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DISCLAIMER

• tremendous progress in QCD calculations 

• impossible to cover everything 

• personal selection of recent results 

• highlight trends and future directions

FOCUS: PRECISION QCD



WHY PRECISION?

NEW PHYSICS —- HIDING IN 
SMALL & SUBTLE EFFECTS?

• interaction weak

• wide resonance

• too heavy
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• shape distortion
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• challenging signature

• …

requires solid understanding  
and control of SM backgrounds 

• constrained system 

➡ self consistent?
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PRECISION MEASUREMENTS   
& INDIRECT SEARCHES
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QUANTUM CHROMODYNAMICS

➤ QCD: strongly coupled

“Quantum chromodynamics is 
conceptually simple.                          
Its realization in nature, however, 
is usually very complex.             
But not always.

-Frank Wilczek



QCD @ HIGH MOMENTUM TRANSFER

➤ QCD: strongly coupled 

➤ simplifications  @            
high momentum transfer 

1. asymptotic freedom 

2. factorization

“Quantum chromodynamics is 
conceptually simple.                          
Its realization in nature, however, 
is usually very complex.             
But not always.

-Frank Wilczek



1. ASYMPTOTIC FREEDOM

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
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[PDG ’18]

➤ known to 5-loops ( )  

➤ single free parameter in 
  limit 

➤ validation across three 
orders in magnitude! 

➤ perturbative @ high scales 

b4

mq → 0

Q2 dαs

dQ2
= β(αs), β(αs) = − α2

s (b0 + b1αs + …)

[Baikov, Chetyrkin, Kühn ’17]
[Luthe et al. ’16] [Herzog et al. ’17]

The strong coupling runs

LHC



1. ASYMPTOTIC FREEDOM —- STRONG COUPLING

Table 1: World average values of ↵s(mZ
) over time.

year ↵s(mZ
) �↵s(mZ

) comment ref.

1989 0.11 ±0.01 NLO (pre-LEP) [1]

1994 0.117 ±0.006 + LEP + HERA [5]

1998 0.119 ±0.004 [6]

2000 0.1184 ±0.0031 at NNLO [7]

2002 0.1183 ±0.0027 [8]

2004 0.1182 ±0.0027 [9]

2006 0.1189 ±0.0010 + lattice [10]

2009 0.1184 ±0.0007 [11]

2012 0.1184 ±0.0007 [12]

2014 0.1185 ±0.0006 [13]

2016 0.1181 ±0.0011 [2]

Figure 1: World average values of ↵s(mZ
) over time.
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Key role of the QCD coupling Key role of the QCD coupling aa
ss

➧Impacts all QCD x-sections & decays (H), precision top & parametric EWPO:

➧Impacts physics approaching Planck scale: EW vacuum stability, GUT

(New coloured 

 sectors?)

(New coloured 

 sectors?)

➤ least precisely known ( ) of 
all fundamental couplings 

➤ sub-%: lattice(?), Giga/Tera-Z, …

∼ 1 %

impacts virtually all 
processes at the LHC

Jets

Higgs



2. FACTORIZATION

fa|A(xa) fb|B(xb)

�̂ab

X

xaPA xbPB

PA

A
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f

parton distribution functions 
(non-perturbative, universal)

hard scattering 
(perturbation theory)

�8

�AB =
X

ab

Z 1

0
dxa

Z 1

0
dxb fa|A(xa) fb|B(xb) �̂ab(xa, xb)

�
1+O(⇤QCD/Q)

�

<latexit sha1_base64="ycQEEGn3WkApHkVpk+WJ6KwSSUg="></latexit>

non-perturbative effects 
(power suppressed) 

ultimately, limiting factor?



2. FACTORIZATION —- PARTON DISTRIBUTION FUNCTIONS

➤ uncertainties ~1-2% at central rapidity &  100 GeV ≲ Mx ≲ 1 TeV

Figure 5.9: The relative uncertainty on the luminosities of Fig. 5.8, plotted as a function of the invariant
mass MX and the rapidity y of the final state; the left plots show results for NNPDF3.0 and the right
plots for NNPDF3.1 (upper four rows). The bottom row shows results for the up-antidown luminosity.
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LHC data

Figure 5.9: The relative uncertainty on the luminosities of Fig. 5.8, plotted as a function of the invariant
mass MX and the rapidity y of the final state; the left plots show results for NNPDF3.0 and the right
plots for NNPDF3.1 (upper four rows). The bottom row shows results for the up-antidown luminosity.

77

Figure 5.9: The relative uncertainty on the luminosities of Fig. 5.8, plotted as a function of the invariant
mass MX and the rapidity y of the final state; the left plots show results for NNPDF3.0 and the right
plots for NNPDF3.1 (upper four rows). The bottom row shows results for the up-antidown luminosity.

77

�qq̄

[NNPDF3.1 ’17]
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2. FACTORIZATION —- PDFS & MHOU

➤ missing higher order uncertainties 
(MHOU) not included in PDF fits 

➤ becoming more and more urgent 

[NNPDF ’19]

THE MISSING HIGHER ORDER UNCERTAINTY ON PDFS
HOW BIG IS IT?

NLO-NNLO SHIFT VS. NLO PDF UNCERTAINTY (NNPDF3.1)
ANTIDOWN GLUON
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• TODAY: NLO PDF & MHOU UNCERTAINTIES COMPARABLE

• NEAR FUTURE: SHOULD WE WORRY ABOUT NNLO MHOU?

[Harland–Lang, Thorne ’19] [NNPDF ’19]
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FIG. 1: The relative uncertainties �i (9-point prescription)
on the 2819 datapoints used in the PDF fit, compared to the
known NLO-NNLO relative shifts �i in theory prediction.

FIG. 2: The square root eigenvalues sa of the theory covari-
ance matrix bSij computed using the 9-point prescription, and
the projections �a of the NNLO-NLO shift vector �i on the
eigenvectors. The length |�miss

i | of the component of �i lying

in the null subspace of bSij is also shown.

length |�miss
i | of the remaining component of the vector

�i that lies in the null subspace of bS.
The validation can be considered successful if the an-

gle ✓ = arcsin(|�miss
i |/|�i|) is small, meaning that the

NNLO-NLO shift lies substantially within the subspace
S estimated by the scale variations, and furthermore if
|�a| ' |sa|, so that the size of the shift along each eigen-
vector is correctly estimated by the corresponding eigen-
value. Using the 9-point prescription, for individual pro-
cesses we find ✓ = 3o, 14o, 22o, 32o, 16o for top, jets, DY,
NC and CC DIS respectively. For the complete dataset
with the same prescription we find ✓ = 26o. The pro-
jected shifts and eigenvalues are compared in Fig. 2. We
conclude that the validation is successful: remarkably,
the pattern of correlations of theory shifts in a 2819-

FIG. 3: The combined experimental and theoretical (9-point)
correlation matrix for the Ndat cross-sections in the fit.

C C + S(3pt) C + S(9pt)

�2 1.139 1.139 1.109

� 0.314 0.310 0.315

TABLE II: The central �2 per datapoint and the average
uncertainty reduction � for the 3-point and 9-point fits.

dimensional vector space is well captured by just 28 nui-
sance parameters.

Adding the theory covariance matrix Sij to the exper-
imental covariance matrix Cij , while increasing the diag-
onal uncertainty on each individual prediction, also (and
perhaps more importantly) introduces a set of theory-
induced correlations between di↵erent experiments and
processes, even when the experimental data points are
uncorrelated. This is illustrated in Fig. 3, showing the
combined experimental and theoretical (9-point) correla-
tion matrix: it is clear that sizable correlations appear
even between experimentally unrelated measurements.

We can now proceed to a NLO global PDF determina-
tion with a theory covariance matrix Sij computed using
the 9-point prescription. From the point of view of the
NNPDF fitting methodology, the addition of the theory
contribution to the covariance matrix does not entail any
changes: we follow the procedure of Ref. [18], but with
the covariance matrix Cij now replaced by Cij+Sij , both
in the Monte Carlo replica generation and in the fitting.
In Table II we show some fit quality estimators for the
resulting PDF sets obtained using only the experimental
covariance matrix, and then also the theory covariance
matrix with two di↵erent prescriptions. In particular,
we show the �2 per datapoint and the � estimator [18],
which corresponds to the ratio of the uncertainty in the
predictions using the output PDFs to that of the original
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• FIT QUALITY �2 IMPROVES

• RELATIVE ERROR � ON PREDICTION DOES NOT CHANGE

• DATA REGION: PDF UNCERTAINTY ALMOST UNCHANGED

• EXTRAPOLATION REGION: PDF UNCERTAINTY SIGNIFICANTLY INCREASES

• CENTRAL VALUE MOVES TOWARDS KNOWN NNLO

EQUALLY PRECISE BUT MORE ACCURATE RESULT!

MHOU  

   nuisance parameters↔

➤ validation: central value   NNLO 

➤ equally precise, but more accurate

→

Theory  
Covariance  

Matrix



2. FACTORIZATION —- HARD SCATTERING
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<latexit sha1_base64="O1G4yZvHnwkTsfZXDrr4HkYFNFU="></latexit>
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➤ FOCUS — clean processes with             
high momentum transfer 

‣ perturbative QCD 

➤ with   

‣ NLO ~  ,  NNLO ~   

‣ exceptions:  Higgs,  new channels, …

αs ∼ 0.1

𝒪(10%) 𝒪(1%)

➤ (HL-)LHC — per-cent level! 

➤ predictions as close as possible     
to the experiment 

‣ fiducial cross sections    &   
differential distributions



NNLO

+( + )



TIMELINE FOR NNLO @ HADRON COLLIDERS

THE NNLO STANDARD
NNLO hadron-collider calculations v. time

14

���� ���� ���� ���� ���� ���� ���� ����

��� ������ � ������ ���������� �������

� ������ ����������� ��������

� ������ ���������� ������ ��� �������

�� ������ ������ �������� ���������

� ������ ����������� ��������� ���������

� ������ ����������� ��������� ���������

� ������ ��������� ���������

��� ������ ��������� ���������

� ������ ������� ��������

��� ������ ������ �� ���

��� ������ �������� �������� ����� ����

�� ������ �������� ��������� ����������

���� ������ �� ���

�� ���������� ��������� �� ���

����� ������ ������� �������� �����

���� ��������� ��������� �������� �����

�� ���������� ������� ����������� ������� ������� �����

��� �������� �� �� ���

�� ������ �������� ��������� ����������

�� � �������� �� ���
����� ������ ������� �������� �����

���� ���� ��������� ��������� �������
��� ��������� �� ���

��� ���������� ������ ���� ���������
��� ��������� �� ���

��� ������ �������� �� ���
��� ����������� ������ �� ���
��� ��������� ��������� �������

��� ������ ��������� �������
��� ��������� �� ���
�� ������ �� ������ ��������� ������ ��������

���� ��������� ������ ��� ��������
��� ��������� ��������� �������� ���������
�� � �������� �� ���
���� �� ����� ��������� �� ���
���� ����������� ������ �� ���
������ ���� ������� ���� �������� ���

��� �� ������� �� ���
���� ���� �� ���
���� ����������� ������ �� ���

��� ������� ������� �����
��� ��������� ������ ��������
��� ��������� ������ ��������

explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

NNLO HADRON-COLLIDER CALCULATIONS VS. TIME 

DY, van Neerven et al.

