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Theory constructed on a “light cone” contains only 
propagating degrees of freedom 

soft modes

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e↵ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic field. Hence, we will provide the first example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for “integrating out half of superspace.” We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of the N = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge field. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig. 1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p� (1.1)

p+ (1.2)

p? (1.3)
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[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p� ⇠ Q (1.1)

p? ⇠ mJ (1.2)

⇤QCD ⌧ mJ ⌧ Q (1.3)
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Figure 1: Sketch of proof [TC: Fill In].

We will work in Minkowski space with signature gµ⌫ = diag (+1,�1,�1,�1). The

collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Then four vectors are expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�, where a large separation of scales is given by � = ⇤QCD/mb ⌧ 1.
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Example: Soft collinear effective theory for QCD jets

superfields that only involve the complex Grassmann coordinate ⌘.3

1.1 The Light Cone with Spinors

To define standard light-cone coordinates, one introduces two light-like di-
rections nµ and n̄µ which satisfy n̄ ·n = 2. Here, we perform a spinor-helicity
decomposition in terms of two bosonic spinors ⇠↵ and ⇠̃↵:

n↵↵̇ ⌘

⇣n · �

2

⌘

↵↵̇

= ⇠̃↵⇠̃
†

↵̇
, n̄↵↵̇ ⌘

⇣ n̄ · �

2

⌘

↵↵̇

= ⇠↵⇠
†

↵̇
, (13)

or, equivalently:

nµ = ⇠̃†�̄µ⇠̃ = ⇠̃�µ⇠̃†, n̄µ = ⇠†�̄µ⇠ = ⇠�µ⇠†. (14)

Because the spinors are bosonic, they satisfy

⇠↵⇠↵ = ⇠̃↵⇠̃↵ = 0. (15)

We choose the normalization condition

⇠↵⇠̃↵ = 1, (16)

which ensures the desired normalization for nµ and n̄µ via a Fierz identity:

n̄ · n = n̄µnµ = 2n↵↵̇n̄↵↵̇ = 2 (⇠̃⇠)(⇠†⇠̃†) = 2. (17)

The standard RPI transformations corresponds to all possible shifts in nµ

and n̄µ such that Eq. (17) is maintained, and we derive a version of RPI that
constrains possible operators in collinear superspace in Sec. 2.

When it is convenient to choose an explicit reference frame, a common
choice is to align nµ and n̄µ along the z-direction. This canonical frame is
specified by

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1) , (18)

which is equivalent to the fixing the spinors to

⇠↵ = (0, 1), ⇠↵ = (�1, 0)|, ⇠̃↵ = (�1, 0), ⇠̃↵ = (0, 1)| , (19)

3
In all that follows, we use the mostly minus metric, the two-component spinors con-

ventions of Ref. [?], and SUSY conventions defined in pages 449–453 of Ref. [?]. We follow

the standard practice of dropping the spinor index structure, except where potential con-

fusions might arise.

5

Motivation



• N = 1 supersymmetric (massless) theory on the light cone 
contains only on-shell degrees of freedom.  

• Half of the usual N = 1 supersymmetries/supercharges are 
manifest. Theory lives on a slice of usual superspace 

T. Cohen, GE, A. Larkoski [1609.04430] “Soft-Collinear Supersymmetry”

T. Cohen, GE, A. Larkoski [1603.09346] “Collinear Superspace”
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Set of rules for constructing Lagrangians from the 
“bottom up” in collinear superspace.

Full Supersymmetry

Collinear Superspace :
Subgroup 

Lorentz Invariance Reparametrization Invariance (RPI)

Gauge Invariance Residual Light Cone (LG) 
gauge redundancy

N = 1: 

T. Cohen, GE, A. Larkoski, J. Thaler Work in progress 

Today’s Talk
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1 The Model

�(y) = �(y) + ✓↵u↵(y) + ✓↵✓↵F (y) (1.1)
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N=1 chiral multiplet:
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D̄↵� = 0 (1)

✓2✓1F
✓↵✓↵ = 0
Supersymmetry (SUSY) is a powerful tool for exploring formal aspects of

field theory, including Seiberg duality [?], Seiberg-Witten [?, ?], AdS/CFT
for N = 4 SUSY [?], supersymmetric localization [?, ?], on-shell recursion
applied to SUSY theories [?], and more [?, ?, ?, ?, ?] [JDT: I need to think

about this ”more” block]. Therefore, new formulations of SUSY are of
great interest in their own right, especially when they can expose new formal
features. Theories with N = 1 SUSY can be expressed in superspace, which
makes SUSY manifest at the Lagrangian level by relying on non-propagating
field content (including the auxiliary F - and D-terms). It is not known,
however, how to systematically extend the superspace formalism to theories
with N > 1 SUSY, in part because of complications associated with a pro-
liferation of auxiliary fields. There do exist superspace formulations that
involve only propagating physical degrees of freedom, specifically in N = 4
SUSY [?]. These constructions, however, are typically discovered by starting
with a component Lagrangian and then guessing a superspace formulation
that reproduces the component-level result. Ideally, one would want a set of
e↵ective field theory (EFT) rules using only propagating degrees of freedom
that yielded Lagrangians in superspace such that SUSY was made manifest.

Progress towards this goal was recently made in Refs. [?, ?], where the
interplay of SUSY with Soft-Collinear E↵ective Theory (SCET) [JDT: cite

1

Construct collinear superspace by consistently 
enforcing the constraint: 

Auxiliary F term 
not present 

and un̄,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vn̄ are given in App. C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices of u↵ and the conjugate field u†

↵̇ run over ↵, ↵̇ = 1, 2, and we work

in the Weyl basis, see App. F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + un̄:

L = i u†

n �̄ · @ un + i u†

n̄ �̄ · @ un + i u†

n �̄ · @ un̄ + i u†

n̄ �̄ · @ un̄, (2.7)

Therefore it is clear that the light-cone time component un̄ term is suppressed relative to

un, and so it can be treated as non-propagating in the e↵ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

un̄:

un̄ = �
n̄ · �

2

1

n̄ · @

�
�̄ · @?

�
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L
(0)
un

= u†

n

✓
i n · @ �

@2
?

i n̄ · @

◆
n̄ · �̄

2
un (2.9)

where we have used �̄ · @?� · @? = �@2
?
. Hence, the SCET fermion is given by (for our

specific choice of n̄⌫)

un =

"
0

u

#
, un̄ =

"
(�@?,1+i @?,2)

n̄·@ u

0

#
, (2.10)

where u ⌘ un,2.

Note the unusual non-local operator, 1/n̄ · @, can be meaningfully defined in terms of
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Construction



directly in collinear superspace. The key insight is to make only a subgroup of N = 1 SUSY

manifest and to replace full Lorentz symmetry with reparametrization invariance (RPI) [?

? ]. Note that without any loss of information, the ordinary superspace coordinate ✓↵ can

be expressed as

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (1.1)

where ⇠↵ and ⇠̃↵ are orthogonal basis spinors that satisfy ⇠↵⇠̃↵ = 1, and ⌘ and ⌘̃ are complex

Grassmann numbers. Then to reduce to collinear superspace, we simply set

⌘̃ = 0 =) ✓↵ = ⇠↵⌘, (1.2)

which halves the number of manifest supercharges. By exploiting the RPI freedom to

rotate ⇠↵ and ⌘, we will show that this construction preserves enough Lorentz invariance to

maintain the full N = 1 SUSY at the S-matrix level.2

With the replacement in Eq. (1.2), the superspace coordinate now has the unfamiliar

property that ✓↵✓↵ = ✓†↵̇✓
†↵̇ = 0. This means that it is not possible to include F - and

D-term components in a superfield, nor can one include o↵-shell components of a spin-1/2

matter field. Therefore, if a self-consistent theory of collinear superspace exists, it must only

involve propagating degrees of freedom. We will show that this is indeed the case, and the

choice in Eq. (1.2) corresponds to expressing the theory with respect to a light-like direction

nµ = ⇠̃�µ⇠̃†. The choice of nµ corresponds to an explicit breaking of Lorentz invariance,

leading to a set of low-energy RPI constraints. For example, the following rescaling

⇠↵ ! e�/2⇠↵, ⌘ ! e/2⌘, (1.3)

is known as RPI-III, which acts like a (complex) internal R-symmetry that leaves ✓↵ un-

changed. By imposing collinear SUSY, RPI-I, RPI-III, and simple power counting based on

mass dimension, we can construct the unique Lorentz- and gauge-invariant EFT of chiral

and vector superfields at leading power.

Though some of the discussion here is just a bottom-up recapitulation of the top-down

physics already in Refs. [? ? ], there is a crucial new ingredient. Previously, it was unknown

how to handle gauge theories with charged matter chiral superfields. The reason is that

gauge theories in collinear superspace are most naturally expressed in light-cone gauge with

n̄ ·A = 0. Without a full gauge symmetry, there seemed to be no easy way to constrain the

2
The restriction in Eq. (1.2) is reminiscent of on-shell superspace [JDT: cite block], with the important

distinction that our construction does not require the component fields to be exactly on-shell (i.e. p2 need

not identically vanish).
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✓2✓1F
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Supersymmetry (SUSY) is a powerful tool for exploring formal aspects of

field theory, including Seiberg duality [?], Seiberg-Witten [?, ?], AdS/CFT
for N = 4 SUSY [?], supersymmetric localization [?, ?], on-shell recursion
applied to SUSY theories [?], and more [?, ?, ?, ?, ?] [JDT: I need to think

about this ”more” block]. Therefore, new formulations of SUSY are of
great interest in their own right, especially when they can expose new formal
features. Theories with N = 1 SUSY can be expressed in superspace, which
makes SUSY manifest at the Lagrangian level by relying on non-propagating
field content (including the auxiliary F - and D-terms). It is not known,
however, how to systematically extend the superspace formalism to theories
with N > 1 SUSY, in part because of complications associated with a pro-
liferation of auxiliary fields. There do exist superspace formulations that
involve only propagating physical degrees of freedom, specifically in N = 4
SUSY [?]. These constructions, however, are typically discovered by starting
with a component Lagrangian and then guessing a superspace formulation
that reproduces the component-level result. Ideally, one would want a set of
e↵ective field theory (EFT) rules using only propagating degrees of freedom

1
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{⌘, ⌘̃} = 0 (1)

D̄↵� = 0 (2)

✓2✓1F
✓↵✓↵ = 0
Supersymmetry (SUSY) is a powerful tool for exploring formal aspects of

field theory, including Seiberg duality [?], Seiberg-Witten [?, ?], AdS/CFT
for N = 4 SUSY [?], supersymmetric localization [?, ?], on-shell recursion
applied to SUSY theories [?], and more [?, ?, ?, ?, ?] [JDT: I need to think

about this ”more” block]. Therefore, new formulations of SUSY are of
great interest in their own right, especially when they can expose new formal
features. Theories with N = 1 SUSY can be expressed in superspace, which
makes SUSY manifest at the Lagrangian level by relying on non-propagating
field content (including the auxiliary F - and D-terms). It is not known,
however, how to systematically extend the superspace formalism to theories
with N > 1 SUSY, in part because of complications associated with a pro-
liferation of auxiliary fields. There do exist superspace formulations that
involve only propagating physical degrees of freedom, specifically in N = 4
SUSY [?]. These constructions, however, are typically discovered by starting
with a component Lagrangian and then guessing a superspace formulation
that reproduces the component-level result. Ideally, one would want a set of
e↵ective field theory (EFT) rules using only propagating degrees of freedom

1

Orthogonal bosonic spinors

directly in collinear superspace. The key insight is to make only a subgroup of N = 1 SUSY

manifest and to replace full Lorentz symmetry with reparametrization invariance (RPI) [?

