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Introduction
● Lattice calculations moving from Hadron bulk properties (masses, charges,...) 

to Hadron distributions (Form Factors, Structure Functions, Distribution 
functions, …)

● Project Goals
○ Long Term: Study methods of calculating parton distributions from ab initio Lattice QCD 
○ Short Term: Understand systematic effects in the simple case of iso-vector quark unpolarized 

PDF

● Mellin moments and OPE
○ Restricted to low moments by reduced rotational symmetry

● Hadronic Tensor Methods
○ “Light-like” separated Hadronic Tensor
○ Good lattice cross sections

● Ioffe Time Pseudo Distribution Methods
○ Quasi PDF
○ Pseudo PDF
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Parton Distribution Functions
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● Cross section factorization
● Light cone matrix element definition

● OPE definition
○ Mellin moments

○ Local Lorentz Invariant twist 2 matrix element



Ioffe Time distribution
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●

● Perturbative DGLAP evolution

● CP Even/Odd combinations
○ Even: 
○ Odd: 
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Ioffe Time distribution
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Regge
Quark counting



Ioffe Time Pseudo Distributions
● A general matrix element of interest

● Lorentz decomposition
○ Use of symmetry
○ Choice of p, z, and α can remove higher twist term

● Relation to ITDF
○ Perturbatively calculable Wilson coefficients for each parton
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Special Cases
● Light cone PDF

● Straight Link “Primordial” TMD

● Pseudo PDF
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Pseudo PDF vs Quasi PDF
● Both are integrals of pseudo ITDF

○ Pseudo PDF has fixed invariant scale 
dependence

○ Quasi PDF mixes invariant scales until pz is 
effectively large enough

● Expedite desired limit of z2 0
○ Pseudo-PDFs use reduced distributions  
○ Quasi-PDFs use LaMET
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Numerical Lattice Field Theory
● Importance sampling of path integral

● Correlation functions

● Feynman-Hellman extraction

9

C. Bouchard et.al Phys. Rev. D 96, no. 1, 014504 (2017)



Technical Lattice difficulties

● Excited states contamination
● Reduced Symmetries
● Signal to noise

○

■ Momentum smearing

● Use of heavy pions
● Connected and disconnected
● Restriction to low momenta

10

Bali et.al. Phys. Rev. D 93, 094515 (2016)



Renormalization and the Reduced distribution
● Effective Bare matrix element

● Vector current for quark field renormalization
○ Forces matrix elements to give unit nucleon charge

● Reduced distribution
○ TMD “Factorization” and suppression of polynomial 

corrections

○ BONUS: UV corrections from Wilson line cancel
○ Effective Reduced matrix element
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Numerical Study
Quenched 

●

Dynamical (Preliminary)

●
 

●  

●
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Quenched Results
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Dynamical Results

Preliminary



15

Quenched Results Dynamical Results

Preliminary
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Quenched Results Dynamical Results

Preliminary



Perturbative Evolution of Lattice data

● Position space DGLAP evolution
● Improvement of Almost Universal 

curve
● Separation of Regimes

○ Small separation matrix elements follow 
log behavior expected from perturbation 
theory

○ Large separation matrix elements seem 
z3 independent expected from 
cancellation of polynomial effects
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Perturbative Evolution of Lattice data
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Perturbative Evolution of Quenched Lattice data



20

Perturbative Evolution of Quenched Lattice data
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Thanks to Nobuo Sato 
and Jacob Ethier of 
the JAM collaboration 
for evolving our lattice 
data with their NLO 
code.
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Matching Lattice data to Ioffe distribution
● Without matching, the results are only comparable to global fits up to αs 

corrections
● Yet another convolution
● At 1-loop, scale evolution and matching can be simultaneous
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Real component and Valence distribution
● Limiting behaviors

○ Regge
○ Quark counting

● Quenched result
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Preliminary

Thanks to Nobuo Sato 
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for evolving our lattice 
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Summary
● First study of pseudo ITDF analyzed as reduced pseudo PDFs
● Quenched and Dynamical Results are in agreement with PDF fits at large x
● Treatment of z2 dependence guided by data
● Application of proper matching to perturbative scheme
● Missing divergent behavior improves after scale evolution to 4 GeV2

● Systematics left to thoroughly study
○ Continuum limit
○ Control of Excited states
○ Finite Volume
○ Physical Pion mass limit
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