NNLO hadron-collider calculations v. time
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

Explosion of calculations 
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Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.
[slide by L. Cieri]

“NNLO revolution”?! 

…not quite…  

‣ next frontier:   2 → 3



HARD SCATTERING  @  NNLO
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“double real”

�14

• 1/ε2, 1/ε 

• single unresolved

• double unresolved  

• single unresolved

• 1/ε4, 1/ε3, 1/ε2, 1/ε



NNLO —- BOTTLE NECKS
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+ )
“double real”

infrared singularities

two-loop amplitudes 
(new class of functions,  

combinatoric & 
algebraic complexity)

IR subtraction 
(involved IR structure,  

numerical stability,  
construction)

one-loop amplitudes 
(evaluation in singular 

& unstable regions)

�15



G({cn, ⃗c n−1}, x) = ∫
1

0

dt
t − cn

G( ⃗c n−1, t) K(x, a) = ∫
x

0

dt

(1 − t2) (1 − at2)

[Remiddi, Tancredi]  

[Adams, Chaubey, Weinzierl]  

[Broedel, Duhr, Dulat, Penante, Tancredi]

TWO-LOOP AMPLITUDES

➤ What we can do:  2 → 1  and  2 → 2  (mainly massless, 2 massive legs)  

➤ What we want:  3j,  V+2j,  γγj,  ttH,  EW corrections,  … 

1. Progress in 5-parton amplitudes  [from LC 5-point gluon (all plus)] 
• LC 5-point gluon (one minus) [Badger, Brønnum-Hansen, Hartanto, Peraro ’18] 
• LC 5-point gluon (all helicities) [Abreu, Dormans, Febres Cordero, Ita, Page ’18] 
• all masters (planar & non-planar) [Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia ’18]


• LC 5-point parton (all helicities) [Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov '19] 
• full 5-point gluon (all plus) [Badgera, Chicherinb, Gehrmannc, Heinrichb, M. Hennb, Peraroc, Wasserd, Zhangb, Zoia, '19] 

2. Understanding of elliptic integrals 

3. numerical approaches: tt [Chen, Czakon, Poncelet ’17], pySecDec (HH, H+j) [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk ’19]

* more painful with masses & scales
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(a)
penta-box

1

2

3

4 5

(b)
hexa-box

1

2 4

5

3

k1 k2

(c)
double-pentagon

FIG. 1: Integral topologies for massless five-particle
scattering at two loops.

pi are massless external momenta. We also introduce
the parity-odd invariant ϵ5 as

ϵ5 = tr
[
γ5/p1/p2/p3/p4

]
. (1)

We denote the loop momenta for the double-pentagon
family by k1 and k2, defined as shown in Fig. 1c.
The inverse propagators are

D1 = k21 , D2 = (−p1 + k1)2 ,

D3 = (−p1 − p2 + k1)2 , D4 = k22 ,

D5 = (p4 + p5 + k2)2 , D6 = (p5 + k2)2 ,

D7 = (k1 − k2)2 , D8 = (p3 + k1 − k2)2 ,

D9 = (p5 + k1)2 , D10 = (−p1 + k2)2 ,

D11 = (−p1 − p2 + k2)2 ,

(2)

where D9, D10 and D11 are irreducible scalar products
(ISPs).

LEADING SINGULARITIES AND UNIFORM
TRANSCENDENTAL WEIGHT INTEGRALS

The integrals of the double-pentagon family, shown in
Fig. 1c, can be related through integration-by-parts re-
lations [34–36] to a basis of 108 master integrals. Out of
these, 9 are in the so-called top sector, namely they have
all 8 possible propagators. Our goal is therefore to find
108 linearly independent UT integrals.
The integrals of the sub-topologies are already known,

because they are either sub-topologies of the penta-
box [9, 29] and of the hexa-box [30] families, or they
correspond to sectors with less than five external mo-
menta [37, 38]. In order to complete the UT basis, we
begin by searching for four-dimensional d log integrals,
which are closely related to UT integrals [24].
An ℓ-loop four-dimensional d log integral is an integral

whose four-dimensional integrand Ω can be cast in the
form

Ω =
∑

I=(i1,...,i4ℓ)

cI d logRi1 ∧ . . . ∧ d logRi4ℓ , (3)

where the Q-valued constants cI are the leading singu-
larities of Ω.

In order to perform the loop integration in D = 4− 2ϵ
dimensions, where ϵ is the dimensional regulator, it is
necessary to clarify how the integrand is to be defined
away from four dimensions. For example, one may sim-
ply “upgrade” the loop momenta from 4-dimensional to
D-dimensional (abbreviated as 4d and Dd) ones. We
call this the “näıve upgrade” of a 4d integrand. While
this method is quite powerful in finding a UT basis,
and indeed it has already found many successful appli-
cations [23, 39], the freedom involved in the upgrade can
become important, especially for integrals with many
kinematic scales. We first review the four-dimensional
analysis, and then provide a method of fixing the free-
dom, while maintaining the advantages of the canonical
differential equations method.
In this Letter, we use two techniques to find 4d d log

integrals.
(1) The algorithm [25], which can decide if a given

rational integrand can be cast in d log form (3). Starting
from a generic ansatz for the numerator, this algorithm
can classify all possible 4d d log integrals in a given family.
(2) Using computational algebraic geometry, we con-

sider a generic ansatz for the numerator Neven =∑
α cαmα of the parity-even, or Nodd =

∑
α cαmα/ϵ5 of

the parity-odd d log integrals. Each cα is a polynomial in
sij , and mα is a monomial in the scalar products. By re-
quiring the 4d leading singularities of the ansatz to match
a given list of rational numbers, we can use the module
lift techniques [40] in computational algebraic geometry
to calculate all cα and to obtain a 4d d log basis. This
method usually needs only a very simple ansatz, and the
module lift can then be performed through the computer
algebra system Singular [41].
One interesting phenomenon is that, for the double-

pentagon family, the näıve upgrade of a 4d d log integral
is in general not UT. Let us take the 4d d log integrals
presented in Ref. [42] as examples. The sum of the first
and the fifth d log integral numerators for the double-
pentagon diagram in Ref. [42], which we denote by B1 +
B5, does not yield a UT integral after the näıve upgrade.
This can be assessed from the explicit computation of the
differential equation.
The obstruction of the näıve upgrade implies that, in

order to obtain UT integrals, we have to consider terms
in the integrands which vanish as D = 4. These terms
can be conveniently constructed from Gram determinants
involving the loop momenta k1 and k2,

Gij = G

(
ki, p1, p2, p3, p4
kj , p1, p2, p3, p4

)

, with i, j ∈ {1, 2} . (4)

An integrand whose numerator is proportional to a com-
bination of the different Gij explicitly vanishes in the
D → 4 limit. UT integral criteria based on 4d cuts or 4d
d log constructions can not detect these Gram determi-
nants, and may yield inaccurate answers on whether an

Figure 3. Representative Feynman diagrams for leading-color A
(2)(g, g, g, g, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

Figure 4. Representative Feynman diagrams for leading-color A
(2)(q, q̄, g, g, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
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process known desired

pp æ 2 jets
N2LOQCD

NLOQCD+NLOEW

pp æ 3 jets NLOQCD N2LOQCD

Table I.2: Precision wish list: jet final states.

3 jets: A rapidly increasing number of results on 5-point two-loop amplitudes can be found in [105,
123,124,289–293].

1.6 Vector boson associated processes
The numerous decay channels for vector bosons and the possible inclusion of full o�-shell correc-
tions versus factorised decays in the narrow width approximation make vector boson processes
complicated to classify. A full range of decays in the narrow width approximation would be a de-
sirable minimum precision. In the meanwhile, for leptonic decays this goal is met for essentially
all processes in the list. In terms of QCD corrections, full o�-shell decays don’t mean a signifi-
cant complication of the respective QCD calculations and are available almost everywhere. This
is no longer true for EW corrections, where leptonic decays increase the complexity of the calcu-
lation, and are thus not availalbe for many high-multiplicity processes (involving more than four
final-state particles) yet. Hadronic decays are even harder to classify because they are formally
part of subleading Born contributions to processes involving jets and possibly further leptoni-
cally decaing vector bosons. Including higher-order corrections in a consisistent way here will
usually require full SM corrections to the complete tower of Born processes, as briefly discussed
in Sec. 1.3. An overview of the status of vector boson associated processes is given in Table I.3,
where leptonic decays are understood if not stated otherwise. Also “ induced processes become
increasingly important in cases where EW corrections are highly relevant. While often included
only at their leading order, first computations involving also full EW corrections to “-induced
channels were recently achieved.