? ]. Note that without any loss of information, the ordinary superspace coordinate ✓↵ can

be expressed as

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (1.1)

where ⇠↵ and ⇠̃↵ are orthogonal basis spinors that satisfy ⇠↵⇠̃↵ = 1, and ⌘ and ⌘̃ are complex
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⌘̃ = 0 =) ✓↵ = ⇠↵⌘, (1.2)

which halves the number of manifest supercharges. By exploiting the RPI freedom to

rotate ⇠↵ and ⌘, we will show that this construction preserves enough Lorentz invariance to

maintain the full N = 1 SUSY at the S-matrix level.2
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property that ✓↵✓↵ = ✓†↵̇✓
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is known as RPI-III, which acts like a (complex) internal R-symmetry that leaves ✓↵ un-
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Figure 1: Sketch of proof [TC: Fill In].

We will work in Minkowski space with signature gµ⌫ = diag (+1,�1,�1,�1). The

collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.
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bosonic spinors ⇠↵ and ⇠̃↵:

n↵↵̇ ⌘

⇣n · �

2

⌘

↵↵̇
= ⇠̃↵⇠̃

†
↵̇, n̄↵↵̇ ⌘

⇣ n̄ · �

2

⌘

↵↵̇
= ⇠↵⇠

†
↵̇, (2.1)

or, equivalently:

nµ = ⇠̃†�̄µ⇠̃ = ⇠̃�µ⇠̃†, n̄µ = ⇠†�̄µ⇠ = ⇠�µ⇠†. (2.2)

Because the spinors are bosonic, they satisfy

⇠↵⇠↵ = ⇠̃↵⇠̃↵ = 0. (2.3)

We choose the normalization condition

⇠↵⇠̃↵ = 1, (2.4)

which ensures the desired normalization for nµ and n̄µ via a Fierz identity:

n̄ · n = n̄µnµ = 2n↵↵̇n̄↵↵̇ = 2 (⇠̃⇠)(⇠†⇠̃†) = 2. (2.5)

The standard RPI transformations corresponds to all possible shifts in nµ and n̄µ such that

Eq. (2.5) is maintained, and we derive a version of RPI that constrains possible operators

in collinear superspace in Sec. 3.

When it is convenient to choose an explicit reference frame, a common choice is to align

nµ and n̄µ along the z-direction. This canonical frame is specified by

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1) , (2.6)

which is equivalent to the fixing the spinors to

⇠↵ = (0, 1), ⇠↵ = (�1, 0)|, ⇠̃↵ = (�1, 0), ⇠̃↵ = (0, 1)| , (2.7)

as can be verified using Eq. (2.2). As we will show below, this frame choice is equivalent to

working in the collinear superspace frame developed in Ref. [? ].

Any operator can be projected along the ⇠↵ and ⇠̃↵ spinor axes. Consider the di↵erential

operator �µ@µ, where @µ is the four-vector partial derivative. We can construct di↵erential

operators on the light-cone as

d = ⇠↵(� · @)↵↵̇ ⇠
†↵̇, (2.8)

d̃ = ⇠̃↵(� · @)↵↵̇ ⇠̃
†↵̇ , (2.9)

d? = ⇠↵(� · @)↵↵̇ ⇠̃
†↵̇, (2.10)
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Spinor helicity decomposition:

superfields that only involve the complex Grassmann coordinate ⌘.3

1.1 The Light Cone with Spinors

To define standard light-cone coordinates, one introduces two light-like di-
rections nµ and n̄µ which satisfy n̄ ·n = 2. Here, we perform a spinor-helicity
decomposition in terms of two bosonic spinors ⇠↵ and ⇠̃↵:

n↵↵̇ ⌘

⇣n · �

2

⌘

↵↵̇

= ⇠̃↵⇠̃
†

↵̇
, n̄↵↵̇ ⌘

⇣ n̄ · �

2

⌘

↵↵̇

= ⇠↵⇠
†

↵̇
, (13)

or, equivalently:

nµ = ⇠̃†�̄µ⇠̃ = ⇠̃�µ⇠̃†, n̄µ = ⇠†�̄µ⇠ = ⇠�µ⇠†. (14)

Because the spinors are bosonic, they satisfy

⇠↵⇠↵ = ⇠̃↵⇠̃↵ = 0. (15)

We choose the normalization condition

⇠↵⇠̃↵ = 1, (16)

which ensures the desired normalization for nµ and n̄µ via a Fierz identity:

n̄ · n = n̄µnµ = 2n↵↵̇n̄↵↵̇ = 2 (⇠̃⇠)(⇠†⇠̃†) = 2. (17)

The standard RPI transformations corresponds to all possible shifts in nµ

and n̄µ such that Eq. (17) is maintained, and we derive a version of RPI that
constrains possible operators in collinear superspace in Sec. 2.

When it is convenient to choose an explicit reference frame, a common
choice is to align nµ and n̄µ along the z-direction. This canonical frame is
specified by

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1) , (18)

which is equivalent to the fixing the spinors to

⇠↵ = (0, 1), ⇠↵ = (�1, 0)|, ⇠̃↵ = (�1, 0), ⇠̃↵ = (0, 1)| , (19)

3
In all that follows, we use the mostly minus metric, the two-component spinors con-

ventions of Ref. [?], and SUSY conventions defined in pages 449–453 of Ref. [?]. We follow

the standard practice of dropping the spinor index structure, except where potential con-

fusions might arise.
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Eq. (2.5) is maintained, and we derive a version of RPI that constrains possible operators

in collinear superspace in Sec. 3.

When it is convenient to choose an explicit reference frame, a common choice is to align

nµ and n̄µ along the z-direction. This canonical frame is specified by

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1) , (2.6)

which is equivalent to the fixing the spinors to

⇠↵ = (0, 1), ⇠↵ = (�1, 0)|, ⇠̃↵ = (�1, 0), ⇠̃↵ = (0, 1)| , (2.7)

as can be verified using Eq. (2.2). As we will show below, this frame choice is equivalent to

working in the collinear superspace frame developed in Ref. [? ].

Any operator can be projected along the ⇠↵ and ⇠̃↵ spinor axes. Consider the di↵erential

operator �µ@µ, where @µ is the four-vector partial derivative. We can construct di↵erential
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†↵̇ , (2.9)

d? = ⇠↵(� · @)↵↵̇ ⇠̃
†↵̇, (2.10)
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superfields that only involve the complex Grassmann coordinate ⌘.3

1.1 The Light Cone with Spinors

To define standard light-cone coordinates, one introduces two light-like di-
rections nµ and n̄µ which satisfy n̄ ·n = 2. Here, we perform a spinor-helicity
decomposition in terms of two bosonic spinors ⇠↵ and ⇠̃↵:

n↵↵̇ ⌘

⇣n · �

2

⌘

↵↵̇

= ⇠̃↵⇠̃
†

↵̇
, n̄↵↵̇ ⌘

⇣ n̄ · �

2

⌘

↵↵̇

= ⇠↵⇠
†

↵̇
, (13)

or, equivalently:

nµ = ⇠̃†�̄µ⇠̃ = ⇠̃�µ⇠̃†, n̄µ = ⇠†�̄µ⇠ = ⇠�µ⇠†. (14)

Because the spinors are bosonic, they satisfy

⇠↵⇠↵ = ⇠̃↵⇠̃↵ = 0. (15)

We choose the normalization condition

⇠↵⇠̃↵ = 1, (16)

which ensures the desired normalization for nµ and n̄µ via a Fierz identity:

n̄ · n = n̄µnµ = 2n↵↵̇n̄↵↵̇ = 2 (⇠̃⇠)(⇠†⇠̃†) = 2. (17)

The standard RPI transformations corresponds to all possible shifts in nµ

and n̄µ such that Eq. (17) is maintained, and we derive a version of RPI that
constrains possible operators in collinear superspace in Sec. 2.

When it is convenient to choose an explicit reference frame, a common
choice is to align nµ and n̄µ along the z-direction. This canonical frame is
specified by

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1) , (18)

which is equivalent to the fixing the spinors to

⇠↵ = (0, 1), ⇠↵ = (�1, 0)|, ⇠̃↵ = (�1, 0), ⇠̃↵ = (0, 1)| , (19)

3
In all that follows, we use the mostly minus metric, the two-component spinors con-

ventions of Ref. [?], and SUSY conventions defined in pages 449–453 of Ref. [?]. We follow

the standard practice of dropping the spinor index structure, except where potential con-

fusions might arise.

5

Choice breaks Lorentz invariance, leading to a set 
of low-energy (RPI) constraints.

Construction

directly in collinear superspace. The key insight is to make only a subgroup of N = 1 SUSY

manifest and to replace full Lorentz symmetry with reparametrization invariance (RPI) [?

