QCD
and experimental data with errors

9 The strong coupling αs

9.1 Introduction

The strong coupling ḡ(µ) defined at scale µ, plays a key role
in the understanding of QCD and in its application for col-
lider physics. For example, the parametric uncertainty from
αs is one of the dominant sources of uncertainty in the Stan-
dard Model prediction for the H → bb̄ partial width, and
the largest source of uncertainty for H → gg. Thus higher
precision determinations of αs are needed to maximize the
potential of experimental measurements at the LHC, and for
high-precision Higgs studies at future colliders [556– 558].
The value of αs also yields one of the essential boundary
conditions for completions of the standard model at high
energies.

In order to determine the running coupling at scale µ

αs(µ) =
ḡ2(µ)

4π
, (215)

we should first “measure” a short-distance quantityQ at scale
µ either experimentally or by lattice calculations and then
match it with a perturbative expansion in terms of a running
coupling, conventionally taken as αMS(µ),

Q(µ) = c1αMS(µ)+ c2αMS(µ)
2 + · · · . (216)

The essential difference between continuum determinations
of αs and lattice determinations is the origin of the values of
Q in Eq. (216).

The basis of continuum determinations are experimen-
tally measurable cross sections from which Q is defined.
These cross sections have to be sufficiently inclusive and at

Fig. 30 Left Summary of |Vub| determined using: (i) the B-meson lep-
tonic decay branching fraction, B(B− → τ − ν̄), measured at the Belle
and BaBar experiments, and our averages for fB from lattice QCD; and
(ii) the various measurements of the B → πℓν decay rates by Belle

and BaBar, and our averages for lattice determinations of the relevant
vector form factor f+(q2).Right Same for determinations of |Vcb| using
semileptonic decays. The HFAG inclusive results are from Ref. [197]
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Table 41 Results for |Vcb|. When two errors are quoted in our averages,
the first one comes from the lattice form factor, and the second from
the experimental measurement. The HFAG inclusive average obtained
in the kinetic scheme from Ref. [197] is shown for comparison

From |Vcb| × 103

Our average for N f = 2 + 1 B → D∗ℓν 39.27(56)(49)

Our average for N f = 2 + 1 B → Dℓν 40.1(1.0)

Our average for N f = 2 B → Dℓν 41.0(3.8)(1.5)

HFAG inclusive average B → Xcℓν 42.46(88)

Fig. 29 Lattice and experimental data for f B→D
+ (q2) and f B→D

0 (q2)
versus z. Green symbols denote lattice-QCD points included in the fit,
while blue and indigo points show experimental data divided by the
value of |Vcb| obtained from the fit. The grey and orange bands display
the preferred N+ = N 0 = 3 BCL fit (six parameters) to the lattice-QCD
and experimental data with errors

9 The strong coupling αs

9.1 Introduction

The strong coupling ḡ(µ) defined at scale µ, plays a key role
in the understanding of QCD and in its application for col-
lider physics. For example, the parametric uncertainty from
αs is one of the dominant sources of uncertainty in the Stan-
dard Model prediction for the H → bb̄ partial width, and
the largest source of uncertainty for H → gg. Thus higher
precision determinations of αs are needed to maximize the
potential of experimental measurements at the LHC, and for
high-precision Higgs studies at future colliders [556– 558].
The value of αs also yields one of the essential boundary
conditions for completions of the standard model at high
energies.

In order to determine the running coupling at scale µ

αs(µ) =
ḡ2(µ)

4π
, (215)

we should first “measure” a short-distance quantityQ at scale
µ either experimentally or by lattice calculations and then
match it with a perturbative expansion in terms of a running
coupling, conventionally taken as αMS(µ),

Q(µ) = c1αMS(µ)+ c2αMS(µ)
2 + · · · . (216)

The essential difference between continuum determinations
of αs and lattice determinations is the origin of the values of
Q in Eq. (216).

The basis of continuum determinations are experimen-
tally measurable cross sections from which Q is defined.
These cross sections have to be sufficiently inclusive and at

Fig. 30 Left Summary of |Vub| determined using: (i) the B-meson lep-
tonic decay branching fraction, B(B− → τ − ν̄), measured at the Belle
and BaBar experiments, and our averages for fB from lattice QCD; and
(ii) the various measurements of the B → πℓν decay rates by Belle

and BaBar, and our averages for lattice determinations of the relevant
vector form factor f+(q2).Right Same for determinations of |Vcb| using
semileptonic decays. The HFAG inclusive results are from Ref. [197]
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[E. Lunghi, Moriond QCD 2017]

FLAG-3 — 3rd row CKM

Enrico Lunghi /3018

Vub and Vcb: exclusive vs inclusive

Exclusive:

Inclusive [PDG]:

[FLAG]

[PDG (BR) + FLAG (fB Nf=2+1+1)]

[FLAG]

[FLAG]