V : Inclusive cross-sections and rapidity distributions in the threshold limit have been
extracted from the pp æ V results [294, 295]. Parton shower matched N2LOQCD
computations using both the MiNLO method [296], SCET resummation [196] and
via the UN2LOPS technique [219]. Completing the inclusive N3LOQCD computa-
tion beyond the threshold limit is an important step for phenomenological studies.
The dominant factorisable corrections at O(–s–) (N(1,1)LOQCD¢EW) are also now
available [297].
The inclusive production cross section for W and Z bosons has been measured
at the LHC using the leptonic decays of the vector bosons. The precision in those
measurements already reached the barrier of the luminosity uncertainty ≥ 2%, which
is not easy to further improve. For example, the most precise measurement of the
W and Z bosons integrated fiducial cross sections is for the

Ô
s = 7 TeV sample

having �‡W /‡W = 1.87% and �‡Z/‡Z = 1.82% uncertainty, with the luminosity
uncertainty (≥ 1.8%) accounting for most of it [298].
While the inclusive integrated cross sections have been already measured and com-
pared fairly well with the present theoretical predictions, this is not the case for
di�erential distributions. A key observable, both for precision studies as well as for
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G({cn, ⃗c n−1}, x) = ∫
1

0

dt
t − cn

G( ⃗c n−1, t) K(x, a) = ∫
x

0

dt

(1 − t2) (1 − at2)

[Remiddi, Tancredi]  

[Adams, Chaubey, Weinzierl]  

[Broedel, Duhr, Dulat, Penante, Tancredi]

TWO-LOOP AMPLITUDES

➤ What we can do:  2 → 1  and  2 → 2  (mainly massless, 2 massive legs)  

➤ What we want:  3j,  V+2j,  γγj,  ttH,  EW corrections,  … 

1. Progress in 5-parton amplitudes  [from LC 5-point gluon (all plus)] 
• LC 5-point gluon (one minus) [Badger, Brønnum-Hansen, Hartanto, Peraro ’18] 
• LC 5-point gluon (all helicities) [Abreu, Dormans, Febres Cordero, Ita, Page ’18] 
• all masters (planar & non-planar) [Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia ’18]


• LC 5-point parton (all helicities) [Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov '19] 
• full 5-point gluon (all plus) [Badgera, Chicherinb, Gehrmannc, Heinrichb, M. Hennb, Peraroc, Wasserd, Zhangb, Zoia, '19] 

2. Understanding of elliptic integrals 

3. numerical approaches: tt [Chen, Czakon, Poncelet ’17], pySecDec (HH, H+j) [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk ’19]

* more painful with masses & scales
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FIG. 1: Integral topologies for massless five-particle
scattering at two loops.

pi are massless external momenta. We also introduce
the parity-odd invariant ϵ5 as

ϵ5 = tr
[
γ5/p1/p2/p3/p4

]
. (1)

We denote the loop momenta for the double-pentagon
family by k1 and k2, defined as shown in Fig. 1c.
The inverse propagators are

D1 = k21 , D2 = (−p1 + k1)2 ,

D3 = (−p1 − p2 + k1)2 , D4 = k22 ,

D5 = (p4 + p5 + k2)2 , D6 = (p5 + k2)2 ,

D7 = (k1 − k2)2 , D8 = (p3 + k1 − k2)2 ,

D9 = (p5 + k1)2 , D10 = (−p1 + k2)2 ,

D11 = (−p1 − p2 + k2)2 ,

(2)

where D9, D10 and D11 are irreducible scalar products
(ISPs).

LEADING SINGULARITIES AND UNIFORM
TRANSCENDENTAL WEIGHT INTEGRALS

The integrals of the double-pentagon family, shown in
Fig. 1c, can be related through integration-by-parts re-
lations [34–36] to a basis of 108 master integrals. Out of
these, 9 are in the so-called top sector, namely they have
all 8 possible propagators. Our goal is therefore to find
108 linearly independent UT integrals.
The integrals of the sub-topologies are already known,

because they are either sub-topologies of the penta-
box [9, 29] and of the hexa-box [30] families, or they
correspond to sectors with less than five external mo-
menta [37, 38]. In order to complete the UT basis, we
begin by searching for four-dimensional d log integrals,
which are closely related to UT integrals [24].
An ℓ-loop four-dimensional d log integral is an integral

whose four-dimensional integrand Ω can be cast in the
form

Ω =
∑

I=(i1,...,i4ℓ)

cI d logRi1 ∧ . . . ∧ d logRi4ℓ , (3)

where the Q-valued constants cI are the leading singu-
larities of Ω.

In order to perform the loop integration in D = 4− 2ϵ
dimensions, where ϵ is the dimensional regulator, it is
necessary to clarify how the integrand is to be defined
away from four dimensions. For example, one may sim-
ply “upgrade” the loop momenta from 4-dimensional to
D-dimensional (abbreviated as 4d and Dd) ones. We
call this the “näıve upgrade” of a 4d integrand. While
this method is quite powerful in finding a UT basis,
and indeed it has already found many successful appli-
cations [23, 39], the freedom involved in the upgrade can
become important, especially for integrals with many
kinematic scales. We first review the four-dimensional
analysis, and then provide a method of fixing the free-
dom, while maintaining the advantages of the canonical
differential equations method.
In this Letter, we use two techniques to find 4d d log

integrals.
(1) The algorithm [25], which can decide if a given

rational integrand can be cast in d log form (3). Starting
from a generic ansatz for the numerator, this algorithm
can classify all possible 4d d log integrals in a given family.
(2) Using computational algebraic geometry, we con-

sider a generic ansatz for the numerator Neven =∑
α cαmα of the parity-even, or Nodd =

∑
α cαmα/ϵ5 of

the parity-odd d log integrals. Each cα is a polynomial in
sij , and mα is a monomial in the scalar products. By re-
quiring the 4d leading singularities of the ansatz to match
a given list of rational numbers, we can use the module
lift techniques [40] in computational algebraic geometry
to calculate all cα and to obtain a 4d d log basis. This
method usually needs only a very simple ansatz, and the
module lift can then be performed through the computer
algebra system Singular [41].
One interesting phenomenon is that, for the double-

pentagon family, the näıve upgrade of a 4d d log integral
is in general not UT. Let us take the 4d d log integrals
presented in Ref. [42] as examples. The sum of the first
and the fifth d log integral numerators for the double-
pentagon diagram in Ref. [42], which we denote by B1 +
B5, does not yield a UT integral after the näıve upgrade.
This can be assessed from the explicit computation of the
differential equation.
The obstruction of the näıve upgrade implies that, in

order to obtain UT integrals, we have to consider terms
in the integrands which vanish as D = 4. These terms
can be conveniently constructed from Gram determinants
involving the loop momenta k1 and k2,

Gij = G

(
ki, p1, p2, p3, p4
kj , p1, p2, p3, p4

)

, with i, j ∈ {1, 2} . (4)

An integrand whose numerator is proportional to a com-
bination of the different Gij explicitly vanishes in the
D → 4 limit. UT integral criteria based on 4d cuts or 4d
d log constructions can not detect these Gram determi-
nants, and may yield inaccurate answers on whether an
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The renormalized amplitudes can be obtained from their bare counterparts by replacing
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process known desired

pp æ 2 jets
N2LOQCD

NLOQCD+NLOEW

pp æ 3 jets NLOQCD N2LOQCD

Table I.2: Precision wish list: jet final states.

3 jets: A rapidly increasing number of results on 5-point two-loop amplitudes can be found in [105,
123,124,289–293].

1.6 Vector boson associated processes
The numerous decay channels for vector bosons and the possible inclusion of full o�-shell correc-
tions versus factorised decays in the narrow width approximation make vector boson processes
complicated to classify. A full range of decays in the narrow width approximation would be a de-
sirable minimum precision. In the meanwhile, for leptonic decays this goal is met for essentially
all processes in the list. In terms of QCD corrections, full o�-shell decays don’t mean a signifi-
cant complication of the respective QCD calculations and are available almost everywhere. This
is no longer true for EW corrections, where leptonic decays increase the complexity of the calcu-
lation, and are thus not availalbe for many high-multiplicity processes (involving more than four
final-state particles) yet. Hadronic decays are even harder to classify because they are formally
part of subleading Born contributions to processes involving jets and possibly further leptoni-
cally decaing vector bosons. Including higher-order corrections in a consisistent way here will
usually require full SM corrections to the complete tower of Born processes, as briefly discussed
in Sec. 1.3. An overview of the status of vector boson associated processes is given in Table I.3,
where leptonic decays are understood if not stated otherwise. Also “ induced processes become
increasingly important in cases where EW corrections are highly relevant. While often included
only at their leading order, first computations involving also full EW corrections to “-induced
channels were recently achieved.

V : Inclusive cross-sections and rapidity distributions in the threshold limit have been
extracted from the pp æ V results [294, 295]. Parton shower matched N2LOQCD
computations using both the MiNLO method [296], SCET resummation [196] and
via the UN2LOPS technique [219]. Completing the inclusive N3LOQCD computa-
tion beyond the threshold limit is an important step for phenomenological studies.
The dominant factorisable corrections at O(–s–) (N(1,1)LOQCD¢EW) are also now
available [297].
The inclusive production cross section for W and Z bosons has been measured
at the LHC using the leptonic decays of the vector bosons. The precision in those
measurements already reached the barrier of the luminosity uncertainty ≥ 2%, which
is not easy to further improve. For example, the most precise measurement of the
W and Z bosons integrated fiducial cross sections is for the

Ô
s = 7 TeV sample

having �‡W /‡W = 1.87% and �‡Z/‡Z = 1.82% uncertainty, with the luminosity
uncertainty (≥ 1.8%) accounting for most of it [298].
While the inclusive integrated cross sections have been already measured and com-
pared fairly well with the present theoretical predictions, this is not the case for
di�erential distributions. A key observable, both for precision studies as well as for
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➤ high-pT: resolves top-loop 

➤ K-factors very similar! 

➡ combine with NNLO in HEFT 

3

where the sum runs over all final state partons i. This
scale is known to give a good convergence of the pertur-
bative expansion and stable di↵erential K-factors (ratio
of NLO to LO predictions) in the e↵ective theory [68].
To estimate the theoretical uncertainty we vary indepen-
dently µF and µR by factors of 0.5 and 2, and exclude
the opposite variations. The total uncertainty is taken
to be the envelope of this 7-point variation.

To better highlight the di↵erences arising from the two-
loop massive contributions, we compare the new results
with full top-quark mass dependence, which we label as
“full theory result” or simply “full” in the following, to
two di↵erent approximations. In addition to predictions
in the e↵ective theory, which are referred to as HEFT in
the following, we show results in which everything but
the virtual amplitudes is computed with full top-quark
mass dependence. In this latter case only the virtual
contribution is computed in the e↵ective field theory and
reweighted by the full theory Born amplitude for each
phase space point. Following Ref. [69] we call this predic-
tion “approximated full theory” and label it as FTapprox

from now on.
We start by presenting the total cross sections, which

are reported in Table I. For comparison we present results
also for the HEFT and FTapprox approximations.

Theory LO [pb] NLO [pb]

HEFT: �LO = 8.22+3.17
�2.15 �NLO = 14.63+3.30

�2.54

FTapprox: �LO = 8.57+3.31
�2.24 �NLO = 15.07+2.89

�2.54

Full: �LO = 8.57+3.31
�2.24 �NLO = 16.01+1.59

�3.73

Table I. Total cross sections at LO and NLO in the HEFT and
FTapprox approximations and with full top-quark mass depen-
dence. The upper and lower values due to scale variation are
also shown. More details can be found in the text.

Together with the prediction obtained with the central
scale defined according to Eq. (1) we show the upper and
lower values obtained by varying the scales. While at LO
the top-quark mass e↵ects lead to an increase of 4.3%, at
NLO this increase is of the order of 9% compared to the
HEFT approximation, and there is an increase of about
6% in the total NLO cross section when comparing the
FTapprox result with the full theory one. It is important
to keep in mind that when taking into account massive
bottom-quark loop contributions, the interference e↵ects
are sizable and cancel to a large extent the increase in the
total cross section observed here between the HEFT and
the full theory results (see e.g. the results in Ref. [13]).
Note, however, that the bottom-quark mass e↵ects at
LO are of the order of 2% or smaller above the top quark
threshold.