? ]. Note that without any loss of information, the ordinary superspace coordinate ✓↵ can

be expressed as

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (1.1)

where ⇠↵ and ⇠̃↵ are orthogonal basis spinors that satisfy ⇠↵⇠̃↵ = 1, and ⌘ and ⌘̃ are complex

Grassmann numbers. Then to reduce to collinear superspace, we simply set

⌘̃ = 0 =) ✓↵ = ⇠↵⌘, (1.2)

which halves the number of manifest supercharges. By exploiting the RPI freedom to

rotate ⇠↵ and ⌘, we will show that this construction preserves enough Lorentz invariance to

maintain the full N = 1 SUSY at the S-matrix level.2

With the replacement in Eq. (1.2), the superspace coordinate now has the unfamiliar

property that ✓↵✓↵ = ✓†↵̇✓
†↵̇ = 0. This means that it is not possible to include F - and

D-term components in a superfield, nor can one include o↵-shell components of a spin-1/2

matter field. Therefore, if a self-consistent theory of collinear superspace exists, it must only

involve propagating degrees of freedom. We will show that this is indeed the case, and the

choice in Eq. (1.2) corresponds to expressing the theory with respect to a light-like direction

nµ = ⇠̃�µ⇠̃†. The choice of nµ corresponds to an explicit breaking of Lorentz invariance,

leading to a set of low-energy RPI constraints. For example, the following rescaling

⇠↵ ! e�/2⇠↵, ⌘ ! e/2⌘, (1.3)

is known as RPI-III, which acts like a (complex) internal R-symmetry that leaves ✓↵ un-

changed. By imposing collinear SUSY, RPI-I, RPI-III, and simple power counting based on

mass dimension, we can construct the unique Lorentz- and gauge-invariant EFT of chiral

and vector superfields at leading power.

Though some of the discussion here is just a bottom-up recapitulation of the top-down

physics already in Refs. [? ? ], there is a crucial new ingredient. Previously, it was unknown

how to handle gauge theories with charged matter chiral superfields. The reason is that

gauge theories in collinear superspace are most naturally expressed in light-cone gauge with

n̄ ·A = 0. Without a full gauge symmetry, there seemed to be no easy way to constrain the

2
The restriction in Eq. (1.2) is reminiscent of on-shell superspace [JDT: cite block], with the important

distinction that our construction does not require the component fields to be exactly on-shell (i.e. p2 need

not identically vanish).
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Supersymmetry (SUSY) is a powerful tool for exploring formal aspects of

field theory, including Seiberg duality [?], Seiberg-Witten [?, ?], AdS/CFT
for N = 4 SUSY [?], supersymmetric localization [?, ?], on-shell recursion
applied to SUSY theories [?], and more [?, ?, ?, ?, ?] [JDT: I need to think

about this ”more” block]. Therefore, new formulations of SUSY are of
great interest in their own right, especially when they can expose new formal
features. Theories with N = 1 SUSY can be expressed in superspace, which
makes SUSY manifest at the Lagrangian level by relying on non-propagating
field content (including the auxiliary F - and D-terms). It is not known,
however, how to systematically extend the superspace formalism to theories
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Collinear SUSY Algebra



that d commutes with both collinear SUSY generators
h
d,Q

i
= 0 =

h
d, Q̄

i
. (2.24)

When using the canonical frame in Eq. (2.7), this subalgebra is equivalent to the collinear

superspace algebra in Refs. [14, 15], given by

�
Q,Q† =

�
Q2,Q

†
2̇

 
and

�
Q2,Q

†
1̇

 
=
�
Q1,Q

†
2̇

 
=
�
Q1,Q

†
1̇

 
= 0. (2.25)

Closure of this sub-algebra will be discussed Sec. 2.6.

For completeness, we note that other projections yield
n
⇠↵Q↵,Q

†
↵̇⇠̃

†↵̇
o
= �2id? , (2.26)

n
⇠̃↵Q↵,Q

†
↵̇⇠

†↵̇
o
= �2id⇤

? ,
n
⇠̃↵Q↵,Q

†
↵̇⇠̃

†↵̇
o
= �2id̃ ,

corresponding to di↵erent sub-algebras of the full N = 1 SUSY. In this way, the spinors

⇠↵ and ⇠̃↵ allow us to define SUSY sub-algebras which point along the light-cone direction,

transverse directions, and anti-collinear direction.

2.4 Super-Covariant Derivatives

In order to manipulate and restrict superfields, it is useful to define collinear super-covariant

derivatives. These can be obtained by projecting the ordinary super-covariant derivatives

using the light-cone spinors. Focusing just on the ⌘̃ = 0 case, we have

D =
@

@⌘
� i⌘†d, D̄ =

@

@⌘†
� i⌘d , (2.27)

where these operators carry mass dimension
⇥

D
⇤
=
⇥

D̄
⇤
= 1/2. We see that

�
D, D̄

 
= �2id, {D,Q} = 0 = {D,Q†

} = {D̄,Q} = {D̄,Q†
}, (2.28)

so these objects behave as superspace derivatives in our constrained superspace. In par-

ticular, D or D̄ acting on a collinear superfield yields another collinear superfield. Note

that

D2 = D̄2 = 0, (2.29)

since we only have a single Grassmann coordinate ⌘ after setting ⌘̃ = 0. As usual, D and D̄
allow us to define a notion of chirality, as we now discuss.
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2.5 Collinear Superfields

A generic collinear superfield is any function of (xµ, ⌘, ⌘†). Here, we focus on superfields

that do not carry any Lorentz indices, with the idea being that such indices could always

be contracted with ⇠↵ and ⇠̃↵ to form a Lorentz scalar. Because ⌘2 = 0, the most general

scalar superfield is

S(x, ⌘, ⌘†) = a(x) + ⌘ b(x) + ⌘†c(x) + ⌘†⌘ v(x), (2.30)

where a and v are complex scalar fields, and b and c are complex Grassmann fields. To

make this look more familiar, we could instead take an ordinary superfield written in terms

of ✓↵, and just make the replacement ✓↵ = ⇠↵⌘, remembering that ✓2 = 0. This yields

S = a+ ⌘ ⇠↵b↵ + ⌘†⇠†↵̇c
↵̇ + ⌘†⌘ ⇠(�µvµ)⇠

† , (2.31)

where a is again a complex scalar, b↵ is a spinor, c↵̇ is an anti-spinor, and vµ is a vector. Of

course, these di↵erent ways of writing S contain the exact same information, with b ⌘ ⇠↵b↵,

c = ⇠†↵̇c
↵̇, and v ⌘ ⇠(�µvµ)⇠†.

From this generic collinear superfield, we can apply constraints in the usual way:

• Chiral: D̄� = 0;

• Anti-Chiral: D�† = 0;

• Real: V = V †.

These are analogous to the representations in ordinary N = 1 SUSY, with an important

twist: because D̄2 = 0, acting a single D̄ on any superfield gives a chiral superfield. For the

same reason, there is no notion of a linear superfield (i.e. D̄2L = D2L = 0).

Let us look at the components of a chiral multiplet �. This representation is built

from a complex scalar � degree of freedom and a single helicity fermionic degree of freedom

u ⌘ ⇠↵u↵ (i.e. an anti-commuting Lorentz scalar):

�(x, ⌘, ⌘†) = �(x) +
p
2 ⌘ u(x) + i⌘†⌘ d�(x) . (2.32)

It is easy to check that the chirality condition is satisfied since D̄� = i⌘ d� � i⌘ d� = 0.

Similarly, an anti-chiral superfield can be written as

�†(x, ⌘, ⌘†) = �⇤(x) +
p
2 ⌘†u†(x)� i⌘†⌘ d�⇤(x) , (2.33)
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General superfield:

Chiral:
From this generic collinear superfield, we can apply constraints in the

usual way:

• Chiral: D̄� = 0; � = �+
p
2 ⌘ u+ i⌘†⌘ d� , u ⌘ ⇠↵u↵

• Anti-Chiral: D�† = 0; �
† = �⇤ +

p
2 ⌘†u†

� i⌘†⌘ d�⇤

• V = V †; V = a(x) + i⌘ ⇠↵b↵ + i⌘†⇠†
↵̇
b†↵̇ + ⌘†⌘ ⇠(� · v)⇠†.

V = V †; V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠†

These are analogous to the representations in ordinary N = 1 SUSY,
with an important twist: because D̄2 = 0, acting a single D̄ on any superfield
gives a chiral superfield. For the same reason, there is no notion of a linear
superfield (i.e. D̄2L = D2L = 0).

Let us look at the components of a chiral multiplet�. This representation
is built from a complex scalar � degree of freedom and a single helicity
fermionic degree of freedom u ⌘ ⇠↵u↵ (i.e. an anti-commuting Lorentz scalar):

�(x, ⌘, ⌘†) = �(x) +
p
2 ⌘ u(x) + i⌘†⌘ d�(x) . (44)

It is easy to check that the chirality condition is satisfied since D̄� = i⌘ d��
i⌘ d� = 0. Similarly, an anti-chiral superfield can be written as

�
†(x, ⌘, ⌘†) = �⇤(x) +

p
2 ⌘†u†(x)� i⌘†⌘ d�⇤(x) , (45)

where again u†
⌘ ⇠†

↵̇
u†↵̇ is the propagating helicity of the fermion. Note that

Eq. (45) is indeed the complex conjugate of Eq. (44). These chiral superfields
can be used as building blocks to generate additional superfields by acting
on them with superspace derivatives:

D� =
p
2 u� 2i⌘†d�� i

p
2 ⌘†⌘ du, D̄�† =

p
2 u†

� 2i⌘ d�⇤ + i
p
2 ⌘†⌘ du† .

(46)

Next, consider a real superfield field V , written in the notation of Eq. (43),
[JDT: I added an i to the third term, but maybe it should be �i?]

V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠† , (47)

where a is a real scalar, b↵ is a spinor, and vµ is a real vector. In the
standard N = 1 SUSY approach, real superfields are used to encode gauge
fields and gauginos, but this is not possible in collinear superspace for a
few reasons. First, vµ in Eq. (47) only contains one propagating degree
of freedom, instead of the two helicities needed for a physical gauge field.
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1.6 Collinear Superspace Translations

Under an ordinary SUSY transformation, the superspace coordinates trans-
form as

✓↵ ! ✓↵ + ⇣↵ ,

✓†↵̇ ! ✓†↵̇ + ⇣̄ ↵̇ ,

xµ
! xµ + i⇣�µ✓† + i⇣̄ �̄µ✓ , (43)

where ⇣↵ is a constant two-component Grassmann. To capture the same
information in collinear superspace, we simply make the replacement ✓↵ =
⇠↵⌘ and ⇣↵ = ⇠↵✏, which gives a representation of the collinear SUSY algebra
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�✏� = �i(✏Q + ✏†Q†)�

=
p
2 ✏ u+ 2i ✏†⌘ d�+

p
2i ✏ ⌘†⌘ du, (45)

from which we can deduce the component transformations,

�✏� =
p
2 ✏ u

�✏u =
p
2 ✏†d� (46)

with similar results for the conjugate fields. As for ordinary chiral multiplets,
we can introduce a shifted spacetime coordinate to simplify SUSY manipu-
lations:

yµ ⌘ xµ + in̄⌘†⌘, yµ ! yµ + 2in̄µ✏†⌘. (47)

From this, it is clear that

�(x, ⌘, ⌘†) = �(y, ⌘) = �(y) +
p
2 ⌘ u(y), (48)
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2
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⇥
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⇤
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+ h.c. (1)
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Q = i
@
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� ⌘†d (2)
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†

↵̇
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†↵̇
) {Q,Q†

} = �2id (3)

Q ⌘ ⇠↵Q↵ and Q†
⌘ Q

†

↵̇
⇠†↵̇ (4)

{⌘, ⌘̃} = 0 (5)

D̄↵� = 0 (6)

⌘̃ = 0 (7)

1

Supersymmertic Lagrangian

that d commutes with both collinear SUSY generators
h
d,Q

i
= 0 =

h
d, Q̄

i
. (2.24)

When using the canonical frame in Eq. (2.7), this subalgebra is equivalent to the collinear

superspace algebra in Refs. [14, 15], given by

�
Q,Q† =

�
Q2,Q

†
2̇

 
and

�
Q2,Q

†
1̇

 
=
�
Q1,Q

†
2̇

 
=
�
Q1,Q

†
1̇

 
= 0. (2.25)

Closure of this sub-algebra will be discussed Sec. 2.6.

