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Parton Distribution Function

Definition of PDFs in QCD factorization theorems:

alx,1)= | %eé (PlF(E Y UE O (O)fP) 7=2LI2htI%e.

g = £2)/N2 U 0=Pesp| g dn 4 ()|

e  QGauge-invariant and boost-invariant light-cone correlation;

* In the light-cone gauge A*=0, has a clear interpretation as parton
number density;

*  Not directly calculable from lattice QCD due to real-time
dependence of the light-cone.

Lattice PDF Workshop, Maryland 4/6/18



Large momentum effective theory

Quasi-PDF: . ——
X. J1, PRL 2013; Sci.China Phys.Mech.Astron. 2014.
~ = dZ ixP*z — z = 0,0,0,
q(x,P", )= Ee £ <P‘l//(z)y U(Z,O)I/I(O)‘P> Gl 2)

U(z,0)= Pexp[—igj:dz'AZ (Z'):l

Equal-time correlation along the z
direction, calculable in lattice QCD
when P*<<a’!, dependent of P

Under an infinite Lorentz boost along
the z direction, the spatial gauge link
approaches the light-cone direction, and
the quasi-PDF reduces to the (light-cone)
PDF.
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Large momentum effective theory

Taking the P:—>c0 limit of the quasi-PDF is ill-defined

due to the latter’s nontrivial dependence of P%,

The (renormalized) quasi PDF is related to the PDF

through a factorization formula:

- N oy T g

Z'X 7PZ7 :/ _CiX(_)_a ) I\
g (x 1) 1yl Y \y P |y|P? 4 (Y, 1)

M? A%QCD
+o( 1 20, (8)

They have the same IR divergences

C factor matches their UV difference, and can be
calculated in perturbative QCD;

Higher-twist corrections suppressed by powers of Pz,
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Procedure of Systematic Calculation

1. Simulation of the quasi PDF
in lattice QCD 3. Subtraction of higher

twist corrections

d
LY
1 \y|

Ji(z, P, i) = /

2. Renormalization of the lattice [4. Matching to the MSbar PDE. ]
quasi PDF, and then taking the

continuum limit
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Renormalization

The gauge-invariant quark Wilson line operator can be
renormalized multiplicatively in the coordinate space:

0,(2)=¥(TW(2.0)y(0)=Z, e ™ (F(2)TW(z,0)y (0))]

X. Ji, J.-H. Zhang, and Y.Z., 2017; J. Green, K. Jansen, and F. Steffens, 2017,
SIS -0, Ma) 1..0iu; S. Yoshida, 2017.

Different renormalization schemes can be converted to each
other in coordinate space;

~ S T
Q™ (¢, 2% k) = ZX“(‘;(;; )6) QY5 (¢, 2%u?)

=7 (2, 1/ 1%) Q¥ (¢, 221%)
We can implement a nonperturbative renormalization

scheme on the lattice.
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Regulator independence

If we apply the same renormalization scheme in both lattice
and continuum theories,

0%(z,1)=Z; (2,810, (2,€)

=limZ,'(z,a",1)0.(z,a")

This should apply to all renormalization schemes;

After renormalization, we can just calculate the matching
coefficient in DimReg;

However, not all schemes can be implemented
nonperturbatively on the lattice.
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A momentum subtraction scheme

Martinelli et al., 1994

Regulator-independent momentum subtraction scheme

(RI/MOM):
Z. (Z,a_l,p;,,UR)<P‘ 0, (Z’a_l)‘ p>

i =(P|0:(2)|p)

p’=pp

tree

POz p) sy (PO D)
p’=p, p*=p;,

1 .z _ _
ZOM (Z’a ’pR"uR) <p‘ 61~ (Z)‘p> (4p£éz)e—ip§*z

Can be implemented nonperturbatively on the lattice.

tree

Scales in renormalization: up, pp*
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Nonperturbative renormalization on
the lattice

For I'=y?, we have to choose p# 0; for [ =Y/,
we can choose p,?= 0 while | p2|>>AQCD;