Considering more di↵erential observables, it is well
known that very significant e↵ects due to resolving the
top-quark loop are displayed by the Higgs boson trans-
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Figure 1. Higgs boson transverse momentum spectrum at LO
and NLO in QCD in HEFT and with full top-quark mass de-
pendence. The upper panel shows the di↵erential cross sec-
tions, in the middle panel we normalize all distributions to
the LO HEFT prediction and in the lower panel we show the
di↵erential K-factors for both the HEFT and the full theory
distributions. More details can be found in the text.

verse momentum distribution, which is softened for larger
values of pt,H by the full top-quark mass dependence. By
considering the high energy limit of a point-like gluon-
gluon Higgs interaction and one mediated via a quark
loop it is possible to derive the scaling of the squared
transverse momentum distribution d�/dp

2

t,H [70, 71],
which drops as (p2t,H)

�1 in the e↵ective theory, and goes
instead as (p2t,H)

�2 in the full theory. This fact was shown
to hold numerically at LO for up to three jets in Ref. [13].
It is interesting to verify this also after NLO QCD cor-
rections are applied. To do so, in Figure 1 we show the
transverse momentum spectrum of the Higgs boson at
LO and NLO in the HEFT approximation and with the
full top-quark mass dependence.

In the upper panel we display each di↵erential distri-
bution with the theory uncertainty band originating from
scale variation. To highlight the di↵erent scaling in pt,H,
in the middle panel we normalize all the distributions to
the LO curve in the e↵ective theory. It is thus possible
to see that for low transverse momenta the full theory
predictions overshoot slightly the e↵ective theory ones.
For pt,H > 200 GeV the two predictions start deviating
more substantially. At LO the two uncertainty bands do
not overlap any more above 400 GeV, whereas at NLO
this happens already around 340 GeV due to reduction of
the uncertainty at this order. The logarithmic scale also
allows to see that the relative scaling behavior within

[Jones, Kerner, Luisoni '18]  



SUBTRACTION METHODS —- CANCEL � ’S∞

➤ Remarkable progress in the development of methods to perform NNLO computations! 
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‣ Projection-to-Born,  Local Analytic Sectors,  Geometric, …
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Figure 6: The triple-differential dijet cross section in six bins of y⇤ and yb. The data are indicated
by different markers for each bin. The theoretical predictions, obtained with NLOJET++ and
NNPDF 3.0, and complemented with EW and NP corrections, are depicted by solid lines. Apart
from the boosted region, the data are well described by the predictions at NLO accuracy over
many orders of magnitude.
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➤ sub-leading colour negligible                       
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Figure 3. Comparison of the cross section ratios depicted in Fig. 2 as obtained with NNLOjet
[23] (red line with scale variation error, leading-color approximation for channels involving quarks) and
with Stripper (black points with Monte Carlo integration error bars, as given in Appendix D, exact in
color). This figure has been obtained from Fig. 21 of [23] by removing the experimental data points as
well as the scale variation band of the NLO calculation, followed by superimposing the results obtained
in the present work.
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TRIPLE-DIFFERENTIAL CROSS SECTION

1

1 Introduction
The pairwise production of hadronic jets is one of the fundamental processes studied at hadron
colliders. Dijet events with large transverse momenta can be described by parton-parton scat-
tering in the context of quantum chromodynamics (QCD). Measurements of dijet cross sections
can be used to thoroughly test predictions of perturbative QCD (pQCD) at high energies and to
constrain parton distribution functions (PDFs). Previous measurements of dijet cross sections
in proton-(anti)proton collisions have been performed as a function of dijet mass at the Spp̄S,
ISR, and Tevatron colliders [1–6]. At the CERN LHC, dijet measurements as a function of dijet
mass are reported in Refs. [7–11]. Also, dijet events have been studied triple-differentially in
transverse energy and pseudorapidities h1 and h2 of the two leading jets [12, 13].

In this paper, a measurement of the triple-differential dijet cross section is presented as a func-
tion of the average transverse momentum pT,avg = (pT,1 + pT,2)/2 of the two leading jets, half
of their rapidity separation y⇤ = |y1 � y2|/2, and the boost of the dijet system yb = |y1 + y2|/2.
The dijet event topologies are illustrated in Fig. 1.

y⇤
=

1 2
|y

1
�

y 2
|

yb =
1
2 |y1 + y2|

0 1 2 3
0

1

2

3

Figure 1: Illustration of the dijet event topologies in the y⇤ and yb kinematic plane. The dijet
system can be classified as a same-side or opposite-side jet event according to the boost yb of
the two leading jets, thereby providing insight into the parton kinematics.

The relation between the dijet rapidities and the parton momentum fractions x1,2 of the incom-
ing protons at leading order (LO) is given by x1,2 = pTp

s (e
±y1 + e±y2), where pT = pT,1 = pT,2.

For large values of yb, the momentum fractions carried by the incoming partons must corre-
spond to one large and one small value, while for small yb the momentum fractions must be
approximately equal. In addition, for high transverse momenta of the jets, x values are probed
above 0.1, where the proton PDFs are less precisely known.

The decomposition of the dijet cross section into the contributing partonic subprocesses is
shown in Fig. 2 at next-to-leading order (NLO) accuracy, obtained using the NLOJET++ pro-
gram version 4.1.3 [14, 15]. At small yb and large pT,avg a significant portion of the cross section

➤ disentangle momentum 
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FIG. 1: Allowed kinematical regions at LO in the triple di↵erential dijet inclusive cross section (in pb) at
p
s = 8 TeV in the

partonic fraction x1, x2 plane for the jet pT cuts of the CMS measurement.

di↵erential cross section for the six event topologies con-
sidered in the CMS study is shown. The CMS analysis [3]
also performs a detailed study of the constraints on PDFs
that can be derived from the measurement data. These
turn out to be inherently limited by the precision of the
theoretical description of the underlying hard scattering
processes available.

The theoretical predictions for the jet cross section are
obtained in perturbative QCD, as a convolution of the
parton distribution functions for the incoming particles
and the parton–parton hard scattering cross section. The
previous state of the art, as used in [3], were predictions
including next-to-leading order (NLO) QCD [1, 4–6] and
electroweak (EWK, [7–9]) corrections for the di-jet pro-
duction cross section. At this level of accuracy, scale
uncertainties and missing higher order corrections in the
theoretical calculation significantly limit the achievable
precision in the determination of the shape and normali-
sation of the triple di↵erential cross section. To improve
the perturbative QCD description of this process, we
present in this letter for the first time a computation
of the NNLO corrections to the triple-di↵erential di-jet
cross section at the LHC.

Our calculation is performed in the NNLOJET frame-
work, employing the antenna subtraction method [10–
12] to remove all unphysical infrared singularities from
the matrix elements, which we take at leading-colour in
all partonic subprocess at NNLO, while keeping the full
colour dependence at lower orders. The same setup was

used for the calculation of the NNLO corrections to in-
clusive jet [13, 14] and di-jet production [15]. We use
the MMHT2014 NNLO parton distribution functions [16]
with ↵s(MZ)=0.118 for all predictions at LO, NLO and
NNLO to emphasize the role of the perturbative correc-
tions at each successive order.

The combined non-perturbative (NP) contributions
from hadronization and the underlying event, modeled
through multiple parton interactions, are not included
in the predictions at parton-level, but have been de-
rived from parton shower predictions at NLO in Ref. [3].
The corresponding NP e↵ects have been found to be at
most 10% for the lowest pT,avg bins and negligible above
1 TeV. The contribution from EWK e↵ects from virtual
exchanges of massive W and Z bosons have been com-
puted in [7]. These are smaller than 3% below 1 TeV and
reach 8% for the highest pT,avg. A recent study [17] has
shown that for the R = 0.7 cone size, there is an excel-
lent agreement for the parton-level cross section between
fixed-order and NLO-matched results. For this reason,
we will take into acount the NP and EKW e↵ects ob-
tained in [3, 7], as a multiplicative factor in each bin of
the parton-level NNLO cross section and we label the
corresponding prediction NNLO⌦NP⌦EWK.

At any given fixed order in perturbation theory, the
predictions retain some dependence on the unphysical
renormalization and factorization scales. An assess-
ment of the scale uncertainty of the calculation at NLO
and NNLO is obtained from independent variations of

x1

x2

x1,2 =
2pT,avg

s
e±yb cosh(y*)

4 4 Measurement of the triple-differential dijet cross section

the primary interaction vertex as determined by the tracker, the energy of the corresponding
ECAL cluster, and the energy sum of all bremsstrahlung photons spatially compatible with
originating from the electron track. The energy of muons is obtained from the curvature of the
corresponding track. The energy of charged hadrons is determined from a combination of their
momentum measured in the tracker and the matching ECAL and HCAL energy deposits, cor-
rected for zero-suppression effects and for the response function of the calorimeters to hadronic
showers. Finally, the energy of neutral hadrons is obtained from the corresponding corrected
ECAL and HCAL energies. The leading primary vertex (PV) is chosen as the one with the
highest sum of squares of all associated track transverse momenta. The remaining vertices are
classified as pileup vertices, which result from additional proton-proton collisions. To reduce
the background caused by such additional collisions, charged hadrons within the coverage of
the tracker, |h| < 2.5 [20], that unambiguously originate from a pileup vertex are removed.

Hadronic jets are clustered from the reconstructed particles with the infrared- and collinear-
safe anti-kT algorithm [21] with a jet size parameter R of 0.7, which is the default for CMS jet
measurements. The jet momentum is determined as the vectorial sum of all particle momenta
in the jet, and is found in the simulation to be within 5 to 10% of the true momentum over
the whole pT range. Jet energy corrections (JEC) are derived from the simulation, and are con-
firmed with in situ measurements of the energy balance of dijet, photon+jet, and Z boson+jet
events [22, 23]. After applying the usual jet energy corrections, a small bias in the reconstructed
pseudorapidity of the jets is observed at the edge of the tracker. An additional correction re-
moves this effect.

All events are required to have at least one PV that must be reconstructed from four or more
tracks. The longitudinal and transverse distances of the PV to the nominal interaction point of
CMS must satisfy |zPV| < 24 cm and rPV < 2 cm, respectively. Nonphysical jets are removed by
loose jet identification criteria: each jet must contain at least two PF candidates, one of which
is a charged hadron, and the jet energy fraction carried by neutral hadrons and photons must
be less than 99%. These criteria remove less than 1% of genuine jets.

Only events with at least two jets up to an absolute rapidity of |y| = 5.0 are selected and
the two jets leading in pT are required to have transverse momenta greater than 50 GeV and
|y| < 3.0. The missing transverse momentum is defined as the negative vector sum of the
transverse momenta of all PF candidates in the event. Its magnitude is referred to as pmiss

T .
For consistency with previous jet measurements by CMS, pmiss

T is required to be smaller than
30% of the scalar sum of the transverse momenta of all PF candidates. For dijet events, which
exhibit very little pT imbalance, the impact is practically negligible.

