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Introduction to Holographic Superconductors

A holographic superconductor is a superconductor described using the
AdS/CFT correspondence. These could potentially describe some
materials that are not well explained by BCS theory.

The AdS/CFT correspondence is an equivalence between a bulk
gravity theory and a conformal field theory in one fewer dimensions on
the boundary.

Superconductors are often described in 2+1 dimensions. We will
study a 3+1 dimensional bulk theory.

For a superconductor we need a temperature and a condensate.

A black hole in AdS with a temperature T corresponds to a thermal
state in the CFT with the same temperature.

The condensate is given by a scalar field that has some non-zero
solution (i.e. our black hole has some scalar hair).
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Introduction to Gradient Flow

Gradient flow moves fields along lines of steepest descent of the
action.

The stationary points of the gradient flow are solutions to the
equations of motion.

The gradient flow in AdS should have a corresponding flow in the
CFT.

Gradient flow lets us study systems away from equilibrium in a
non-perturbative way.
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Gradient Flow

For some action S [ΦI ] with a positive definite inner product:

〈δΦ|δΦ〉 = GIJδΦI δΦJ

The gradient flow is defined as:

dΦI

dτ
= G IJ δS

δΦJ

For example:

S [A] =

∫
d4x
√
g

[
−1

4
FµνFµν

]
and 〈δA|δA〉 =

∫
d4x

√
g

σ
gµνδAµδAν

∂Aµ
∂τ

= − σ
√
g

(−∂ν√gFνµ)
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A Basic Holographic Superconductor

Starting with the action:

S [A, ψ, g ] =

∫
dx4
√
−g
[
R − 2Λ− 1

4
FµνFµν − Dµψ(Dµψ)† −m2ψ†ψ

]
,

Where : Fµν = ∂µAν − ∂νAµ
Dµφ = ∂µφ+ ıqAµφ
Aµ(x) is the Electromagnetic vector potential.
ψ(x) is a complex scalar field with charge q and mass m
R is the Ricci scalar (depends on gµν)
Λ is a cosmological constant.
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The Probe Limit

If we rescale Aµ → Aµ

q and ψ → ψ
q we can write the action:

S =

∫
dx4
√
−g (LGR +

1

q2
LM)

In the limit where q →∞ the matter decouples from gravity and we can
consider the metric flow independent of the matter fields.
If we start with a metric that solves Einstein’s equations, it will be
unchanged along the flow.
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Background Metric

We consdier a planar AdS black hole metric in 3 + 1 dimensions given by:

ds2 =
L2α2

u2
[
−h(u)dt2 + dρ2 + ρ2dθ2

]
+

L2du2

u2h(u)

h(u) = 1− u3

This metric solves the vacuum Einstein’s equations with a negative
cosmological constant Λ = −3

L2

The black hole radius (and temperature) are given by the parameter α

α =
r0
L2

=
4πT

3

The boundary of AdS space is at u = 0 and the black hole horizon is at
u = 1
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The Boundary Theory

The AdS/CFT correspondence tells us how the bulk fields relate to the
boundary theory. The asymptotic behaviour of ψ determines operators in
the CFT. In particular, we take m2 = −2 and find

ψ ≈ c1(~x)u + c2(~x)u2 when u → 0

The functions c1 and c2 give the expectation values for operators of
dimension 1 and 2 respectively.
In particular 〈O2〉 = α2c2, we will take c1(x) = 0
Additionally, the CFT has:
a chemical potential λ = At(u = 0) and
a magnetic field B = ∇× A
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Stability of Solutions

Consider Au = Aρ = 0, Aθ and At functions of u and ρ.

ψ =
p(u, ρ)√

2
eınθ

There is a solution to the equations of motion given by

Aθ =
B

2
ρ, At = λ(1− u), ψ = 0

This corresponds to a hairless black hole in the bulk and a
non-superconducting phase in the CFT. For a temperature T < Tc and
magnetic field B < Bc we expect this solution to be unstable.
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Stability of Scalar Hair Solutions
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Numerical Simulation T < Tc , B < Bc

p(r , u) c2(r)
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Numerical Simulation T < Tc , B < Bc

At(r , u) Aθ(r)
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Future/Ongoing Work

We can consider the effect of the matter fields on the background metric if
we relax the probe limit.
Without the probe limit the flow equations for the metric are no longer
trivial, the metric will flow towards a solution to Einstein’s equations with
non zero stress-energy tensor
The metric flow will be related to a modified Ricci flow in the bulk.

Expanding the AdS/CFT correspondence with flows away from equilibrium.
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End

Thank You

Thanks to my supervisors:
Gabor Kunstatter (University of Winnipeg)
Margaret Carrington (Brandon University)

thanks to support from the University of Manitoba Graduate Fellowship
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Stability of Scalar Hair Solutions Backup

Paul Mikula (UM) Holographic Superconductors June 13, 2018 16 / 22



Stability of Scalar Hair Solutions Backup

Paul Mikula (UM) Holographic Superconductors June 13, 2018 17 / 22



Stability of Scalar Hair Solutions Backup

Paul Mikula (UM) Holographic Superconductors June 13, 2018 18 / 22



Stability of Scalar Hair Solutions Backup

Paul Mikula (UM) Holographic Superconductors June 13, 2018 19 / 22



Localized Droplet Backup

p(r , u) c2(r)
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