For completeness, we note that other projections yield
n
⇠↵Q↵,Q

†
↵̇⇠̃

†↵̇
o
= �2id? , (2.26)

n
⇠̃↵Q↵,Q

†
↵̇⇠

†↵̇
o
= �2id⇤

? ,
n
⇠̃↵Q↵,Q

†
↵̇⇠̃

†↵̇
o
= �2id̃ ,

corresponding to di↵erent sub-algebras of the full N = 1 SUSY. In this way, the spinors

⇠↵ and ⇠̃↵ allow us to define SUSY sub-algebras which point along the light-cone direction,

transverse directions, and anti-collinear direction.

2.4 Super-Covariant Derivatives

In order to manipulate and restrict superfields, it is useful to define collinear super-covariant

derivatives. These can be obtained by projecting the ordinary super-covariant derivatives

using the light-cone spinors. Focusing just on the ⌘̃ = 0 case, we have

D =
@

@⌘
� i⌘†d, D̄ =

@

@⌘†
� i⌘d , (2.27)

where these operators carry mass dimension
⇥

D
⇤
=
⇥

D̄
⇤
= 1/2. We see that

�
D, D̄

 
= �2id, {D,Q} = 0 = {D,Q†

} = {D̄,Q} = {D̄,Q†
}, (2.28)

so these objects behave as superspace derivatives in our constrained superspace. In par-

ticular, D or D̄ acting on a collinear superfield yields another collinear superfield. Note

that

D2 = D̄2 = 0, (2.29)

since we only have a single Grassmann coordinate ⌘ after setting ⌘̃ = 0. As usual, D and D̄
allow us to define a notion of chirality, as we now discuss.
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N = 1 SUSY Subgroup 

Collinear superspace:

u = ⇠↵u↵ ! e�III/2u, yielding the RPI-III transformations:

� ! �,

⌘ u ! eIII/2⌘eIII/2u = ⌘ u,

⌘†⌘ d� ! eIII/2⌘†eIII/2⌘ e�IIId� = ⌘†⌘ d�, (71)

Note that III is real, so ⌘†⌘ is not RPI-III invariant on its own.
As we will see in Sec. 4, the gauge field will also be embedded in a chiral

multiplet, whose lowest component is a complex scalar [JDT: Did I do

that correctly, or did I get ⇠ and ⇠̃ in the wrong order?]

A ⌘ Aµ ⇠�
µ⇠̃†. (72)

As shown in Table 1, A is not invariant under RPI-I, since it transforms as
A ! A� I n̄ ·A. In light-cone gauge with n̄ ·A = 0, A is invariant though,
which is crucial for the consistency of our construction. [JDT: Perhaps is

this another way of understanding why we don’t have RPI-II? It

seems that setting n̄ · A = 0 is not consistent with RPI-II.]

3 Building a Lagrangian from the Bottom Up

[JDT: I am here]

In the spirit of e↵ective field theory, our goal has been to elucidate the
underlying symmetries and power-counting rules that yield Lagrangians in
collinear superspace. We are now armed with all the necessary tools to
understand what superspace operators are allowed without appealing to an
explicitly Lorentz invariant theory.

The requirement that the theory be supersymmetric can be accommo-
dated by expressing all operators as the lowest component of a total su-
perspace derivative (just as in the standard o↵-shell formulation of N = 1
SUSY [?]). In collinear superspace,

L ⇠ DD̄ ⇥
⇥
. . .

⇤���
⌘=⌘†=0

. (73)

To understand that this Lagrangian is SUSY invariant, we start with Eq. (45)
which shows that the variation of the ⌘†⌘ component of a single chiral su-
perfield is a total derivative in our constrained language i.e. the result is
proportional to d. Since the product of chiral superfields is again a chiral
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superfield, the d4xDD̄ integral of any function of chiral superfields is a SUSY
invariant, justifying the form of Eq. (73).

Next, we enumerate the requirements on the class of allowed operators
that can be put between the brackets in Eq. (73):

• Mass dimension four: Recall that [D] = [D̄] = 1/2, which implies that
the operator in the brackets must have dimension three. Since [�] = 1,
the usual kinetic term �†� does not have the right mass dimension
in collinear superspace. The correct (non-local) kinetic term for chiral
superfields is given in Eq. (74) below, along with arguments for its
validity and uniqueness.

• Lorentz invariance: Although the full Lorentz invariance is broken on
the lightcone, RPI must be enforced.

• Gauge Invariance: On lightcone there is a residual gauge symmetry
which must be enforced. This will be discussed in Sec. 4, where we show
how to incorporate gauge symmetry using ⌦. (one doesn’t need to

use light-cone gauge on the light-cone. Say we use light-cone

gauge and what the residual transformation is. –ajl)

Next, we construct the Lagrangian for a free chiral superfield, and demon-
strate how these rules imply that it is the unique choice.

3.1 Constructing the Kinetic Term

We want to build a Lagrangian for the chiral superfield defined in Eq. (36).
As we will argue in the following, the only possible kinetic term allowed by
the criteria listed above is

L = DD̄
h
�†

i2

d
�
i���

⌘=0=⌘†
+ h.c.

=
h
(D̄�†)

i2

d
(D�)

i���
⌘=0=⌘†

+ h.c. = ��⇤2�+ iu†
2

d
u (74)

The term in Eq. (74), has mass dimension four, it is supersymmetric since
we have written it as the lowest component of a superfield which transforms
as a total derivative. The requirement of gauge symmetry is trivial since it
is not charged.
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⇥
�†

2

d
�
⇤
= 3 (75)

To see that Eq. (74) is the unique quadratic term that obeys the rules enu-
merated above, we can consider what other possible operators could possibly
exist. Naively, the closest analog to the usual kinetic term would be a super-
space operator of the form DD̄(�†�), which is disqualified since it has mass
dimension three. Additionally, this operator is not RPI-III invariant because
DD̄ ! eIIIDD̄ due to the transformation of ⌘, while �†� is invariant. This
can be compensated for by including a factor of 1/d, yielding DD̄

�
�†2

d�
�

which is invariant because the d in the denominator cancels o↵ the RPI-III
transformation, and 2 (which is RPI invariant) is required to get a mass
dimension four operator. The result reproduces the expected component La-
grangian of Eq. (74). Additionally, this operator is trivially RPI-I invariant
because d ! d. One can consider di↵erent ways of applying the derivative to
the chiral superfields, but this can always be converted into the form given
in Eq. (74) up to total derivatives. Furthermore, d̃, d?, and d⇤

?
have non-

trivial RPI-I transformations, so they are not useful for constructing possible
invariant kinetic term.

For completeness, we mention a few other possible candidate chiral ki-
netic terms. The operator DD̄(�DD̄�†) = �2iDD̄(�d�†), where we have
used {D, D̄} = �2id and the chirality/anti-chirality condition. This is su-
persymmertic and has mass dimension four but is not RPI-III invariant
due to the non-trivial transformation of d. We can use the product rule
D(XY ) = (DX)Y � X(DY ), to show that any other supersymmetric mass
dimension four operators candidate operators either reduce to something
that is not RPI invariant or simply vanish. For example, using integration
by parts DD̄

�
� 2

DD̄�
†
�
= 0.

4 Gauge Theory

[GE: Make sure we have fixed RPI-III transformation of ⌘ every-

where] Now that we have understood the structure of the kinetic term, we
will move on to understanding the structure of gauge theory. As was dis-
cussed in Sec. 1.5, the familiar way of organizing gauge degrees of freedom
in N = 1 SUSY is not possible in collinear superspace (see Footnote 7 below
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SUSY [?]). In collinear superspace,

L ⇠ DD̄ ⇥
⇥
. . .
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⌘=⌘†=0

. (73)

To understand that this Lagrangian is SUSY invariant, we start with Eq. (45)
which shows that the variation of the ⌘†⌘ component of a single chiral su-
perfield is a total derivative in our constrained language i.e. the result is
proportional to d. Since the product of chiral superfields is again a chiral
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Dimension

d⇤
? = ⇠̃↵(� · @)↵↵̇ ⇠

†↵̇. (2.11)

Here, we have introduced the d notation to emphasize that we have not made a specific

frame choice.4 The d’Alembertian can be expressed along an unspecified lightcone direction

as

2 = d d̃ � d⇤
?d? . (2.12)

2.2 Projecting the Superspace Coordinate

We can now use these light-cone spinors to isolate half of superspace. Starting from the

standard N = 1 superspace coordinate ✓↵, we can construct two spinor projections:

⌘ = ⇠̃↵✓↵, ⌘̃ = �⇠↵✓↵ =) ✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (2.13)

where ⌘ and ⌘̃ are complex Grassmann numbers which do not carry a spinor index. In the

last step, we used ⇠̃⇠ = 1 = �⇠⇠̃ to recover Eq. (1.1) above. The conjugate superspace

coordinate are defined analogously:

⌘† = ⇠̃†↵̇✓
†↵̇, ⌘̃† = �⇠†↵̇✓

†↵̇ =) ✓†↵̇ = ⌘† ⇠†↵̇ + ⌘̃† ⇠̃†↵̇. (2.14)

As expected from their anti-commuting nature, it is straightforward to verify that ⌘2 =

(⌘†)2 = {⌘, ⌘†} = 0. Crucially, ⇠↵ and ⇠†↵̇ are complex conjugates of each other, such that

the superfield �
† which lives in this superspace will be the conjugate of �. We choose the

mass dimension

⇥
⇠
⇤
= 0 ,

⇥
⌘
⇤
= �1/2 , (2.15)

such that the standard mass dimension
⇥
✓
⇤
= �1/2 is maintained.