I~ —ipg*z
g/ (4D5Ce )

p,=p,

Z,,,(z,0™,p},1,)=(p|0,(2)| )

For nonzero py?, Z,,, is a complex number, real part
symmetric and imaginary part anti-symmetric;

Operator mixing on the lattice between O, and O, at
O(a") (for %) and O(a') (for ’) due to broken chiral

symmetry. M. Constantinou and H. Panagopoulos, 2017;
T. Ishikawa et al. (LP3), 2017.
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Matching coefficient

Strategy:

Extracting matching coefficient by comparing the
quasi-PDF and light-cone PDF in an off-shell quark

state;

Quark off-shellness p?<0 regulates the infrared (IR)

and collinear divergences;
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One-loop Feynman diagrams

Z Z Z Z
k k %ﬂ{; kA 3&9& W
DA YP Pa Yp
p p YP DPa
~ ~(1 ~(1)
Gortex(2) i) Giatole (?)

Dimensional regularization d=4-2¢;

['=y*for discussion in this talk. External momentum

pt=(?,0,0,p%) and p?<0;

Fourier transform to the momentum space to obtain the quasi-

PDF;
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One-loop Feynman diagrams

Feynman rules:

(1 -
Gt (207, 6, =p) = 0Zy §O(z,p°)
e.g. grv=

~ z ~ z z > —ixp®z ddk . a U zl . a_ v _Zg v

oo (2,071 €, —D2) + G (2,07, € —7) = Cp/_ood:ce PE Ty lp/ (%)d(—ng 7“)%7 %(—ZQT o} )m]
x [k~ ap?) — 60" —ap”), (22)

Three dimensional integration; Four dimensional integration;

Ultraviolet (UV) convergent. UV divergent, regularized by e.

At bare level, which means keeping ¢ finite, satisfies vector current conservation (V.C.C.);
Jax dGxp* e-p)=0
In the MSbar renormalization, a careful & expansion is needed;
[zubuchi, Ji, Jin, Stewart and Y.Z., 2018
In the first calculation with transverse momentum cutoff (Xiong, Ji, Zhang and Y.Z., 2014), we
took £=0 and write quasi-PDF as a plus function to enforce V.C.C..

~(1) z . z ] ] Z
x,p")=h(x,p")-06(1—x)|dx"h(x’,
q(x,p")=h(x,p")-o( )J (x%p°) Lattice PDF Workshop, Maryland 4/6/18




One-loop results

I. Stewart and YZ, PRD 2018, arXiv:1709.04933

One-loop bare matrix element (with V.C.C.):

SC z > —ixzp®z —ip®z .
100707 = 5T ) [ da (77— i) [ (-0 i)
o0 pg 9
(1 1422 1. 20 —14+T=p
RAC A N e A P +1 z>1
I—-p|ll—2z 2(1-2)] 2¢—1—-y1—p 4dx(z—1)+p
1 1 2 1, 1++4/1- 2
h(z,p) = < T __f In —- g O<z<l1 ,
Vi-pll—2z 2(1—-2)] 1—-yI-p 11—z
1 1 2 1, 22—-1—-+/1-
A R W Py 4 ~1 z<0
(VI—-p|l—2 2(1—-2)] 22—-14+/1—p dz(z—1)+p

Potential problem:

lim h(x,p)~ —i, dx h(x,p) is logarithmically divergent needs € to be regularized!
p p

o 2| x|

This logarithmic divergence is what needs to be treated carefully

for the MSbar scheme;
Not a problem for the RI/MOM scheme!
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RI/MOM renormalization

Renormalization in coordinate space: @t .p*.pi.ur) = ~Z5u (. pi.0.8) 1 (.97
Gom (2,07, D= s1t) = (2, p7,0,- ") + G2 (2, p°, P ity