[PDG]

|Vub|B!Xu`⌫ = 4.49(16)(+16
�18)⇥ 10�3

|Vcb|B!Xc`⌫ = 42.2(0.7)⇥ 10�3

|Vub|B!⇡`⌫ = 3.73(14)⇥ 10�3

|Vub|B!⌧⌫ = 4.33(72)⇥ 10�3

|Vcb|B!D`⌫ = 40.1(1.0)⇥ 10�3

|Vcb|B!D⇤`⌫ = 39.27(56)(49)⇥ 10�3

|Vub/Vcb|⇤b!(p,⇤c)`⌫ = 0.083(6)
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The overall tension between all these 

determinations is 3.2 σ

Future progress: B→D* form factor, 

Bs→Klν

overall tension at the 3.2σ level



• methodology 
- reach of lattice HQ physics 
- FLAG 

• SM tree-level decays 
- leptonic 
- semileptonic 
- CKM 

• rare decays 

• conclusions and outlook

plan



rare decays: form factors for B→K
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Fig. 26 The B → K form factors (1 −q2/m2
B∗ ) f+(q2), (1 −

q2/m2
B∗(0+)) f0(q

2) and (1 −q2/m2
B∗ ) fT (q2) plotted versus z. (See

text for a discussion of the datasets.) The grey, orange and blue bands
display our preferred N+ = N 0 = NT = 3 BCL fit (eight parameters)
to the plotted data with errors

Concerning channels with vector mesons in the final state,
Horgan et al. have obtained the seven form factors govern-
ing B → K ∗ℓ+ℓ− (as well as those for Bs → φ ℓ+ℓ−)
in Ref. [530] using NRQCD b quarks and asqtad staggered
light quarks. In this work, they use a modified z-expansion
to simultaneously extrapolate to the physical light-quark
masses and continuum and extrapolate in q2 to the full
kinematic range. As discussed in Sect. 7.2, the modified z-
expansion is not based on an underlying effective theory, and
the associated uncertainties have yet to be fully studied. Hor-
gan et al. use their form-factor results to calculate the dif-
ferential branching fractions and angular distributions and
discuss the implications for phenomenology in a companion
paper [531]. Finally, on-going work on B → K ∗ℓ+ℓ−and

Bs → φℓ+ℓ−by RBC/UKQCD, including first results, have
recently been reported in Ref. [532].

8.4 Semileptonic form factors for B → Dℓν, B → D∗ℓν,
and B → Dτν

The semileptonic processes B → Dℓν and B → D∗ℓν have
been studied extensively by experimentalists and theorists
over the years. They allow for the determination of the CKM
matrix element |Vcb|, an extremely important parameter of
the Standard Model. |Vcb| appears in many quantities that
serve as inputs into CKM Unitarity Triangle analyses and
reducing its uncertainties is of paramount importance. For
example, when ϵK , the measure of indirect CP violation in
the neutral kaon system, is written in terms of the parameters
ρ and η that specify the apex of the unitarity triangle, a factor
of |Vcb|4 multiplies the dominant term. As a result, the errors
coming from |Vcb| (and not those from BK ) are now the
dominant uncertainty in the Standard Model (SM) prediction
for this quantity.

The decay rates for B → D(∗)ℓν can be parameterized
in terms of vector and scalar form factors in the same way
as, e.g., B → πℓν; see Sect. 8.3. Traditionally, the light
channels ℓ = e, µ have, however, been dealt with using a
somewhat different notation, viz.

d)B−→D0ℓ−ν̄

dw
= G2

Fm
3
D

48π3 (mB + mD)
2(w2 −1)3/2

× |ηEW|2|Vcb|2|G(w)|2, (188)

d)B−→D0∗ℓ−ν̄

dw
= G2

Fm
3
D∗

4π3 (mB −mD∗)2(w2 −1)1/2

× |ηEW|2|Vcb|2χ(w)|F(w)|2, (189)

wherew ≡ vB ·vD(∗) , vP = pP/mP are the four-velocities of
the mesons, and ηEW = 1.0066 is the one-loop electroweak
correction [533]. The function χ(w) in Eq. (189) depends
upon the recoilw and the meson masses, and reduces to unity
at zero recoil [513]. These formulae do not include terms
that are proportional to the lepton mass squared, which can
be neglected for ℓ = e, µ. Until recently, most unquenched
lattice calculations for B → D∗ℓν and B → Dℓν decays
focussed on the form factors at zero recoil F B→D∗

(1) and
GB→D(1); these can then be combined with experimental
input to extract |Vcb|. The main reasons for concentrating on

Table 38 Results for the B → K semileptonic form factors

Collaboration Refs. Nf Publication
status

Continuum
extrapolation

Chiral
extrapolation

Finite
volume

Renormalization Heavy-quark
treatment

z-Parameterization

HPQCD 13E [515] 2 + 1 A ◦ ◦ ◦ ◦ ! BCL

FNAL/MILC 15D [516] 2 + 1 A ⋆ ◦ ⋆ ◦ ! BCL
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[cf. talks by J. Virto and B. Capdevila]
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rare decays: form factors for B→K

• lattice results at similar level of maturity as for SM tree-level decays 

• channels with vectors in final state (K*) much more complicated: 
treatment of resonances in Euclidean amplitudes very non-trivial 

• matrix elements of charmed penguins in effective Hamiltonian involve 
similar difficulties as their relatives in non-leptonic K and B decay — 
a notoriously difficult nut to crack

[cf. A. Jüttner’s talk]
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conclusions and outlook
• B-physics  on the lattice making remarkable progress, most notably 

in semileptonic decays 

• still much way to go to meet the new era precision requirements 
- crosscheck HQ approaches as much as possible 
- full incorporation of available ensembles to HQ physics 
- many systematics to be improved: use of perturbation theory, 

momentum dependence of FFs, incorporation of QED effects, 
resonances ... 

• smart ways to improve our understanding of rare decays? 

• decrease the lattice spacing and get direct access to the b region