We can perform a similar decomposition of the supercoordinate derivative:

@

@⌘
= ⇠↵

@

@✓↵
,

@

@⌘̃
= �⇠̃↵

@

@✓↵
=)

@

@✓↵
= ⇠̃↵

@

@⌘
� ⇠↵

@

@⌘̃
. (2.16)

This is consistent with the anti-commutation relations:
⇢
⌘,

@

@⌘

�
= 1,

⇢
⌘̃,

@

@⌘̃

�
= 1,

⇢
⌘,

@

@⌘̃

�
= 0,

⇢
⌘̃,

@

@⌘

�
= 0, (2.17)

4Note that d/d̃, which are equivalent to n̄ · @/n · @, are often referred to in the literature as @±. See
Ref. [25] for a review on standard light-cone conventions. We will adopt the new d/d̃ convention to emphasize
that we can formulate the theory without appealing to a specific frame. We are unaware of any light-cone-
independent analog of d? in the literature.

– 7 –

d⇤
? = ⇠̃↵(� · @)↵↵̇ ⇠

†↵̇. (2.11)

Here, we have introduced the d notation to emphasize that we have not made a specific

frame choice.4 The d’Alembertian can be expressed along an unspecified lightcone direction

as

2 = d d̃ � d⇤
?d? . (2.12)

2.2 Projecting the Superspace Coordinate

We can now use these light-cone spinors to isolate half of superspace. Starting from the

standard N = 1 superspace coordinate ✓↵, we can construct two spinor projections:

⌘ = ⇠̃↵✓↵, ⌘̃ = �⇠↵✓↵ =) ✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (2.13)

where ⌘ and ⌘̃ are complex Grassmann numbers which do not carry a spinor index. In the

last step, we used ⇠̃⇠ = 1 = �⇠⇠̃ to recover Eq. (1.1) above. The conjugate superspace

coordinate are defined analogously:

⌘† = ⇠̃†↵̇✓
†↵̇, ⌘̃† = �⇠†↵̇✓

†↵̇ =) ✓†↵̇ = ⌘† ⇠†↵̇ + ⌘̃† ⇠̃†↵̇. (2.14)

As expected from their anti-commuting nature, it is straightforward to verify that ⌘2 =

(⌘†)2 = {⌘, ⌘†} = 0. Crucially, ⇠↵ and ⇠†↵̇ are complex conjugates of each other, such that

the superfield �
† which lives in this superspace will be the conjugate of �. We choose the

mass dimension

⇥
⇠
⇤
= 0 ,

⇥
⌘
⇤
= �1/2 , (2.15)

such that the standard mass dimension
⇥
✓
⇤
= �1/2 is maintained.

We can perform a similar decomposition of the supercoordinate derivative:

@

@⌘
= ⇠↵

@

@✓↵
,

@

@⌘̃
= �⇠̃↵

@

@✓↵
=)

@

@✓↵
= ⇠̃↵

@

@⌘
� ⇠↵

@

@⌘̃
. (2.16)

This is consistent with the anti-commutation relations:
⇢
⌘,

@

@⌘

�
= 1,

⇢
⌘̃,

@

@⌘̃

�
= 1,

⇢
⌘,

@

@⌘̃

�
= 0,

⇢
⌘̃,

@

@⌘

�
= 0, (2.17)

4Note that d/d̃, which are equivalent to n̄ · @/n · @, are often referred to in the literature as @±. See
Ref. [25] for a review on standard light-cone conventions. We will adopt the new d/d̃ convention to emphasize
that we can formulate the theory without appealing to a specific frame. We are unaware of any light-cone-
independent analog of d? in the literature.

– 7 –

the usual looking Kahler term

try

Need dimension 4 operators

recall:

choose:



Full theory  
Yang-Mills 

+ adjoint fermion

Integrate out 
modes away 

from light cone

SCET 
+ adjoint fermion

Integrate out 
unphysical 

gluon 
polarization

Light cone 
SCET 

+ adjoint fermion

Full theory  
light cone gauge 
 SUSY Yang-Mills

Integrate out 
superspace 

coordinates away 
from light cone

SUSY Yang-Mills 
light cone EFT ⌘

Confirm RPI

Confirm SUSY

Figure 1: Sketch of proof [TC: Fill In].

We will work in Minkowski space with signature gµ⌫ = diag (+1,�1,�1,�1). The

collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.
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collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.

– 5 –

Reparametrization Invariance

• Lorentz Invariance broken by choice of light cone 

• RPI transformations arise from this redundancy 
(choice of spinors) 

• Different light cone choices may be equally valid 



2 Reparametrization Invariance in Collinear

Superspace

The spinor projections in Sec. 1.1 look like an explicit breaking of Lorentz
symmetry, since they identify a preferred light-cone direction. The breaking
is artificial, though, since the choice of ⇠↵ and ⇠̃↵ is arbitrary and any light-
cone choice would be equally valid. This gives rise to RPI transformations
which arise from the redundancy of choosing a light-cone direction and which
give an alternative way of encoding Lorentz transformation properties.

2.1 RPI on Spinors

To derive the action of the RPI transformations, we need to identify trans-
formations on ⇠↵ and ⇠̃↵ which preserve

⇠̃⇠ = 1, (52)

which is equivalent to n · n̄ = 2 in Eq. (9). The most general linear transfor-
mation on ⇠↵ and ⇠̃↵ is

⇠̃0
↵
= a ⇠̃↵ + b ⇠↵ , (53)

⇠0
↵
= c ⇠̃↵ + d ⇠↵ , (54)

where a, b, c, and d are complex coe�cients. Maintaining Eq. (52) requires

⇠̃0⇠0 = ad� bc = 1. (55)

Therefore, the group of transformations that maintains the normalization
of the spinors are complex linear transformation with determinant one, or
SL(2,C).6 This group has six generators which correspond to the RPI trans-
formations of the Lorentz group on the celestial sphere [?], whose properties
are reviewed in more detail in App. ??.

These six generators are usually grouped into three categories: [JDT:

Not sure about the signs on I and II.]

RPI-I: ⇠ ! ⇠ , ⇠̃ ! ⇠̃ � I ⇠ , (56)

RPI-II: ⇠ ! ⇠ + II ⇠̃ , ⇠̃ ! ⇠̃ , (57)

RPI-III: ⇠ ! e�III/2 ⇠ , ⇠̃ ! eIII/2 ⇠̃ . (58)

6
More specifically, the group is projective because overall signs play no role.
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We will work in Minkowski space with signature gµ⌫ = diag (+1,�1,�1,�1). The

collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.
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2 Reparametrization Invariance in Collinear

Superspace

The spinor projections in Sec. 1.1 look like an explicit breaking of Lorentz
symmetry, since they identify a preferred light-cone direction. The breaking
is artificial, though, since the choice of ⇠↵ and ⇠̃↵ is arbitrary and any light-
cone choice would be equally valid. This gives rise to RPI transformations
which arise from the redundancy of choosing a light-cone direction and which
give an alternative way of encoding Lorentz transformation properties.

2.1 RPI on Spinors

To derive the action of the RPI transformations, we need to identify trans-
formations on ⇠↵ and ⇠̃↵ which preserve

⇠̃⇠ = 1, (52)

which is equivalent to n · n̄ = 2 in Eq. (9). The most general linear transfor-
mation on ⇠↵ and ⇠̃↵ is

⇠̃0
↵
= a ⇠̃↵ + b ⇠↵ , (53)

⇠0
↵
= c ⇠̃↵ + d ⇠↵ , (54)

where a, b, c, and d are complex coe�cients. Maintaining Eq. (52) requires

⇠̃0⇠0 = ad� bc = 1. (55)

Therefore, the group of transformations that maintains the normalization
of the spinors are complex linear transformation with determinant one, or
SL(2,C).6 This group has six generators which correspond to the RPI trans-
formations of the Lorentz group on the celestial sphere [?], whose properties
are reviewed in more detail in App. ??.

These six generators are usually grouped into three categories: [JDT:

Not sure about the signs on I and II.]

RPI-I: ⇠ ! ⇠ , ⇠̃ ! ⇠̃ � I ⇠ , (56)

RPI-II: ⇠ ! ⇠ + II ⇠̃ , ⇠̃ ! ⇠̃ , (57)

RPI-III: ⇠ ! e�III/2 ⇠ , ⇠̃ ! eIII/2 ⇠̃ . (58)

6
More specifically, the group is projective because overall signs play no role.
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2 Reparametrization Invariance in Collinear

Superspace

The spinor projections in Sec. 1.1 look like an explicit breaking of Lorentz
symmetry, since they identify a preferred light-cone direction. The breaking
is artificial, though, since the choice of ⇠↵ and ⇠̃↵ is arbitrary and any light-
cone choice would be equally valid. This gives rise to RPI transformations
which arise from the redundancy of choosing a light-cone direction and which
give an alternative way of encoding Lorentz transformation properties.

2.1 RPI on Spinors

To derive the action of the RPI transformations, we need to identify trans-
formations on ⇠↵ and ⇠̃↵ which preserve

⇠̃⇠ = 1, (52)

which is equivalent to n · n̄ = 2 in Eq. (9). The most general linear transfor-
mation on ⇠↵ and ⇠̃↵ is

⇠̃0
↵
= a ⇠̃↵ + b ⇠↵ , (53)

⇠0
↵
= c ⇠̃↵ + d ⇠↵ , (54)

where a, b, c, and d are complex coe�cients. Maintaining Eq. (52) requires

⇠̃0⇠0 = ad� bc = 1. (55)

Therefore, the group of transformations that maintains the normalization
of the spinors are complex linear transformation with determinant one, or
SL(2,C).6 This group has six generators which correspond to the RPI trans-
formations of the Lorentz group on the celestial sphere [?], whose properties
are reviewed in more detail in App. ??.

These six generators are usually grouped into three categories: [JDT:

Not sure about the signs on I and II.]

RPI-I: ⇠ ! ⇠ , ⇠̃ ! ⇠̃ � I ⇠ , (56)

RPI-II: ⇠ ! ⇠ + II ⇠̃ , ⇠̃ ! ⇠̃ , (57)

RPI-III: ⇠ ! e�III/2 ⇠ , ⇠̃ ! eIII/2 ⇠̃ . (58)

6
More specifically, the group is projective because overall signs play no role.
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collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p
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nµ +

n · p
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n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.
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collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.

– 5 –

Full theory  
Yang-Mills 

+ adjoint fermion

Integrate out 
modes away 

from light cone

SCET 
+ adjoint fermion

Integrate out 
unphysical 

gluon 
polarization

Light cone 
SCET 

+ adjoint fermion

Full theory  
light cone gauge 
 SUSY Yang-Mills

Integrate out 
superspace 

coordinates away 
from light cone

SUSY Yang-Mills 
light cone EFT ⌘

Confirm RPI

Confirm SUSY

Figure 1: Sketch of proof [TC: Fill In].

We will work in Minkowski space with signature gµ⌫ = diag (+1,�1,�1,�1). The
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2 Reparametrization Invariance in Collinear

Superspace

The spinor projections in Sec. 1.1 look like an explicit breaking of Lorentz
symmetry, since they identify a preferred light-cone direction. The breaking
is artificial, though, since the choice of ⇠↵ and ⇠̃↵ is arbitrary and any light-
cone choice would be equally valid. This gives rise to RPI transformations
which arise from the redundancy of choosing a light-cone direction and which
give an alternative way of encoding Lorentz transformation properties.

2.1 RPI on Spinors

To derive the action of the RPI transformations, we need to identify trans-
formations on ⇠↵ and ⇠̃↵ which preserve

⇠̃⇠ = 1, (52)

which is equivalent to n · n̄ = 2 in Eq. (9). The most general linear transfor-
mation on ⇠↵ and ⇠̃↵ is

⇠̃0
↵
= a ⇠̃↵ + b ⇠↵ , (53)

⇠0
↵
= c ⇠̃↵ + d ⇠↵ , (54)

where a, b, c, and d are complex coe�cients. Maintaining Eq. (52) requires

⇠̃0⇠0 = ad� bc = 1. (55)

Therefore, the group of transformations that maintains the normalization
of the spinors are complex linear transformation with determinant one, or
SL(2,C).6 This group has six generators which correspond to the RPI trans-
formations of the Lorentz group on the celestial sphere [?], whose properties
are reviewed in more detail in App. ??.

These six generators are usually grouped into three categories: [JDT:

Not sure about the signs on I and II.]

RPI-I: ⇠ ! ⇠ , ⇠̃ ! ⇠̃ � I ⇠ , (56)

RPI-II: ⇠ ! ⇠ + II ⇠̃ , ⇠̃ ! ⇠̃ , (57)

RPI-III: ⇠ ! e�III/2 ⇠ , ⇠̃ ! eIII/2 ⇠̃ . (58)

6
More specifically, the group is projective because overall signs play no role.
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We will work in Minkowski space with signature gµ⌫ = diag (+1,�1,�1,�1). The

collinear direction is taken along the ẑ light-cone direction: nµ = (1, 0, 0, 1). Then the anti-

collinear direction is defined by n2 = 0 = n̄2 and n · n̄ = 2. It is usually convenient to make

the explicit choice n̄µ = (1, 0, 0,�1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
n̄ · p

2
nµ +

n · p

2
n̄µ + pµ

?
, or pµ = (n · p, n̄ · p, ~p?). (2.1)

The collinear limit is defined by the momentum shells which scale like pµn ⇠ ⇤(�2, 1,�),

where ⇤ is some dimensionful scale, and � ⌧ 1 is the SCET power counting parameter.1

We can therefore interpret p2 ⇠ �2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e↵ective theory. Similarly, an anti-collinear momenta

scales as pµn̄ ⇠ ⇤(1,�2,�). Depending on the process of interest there are also soft modes

pµs ⇠ ⇤(�,�,�) or ultra-soft modes pµus ⇠ ⇤(�2,�2,�2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1
See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive

rate for B ! Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ⌧ 1.
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Lorentz Invariance Reparametrization Invariance (RPI)

While I and II are in general complex, we typically restrict III to be
real, since a simple phase rotation of ⇠ and ⇠̃ does not change nµ or n̄µ

(see Eq. (??)). [JDT: Question: are the imaginary III related to

helicity?] Thus, there are five non-trivial RPI generators, which correspond
to three di↵erent ways to maintain Eq. (??). If ⇠ is fixed while ⇠̃ is shifted
in the perpendicular direction, this yields RPI-I. Reversing the roles of ⇠
and ⇠̃ yields RPI-II. If both spinors transform by equal and opposite scale
transformations, this yields RPI-III.

2.2 RPI on Projected Objects

To derive the action of RPI on projected objects, we simply perform the
transformations on ⇠ and ⇠̃, while leaving the underlying Lorentz covariant
objects unchanged. For example, under RPI-III,

nµ = ⇠̃�µ⇠̃† ! e+III/2⇠̃�µe+III/2⇠̃† = e+IIInµ, (59)

n̄µ = ⇠�µ⇠† ! e�III/2⇠�µe�III/2⇠† = e�IIIn̄µ, (60)

corresponding to boosts along the light-cone direction [?]. Therefore, d = n̄·@
and d̃ = n · @ defined in Eq. (??) transform as

d = ⇠� · @⇠† ! e�IIId , d̃ ! eIIId , (61)

since @µ is an ordinary Lorentz vector that is una↵ected by RPI. Note that d?

and d⇤

?
are invariant under RPI-III. The RPI-III transformation properties

of various objects are summarized in Table ??.
Under RPI-I and RPI-II, the light-cone four-vectors transform as [JDT:

Not sure about the signs]

RPI-I: nµ
! nµ

� I�
µ

?
, n̄µ

! n̄µ (62)

RPI-II: nµ
! nµ, n̄µ

! n̄µ + II�
µ

?
, (63)

where we have defined [JDT: Check that I did this correctly.]

�µ

?
= ⇠�µ⇠̃† + ⇠̃�µ⇠†. (64)

The four-vector�µ

?
has non-zero components only in directions perpendicular

to the light cone, so RPI-I and RPI-II correspond to rotations around the
light cone [?]. Under RPI-I, d is invariant while d̃ ! d̃ � I �? · @. The
mixed spinor derivatives, which will be relevant for the superspace gauge
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Ex.



Reparametrization Invariance

To keep theta’s Lorentz invariant:

directly in collinear superspace. The key insight is to make only a subgroup of N = 1 SUSY

manifest and to replace full Lorentz symmetry with reparametrization invariance (RPI) [?

? ]. Note that without any loss of information, the ordinary superspace coordinate ✓↵ can

be expressed as

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (1.1)

where ⇠↵ and ⇠̃↵ are orthogonal basis spinors that satisfy ⇠↵⇠̃↵ = 1, and ⌘ and ⌘̃ are complex

Grassmann numbers. Then to reduce to collinear superspace, we simply set

⌘̃ = 0 =) ✓↵ = ⇠↵⌘, (1.2)

which halves the number of manifest supercharges. By exploiting the RPI freedom to

rotate ⇠↵ and ⌘, we will show that this construction preserves enough Lorentz invariance to

maintain the full N = 1 SUSY at the S-matrix level.2

With the replacement in Eq. (1.2), the superspace coordinate now has the unfamiliar

property that ✓↵✓↵ = ✓†↵̇✓
†↵̇ = 0. This means that it is not possible to include F - and

D-term components in a superfield, nor can one include o↵-shell components of a spin-1/2

matter field. Therefore, if a self-consistent theory of collinear superspace exists, it must only

involve propagating degrees of freedom. We will show that this is indeed the case, and the

choice in Eq. (1.2) corresponds to expressing the theory with respect to a light-like direction

nµ = ⇠̃�µ⇠̃†. The choice of nµ corresponds to an explicit breaking of Lorentz invariance,

leading to a set of low-energy RPI constraints. For example, the following rescaling

⇠↵ ! e�/2⇠↵, ⌘ ! e/2⌘, (1.3)

is known as RPI-III, which acts like a (complex) internal R-symmetry that leaves ✓↵ un-

changed. By imposing collinear SUSY, RPI-I, RPI-III, and simple power counting based on

mass dimension, we can construct the unique Lorentz- and gauge-invariant EFT of chiral

and vector superfields at leading power.

Though some of the discussion here is just a bottom-up recapitulation of the top-down

physics already in Refs. [? ? ], there is a crucial new ingredient. Previously, it was unknown

how to handle gauge theories with charged matter chiral superfields. The reason is that

gauge theories in collinear superspace are most naturally expressed in light-cone gauge with

n̄ ·A = 0. Without a full gauge symmetry, there seemed to be no easy way to constrain the

2
The restriction in Eq. (1.2) is reminiscent of on-shell superspace [JDT: cite block], with the important

distinction that our construction does not require the component fields to be exactly on-shell (i.e. p2 need

not identically vanish).
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Lorentz Invariance Reparametrization Invariance (RPI)

RPI-III:
RPI-II:
RPI-I:

theory interactions in Sec. 4, transform as

d? ! d? � Id, d⇤

?
! d⇤

?
� Id. (65)

Note that 2 = dd̃ � d⇤

?
d? is invariant, which is an important consistency

check. [JDT: I need to check that last statement.] The RPI-I trans-
formation properties of various objects are summarized in Table 1, while the
RPI-II transformation properties are elided for reasons that will now become
clear.

2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (17) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (66)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (67)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (68)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (69)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�

1
2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (31):

D ! e�III/2D, D̄ ! e�III/2D̄. (70)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (36), since
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2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (28) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (77)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (78)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (79)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (80)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�

1
2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (42):

D ! e�III/2D, D̄ ! e�III/2D̄. (81)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (47), since
u = ⇠↵u↵ ! e�III/2u, yielding the RPI-III transformations:

� ! �,

⌘ u ! eIII/2⌘eIII/2u = ⌘ u,

⌘†⌘ d� ! eIII/2⌘†eIII/2⌘ e�IIId� = ⌘†⌘ d�, (82)

Note that III is real, so ⌘†⌘ is not RPI-III invariant on its own.
As we will see in Sec. 4, the gauge field will also be embedded in a chiral

multiplet, whose lowest component is a complex scalar [JDT: Did I do
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d? is invariant, which is an important consistency

check. [JDT: I need to check that last statement.] The RPI-I trans-
formation properties of various objects are summarized in Table 1, while the
RPI-II transformation properties are elided for reasons that will now become
clear.

2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (17) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (66)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (67)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (68)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (69)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�

1
2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (31):

D ! e�III/2D, D̄ ! e�III/2D̄. (70)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (36), since
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To keep theta’s Lorentz invariant:

directly in collinear superspace. The key insight is to make only a subgroup of N = 1 SUSY

manifest and to replace full Lorentz symmetry with reparametrization invariance (RPI) [?

? ]. Note that without any loss of information, the ordinary superspace coordinate ✓↵ can

be expressed as

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (1.1)

where ⇠↵ and ⇠̃↵ are orthogonal basis spinors that satisfy ⇠↵⇠̃↵ = 1, and ⌘ and ⌘̃ are complex

Grassmann numbers. Then to reduce to collinear superspace, we simply set

⌘̃ = 0 =) ✓↵ = ⇠↵⌘, (1.2)

which halves the number of manifest supercharges. By exploiting the RPI freedom to

rotate ⇠↵ and ⌘, we will show that this construction preserves enough Lorentz invariance to

maintain the full N = 1 SUSY at the S-matrix level.2

With the replacement in Eq. (1.2), the superspace coordinate now has the unfamiliar

property that ✓↵✓↵ = ✓†↵̇✓
†↵̇ = 0. This means that it is not possible to include F - and

D-term components in a superfield, nor can one include o↵-shell components of a spin-1/2

matter field. Therefore, if a self-consistent theory of collinear superspace exists, it must only

involve propagating degrees of freedom. We will show that this is indeed the case, and the

choice in Eq. (1.2) corresponds to expressing the theory with respect to a light-like direction

nµ = ⇠̃�µ⇠̃†. The choice of nµ corresponds to an explicit breaking of Lorentz invariance,

leading to a set of low-energy RPI constraints. For example, the following rescaling

⇠↵ ! e�/2⇠↵, ⌘ ! e/2⌘, (1.3)

is known as RPI-III, which acts like a (complex) internal R-symmetry that leaves ✓↵ un-

changed. By imposing collinear SUSY, RPI-I, RPI-III, and simple power counting based on

mass dimension, we can construct the unique Lorentz- and gauge-invariant EFT of chiral

and vector superfields at leading power.

Though some of the discussion here is just a bottom-up recapitulation of the top-down

physics already in Refs. [? ? ], there is a crucial new ingredient. Previously, it was unknown

how to handle gauge theories with charged matter chiral superfields. The reason is that

gauge theories in collinear superspace are most naturally expressed in light-cone gauge with

n̄ ·A = 0. Without a full gauge symmetry, there seemed to be no easy way to constrain the

2
The restriction in Eq. (1.2) is reminiscent of on-shell superspace [JDT: cite block], with the important

distinction that our construction does not require the component fields to be exactly on-shell (i.e. p2 need

not identically vanish).
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Note that 2 = dd̃ � d⇤
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d? is invariant, which is an important consistency

check. [JDT: I need to check that last statement.] The RPI-I trans-
formation properties of various objects are summarized in Table 1, while the
RPI-II transformation properties are elided for reasons that will now become
clear.

2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (17) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (66)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (67)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (68)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (69)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�

1
2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (31):

D ! e�III/2D, D̄ ! e�III/2D̄. (70)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (36), since
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2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (28) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:
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RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (78)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (79)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (80)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�
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2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (42):

D ! e�III/2D, D̄ ! e�III/2D̄. (81)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (47), since
u = ⇠↵u↵ ! e�III/2u, yielding the RPI-III transformations:

� ! �,

⌘ u ! eIII/2⌘eIII/2u = ⌘ u,

⌘†⌘ d� ! eIII/2⌘†eIII/2⌘ e�IIId� = ⌘†⌘ d�, (82)

Note that III is real, so ⌘†⌘ is not RPI-III invariant on its own.
As we will see in Sec. 4, the gauge field will also be embedded in a chiral

multiplet, whose lowest component is a complex scalar [JDT: Did I do

16

not compatible



Reparametrization Invariance
Lorentz Invariance Reparametrization Invariance (RPI)

superfield, the d4xDD̄ integral of any function of chiral superfields is a SUSY
invariant, justifying the form of Eq. (73).

Next, we enumerate the requirements on the class of allowed operators
that can be put between the brackets in Eq. (73):

• Mass dimension four: Recall that [D] = [D̄] = 1/2, which implies that
the operator in the brackets must have dimension three. Since [�] = 1,
the usual kinetic term [�†�] = 2 6= 3 does not have the right mass
dimension in collinear superspace. The correct (non-local) kinetic term
for chiral superfields is given in Eq. (74) below, along with arguments
for its validity and uniqueness.

• Lorentz invariance: Although the full Lorentz invariance is broken on
the lightcone, RPI must be enforced.

• Gauge Invariance: On lightcone there is a residual gauge symmetry
which must be enforced. This will be discussed in Sec. 4, where we show
how to incorporate gauge symmetry using ⌦. (one doesn’t need to

use light-cone gauge on the light-cone. Say we use light-cone

gauge and what the residual transformation is. –ajl)

Next, we construct the Lagrangian for a free chiral superfield, and demon-
strate how these rules imply that it is the unique choice.

3.1 Constructing the Kinetic Term

We want to build a Lagrangian for the chiral superfield defined in Eq. (36).
As we will argue in the following, the only possible kinetic term allowed by
the criteria listed above is

L = DD̄
h
�†

i2

d
�
i���

⌘=0=⌘†
+ h.c.

=
h
(D̄�†)

i2

d
(D�)

i���
⌘=0=⌘†

+ h.c. = ��⇤2�+ iu†
2

d
u (74)

The term in Eq. (74), has mass dimension four, it is supersymmetric since
we have written it as the lowest component of a superfield which transforms
as a total derivative. The requirement of gauge symmetry is trivial since it
is not charged.
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theory interactions in Sec. 4, transform as
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Note that 2 = dd̃ � d⇤

?
d? is invariant, which is an important consistency

check. [JDT: I need to check that last statement.] The RPI-I trans-
formation properties of various objects are summarized in Table 1, while the
RPI-II transformation properties are elided for reasons that will now become
clear.

2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (17) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (66)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (67)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (68)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (69)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�

1
2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (31):

D ! e�III/2D, D̄ ! e�III/2D̄. (70)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (36), since
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directly in collinear superspace. The key insight is to make only a subgroup of N = 1 SUSY

manifest and to replace full Lorentz symmetry with reparametrization invariance (RPI) [?

? ]. Note that without any loss of information, the ordinary superspace coordinate ✓↵ can

be expressed as

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃, (1.1)

where ⇠↵ and ⇠̃↵ are orthogonal basis spinors that satisfy ⇠↵⇠̃↵ = 1, and ⌘ and ⌘̃ are complex

Grassmann numbers. Then to reduce to collinear superspace, we simply set

⌘̃ = 0 =) ✓↵ = ⇠↵⌘, (1.2)

which halves the number of manifest supercharges. By exploiting the RPI freedom to

rotate ⇠↵ and ⌘, we will show that this construction preserves enough Lorentz invariance to

maintain the full N = 1 SUSY at the S-matrix level.2

With the replacement in Eq. (1.2), the superspace coordinate now has the unfamiliar

property that ✓↵✓↵ = ✓†↵̇✓
†↵̇ = 0. This means that it is not possible to include F - and

D-term components in a superfield, nor can one include o↵-shell components of a spin-1/2

matter field. Therefore, if a self-consistent theory of collinear superspace exists, it must only

involve propagating degrees of freedom. We will show that this is indeed the case, and the

choice in Eq. (1.2) corresponds to expressing the theory with respect to a light-like direction

nµ = ⇠̃�µ⇠̃†. The choice of nµ corresponds to an explicit breaking of Lorentz invariance,

leading to a set of low-energy RPI constraints. For example, the following rescaling

⇠↵ ! e�/2⇠↵, ⌘ ! e/2⌘, (1.3)

is known as RPI-III, which acts like a (complex) internal R-symmetry that leaves ✓↵ un-

changed. By imposing collinear SUSY, RPI-I, RPI-III, and simple power counting based on

mass dimension, we can construct the unique Lorentz- and gauge-invariant EFT of chiral

and vector superfields at leading power.

Though some of the discussion here is just a bottom-up recapitulation of the top-down

physics already in Refs. [? ? ], there is a crucial new ingredient. Previously, it was unknown

how to handle gauge theories with charged matter chiral superfields. The reason is that

gauge theories in collinear superspace are most naturally expressed in light-cone gauge with

n̄ ·A = 0. Without a full gauge symmetry, there seemed to be no easy way to constrain the
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The restriction in Eq. (1.2) is reminiscent of on-shell superspace [JDT: cite block], with the important

distinction that our construction does not require the component fields to be exactly on-shell (i.e. p2 need

not identically vanish).
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theory interactions in Sec. 4, transform as
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Note that 2 = dd̃ � d⇤

?
d? is invariant, which is an important consistency

check. [JDT: I need to check that last statement.] The RPI-I trans-
formation properties of various objects are summarized in Table 1, while the
RPI-II transformation properties are elided for reasons that will now become
clear.

2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (17) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (66)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (67)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (68)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (69)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�
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2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (31):

D ! e�III/2D, D̄ ! e�III/2D̄. (70)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (36), since
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2.3 Implications for Collinear Superspace

The role of RPI in collinear superspace is to impose non-trivial transforma-
tion properties on the superspace coordinates ⌘ and ⌘̃. Using their definitions
in Eq. (28) and remembering that ✓↵ is an ordinary Lorentz spinor that is
invariant under RPI, we have:

RPI-I: ⌘̃ ! ⌘̃ , ⌘ ! ⌘ � I ⌘̃ , (77)

RPI-II: ⌘̃ ! ⌘̃ + II ⌘ , ⌘ ! ⌘ , (78)

RPI-III: ⌘̃ ! e�III/2 ⌘̃ , ⌘ ! eIII/2 ⌘ . (79)

This implies that, just as the ordinary SUSY generators transform as Lorentz
spinors under rotations, the collinear SUSY generators Q and Q̃ have non-
trivial transformation properties under RPI.

We immediately see that setting ⌘̃ = 0 is compatible with RPI-I and
RPI-III, but not with RPI-II. This leads to a reduced RPI compatible with
collinear superspace:

⌘̃ = 0 : RPI-I: ⌘ ! ⌘, RPI-III: ⌘ ! eIII/2 ⌘ . (80)

Note that RPI-III acts like an imaginary R-symmetry where ⌘ has R-charge
�

1
2 . Related transformation properties are inherited by the collinear super-

covariant derivatives from Eq. (42):

D ! e�III/2D, D̄ ! e�III/2D̄. (81)

In order for RPI-I and RPI-III to be manifest at the Lagrangian level,
superfields have to have well-defined transformation properties. For a chiral
multiplet, we define � to be invariant under both RPI-I and RPI-III. This
is consistent with the transformation of the components in Eq. (47), since
u = ⇠↵u↵ ! e�III/2u, yielding the RPI-III transformations:

� ! �,

⌘ u ! eIII/2⌘eIII/2u = ⌘ u,

⌘†⌘ d� ! eIII/2⌘†eIII/2⌘ e�IIId� = ⌘†⌘ d�, (82)

Note that III is real, so ⌘†⌘ is not RPI-III invariant on its own.
As we will see in Sec. 4, the gauge field will also be embedded in a chiral

multiplet, whose lowest component is a complex scalar [JDT: Did I do
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While I and II are in general complex, we typically restrict III to be
real, since a simple phase rotation of ⇠ and ⇠̃ does not change nµ or n̄µ

(see Eq. (??)). [JDT: Question: are the imaginary III related to

helicity?] Thus, there are five non-trivial RPI generators, which correspond
to three di↵erent ways to maintain Eq. (??). If ⇠ is fixed while ⇠̃ is shifted
in the perpendicular direction, this yields RPI-I. Reversing the roles of ⇠
and ⇠̃ yields RPI-II. If both spinors transform by equal and opposite scale
transformations, this yields RPI-III.

2.2 RPI on Projected Objects

To derive the action of RPI on projected objects, we simply perform the
transformations on ⇠ and ⇠̃, while leaving the underlying Lorentz covariant
objects unchanged. For example, under RPI-III,

nµ = ⇠̃�µ⇠̃† ! e+III/2⇠̃�µe+III/2⇠̃† = e+IIInµ, (59)

n̄µ = ⇠�µ⇠† ! e�III/2⇠�µe�III/2⇠† = e�IIIn̄µ, (60)

corresponding to boosts along the light-cone direction [?]. Therefore, d = n̄·@
and d̃ = n · @ defined in Eq. (??) transform as

d = ⇠� · @⇠† ! e�IIId , d̃ ! eIIId , (61)

since @µ is an ordinary Lorentz vector that is una↵ected by RPI. Note that d?

and d⇤

?
are invariant under RPI-III. The RPI-III transformation properties

of various objects are summarized in Table ??.
Under RPI-I and RPI-II, the light-cone four-vectors transform as [JDT:

Not sure about the signs]

RPI-I: nµ
! nµ

� I�
µ

?
, n̄µ

! n̄µ (62)

RPI-II: nµ
! nµ, n̄µ

! n̄µ + II�
µ

?
, (63)

where we have defined [JDT: Check that I did this correctly.]

�µ

?
= ⇠�µ⇠̃† + ⇠̃�µ⇠†. (64)

The four-vector�µ

?
has non-zero components only in directions perpendicular

to the light cone, so RPI-I and RPI-II correspond to rotations around the
light cone [?]. Under RPI-I, d is invariant while d̃ ! d̃ � I �? · @. The
mixed spinor derivatives, which will be relevant for the superspace gauge
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+
p
2(⇠⌘ + ⇠̃⌘̃)u� i

p
2⌘̃⌘

h
@µu

↵(�µ)↵↵̇(⌘
†⇠̃†↵̇ + ⌘̃†⇠̃†↵̇)

i
+ 2⌘̃⌘F

Then the chiral superfield in collinear superspace is derived by setting ⌘̃ = 0,

�(x) ⌘ �full(x)|⌘̃=0 = �+
p
2⌘u+ i⌘†⌘d� . (2.11)

Here we have defined u ⌘ ⇠↵u↵, which describes the propagating fermion helicity. This

superfield has two bosonic (the complex scalar �) and two fermionic (the complex Grassmann

scalar fermion u) degrees of freedom. Also, note that this chiral superfield does not include

an auxiliary F -term. We will see how to recover such terms below in Sec. 3.

DD̄ ! e�IIIDD̄

2.4 Lagrangians in Collinear Superspace

Armed with the chiral superfield building blocks and the RPI transformations, we are now

positioned to build a supersymmetric Lagrangian. We follow the canonical strategy, and

write the Lagrangian as an explicit total derivative in superspace

L ⇠ DD̄ ⇥
⇥
. . .

⇤���
⌘=⌘†=0

. (2.12)

This ensures that the resulting Lagrangian is supersymmetric. Then as an example, we can

write down the kinetic term for a chiral superfield

L = DD̄

�† i2

d
�

�����
⌘=0=⌘†

+ h.c. = ��⇤2�+ iu†2

d
u . (2.13)

Using the transformations given in Table 1, it is straightforward to see that this operator is

also RPI invariant.

2.5 Gauge Theory

[GE: 2.14 as we all know. 2.16 Start with A, this is the propagating dof. How

do they transform. If we got to LCG then these don’t transform under gauge

transformation and good candidates under gauge transformation.]

The last topic we need to review is gauge theory. An Abelian massless four component

gauge field Aµ transforms as a Lorentz four vector up to a gauge transformation;

Aµ ! Aµ + @µ! . (2.14)

Therefore this gauge redundancy is a consequence of Lorentz invariance, and Lagrangians

must be invariant under the associated gauge transformations. On the light-cone, where

– 6 –



• Collinear SUSY invariant 

• Mass dimension

Building Lagrangians

• RPI-I and III invariant

• Residual gauge symmetry on the light cone

superfield, the d4xDD̄ integral of any function of chiral superfields is a SUSY
invariant, justifying the form of Eq. (73).

Next, we enumerate the requirements on the class of allowed operators
that can be put between the brackets in Eq. (73):

• Mass dimension four: Recall that [D] = [D̄] = 1/2, which implies that
the operator in the brackets must have dimension three. Since [�] = 1,
the usual kinetic term [�†�] = 2 6= 3 does not have the right mass
dimension in collinear superspace. The correct (non-local) kinetic term
for chiral superfields is given in Eq. (74) below, along with arguments
for its validity and uniqueness.

• Lorentz invariance: Although the full Lorentz invariance is broken on
the lightcone, RPI must be enforced.

• Gauge Invariance: On lightcone there is a residual gauge symmetry
which must be enforced. This will be discussed in Sec. 4, where we show
how to incorporate gauge symmetry using ⌦. (one doesn’t need to

use light-cone gauge on the light-cone. Say we use light-cone

gauge and what the residual transformation is. –ajl)

Next, we construct the Lagrangian for a free chiral superfield, and demon-
strate how these rules imply that it is the unique choice.

3.1 Constructing the Kinetic Term

We want to build a Lagrangian for the chiral superfield defined in Eq. (36).
As we will argue in the following, the only possible kinetic term allowed by
the criteria listed above is

L = DD̄
h
�†

i2

d
�
i���

⌘=0=⌘†
+ h.c.

=
h
(D̄�†)

i2

d
(D�)

i���
⌘=0=⌘†

+ h.c. = ��⇤2�+ iu†
2

d
u (74)

The term in Eq. (74), has mass dimension four, it is supersymmetric since
we have written it as the lowest component of a superfield which transforms
as a total derivative. The requirement of gauge symmetry is trivial since it
is not charged.
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1 Fun with ⌘̃: Bringing back in F and ⇠̃u

[GE: This is what we need to do describe yukawa interactions, which are not

present at leading order in SUSY-SCET] [GE: This should also require bringing

RPI-2 back into the story] Lets go through the same exercise and let

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃ and ✓†↵̇ = ⌘† ⇠†↵̇ + ⌘̃† ⇠̃†↵̇ (1.1)

but lets keep ⌘̃ around until the end. Recall that ⇠̃⇠ = 1 = �⇠⇠̃ and also that we define

d = ⇠↵(� · @)↵↵̇ ⇠
†↵̇, and d̃ = ⇠̃↵(� · @)↵↵̇ ⇠̃

†↵̇ , (1.2)

d? = ⇠↵(� · @)↵↵̇ ⇠̃
†↵̇, and d⇤

? = ⇠̃↵(� · @)↵↵̇ ⇠
†↵̇. (1.3)

Not that for instance ✓↵✓↵ = 2⌘̃⌘ and ✓†↵̇✓
†↵̇ = 2⌘̃†⌘† (so that ✓2 = 0 when we ultimately

make the choice ⌘̃ = 0). Also, ✓� · @✓† = ⌘⌘†d + ⌘⌘̃†d? + ⌘̃⌘†d⇤
? + ⌘̃⌘̃†d̃.

Expanding out the N = 1 supercharge and superspace derivative:

Q
full
↵ = i

@

@✓↵
+ (� · @)↵↵̇✓

†↵̇ = �i⇠̃↵
@

@⌘
+ i⇠↵

@

@⌘̃
+ (� · @)↵↵̇(⌘

†⇠†↵̇ + ⌘̃†⇠̃†↵̇) , (1.4)

D
full
↵ =

@

@✓↵
� i(� · @)↵↵̇✓

†↵̇ = �⇠̃↵
@

@⌘
+ ⇠↵

@

@⌘̃
� i(� · @)↵↵̇(⌘

†⇠†↵̇ + ⌘̃†⇠̃†↵̇) , (1.5)

Now let

Q ⌘ ⇠↵Qfull
↵ and Q̃ ⌘ ⇠̃↵Qfull

↵ (1.6)

D ⌘ ⇠↵Dfull
↵ and D̃ ⌘ ⇠̃↵Dfull

↵

So that

D =
@

@⌘
� i⌘†d � i⌘̃†d? and D̃ =

@

@⌘̃
� i⌘†d⇤

? � i⌘̃†d̃ (1.7)

D̄ =
@

@⌘†
� i⌘d � i⌘̃d? (1.8)

where we have used

�̄µ@µ = ⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + ⇠†↵̇⇠̃↵d? + ⇠̃†↵̇⇠↵d⇤
? (1.9)

�µ@µ = ⇠̃↵⇠̃
†
↵̇d + ⇠↵⇠

†
↵̇d̃ + ⇠↵⇠̃

†
↵̇d⇤

? + ⇠̃↵⇠
†
↵̇d? (1.10)

[GE: Double check] Similarly,

Q = i
@

@⌘
+ ⌘†d + ⌘̃†d? and Q̃ = i

@

@⌘̃
+ ⌘†d⇤

? + ⌘̃†d̃ (1.11)

1

Rediscovering non-propagating 
degrees of freedom
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So that
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�µ@µ = ⇠̃↵⇠̃
†
↵̇d + ⇠↵⇠
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↵̇d̃ + ⇠↵⇠̃

†
↵̇d⇤

? + ⇠̃↵⇠
†
↵̇d? (1.10)

[GE: Double check] Similarly,

Q = i
@

@⌘
+ ