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• Linear perturbation theory and CMB physics 

• History of Boltzmann codes 

• Main tasks, bottlenecks
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• Bardeen scalars, vectors and tensors 

• S: density, pressure, forces: generalisation of newtonian gravity 
• V: vorticity, gravity-magnetism: usually irrelevant in cosmology (excepted phase 

transitions, defects…) 
• T: gravitational waves 

• Gauge freedom: 

• Reduction to  
• 2 Scalars metric perturbations (newtonian, synchronous, N-body gauges…) 
• 2 Tensors metric perturbations (effectively one) 

Reduction of cosmological perturbations
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• Linear perturbations theory: independent Fourier modes with system of linear differential 

equation 
• Isotropy: system depends on   , not  
• Full solution reads 

• Can match the first one with the unique solution found when there is initially only one 
perturbed d.o.f (inflaton, temperature of thermal bath) which plays the role of a time clock: 
adiabatic mode. Then  

    and            can be matched to initial curvature perturbation        . Then 
• Other isocurvature/entropy modes disfavoured by observations, but Boltzmann codes 

allowing for arbitrary mixture keep the complexity of the full expansion (loops over ICs) 
• Solve for (deterministic) transfer functions rather than (stochastic) perturbations 
• Observables = correlators of               = (transfer functions)power x (correlators of           )
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• Linear perturbations theory: independent Fourier modes with system of linear differential 

equation 
• Isotropy: system depends on   , not  
• Full solution reads 

• Can match the first one with the unique solution found when there is initially only one 
perturbed d.o.f (inflaton, temperature of thermal bath) which plays the role of a time clock: 
adiabatic mode. Then  

    and            can be matched to initial curvature perturbation        . Then 
• Other isocurvature/entropy modes disfavoured by observations, but Boltzmann codes 

allowing for arbitrary mixture keep the complexity of the full expansion (loops over ICs) 
• Solve for (deterministic) transfer functions rather than (stochastic) perturbations 
• Observables = correlators of               = (transfer functions)power x (correlators of           )
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• In general: one Boltzmann equation for species (more for photons, to follow polarisation) 

• Dependence on momentum modulus trivial for photons (blackbody) 
• Dependence on direction w.r.t. k captured by Legendre expansion, everything encoded 

in the transfer functions 

• Temperature      ’s are simply                     convolved with primordial spectrum 
• Inconvenient: follow thousands of                's accurately until today 

• Interactions -> fluids -> no high momenta of p.s.d -> less equations 
• Perfect fluid or pressure-less component: 2 equations (conservation+Euler) 

• Components of Einstein equation often kept as evolution equation to close the system 
(gauge-dependent; 0 or 1 for scalars, 1 or 2 for vectors/tensors),
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• In general: one Boltzmann equation for species (more for photons, to follow polarisation) 

• Dependence on momentum modulus trivial for photons (blackbody) 
• Dependence on direction w.r.t. k captured by Legendre expansion, everything encoded 
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CosmoTools18, TTK, RWTH Aachen University, 23-27.04.2018
• In general: one Boltzmann equation for species (more for photons, to follow polarisation) 

• Dependence on momentum modulus trivial for photons (blackbody) 
• Dependence on direction w.r.t. k captured by Legendre expansion, everything encoded 

in the transfer functions 

• Temperature      ’s are simply                     convolved with primordial spectrum 
• Inconvenient: follow thousands of                's accurately until today 

• Interactions -> fluids -> no high momenta of p.s.d -> less equations 
• Perfect fluid or pressure-less component: 2 equations (conservation+Euler) 

• Components of Einstein equation often kept as evolution equation to close the system 
(gauge-dependent; 0 or 1 for scalars, 1 or 2 for vectors/tensors)
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• “True” line-of-sight integral of the Boltzmann equation (in real space in one direction): 

                                                                                                                                             (Polarisation corrections neglected) 
    
• Leads to different effects in the CMB:

Line-of-sight integral
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We can integrate this relation along the line of sight, i.e. along a straight
line seen by the observer in a given direction �n̂ (since the photons go in the
direction n̂), starting from an early time before recombination (such that
e
�⌧(⌘ini) ' 0) until the present time at which photons reach the observer
(with by definition e

�⌧(⌘0) = 1). The result reads

(⇥+  )|obs =
Z

⌘0

⌘ini

d⌘
⇥
g (⇥0 +  + n̂ · ~vb) + e

�⌧ (�0 +  
0)
⇤
, (46)

where the notation |obs means “evaluated at the observer location, along
this line of sight”, i.e. at the coordinate (⌘0,~o, n̂).

We can gain further intuition from this equation if we use the instan-
taneous decoupling approximation, in which all photons are assumed to
decouple precisely at the time ⌘dec. In this limit, we can replace the visibil-
ity function g by the Dirac function �D(⌘�⌘dec), and e

�⌧ by the Heaviside
function H(⌘ � ⌘dec). Note that the approximation g(⌘) = �D(⌘ � ⌘dec) is
correctly normalized, since the definition of g implies

R
d⌘ g(⌘) = 1. In the

instantaneous decoupling limit, Eq. (46) reads:

(⇥+  )|obs = (⇥0 +  + n̂ · ~vb)) |dec +
Z

⌘0

⌘dec

d⌘ (�0 +  
0) , (47)

where the notation |dec means “evaluated on the last scattering surface,
along this line of sight”, i.e. at the coordinate (⌘dec,�rdecn̂, n̂) (here rdec

is the comoving radius of the last scattering surface). Let us now give the
interpretation of each term in this crucial equation.

First, ⇥|obs is the temperature anisotropy measured by the observer in
the direction �n̂, while ⇥0|dec is the temperature anisotropy in the point of
the last scattering surface seen in the same direction. If only these two terms
where present, this relation would simply tell us that that the temperature
anisotropy seen today in a given direction is equal to the intrinsic anisotropy
in the point where the observed photons last scattered.

Second, the term n̂ ·~vb|dec stands for the correction to this temperature
coming from by the usual Doppler. Indeed, this correction is caused by the
velocity of the baryon-photon fluid (that we assumed to be tightly coupled
until ⌘dec) projected along the line of sight.

Next, we expect a correction from gravitational e↵ects. The redshift-
ing and blueshifting of the photons traveling along gravitational potential
fluctuations should a↵ect the observed temperature anisotropy relatively
to the intrinsic one. It turns out that if the gravitational potential was
constant in time (but, of course, not in space), this e↵ect would be conser-
vative, and would only depend on  |obs �  |dec. This explains the second
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• Fourier transform of line-of-sight integral (Seljak & Zaldarriaga 96): 

                                                                                                                                             (Polarisation corrections neglected) 
• Only first photon multipoles close to recombination time are important! 
• Separation of “physical complexity” and “geometrical complexity” 
• Spherical Bessel function: projection from Fourier to multipole space 

• For mode orthogonal to l-o-s:  
         main peak in Bessel at                             ensures 
            correct projection                          with   

• For other modes: other peaks of Bessel function 

• But Bessel functions oscillatory, slow convergence of the integral…
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Fig. 2. A multipole l refers to structures seen on the last scattering surface under an
angle ✓ = ⇡/l. These structures are seeded by Fourier modes with a half wavelength
�
2 = ⇡adec

k .

t(z) being the proper time at which an object seen today with a redshift
z emitted light. The conformal time ⌘(z) is defined similarly. In terms of
conformal time,

da(z) = a(⌘(z))

Z
⌘0

⌘(z)

d⌘ = a(⌘(z)) [⌘0 � ⌘(z)] , (65)

and for the case of a point located on the last scattering surface,

da(zdec) = a(⌘dec) (⌘0 � ⌘dec) . (66)

Hence, Eq. (63) can be written as

1

k
=

(⌘0 � ⌘dec)

l
, (67)

which is the same relation between k and l as in Eqs. (60, 61). In those
equations, we implicitly performed a small-angle approximation. For large
angles (small l’s), it is inaccurate to say that a given angle/mutipole cor-
responds to a single Fourier mode on the last-scattering surface, and it is
important to keep the spherical Bessel function of Eq. (58) and the integral
over k of Eq.(54). In summary, Eqs. (60, 61) represent the instantaneous
decoupling and small-angle limit of the true power spectrum C

SW

l
.

Using the same two limits, a similar discussion can be carried for the
Doppler and Integrated Sachs-Wolfe power spectra. The Doppler term de-
pends on the power spectrum of the baryon velocity divergence evaluated
roughly at the same time and scale,

C
Doppler

l
⇠ h|✓b|2i(⌘,k)'(⌘dec, l/(⌘0�⌘dec))

, (68)
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gravity boost
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Perturbations in (k, ⌧) space

With notebooks/many_k.ipynb or scripts/many_k.py:

Sophisticated script (and long to execute) but no new command with respect to
previous cases.
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• Possible confusion:  

• Observed polarisation map = map of spin-2 
quantity, can be decomposed in two scalar 
maps (E and B modes) 

• In isotropic and homogeneous universe, the polarisation of propagating photons can 
be described with one single function of direction for each wavenumber: only two 
Boltzmann hierarchies, one for T and one for P (Fl and Gl in Ma & Bertschinger 95) 

• When generalising equations to vector/tensors and non-flat spherical/hyperbolic 
universes, authors of the 90’s (Seljak & Zaldarriaga, Hu & White, …) introduced 3 
coupled hierarchies for T, E, B, used in CAMB 

• Tram & JL 1305.3261 rederived all cases in terms of two hierarchies (T and P); E and B 
modes recovered from different line-of-sight expressions 

• Polarisation makes line-of-sight integral more complicated: need for derivation by part of 
source terms (CMBFAST/CAMB) or extra convolutions with jl’(x), jl’’(x) (CLASS)

Polarisation
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• Expansion not in Fourier modes but in eigenfunctions of Laplacian operator in 
spherically/hyperbolically curved space (Seljak, Zaldarriaga, Bertschinger 97; Hu & 
White 97): 

• Extra corrections in equations of motion 
• Hyperspherical Bessel functions with two real arguments instead of one 

• (Hyper)spherical Bessel functions always computed on the fly by modern Boltzmann 
code, using more or less fast/approximate methods (forward/backward recurrences, 
WKB, …), see Tram 1311.0839 

• This algorithm + interpolation scheme for Bessel functions crucial for code 
performances, see JL & Tram 1312.2697

Spatial curvature

in three contributions Tj with j = 0, 1, 2), E-type polarisation E, and B-type polarisation B:
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The �’s are the photon transfer functions, depending on the mode index m (m = 0, 1, 2 for
scalars, vectors, tensors), on the multipole ` and on the generalised wavenumber
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} are linear combinations of (hyper-)spherical Bessel func-

tions and their derivatives. They depend on the rescaled generalised wavenumber ⌫ = q/
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and the rescaled radial coordinate � ⌘
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|K|(⌧0 � ⌧). This remains true in the flat limit as

well, since the hyperspherical Bessel functions becomes �⌫
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|K|’s cancels out. All the relevant radial functions in flat space may be found in [17],

while the K̂ = �1 radial functions can be found in [18]. In section 3.3 we write all the radial
functions in a unified form where the flat limit is transparent.

The S’s are the source functions which depends on the Fourier wavenumber k(q) and on
conformal time ⌧ . In the Newtonian gauge, and omitting vector modes, the source functions
derived in [17] read
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while S(2)
T0 = S

(2)
T1 = 0. The polarisation source terms P (0) and P

(2) can be expressed in terms
of the coe�cients of the optimal Boltzmann hierarchies presented in [16]. They are given in
equation (2.16) of that reference but we will reprint them here for convenience:

P
(0) =

1

8

h
F

(0)
�2 +G

(0)
�0 +G

(0)
�2

i
, (3.7)

P
(2) = � 1p

6


1

10
F

(2)
�0 +

1

7
F

(2)
�2 +

3

70
F

(2)
4 � 3

5
G

(2)
�0 +

6

7
G

(2)
�2 � 3

70
G

(2)
�4

�
. (3.8)

Note that we extend the naming scheme of [15] for the lowest multipoles such that F
(0)
�2 =

2s2�
(2)
�2 , F
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�2 = 2�(2)� and F

(m)
�0 = �

(m)
� .

In previous codes (cmbfast [2], camb [5], cmbeasy [6] and class up to version 1.7),
the temperature source functions were not implemented as such. They were integrated by
part (once for the T1 and twice for T2), in order to reduce the problem to the integration of a
single source ST multiplied by a single Bessel function. This approach is not very practical,
because terms like e.g.  

0 (or its counterpart in the synchronous gauge4) are not directly
given by Einstein equations. One needs to evaluate the time derivative of these equations,
which involves the time derivative of the pressure p̄i and anisotropic stress �i of photons and
baryons. This can be done in two ways:

4
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CMB physics and Boltzmann codes - J. Lesgourgues

• 1995: Bertschinger releases the COSMICS package in f77. Contains Ma & Bertschinger 
(astro-ph/9506072) equations in synchronous gauge, Peebles recombination. Integration 
of Boltzmann hierarchies for photons/neutrinos till l ∼ 2500.  

• 1996: Seljak & Zaldarriaga add a few functions implementing line-of-sight integral. New 
code much faster, released as CMBFAST. Later, many important improvements: 
RECFAST recombination, open/closed, lensing, etc. But structure becomes complicated.  

• 1999: Lewis & Challinor cut CMBFAST in pieces and reorganise them differently in f90 in 
CAMB. Improved implementation of sources, initial conditions, lensing, Bessels, etc.  

• 2003: Doran does a similar work of reorganisation in C++: CMBEASY. But not maintained 
many years, currently obsolete and inaccurate. 

• 2011: Lesgourgues & Tram release CLASS, written form scratch; simpler polarisation 
equations, multi-gauge, new algorithms (ODE, interpolation, …), new physical 
approximations, new species, new observables… 

• 2017: Zurich group releases PyCosmo in python, currently computing only transfer 
functions and P(k) for restricted flat cosmologies (thus no Cl’s)

History of Boltzmann codes



CMB physics and Boltzmann codes - J. Lesgourgues

• 1995: Bertschinger releases the COSMICS package in f77. Contains Ma & Bertschinger 
(astro-ph/9506072) equations in synchronous gauge, Peebles recombination. Integration 
of Boltzmann hierarchies for photons/neutrinos till l ∼ 2500.  

• 1996: Seljak & Zaldarriaga add a few functions implementing line-of-sight integral. New 
code much faster, released as CMBFAST. Later, many important improvements: 
RECFAST recombination, open/closed, lensing, etc. But structure becomes complicated.  

• 1999: Lewis & Challinor cut CMBFAST in pieces and reorganise them differently in f90 in 
CAMB. Improved implementation of sources, initial conditions, lensing, Bessels, etc.  

• 2003: Doran does a similar work of reorganisation in C++: CMBEASY. But not maintained 
many years, currently obsolete and inaccurate. 

• 2011: Lesgourgues & Tram release CLASS, written form scratch; simpler polarisation 
equations, multi-gauge, new algorithms (ODE, interpolation, …), new physical 
approximations, new species, new observables… 

• 2017: Zurich group releases PyCosmo in python, currently computing only transfer 
functions and P(k) for restricted flat cosmologies (thus no Cl’s)

History of Boltzmann codes



CMB physics and Boltzmann codes - J. Lesgourgues

• 1995: Bertschinger releases the COSMICS package in f77. Contains Ma & Bertschinger 
(astro-ph/9506072) equations in synchronous gauge, Peebles recombination. Integration 
of Boltzmann hierarchies for photons/neutrinos till l ∼ 2500.  

• 1996: Seljak & Zaldarriaga add a few functions implementing line-of-sight integral. New 
code much faster, released as CMBFAST. Later, many important improvements: 
RECFAST recombination, open/closed, lensing, etc. But structure becomes complicated.  

• 1999: Lewis & Challinor cut CMBFAST in pieces and reorganise them differently in f90 in 
CAMB. Improved implementation of sources, initial conditions, lensing, Bessels, etc.  

• 2003: Doran does a similar work of reorganisation in C++: CMBEASY. But not maintained 
many years, currently obsolete and inaccurate. 

• 2011: Lesgourgues & Tram release CLASS, written form scratch; simpler polarisation 
equations, multi-gauge, new algorithms (ODE, interpolation, …), new physical 
approximations, new species, new observables… 

• 2017: Zurich group releases PyCosmo in python, currently computing only transfer 
functions and P(k) for restricted flat cosmologies (thus no Cl’s)

History of Boltzmann codes



CMB physics and Boltzmann codes - J. Lesgourgues

• 1995: Bertschinger releases the COSMICS package in f77. Contains Ma & Bertschinger 
(astro-ph/9506072) equations in synchronous gauge, Peebles recombination. Integration 
of Boltzmann hierarchies for photons/neutrinos till l ∼ 2500.  

• 1996: Seljak & Zaldarriaga add a few functions implementing line-of-sight integral. New 
code much faster, released as CMBFAST. Later, many important improvements: 
RECFAST recombination, open/closed, lensing, etc. But structure becomes complicated.  

• 1999: Lewis & Challinor cut CMBFAST in pieces and reorganise them differently in f90 in 
CAMB. Improved implementation of sources, initial conditions, lensing, Bessels, etc.  

• 2003: Doran does a similar work of reorganisation in C++: CMBEASY. But not maintained 
many years, currently obsolete and inaccurate. 

• 2011: Lesgourgues & Tram release CLASS, written form scratch; simpler polarisation 
equations, multi-gauge, new algorithms (ODE, interpolation, …), new physical 
approximations, new species, new observables… 

• 2017: Zurich group releases PyCosmo in python, currently computing only transfer 
functions and P(k) for restricted flat cosmologies (thus no Cl’s)

History of Boltzmann codes



CMB physics and Boltzmann codes - J. Lesgourgues

• 1995: Bertschinger releases the COSMICS package in f77. Contains Ma & Bertschinger 
(astro-ph/9506072) equations in synchronous gauge, Peebles recombination. Integration 
of Boltzmann hierarchies for photons/neutrinos till l ∼ 2500.  

• 1996: Seljak & Zaldarriaga add a few functions implementing line-of-sight integral. New 
code much faster, released as CMBFAST. Later, many important improvements: 
RECFAST recombination, open/closed, lensing, etc. But structure becomes complicated.  

• 1999: Lewis & Challinor cut CMBFAST in pieces and reorganise them differently in f90 in 
CAMB. Improved implementation of sources, initial conditions, lensing, Bessels, etc.  

• 2003: Doran does a similar work of reorganisation in C++: CMBEASY. But not maintained 
many years, currently obsolete and inaccurate. 

• 2011: Lesgourgues & Tram release CLASS, written form scratch; simpler polarisation 
equations, multi-gauge, new algorithms (ODE, interpolation, …), new physical 
approximations, new species, new observables… 

• 2017: Zurich group releases PyCosmo in python, currently computing only transfer 
functions and P(k) for restricted flat cosmologies (thus no Cl’s)

History of Boltzmann codes



CMB physics and Boltzmann codes - J. Lesgourgues

• 1995: Bertschinger releases the COSMICS package in f77. Contains Ma & Bertschinger 
(astro-ph/9506072) equations in synchronous gauge, Peebles recombination. Integration 
of Boltzmann hierarchies for photons/neutrinos till l ∼ 2500.  

• 1996: Seljak & Zaldarriaga add a few functions implementing line-of-sight integral. New 
code much faster, released as CMBFAST. Later, many important improvements: 
RECFAST recombination, open/closed, lensing, etc. But structure becomes complicated.  

• 1999: Lewis & Challinor cut CMBFAST in pieces and reorganise them differently in f90 in 
CAMB. Improved implementation of sources, initial conditions, lensing, Bessels, etc.  

• 2003: Doran does a similar work of reorganisation in C++: CMBEASY. But not maintained 
many years, currently obsolete and inaccurate. 

• 2011: Lesgourgues & Tram release CLASS, written form scratch; simpler polarisation 
equations, multi-gauge, new algorithms (ODE, interpolation, …), new physical 
approximations, new species, new observables… 

• 2017: Zurich group releases PyCosmo in python, currently computing only transfer 
functions and P(k) for restricted flat cosmologies (thus no Cl’s)

History of Boltzmann codes



CMB physics and Boltzmann codes - J. Lesgourgues

• Parsing 

• Background quantities: scale factor, densities, pressures, horizons, distances… 

• Thermodynamical quantities: scattering rate, optical depth, visibility… 

• “Perturbations”: transfer functions Tj(t,k) 

• Initial conditions: analytic adiabatic/isocurvature or inflation simulator 

• Linear spectra in Fourier space: PL(z,k) 

• Non-linear spectra in Fourier space: corrections from Halofit, HMcode, … 

• Transfer functions in harmonic space: Dl(k) (CMB, cosmic shear, number counts) 

• Spectra in harmonic space: ClXY 

• CMB lensing: lensed ClXY 

• [Possibly higher order observables (tree-level bispectrum)] 

• [Output functions and files, wrappers…]

Main generic tasks and bottlenecks
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Figure 10: Summary of regions in (k, τ) space where the various approximations are used. The
precision settings are taken from the cl_3permille.preprecision file which ensures a 0.3% precision
on the Cl’s till l = 3000. The full set of exact equations is used only in the white region.
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Figure 10: Summary of regions in (k, τ) space where the various approximations are used. The
precision settings are taken from the cl_3permille.preprecision file which ensures a 0.3% precision
on the Cl’s till l = 3000. The full set of exact equations is used only in the white region.
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Figure 10: Summary of regions in (k, τ) space where the various approximations are used. The
precision settings are taken from the cl_3permille.preprecision file which ensures a 0.3% precision
on the Cl’s till l = 3000. The full set of exact equations is used only in the white region.
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Figure 10: Summary of regions in (k, τ) space where the various approximations are used. The
precision settings are taken from the cl_3permille.preprecision file which ensures a 0.3% precision
on the Cl’s till l = 3000. The full set of exact equations is used only in the white region.
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Figure 10: Summary of regions in (k, τ) space where the various approximations are used. The
precision settings are taken from the cl_3permille.preprecision file which ensures a 0.3% precision
on the Cl’s till l = 3000. The full set of exact equations is used only in the white region.
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Perturbations in (k, ⌧) space

With notebooks/many_k.ipynb or scripts/many_k.py:

Sophisticated script (and long to execute) but no new command with respect to
previous cases.
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Evolution of Transfer Functions: metric
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Figure 10: Summary of regions in (k, τ) space where the various approximations are used. The
precision settings are taken from the cl_3permille.preprecision file which ensures a 0.3% precision
on the Cl’s till l = 3000. The full set of exact equations is used only in the white region.
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Thank you