(e'e) 2 2 2
1), 2 2y %CF —izp®z _ _—ip®z R TS
¢ (2p%,0,—p%) = —— (4p C)/Oodw (6 e )h(x,p) o e e <
~ z ,z aSC i(1—x)p%z—ip®z —ip©z . ) N2 4
q(cl%(z P PRy HR) = o d (4p C)/ dx (6 (1=@)phz—ip®s _ o=t >h($,TR) v, = Msz =(pR) t(sz) > 1 for lattice momentum,
o0 (P;) (Py)
analytical continuuation from p <1!
Identify the collinear divergence: onshell limit!
~(1) ~(1) 1)
Gou (2,07 s P=P" << pLot) =G (2, p7,0,=p* << p2) + G (2, P7, Do )
1+ z2 T
1—x1nx—1+1 xz>1
SC > _ z _inZ 2
10,0, < 92) = 5 E (rQ) [ do (7= e ) ho(ay ) [ho(ep) = A 2 g cacn
oo l—2z p 1-2
2 _
Lt 2=l 0 a0
1—=z T
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RI/MOM renormalization

Fourier transform to obtain the x-dependent quasi-PDF:

= z .z dz rxrzp® ~ z =z z
sl ,pR,uR)=/§e P Gor (2 07 Dy iR) n=t
i
aC
= 27TF (44){/dy [6(y —x) — 6(1 — )] [ho(y, p) — h(y,TR)]

& i ) — gl {1 4 s — 1>,rR)} |

oo} 5 . . a C o] e e}
J e e, 7 =) = = (40)| [ dx hxor) - [ e Inh(1+|n(x—1),rR)]=0
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RI/MOM renormalization

Full result of RI/MOM quasi-PDF: Plus functions with d-function at x=1

6(0112/[ (33, pzapf%a ,UR) (37)
([1+4 22 T 2 1+ z2 TR Vrr —1 TR 1
In — = arctan + - x> 1
l-2—a—1 Vin-i|ll-z 21-2) 20—1  dz(w—1)+1rlq
a,Cr + % 4(p?) 2 14 22 TR 1
= 1 — t —1 O<zr<l1
el COAT Nl Sa—1|l-z 20_a)] ¢ an\/mih “"
14+ 2 — 1 2 1+ z2 TR \/TR—T TR -|
e [ + - arctan - x <0
1—=z Vrr=1|1—-2z 2(1—2x) 20 — 1 dr(r — 1) +1a]
CYSCF
+ 2502 1) (e ) = I (NG = D)}

Unregulated divergené\in the 0(/-x) part! No!

lim qggd (x,p", prs— p.u it Lz\,\'ntegrable at infinity, no need to regularize!
X

‘x‘—>oo

MSbar PDF: ‘ 0

z>1
1 2
Q(l)(%u):a;i’f?(élo ‘m 1—1;2 In[z(1—-2)] —(2—x) . O<z<l .
0 z <0
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Matching coefficient

Matching coefficient for isovector quasi-PDF in quark:

COM<§,‘T,“Z,7’:>—5(1—5) g=2
Pr D° DPRr Yy
-1 +€2 ln f — 2(1 +§2> e arctan s = 1 + i :|
[ 1-¢ &1 (A-H)vrr—1 26—1 4§ —1)+7Rr]g
a;Cr ) [1+62  4(p*)? 142 2arctan/rg — 1 [ 1+ &2 TR
=or Y lToe g tTogRla-olre-O-—r== {1—5_2<1—§>H+0
_1+§21n€_1+ 2 [1+§2 Vi }arctan rR_lf 5 ]
| 1-¢ 3 ViR—111-¢ 2(1-¢) 26—1  4(E-1)+rr]g
.C
+ 2500 (e r) = Il (1 + s — Do) |

(40)

E>1

<é<1

£E<0

Matching coefficient for isovector nucleon quasi-PDF

p —=yP, n=yP /p.