4 Measurement of the triple-differential dijet cross section
The triple-differential cross section for dijet production is defined as

d3s

dpT,avgdy⇤dyb
=

1
eLeff

int

N
DpT,avgDy⇤Dyb

,

where N denotes the number of dijet events within a given bin, Leff
int the effective integrated

luminosity, and e the product of trigger and event selection efficiencies, which are greater than
99% in the phase space of the measurement. Contributions from background processes, such
as tt production, are several orders of magnitude smaller and are neglected. The bin widths are
DpT,avg, Dy⇤, and Dyb.

➤ study different 
kinematic regimes
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FIG. 4: The NLO (blue) and NNLO (green) theory predictions and CMS data normalized to the NLO central value. Parton-
level predictions corrected for non-perturbative (NP) e↵ects and Electroweak e↵ects (EW), implemented as a multiplicative
factor to the NNLO result, are shown shown in red. The shaded bands shown for the NLO and the NNLO⌦NP⌦EWK
predictions represent the variation of the theoretical scales in the numerator by factors of 0.5 and 2. The error in the data is
the total systematic error, including the luminosity uncertainty of 2.6%.

value of the MMHT2014 PDF set even at NNLO, in par-
ticular at large values of pT,avg.. In this region, which is
sensitive to the scattering of large-x parton on a low-x
parton (see Fig. 1), the PDFs su↵er from large uncertain-
ties. Our results at NNLO suggest that the understand-
ing of the high-x behaviour of the PDFs can be improved
upon by including measurements of triple di↵erential di-
jet distributions in future global PDF determinations.

In this letter, we computed the second-order QCD cor-
rections to the triple-di↵erential di-jet production cross
section at hadron colliders. Our results substantially im-
prove the theoretical description of this benchmark ob-
servable, with theory uncertainties now being comparable
or lower than experimental errors, while better explaining
kinematical shapes. Our newly derived results will enable
the usage of di-jet measurements in precision studies of
the partonic structure of the colliding hadrons.
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➤ substantially reduced           
scale uncertainties

�  @ NNLO γ + X

4

results of refs. [46, 47] we will adopt the choice therein
for all our results, namely the use of ↵em(mZ) = 1/127.9.
This choice has previously been theoretically motivated
in refs. [47, 48] and, as we will observe later, it is sup-
ported phenomenologically by an improved description
of ATLAS data [4, 8].

In order to validate the method, we first study the de-
pendence of the power corrections on the jet cone size R
that is indicated in Fig. 1. We compute the NNLO coef-
ficient in the perturbative expansion of the cross-section
(��NNLO), for R = 0.2 and R = 0.4, for photons with
p�

T > 150 GeV. Our results are shown in Fig. 2. We
observe that for ⌧ cut

1
& 0.14 GeV the power corrections

result in predictions for the NNLO coe�cient that are
quite di↵erent for the two values of R. However, for
⌧ cut
1

. 0.14 GeV the predictions tend towards the same
result and are in much better agreement. We also note
that the smaller cone size has a much flatter dependence
on ⌧ cut

1
. Although some residual e↵ect from power cor-

rections can be seen for R = 0.2, the cross section is
essentially asymptotic for ⌧ cut

1
. 0.7 GeV.

Given that our calculation is ultimately insensitive to
R we can thus choose our value to expedite the onset
of asymptotic behavior. We thus choose R = 0.2 hence-
forth. In Figure 3 we present the ⌧ cut

1
dependence for

the softer region 65 < p�
T < 150 GeV, which corresponds

to the softest photons we study in this paper. It is clear
that the power corrections are sizable for ⌧ cut

1
& 0.2 GeV,

but that there is little dependence on ⌧ cut
1

in the region
⌧ cut
1

 0.1 GeV. This is in line with the expected scaling
from the harder (> 150 GeV) region we studied previ-
ously. For our subsequent comparison with ATLAS data
we set ⌧ cut

1
= {0.1, 0.2, 0.7} GeV for the phase space

regions p�
T > {65, 150, 470} GeV respectively.

In Fig. 4 we compare our NNLO (and NLO) predictions
from MCFM with 8 TeV ATLAS data [4]. The shaded
bands represent the scale uncertainty, obtained by con-
sidering relative deviations using a six-point scale varia-
tion about our central choice: {µR, µF } = {�1p

�
T , �2p

�
T }

with �i 2 {2, 1, 1/2} and �1 6= ��1

2
. It is clear that the

scale dependence is greatly reduced for the NNLO predic-
tion when compared to NLO. For the central scale choice
the NNLO prediction is around 5% larger than NLO.
The central scale is close to the maximum of the uncer-
tainty band, with deviations around +1% and �4% over
much of the range. The tendency of the theoretical pre-
diction to overestimate the data in the high pT region is
more pronounced when the NNLO correction is included.
This leads to a significant disagreement between theory
and data, far outside the NNLO scale uncertainty band.
We note that our larger value of ↵em, results in a much
better agreement with data than the lower choice used
in [4] (c.f. also ref. [8]).

●
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Figure 4: A comparison of the MCFM predictions for
the transverse momentum of the photon to ATLAS 8 TeV
data [4].

Given the small uncertainty in the NNLO QCD predic-
tion, and the resulting tension with data, it is especially
important to investigate the impact of additional theoret-
ical e↵ects not included in the pure QCD prediction. At
high energies it is well-known that the impact of Sudakov
e↵ects, arising from the virtual radiation of heavy elec-
troweak bosons, is important for this process [8, 46, 47].
Using a parametrized form that captures the e↵ect of
these leading-logarithmic electroweak corrections to good
accuracy [47] it is possible for us to also account for these
e↵ects. We thus modify our NNLO prediction by rescal-
ing it by a factor [1 + ��ew

V (p�
T )], where ��ew

V (p�
T ) is

specified in ref. [47].
Accounting for both NNLO QCD and electroweak ef-

fects in this way provides the improved prediction shown
in the top panel of Fig 5. This shows a dramatic im-
provement in the overall agreement between our theoret-
ical prediction and data after the inclusion of electroweak
e↵ects. It is a remarkable feat that the experimental and
theoretical uncertainties are now under such good control
that the inclusion of the electroweak corrections becomes
mandatory to ensure agreement between theory and data
at energies as low as a few hundred GeV. To indicate
the level of improvement that the NNLO QCD correc-
tions provide, the lower panel shows a comparison of our
best prediction and the previous most accurate calcula-
tion presented in ref. [8]. The result of ref. [8], obtained
using the PeTeR code, accounts for threshold resumma-
tion to N3LL accuracy and also includes the same elec-

5

troweak e↵ects. It is clear from the figure that the central
values for the two predictions are similar. However the
scale uncertainty in the NNLO calculation is smaller, by
around a factor of three, than the equivalent uncertainty
obtained using PeTeR.
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Figure 5: Upper: the e↵ect of including electroweak cor-
rections in addition to the NNLO predictions provided by
MCFM. Lower: a comparison of the NNLO+EW prediction
of MCFM with the N3LL+EW prediction of PeTeR [8].

CONCLUSIONS

We have presented a calculation of direct photon
production at NNLO accuracy obtained using the N -
jettiness slicing approach. We compared our prediction
to ATLAS 8 TeV data for p�

T > 65 GeV and |⌘� | < 0.6.
We found that by combining the NNLO QCD calcula-
tion with EW e↵ects our calculation describes the data
very well. Our results represent a significant improve-
ment compared to previous theoretical predictions. The
future study of this process, over a wider phase space and
at larger center of mass energies, presents an exciting op-
portunity for precision QCD at colliders. In particular,
the calculation of ratios of photon momenta for di↵er-
ent rapidity regions has interesting potential. The ratios
have the advantage of cancelling the leading dependence
on ↵em and simultaneously the experimental luminosity
uncertainty. Theoretical predictions for these ratios at
NNLO could be used to constrain pdfs, provided that re-
maining theoretical uncertainties, such as those related
to isolation, are fully understood. We leave such a de-
tailed phenomenological study to a future publication.
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Physik-Institut

hard cone isolation - I

Idea/Concept

– define cone with fixed R

– integrate all hadronic ET within the cone

– set upper limit:

Ehad

T  Emax

T (p�
T ) = "p�

T + E thres

T

r

Ehad
T

R

Emax
T

technical complications

[Les Houches 2009, 2011, 2015 ...]

– direct component 3, fragmentation component 3

– fragmentation functions Di� (i = g, q, q̄) are complicated objects

[M.Gluck et al. 1995; L.Bourhis et al.,hep-ph/9704447]

– Di� : O(↵em) or O(↵em/↵s) ?

– Emax

T ! 0 eliminates fragmentation contribution but is IR unsafe

06/06/2019 photon isolation Page 5

Physik-Institut

smooth cone isolation

Idea/Concept

[S.Frixione,hep-ph/9801442]

– make isolation condition r-dependent:

Ehad

T (r)  Emax

T (p�
T , r) = "p�

T

✓
1 � cos r
1 � cosR

◆n

8r  R

– Emax

T (p�
T , r) �!r!0

0: direct comp. 3, frag. comp. 7

– IR safe

tight isolation parameters

[Les Houches 2013, 2015; S.Catani et al.,1802.02095]

– Problem: smooth profile cannot be implemented in experiment

– mimic experimental isolation with tight isolation parameters

r

Ehad
T

R

"dE
�
T

06/06/2019 photon isolation Page 7

Physik-Institut

modified versions

discretized smooth cone isolation

hollow cone isolation

hybrid cone isolation

[F.Siegert,1611.07226; X.Chen et al.,1904.01044]

– within hard cone (R) define smaller smooth cone (r2
⌧ R2

), which

eliminates the fragmentation contribution

– outer hard cone describes experimental isolation exactly

– dependence on isolation parameters can be determined correctly, no

uncertainty from tuning of isolation parameters

r

Ehad
T

R

Emax
T

06/06/2019 photon isolation Page 8
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TOWARDS PER-CENT PHENOMENOLOGYpw
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T T → w/γ∗ +X → ℓ−ℓ+ +X

! ȋŒɫǊƟ Ɓɫȴɻɻ ɻƟƁʉǩȴȣ
! ƁȋƟŒȣ ȋƟɠʉȴȣǩƁ ɻǩǊȣŒʉʞɫƟ

`2+QBH ! ɻƟȣɻǩʉǩʻǩʉˈ ʉȴ αbࡪ Ǌȋʞȴȣ ß5`
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! ȴȣȋˈ ɫƟƁȴȣɻʉɫʞƁʉ ℓ+ࡪ ℓ−

! ɻʞŷ࢙ह ŒƁƁʞɫŒƁˈ࡭
! ǩȝɠȴɫʉŒȣʉ ƁȴȣɻʉɫŒǩȣʉɻ ǩȣ ß5` ˨ʉɻ

ȴʞǊǞƟ˔Œȋ#ࢁ Ɵʉ Œȋࡱ ࢂࠎࠈࢪ

! ɠɫȴŷƟ ʻŒɫǩȴʞɻ ʉǞƟȴɫˈ ŒɻɠƟƁʉɻࡩ
ʻƟɫˈ ȋȴʿ pT ȣȴȣ࢙ɠƟɫʉࡱ ƟǇǇƟƁʉɻ

ȋȴʿ pT ɫƟɻʞȝȝŒʉǩȴȣ
ǩȣʉƟɫȝࡱ pT ˨ˇƟƌ ȴɫƌƟɫ
ǞǩǊǞ pT Dī ðʞƌŒȅȴʻ ȋȴǊɻ
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All V+jet processes known to NNLO

V + jet@ NNLO QCD

� + jet [Campbell, Ellis, Williams ’��]

normalized p
�
T

I NLO ; NNLO ; NNLO � NLO EW:
,! Sudakov logs [Becher, Tormo ’��,’��]

I shape in very good agreement!

W + jet [Boughezal, Liu, Petriello ’��]

HT

I NLO far undershoots data
I NNLO important

,! high-HT: hard jets & so�W
(multi-jet production)

Z + jet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Gehrmann-De Ridder, Gehrmann, Glover, AH, Morgan ’��]
[Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello.’��]

W + jet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Boughezal, Liu, Petriello ’��]
[Gehrmann-De Ridder, Gehrmann, Glover, AH, Walker ’��]

� + jet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Campbell, Ellis, Williams ’��] [Chen, Gehrmann, Glover, Höfer, AH ’��]
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! ɻʉɫȴȣǊ ƌǩɻʉȴɫʉǩȴȣ ȴǇ ɻǞŒɠƟ
↪→ ƌŒʉŒࢍ ʻɻࡱ ʉǞƟȴɫˈࢎ ȝʞƁǞ
ǩȝɠɫȴʻƟƌ
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Wojciech Bizoń et al.: The transverse momentum spectrum of weak gauge bosons at N3LL+NNLO 7
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Fig. 3. Ratios of Z/W+ and W�/W+ normalised di↵eren-
tial distributions at NLL+LO (green), NNLL+NLO (blue) and
N3LL+NNLO (red) at

p
s = 13 TeV. The three lower panels

show three di↵erent prescriptions for the theory uncertainty,
as described in the text.

Fig. 4. Ratios of Z/W+ and W�/W+ normalised di↵eren-
tial distributions at NNLO (green), NNLL+NLO (blue) and
N3LL+NNLO (red) at

p
s = 13 TeV. For reference, the

Pythia8 prediction in the AZ tune is also shown, and the lower
panels show the ratio of each prediction to the latter.

[Bizoń, G
ehrm

ann-De Ridder, G
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lover, AH

, M
onni, Re, Rottoli, W

alker `19]



DI-BOSON PRODUCTIONDi-boson production
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V 0
p
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q̄a

V 0

V I probe triple-gauge-couplings
,! test gauge structure of the SM

I important background
,! H ! V V 0

,! BSM searches

[ATLAS
Phys.Lett.B

���
(����)�]
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pT,Z

NNLO essential in describing the data! (talk by S. Kallweit)
➤ NNLO essential in describing the data!



NNLO �  PS⊗NNLO ⌦ PS — W+W� production
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[Re, Wiesemann, Zanderighi ’��]

MiNLO (WWj)
reweight in �B

NNLO

NNLOPS

I high pT: same nominal accuracy

,! NNLO ' MiNLO ' NNLOPS

I low pT: sensitive to so� g e�ects

,! NNLO divergent
,! MiNLO ! NNLOPS: ⇠ 15%

I NLO (loop-induced gg) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Caola, Melnikov, Röntsch, Tancredi ’��]
,! � Higgs interference . . . . . . . . . . . . . . . . . . . . . . . [Caola, Dowling, Melnikov, Röntsch, Tancredi ’��]

I NLO EW . . . . . (di�erent �avour) [Biedermann, Billoni, Denner, Dittmaier, Hofer, Jäger, Salfelder ’��]
(� same �avour) [Kallweit, Lindert, Pozzorini, Schönherr ’��]

➤ colour-neutral:  UN2LOPS [Hoeche, Li, Prestel ’14], MiNLO [Karlberg, Re, Zanderighi ’14], Geneva [Alioli et al. ’15]



�  @ NNLO —- TWO CALCULATIONS!tt̄
Comparison with Czakon et al.
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Excellent agreement even in extreme kinematical regions

[Czakon, Heymes, Mitov '15]
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leads to a higher theoretical prediction 
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Issues in extrapolation ? Smaller mt ?

Heavy quarks
[Catani, Devoto, Grazzini, Kallweit, Mazzitelli '19]

➤ excellent agreement between the two calculations!



TOP QUARK SPIN CORRELATION AT NNLO

➤ leptons carry spin 
information of the tops 

➤ fiducial: good agreement 

➤ inclusive: some tension
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FIG. 1: NNLO QCD predictions for the fiducial (top) and
inclusive selections (bottom) of the normalized ��`` distri-
bution versus ATLAS data [20]. Uncertainty bands are from
7-point scale variation.

III. RESULTS

In this work we calculate two di↵erential distributions,
namely, the two leptons’ angular di↵erence in the trans-
verse plane ��`` and their rapidity di↵erence |�⌘``|.

We have two selection criteria for each distribution.
The first one, called inclusive, does not assume any se-
lection cuts. The second one, called fiducial, is based on
the ATLAS selection cuts [20]: an electron and a muon
of opposite electric charge with pT > 27(25) GeV for the
harder (softer) lepton and |⌘| < 2.5. In addition, we re-
quire at least two jets (at least one of which is a b-flavored
jet) with pT > 25 GeV and |⌘| < 2.5. All jets are defined
with the anti-kT algorithm [64] with R = 0.4.

The normalized fiducial and inclusive ��`` and |�⌘``|
distributions are shown in fig. 1 and fig. 3, respectively.
Each curve is normalized with respect to the correspond-
ing visible cross-section, i.e. the integral under it equals
unity. The ��`` distribution is compared with the pub-
lished ATLAS data [20]; the |�⌘``| one is not since the
corresponding data has not been published yet.

A number of observations can be made from fig. 1.
The most interesting feature is the di↵erent behavior of
the NNLO/NLO ��`` K-factor between the fiducial and
inclusive cases. With respect to the inclusive case, in
the fiducial case the K-factor is much larger, the NNLO
distribution is in good agreement with data and the scale
uncertainty is much larger. Notably, the NNLO inclusive
prediction does not agree well with data.

Since both the fiducial and inclusive data originate

from the same measurement it is not a priori clear why
the NNLO calculation would agree with only one of them.
In our view the most plausible explanation for this dis-
crepancy lies in the extrapolation of the fiducial measure-
ment to the full phase space.

Such a conclusion should not come as a complete sur-
prise since the extrapolation to full phase space is per-
formed with event generators that have accuracy di↵erent
than the one in the present work. In fact an early indica-
tion about the importance of higher order corrections in
top quark production came from the long standing top
quark pT discrepancy, namely, that NLO-accurate event
generators do not model well the LHC top quark pT dis-
tribution while the NNLO QCD correction significantly
improves the agreement with data.

A. Anatomy of higher order corrections to ��``

In the following we o↵er a detailed analysis quantifying
a number of possible contributions to this observable. We
show that they are too small to a↵ect the behavior of this
observable in the SM.
Is the NNLO correction large? NLO analyses [20] in-

dicate that higher order e↵ects are likely not going to
bridge the 3.2� discrepancy with the ATLAS ��`` data.
Yet we see that the NNLO QCD prediction agrees well
with data in the fiducial region. From this one cannot
directly conclude that the NNLO correction is unusually
large. The reason is that our NNLO prediction uses scales
di↵erent than the ones in most event generators.

For our preferred choice of scales we find that the fidu-
cial NNLO/NLO K-factor is no larger than 5%. This
is perfectly reasonable NNLO correction which, more-
over, is consistent with the NLO scale uncertainty band.
The NLO/LO K-factor is larger by a factor of about 3.
In the inclusive case one observes smaller K-factors and
less scale variation which is reasonable to expect since
the observable is more inclusive. We note that in both
cases the smallness of the LO uncertainty band is due to a
cancellation between the normalization factor and is not
representative of the true uncertainty in the di↵erential
distribution.

We conclude that the behavior of ��`` is consistent
with good perturbative convergence. The NNLO cor-
rection plays an important role: in the fiducial case it
reduces the scale uncertainty by more than a factor of
two and modifies the slope of the theory prediction in a
direction that improves the agreement with data.
Choice of scales. All calculations in this work are per-

formed with three scales: the one in eq. (3) as well as
µF,R = mt and µF,R = mt/2. As can be seen in fig. 2
the result with scale mt/2 behaves similarly to the one
in eq. (3) and is even closer to data. On the other hand,
the calculation with scale mt has larger NNLO/NLO K-
factor and the agreement with data in the fiducial case
is not as good as for the other two scales.

To understand this behavior we recall that the scale
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[Behring, Czakon, Mitov, Papanastasiou, Poncelet `19]
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NEXT-TO-NEXT-TO-NEXT-TO-LEADING ORDER

➤ inclusive results: 

✓ H(ggH) [Anastasiou et al. ’15] [Mistlberger ’18],  H(bbH) [Duhr, Dulat, Mistlberger '19] 

✓ H(VBF) [Dreyer, Karlberg '16],  HH(VBF) [Dreyer, Karlberg '18]            (in DIS approx.) 

➤ differential results: 

✓ H(ggH):  yH  analytic [Dulat, Mistlberger, Pelloni ’18],  qT slicing [Cieri, Chen, Gehrmann, Glover, AH ’18]


✓ H→bb [Mondini, Schiavi, Williams ’19]


✓ DIS jet:  NC [Currie, Gehrmann, Glover, AH, Niehues, Vogt '18], CC [Gehrmann, AH, Niehues, Vogt, Walker ’18]


➤ expect  more: 

๏ fully differential H(ggH, VBF), inclusive Drell-Yan, …

↔

Some benchmark processes require us to go even one order higher…
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Figure 7. The (mH -scaled) transverse momentum and pseudo-rapidity of the maximum-energy
jet in the Higgs rest frame at NLO, NNLO, and N3LO.

the ability to study the delicate cancellations that must occur at N3LO. To overcome this,
we reintroduce the fictitious collision axis of Section 3, and assume that the z-direction is
special and corresponds to a beam axis. We then measure the transverse momentum pT

and pseudo-rapidity ⌘ with respect to this axis. This defines non-trivial observables at LO,
allowing us to test our predictions more stringently. These predictions also confirm that
we can compute jet observables relevant for LHC physics (i.e. if desired we could impose
phase-space cuts on these observables).

Our results for |⌘max

j | and p
max

T,j /mH are shown in Fig. 7. We present the NLO, NNLO,
and N3LO predictions (suppressing LO for clarity). In each case the upper panel presents
the differential distribution, while the middle panel illustrates the ratio to the NLO predic-
tion and the lower panel the ratio to the NNLO prediction. Since a scalar particle at rest
decays isotropically, the rapidity distribution is sculpted only by the phase-space integration
of the final-state jets. For this reason the higher-order corrections are flat and do not no-
ticeably alter the shape of the distribution. As the order in perturbation theory increases,
the scale variation drops considerably (we vary the scale between mH/2  µ  2mH).
This observable inherits the scale variation from the total jet rate and is similar to the
scale variation presented in Appendix A for the total width. At NLO the scale varia-
tion is around {+3.5,�5}% across the entire distribution. For NNLO and N3LO the rate
obtained with the scale choice µ = mH is close to the maximum rate (again as in the
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LHC —- GOING FULLY DIFFERENTIAL @ N3LO

 analytic integration over full phase space 

 no information on final state 
[Anastasiou et al. ’15] [Mistlberger ’18] 

inclusive

σN3LO
tot = 48.68 pb+2.07 pb

−3.16 pb



LHC —- GOING FULLY DIFFERENTIAL @ N3LO

 analytic integration over full phase space 

 no information on final state 
[Anastasiou et al. ’15] [Mistlberger ’18] 

inclusive

σN3LO
tot = 48.68 pb+2.07 pb

−3.16 pb

 analytic integration over QCD emissions 

 partial information on final state 
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FIG. 1: Approximate Higgs boson rapidity distribution with threshold expansion truncated at di↵erent orders. The left panel
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CONCLUSIONS & OUTLOOK

➤ LHC — remarkable opportunity to study high-energy physics 

• search for new physics  &  probe the Higgs sector 

• precision measurements using “standard candles”   

⇒   high-precision predictions essential!   

(reduced uncertainties & often resolves tension to data) 

➤ Remarkable progress in precision calculations: 

• 2 → 2 @ NNLO,    2 → 1 @ N3LO,    NLO EW 2 → 6  

➡ precision phenomenology using these calculations has only started!
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WHY HIGHER ORDERS?īǞˈ ǞǩǊǞƟɫ ȴɫƌƟɫɻࡲ

! ǞǩǊǞ࢙ɠɫƟƁǩɻǩȴȣ ȝŒȣƌŒʉȴɫˈ
↪→ ɠɫȴƁƟɻɻƟɻ ʿǩʉǞ ȋŒɫǊƟK࢙ǇŒƁʉȴɫɻ ࢎ<ࢍ
↪→ ɻʉŒȣƌŒɫƌࢧ ƁŒȣƌȋƟɻࢨ ࡪǽƟʉɻࢍ V ࡪ iࡪ ࢎ࡬

! ɫƟƌʞƁʉǩȴȣ ȴǇ ɻƁŒȋƟ ʞȣƁƟɫʉŒǩȣʉǩƟɻ
↪→ ʻŒɫǩŒʉǩȴȣ ȴǇ µ_ ॹ µ6

ࡪ�ȣŒɻʉŒɻǩȴʞࢁ 5ǩˇȴȣࡪ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠋࠇࢪ

�Ɵʉ ƁȋʞɻʉƟɫǩȣǊ

�´ £�´ ££�´
! ŷƟʉʉƟɫ ȝȴƌƟȋȋǩȣǊ ȴǇ ǽƟʉ ŒȋǊȴɫǩʉǞȝ
ŷƟʉʿƟƟȣ ʉǞƟȴɫˈ ॹ ƟˇɠƟɫǩȝƟȣʉ

xȣǩʉǩŒȋ࢙ɻʉŒʉƟ ɫŒƌǩŒʉǩȴȣ

�´ £�´ ££�´
qq̄ ⊕ q;, q̄; ⊕ ;;, qq′, qq̄′, q̄q̄′

! ȴɠƟȣǩȣǊ ʞɠ ȴǇ Œȋȋ ƁǞŒȣȣƟȋɻ
! ȝȴɫƟ ƁȴȝɠȋǩƁŒʉƟƌ ph ɫƟƁȴǩȋ



ANATOMY OF NNLO CALCULATIONS�ȣŒʉȴȝˈ ȴǇ Œȣ ££�´ ƁŒȋƁʞȋŒʉǩȴȣ

σ££�´ =

∫

Φw+3

(

/σ__
££�´

− /σa
££�´

)

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ
! ƌȴʞŷȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ

+

∫

Φw+2

(

/σ_o
££�´

− /σh
££�´

)

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ
! 1/ϵ2ࡪ 1/ϵ

+

∫

Φw+1

(

/σoo
££�´

− /σl
££�´

)

! 1/ϵ4ࡪ 1/ϵ3ࡪ 1/ϵ2ࡪ 1/ϵ

∑
˨ȣǩʉƟ ŒʞƟȣŷƟɫǊ£࢖�ƟƟ࢖�ǩȣȴɻǞǩʉŒࢍ ॹ ǇŒƁʉȴɫǩ˔Œʉǩȴȣࢎ

− 0

£ȴȣ࢙ʉɫǩʻǩŒȋ ƁŒȣƁƟȋȋŒʉǩȴȣ ȴǇ ǩȣǇɫŒɫƟƌ ɻǩȣǊʞȋŒɫǩʉǩƟɻ

5ǩǇǇƟɫƟȣʉ ȝƟʉǞȴƌɻࡩ
! �ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵ࢖cƟǞɫȝŒȣȣࢁ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫ ࢂࠌࠇࢪ
! +ȴ�ȴɫ`ʞȋ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵȋࢁ 5ʞƁŒࡪ ðȴȝȴǊˈǩࡪ üɫȴƁɻŒȣˈǩ ࢂࠌࠇࢪ
! qh ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪŒʉŒȣǩ+ࢁ cɫŒ˔˔ǩȣǩ ࢂࠎࠇࢪ
! ðƟƁʉȴɫ࢙ǩȝɠɫȴʻƟƌ ɫƟɻǩƌʞƟ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

Œȅȴȣ˔+ࢁ ࡪࢂࠇࠈࢪ ࡪȴʞǊǞƟ˔Œȋ#ࢁ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠈࠈࢪ
! N࢙ǽƟʉʉǩȣƟɻɻ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪcŒʞȣʉࢁ ðʉŒǞȋǞȴǇƟȣࡪ üŒƁȅȝŒȣȣࡪ īŒȋɻǞ ࢂࠌࠈࢪ
ࡪȴʞǊǞƟ˔Œȋ#ࢁ `ȴƁȅƟࡪ �ǩʞࡪ ßƟʉɫǩƟȋȋȴ ࢂࠌࠈࢪ

! ßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒƁƁǩŒɫǩ+ࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ

! £ƟɻʉƟƌ ɻȴǇʉ࢙ƁȴȋȋǩȣƟŒɫ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒȴȋŒ+ࢁ �Ɵȋȣǩȅȴ ࡪ̒ æɁȣʉɻƁǞ ࢂࠎࠈࢪ

. . .

�38



INCLUSIVE JET PRODUCTIONxȣƁȋʞɻǩʻƟ �Ɵʉ ßɫȴƌʞƁʉǩȴȣ

{
n ɫƟƁȴȣɻʉɫʞƁʉƟƌ ǽƟʉɻ

ǩȣ ʉǞƟ ƟʻƟȣʉ

}
←→

{
n ŷǩȣȣǩȣǊɻ ʉȴ
ʉǞƟ ǞǩɻʉȴǊɫŒȝ

}
⇒

∑

ŷǩȣɻ

/σǩȣƁ
/ph

̸= σʉȴʉ

ɻƁŒȋƟ ƁǞȴǩƁƟɻ ! ŷǩȣȣǩȣǊ ȴǇ ǦȠƊǦʴǦƊʗŒȈ ǺƝʂɵ ʻɻࡱ ƝʴƝȠʂɵ
" ࢨǊȋȴŷŒȋࢧ ɻƁŒȋƟɻ ࡩࢎƟʻƟȣʉࢍ ph,K�tࡪ ⟨ph⟩ࡪ ࡬
" ࢨȋȴƁŒȋࢧ ɻƁŒȋƟɻ ࡩࢎǽƟʉࢍ phࡪ ࡬



INCLUSIVE JET PRODUCTION —- SCALE CHOICES  (R=0.4)xȣƁȋʞɻǩʻƟ �Ɵʉ ßɫȴƌʞƁʉǩȴȣ ࢕ ðƁŒȋƟ ƁǞȴǩƁƟɻ Rࢍ = ࢎ0.4
ࡪʞɫɫǩƟ+ࢁ cƟǞɫȝŒȣȣ5࢖Ɵ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫࡪ �oࡪ ßǩɫƟɻ ࢂࠏࠈࢪ
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T
=2pµ LO NLO NNLO

Ĥh/2

ph,K�t

ph

Ĥh

2 ph,K�t

2 ph

! ȚȰɵʂ ƀȰȚȚȰȠ ƁǞȴǩƁƟࡩ µ = ph ॹ µ = ph,K�t

↪→ ʿȴɫɻʉ ɠƟɫʉʞɫŷŒʉǩʻƟ ŷƟǞŒʻǩȴʞɫ
! ǞŒɫƌƟɫ ɻƁŒȋƟɻ ɠɫƟǇƟɫɫƟƌࡩ µ = 2 ph ॹ µ = Ĥh

↪→ ɻǞȴʿ Ǌȴȴƌ ɠɫȴɠƟɫʉǩƟɻ
! ȴɫǩǊǩȣࡩ ǩȣǇɫŒɫƟƌ ɻƟȣɻǩʉǩʻǩʉˈ ȴǇ ʉǞƟ ǩȣƁȋʞɻǩʻƟ࢙ǽƟʉ ȴŷɻƟɫʻŒŷȋƟ

↪→ ƌɫǩʻƟȣ ŷˈ ȣƌࠉ ȋƟŒƌǩȣǊ ǽƟʉ ƌǩɻʉɫǩŷʞʉǩȴȣ pj2h ˈʻƟɫࢍ ɻȝŒȋȋ ॸ ࢎ´�£

↪→ ȝǩɻȝŒʉƁǞ ŷƟʉʿƟƟȣ ɫƟŒȋ ॹ ʻǩɫʉʞŒȋ ƁȴɫɫƟƁʉǩȴȣɻ ŒȋȋƟʻǩŒʉƟƌࢍ ʿǩʉǞ ȋŒɫǊƟɫ Rࢎ
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FIG. 9: The R-dependence of the cross sections for inclusive jet production at LO, NLO, NNLO and NLO+PS are shown,
for scale variations around a central scale of HT , as a function of jet radius, for dijet production, for leading jet transverse
momenta above 196 GeV.

Comparing the Figs. 14 - 17 we note the relative narrow distribution of grey lines that sample the di↵erent pT bins
in the case of Higgs production. One might expect that this behavior is due to the Higgs production process being
gluon-initiated. However, the decomposition into flavor channels shows that initial state quarks do play an important
role and that quark-gluon initiated processes start to dominate for high transverse momenta. This diverse flavour
composition of initial and final state does not allow us to make a definite statement without further studies.

VI. UNCERTAINTY ESTIMATES IN PROCESSES WITH FINAL-STATE JETS

The reduction of scale uncertainties achievable at NNLO is remarkable. However, the R-dependence of the uncer-
tainty discussed in Sec. V indicates that some of the improvements may be due to accidental cancellations. It is well
known, that the scale variation for exclusive cross sections is prone to the accidental compensation of logarithmically
enhanced higher-order corrections that appear both as a result of scale variations and as a result of the phase-space
restrictions. The very definition of a final-state jet implies an exclusive measurement and e↵ectively acts as a veto on
real-radiative corrections that fall outside the jet area. This e↵ect has been studied in di↵erent contexts [30, 106] An
accurate assessment of the perturbative uncertainties is important for inclusive jet production (and to a lesser extent
for Z+jet production), as the PDF fitting groups are working to incorporate scale uncertainties in their analyses, and

➤ accidental     at R=0.4 

➤ small R: resummation 

δ(scale) ∼ 0

[Bellm
 at al.`19]

[Dasgupta, Dreyer, Salam, Soyez '16] [Liu, Moch, Ringer '17 '18]
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Wojciech Bizoń et al.: The transverse momentum spectrum of weak gauge bosons at N3LL+NNLO 7
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Fig. 4. Ratios of Z/W+ and W�/W+ normalised di↵eren-
tial distributions at NNLO (green), NNLL+NLO (blue) and
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p
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[Bizoń et al. ’19]
NNLO+N3LL
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➤ increasingly urgent to have more robust uncertainty estimates 

➤ scale ambiguities in jets 

➤ theory uncertainties in PDF fits 

➤ scales in ratios:   

• pT(Z) / pT(W)  

• ang. coefficients Ai
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➤ increasingly urgent to have more robust uncertainty estimates 

➤ scale ambiguities in jets 
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• pT(Z) / pT(W)  

• ang. coefficients Ai   

• pT(γ): 13 TeV / 8 TeV
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➤ theory uncertainties in PDF fits 

➤ scales in ratios:   
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➤ nuisance parameters in pT res.
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Angular coe�cients — A2 & A4

[Gauld, Gehrmann—De Ridder, Gehrmann, Glover, AH ’��]
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Angular coe�cients — ATLAS @ 8 TeV
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ELECTROWEAK INTERACTIONS

�50

➤ generic size:  O(α) ~ O(αs2) 

➤ systematic enhancements possible:
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EW —- GOING OFF-SHELL

➤ now up to  2 → 6:  WWW [Schönherr ’18],  W+W+ scattering [Biedermann, Denner, Pellen '17]  

➤ full NLO VBS(W+W+): W+
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ūW+ Z W−

W+

νe

e+

W−

d

ū
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Figure 1: Sample tree-level diagrams that contribute to the process pp → µ+νµe+νejj.

of order O
(

α2
sα

4
)

, and interferences of the order O
(

αsα5
)

. Owing to the colour structure,

these interferences occur only if diagrams of different quark flow between initial and final state

are multiplied with each other. Thus, order-O
(

αsα5
)

contributions appear only in partonic

channels that involve contributions of two different kinematic channels (s, t, u). For example,

in Fig. 1, the contraction of the QCD-induced diagram (bottom right) with the VBS diagrams

(top row) necessarily vanishes due to colour structure, while the corresponding contraction

with the EW s-channel background diagrams (bottom left and bottom middle) leads to a

non-zero interference contribution at order O
(

αsα5
)

. We stress that we include in our cal-

culation all possible contributions at the orders O
(

α6
)

, O
(

αsα5
)

, and O
(

α2
sα

4
)

that belong

to the hadronic process in Eq. (2.1). A list of all contributing independent partonic channels

is given in Table 1, which provides also information on contributing kinematic channels and

interferences.

At NLO, we compute both the QCD and EW corrections to each LO contribution. This

leads to four possible NLO orders: O
(

α7
)

, O
(

αsα6
)

, O
(

α2
sα

5
)

, and O
(

α3
sα

4
)

. The situation

is represented graphically in Fig. 2.1 The order O
(

α7
)

contributions are simply the NLO EW

corrections to the EW-induced LO processes. They have already been presented in Ref. [15]

for a fixed scale. Similarly, the order O
(

α3
sα

4
)

contributions furnish the QCD corrections to

the QCD-induced process, which have been computed in Refs. [11, 13, 17].

For the orders O
(

αsα6
)

and O
(

α2
sα

5
)

, a simple separation of the EW-induced process

and the QCD-induced process is not possible any more, also for the dominant uu partonic

channel. Indeed, the order O
(

αsα6
)

contains QCD corrections to the VBS process as well as

EW corrections to the LO interference. The QCD corrections have already been computed

in the VBS approximation in Refs. [7–9, 13, 14]. This means that the s-channel diagrams as

1Such a classification in powers of αs and α can also be found in Ref. [16].
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Figure 7: Differential distributions at a centre-of-mass energy
√
s = 13TeV at the LHC

for pp → µ+νµe+νejj: (a) missing transverse momentum (top left), (b) rapidity separation

between the positron and anti-muon (top right), (c) invariant mass of the positron and anti-

muon system (bottom left), (d) invariant mass of the two tagging jets (bottom right). The

upper panels show the sum of all LO and NLO contributions with scale variation. The lower

panels show the relative corrections in per cent.

effects. The latter aspect plays an important role in this computation: the LO amplitude

consists of a purely EW-induced part, which includes VBS, and a QCD-induced part, leading

thus to three different LO contributions at the level of squared amplitudes. These are of

the orders O
(

α6
)

, O
(

αsα5
)

, O
(

α2
sα

4
)

in the strong and electromagnetic couplings. At NLO,

consequently, four types of corrections have been computed at the orders O
(

α7
)

, O
(

αsα6
)

,

O
(

α2
sα

5
)

, and O
(

α3
sα

4
)

, respectively. For the orders O
(

αsα6
)

and O
(

α2
sα

5
)

, both NLO

QCD and EW corrections to different underlying Born contributions arise. These cannot be

unambiguously separated as some loop diagrams contribute to both. Hence, at NLO, it is

– 19 –

➤ EW corrections dominant! 

+ PS [Chiesa, Denner, Lang, Pellen '19]

4

FIG. 3: Schematic representation of the double-pole approx-
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approximation (DPA) [23, 34]. In the DPA two on-shell
W bosons are requested, and the matrix elements are
split into those for production and decay of the reso-
nant W bosons. This is illustrated in Fig. 3 where the
blobs represent the production and decay processes of the
W bosons including the factorizable corrections, while
the explicit neutral gauge boson (Z, �) constitutes a typ-
ical non-factorizable correction in this framework. We
found that the DPA reproduces the full process within
1% and thus provides a su�ciently good approximation
for practical purposes. In the DPA, the factorizable cor-
rections constitute ⇠ 95% of the subtracted virtual cor-
rections and are thus responsible for the large EW correc-
tions. Moreover, the non-factorizable corrections result
exclusively from photon exchange and are compensated
upon adding the corresponding real photonic corrections.

To further simplify the discussion, we use the EVBA,
depicted schematically in Fig. 4, where two W bosons are
radiated o↵ the quark lines to scatter. In this picture,
most of the energy is transferred to the two back-to-back
jets while the rest of the energy goes into the scattering
of the two W bosons in the central region. The invariant
masses of the radiated W bosons are space-like but of the
order of the W-boson mass to enhance the cross section
[13, 35, 36]. While the EVBA constitutes a crude approx-
imation valid only in the very-high-energy limit [36, 37],
it is su�cient to discuss the origin of the enhanced EW
corrections.

To proceed, we combine the EVBA with the Sudakov
approximation in a similar way as pioneered in Ref. [37]

for VBS in electron–positron annihilation. In the Su-
dakov limit, where all invariants are large, the domi-
nant EW corrections result from double and single loga-
rithms involving ratios of the large invariants and the
vector-boson masses squared [38, 39]. In the EVBA
the large logarithms in the factorizable corrections re-
sult only from the vector-boson-scattering subprocess,
W+W+

! W+W+. To keep things simple, we only con-
sider the double EW logarithms, the collinear single EW
logarithms, and the single logarithms resulting from pa-
rameter renormalization. Following Ref. [39], we obtain
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where the EW Casimir operator and the �-function co-
e�cient for W bosons read

Cew
W =

2

s2w
, bewW =

19

6s2w
(12)

with the sine of the weak mixing angle sw. Using
hm4`i ⇠ 390GeV as a typical scaleQ for the VBS subpro-
cess leads to an EW correction of about �16%. Applying
this logarithmic approximation di↵erentially to the dis-
tribution in the invariant mass of the four leptons yields
about �15%. These numbers reproduce remarkably well
the full correction of �16% given the fact that they in-
clude only logarithmic corrections resulting from the VBS
subprocess, neglecting even the angular-dependent lead-
ing logarithms.

The resulting EW corrections are by a factor of 3–
4 larger compared to processes like vector-boson pair
production or top-quark pair production for the follow-
ing reasons. First, the EW Casimir operator Cew is
larger for vector bosons than for fermions. This enhances
the double logarithmic corrections by a factor of 1.5 for
WW ! WW with respect to qq̄ ! WW. Second, the
typical scale of the hard scattering process Q is larger for
WW ! WW. For a typical pair-production process the
scale is more or less of the order of the pair production
threshold, i.e. Q ⇠ 250GeV for qq̄ ! WW/ZZ, since
the cross sections drop with 1/ŝ above threshold. For
WW ! WW, on the other hand, the cross section drops
much slower (c.f. Fig. 1) owing to the massive t-channel
vector-boson exchange in these processes [40]. Without
cuts, the cross section would even approach a constant
for high energies. The scale Q = hm4`i ⇠ 390GeV en-
hances the double logarithmic corrections by a factor of
1.9 with respect to a scale Q ⇠ 250GeV. Third, the can-
cellation between single and double logarithms is weaker
for external vector bosons than for external fermions.
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