RI/MOM matching also preserves particle number conservation of the nucleon PDF!
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Comparison to two-step matching

procedure
RI/MOM renormalization in RI/MOM renormalization in
coordinate space coordinate space
Converting RI/MOM to MSbar Fourier Transform to obtain x-
scheme distribution of quasi-PDF in the

RI/MOM scheme

Fourier Transform to obtain x-
distribution of quasi-PDF in the Matching RI/MOM quasi-PDF to
MSbar scheme MSbar PDF
Matching MSbar quasi-PDF to Stcvarian gl il

J.W. Chen et al. (LP3), 2017, 2018.
MSbar PDF

M. Constantinou and H. Panagopoulos, 2017;
J. Green, K. Jansen, and F. Steffens, 2017;
C. Alexandrou et al., 2017, 2018.
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Other schemes

Transverse momentum cut-off scheme (Xiong, Ji, Zhang, and Y.Z., 2014):

wo A

CAT <£7 2?, ﬁ

)=s0-9)
( 1+6* ¢
{ ¢ hlé__1‘+
asCp | [1+& 4@p*)? | 1+¢&°
o ll—ém P et
{1+§21n§—1_
\ 1-¢ §

Linear divergence

1

§)

1

MSbar scheme: gives convergent matching integrals (Izubuchi, Ji, Jin, Stewart and Y.Z., 2018)

0
|y| P~

cMS (5,

_|_

OZSCF
2w

):50—@+

[1,00]

(v n)ny = >
or S (FE [ s - §>?] O]f(l”ﬁ)f’: 0<g<1
(—ﬂtfhﬁji_l+2ﬂi®)ﬂn7_2Ui® £<0
e @ " 4?;5’3 i 2) ' Plus functions with o-function at x=1
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Other schemes

Transverse momentum cut-off scheme (Xiong, Ji, Zhang, and Y.Z., 2014):

Unregulated UV

divergence in the

CAT (g}%,%) =6(1—¢) ~‘%¢5|'5%°° plus function
. {11t§1n§fl+1+ﬁ%]® £>1
+0‘82:F llltf 1n4(ZZ)2+11t22 1115(1—,5)+1—12_554%1_15)2%]+ 0<é<1
| {11t£§21n€g1_1+(1—1€)2%}@ £<0

MSbar scheme: gives convergent matching integrals (Izubuchi, Ji, Jin, Stewart and Y.Z., 2018)

1 ( [1,00]
AR \\<11+—€§21né€1+1+235>+(1) _235 £>1
o (é’ !y|/j°Z> =0=6+ a;iF <11t€€2 [_ . y51233 +1In (46(1 - 5))} - g(lljég)yj:]) 0<é<1
[—00,0]
<_11t£; lnl__{5 -1+ 2(13_@)+(1) - 2(13_ 3 £<0
+ a‘;iFé(l —¢) <gln4y‘;;3 2) ,
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Numerical results

Take the iso-vector parton distribution f,_, as
example:

fu—a(z,p) = fulz, 1) — falz, p) — fa(—2z, 1) + fa(—z, 1) ,

il ()l = = im0, 1) fa(—z,pn) = —fa(z, 1) .

Input:
O “MSTW 2008” PDF
O NLO a (1)
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Matching integral

1

- . d X M P°

Gom (6, P7 pru) = [ COME, 2, B e ()
c1pd y pi yP* pi

Four UV scales involved. Dependence on these scales
introduces systematic uncertainty in the lattice calculation of

PDF;

No singularities or divergences in MSbar or RI/MOM

matching.
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Variation of factorization scale u

0.4

0.3

0.2

0.1

T T T T | T T T T
P*=3Gev
Py =04P

MR = 2pp
4 =15,3,6Gev

m— xfu—d

— x(COM®fu )

Feynman gauge

AN

-0.1

\//
S
1 1 1 1 | 1 1 1

-1.

-0.5

0

X

0.5

1.

- ||||

0.05

e rp e
F == AX fu-a)
i X(COM ® fu-d — fu—d)

Feynman gauge

O e

. P*=3GeV \// .

- ¢ =04P .

—00s  PRTT ]

L MR = 2py i

B u=15,3,6Gev T

_Ol _I | | | | | | | | | | | | | | | | | | | 1 | | | | | | I_
-1.5 -1. -0.5 0 0.5 1. 1.5

X
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Variation of RI/MOM scales u,, pp*

0.4

0.3

0.2

0.1

— xfu,d P =3GeV
7 _ 4

x(COM®fu—d . pR =04P
at ug = 1.2 pj, 1 =3Gev

0=_/_»‘\

Feynman gauge

: ---------- ~"\ ¢'—.:-.--- =

B \ "/,.- L= ._.-" i
_0.1__ v‘ﬁ:l - - _—
C 1 1 1 | 1 1 |"| 1 1 1 1 | 1 1 1 1 | 1 1 1 i

—-1. -0.5 0 0.5 1 1.

0.4

0.3

0.2

0.1

B T T T | T T T T T T T | T T T T | T T T T ]
- B P*=3Gev .
T x (€M fig): \ MR = 2Py -
- at p, = 0.2 P ) 1=3Gev .
[ == at pi = 0.4 P -_‘\. \ Feynman gauge ]
C at pi, = 1.0 P* A \ ]
i W\ \ i
n ‘\\ -
C WY ’
C AN ]
‘.“ -~
- N N
[ | | | | | | | | | | | | | | | | | | | | | ]
-0.5 0.5 1. 1.5
X
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Variation of nucleon momentum Pz

0.4

0.3

0.2

0.1

== Xfuu

x(CM® fa):

at P*=1GeV

== at P*=3GeV
- at P*=6GeV

pr =04F
MR = 2Py
u=3GeV

Feynman gauge

[

©
N
—
ol N
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Other schemes

Transverse momentum cut-off scheme

0.6 R xf,,_d .' ‘, P*=3Gev
x(CAT ®fu_d): i u=3GeV
for yeu, = 10! . “‘ Ar = 6GeV

0.4 P

=== fOr ye = 10 Feynman gauge

= for yeu = 10* ’

0.2

.........
RS R

-----

kS

Xiong, Ji, Zhang, Zhao, 2014;

Recall unregulated UV divergence when
x/y->o0, and y/x->0, use a hard cut-off
y cut:] Oin.

MSbar scheme
[ T T T T I T T T T T T T T I T T T T I T T T T ]
0‘4:_ quasi-PDF in MS —_—— Xfua -
E PZ = 2\/§G6V X CM_S(yPZ) ®fu—d E
03 n=4Gev —— - xCYS(P)® fry
02F 3
0.1F 3
N - N .
0_ /_ \\ ]
—0.1f
_0‘2: 1 1 1 1 I 1 1 1 1 1 1 1 1 I 1 1 1 1 I 1 1 1 1 :
1. —0.5 0 0.5 ] 1.5

[zubuchi, Ji, Jin, Stewart and Y.Z., 2018
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Scale dependence of the matching
correction

Dependence of i and P? follow the Altarelli-Parisi equation, whose
solution is known so we can resum the large logarithms of ©/Pz;

Dependence of uy, pp?is more complicated, and is scheme
dependent. Large terms in one-loop correction could be
resummed with a “renormalization group equation” (RGE),

dg(zv P’Z,p%, MR)

— A~ ¥4 ~ Pz z
dln,uR 7(z7pR7,uR) Q(za 7pR7,uR)7

[t is simpler to make good choices of scales;

The final result of the PDF from lattice calculation should be
independent of the intermediate scales P~ up, pp*. Two-loop
matching would be useful to test these perturbative uncertainties.
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Summary

The implementation of the RI/MOM scheme on the
nonperturbative renormalization of the quasi PDF in

lattice QCD is discussed;
The one step matching for RI/MOM quasi-PDF

preserves vector current conservation, and leads to
convergent matching integrals.

Scale dependence of the matching correction
introduces systematic uncertainty. RGE and NNLO
calculation can be useful for high precision
calculations.
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MSbar treatment

Bare quasi-PDF:
1\ evE ,,2¢
1) oz oy XCr 301 1 B L(e+ 5)e'= 1—¢
¢ (z,p% ) 2 {2 (GUV 1R ol =)+ VT p2e e (1 — 2¢)
X []:v\_l_% <1 +z+ g(:z: -1+ 26)) — |1 — |t (:c + %(1 — x)2> + Ig(ll?)] }
p—1-2e\ [1o0] p—1-2e\ [01] || 12
Is(x) =0(x —1) ( P >+(1) —0(x)0(1 — x) ( . >+(1) — (1 — z)mcse(2me) + 0(—x) P

$1+6

+(0)

1
95

i

)

[1,00]

+(o0)

T

Inz

ons with J-function at
istent with DimReg.

Plus functi
X=£00, cons

[1,00]
+ O(é?

)

+(o0)
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MSbar treatment

O Renormalized quasi-PDF:

- Cr 3
560 2 _ As“F 6(1 —
q (x,,u/|p |7€UV) 2T 2eyy ( 33),
( 1 2 [1700] [1700]
( T2, 2 +1+3> —(3) v=1
l-z =z-1 2z ) 1y 22/ +(o0) [0,1]
) » 0,1
. . _ a,Cr 2 [ 1w _z(l+4x) 0 1
gV (x, u/|p?|, €m) o S (1_$ o n4p§ + n(af( UU)) 1—=x ) <z <
1+ 22 —x 3 > [=00.,0] < 3 ) [=o0.0)
_ In -1+ — “\or1 _ ) 7l
\< l-z 1l-z 2(1=2) ) 4 2(1 = 2) ) 4 (~o0)
6(1—=)( 1 5] 135 & o
T o [( $)<2n4p2+2>+2”5<(x_1)2 U (1—90))1

O Plus functions with J-function at x=+ needed for

NEESCM
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ETMC’s matching which has V.C.C.

Corresponds to a modified MSbar quasi-PDF of quark

—_

( 1 —l— .SUQ T 3 [1’00] 3 [1700]
In +1+ — E - z>1
l—ax x—1 2z +(1) 2z +(o0)
) ) 0,1
(1) ; :asCF 1+ —i—l o 1 . _z(l+=)
G (x, 1/ |p?|, ) = X <1—:1: - n4p§ +In (z(1 — ) T~z )0 0<x<
1+ 22 —x 3 >[OO’O] ( 3 )[_OO’O]
- In -1+ 3 <0
\ < l1—=x 1l—=x 2(1 - SU) +(1) 2(1 = CB) +(—00)
a,Cr 11 1 [ 1 Sty
6(1—z) - 5567 (=) -5 st (—=—)| (51 =
- 27 [( &) 2:1:25 x 2(1—x)? l1—x 2n4pg+2

C. Alexandrou et al., 2018
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Ratios

A. Radyushkin, 2017;Zhang, Chen and Monahan, 2018;
[zubuchi, Ji, Jin, Stewart and Y.Z., 2018

Ratio of the quasi-PDF in quark in coordinate space:

_ sC 3 2,2 2vg i 1 2,2, 2vg 2) 1_'(_ —iC
Q(l)(C,ZQ,M,EIR)—a2wF{§(1nuz4e +1)e C+(—;—lnzu4€ —1)h(()+ ( ZCQ ")
{=zp’ +4z’§eichg(l,l,l,Q,Q,Q,iC)}.
. aC 27%"T
Q(O,ZZ,H)Z#' §]n‘uL+1

i 0(zp”,2°,.€,,)
V.C.C. is satisfied by the ratio: lim— ’2 — R~ 7"In(z*) -0

z—0 Q(O,Z ’:u“’ij)

E.T. of the ratio should be similar to the ETMC matching

coefficient.

Can treat ~ Q(0, z%, 1?) as additional renormalization constant for
small |z|: modify both the RI/MOM to MSbar conversion factor
for the quasi-PDF, and the matching.
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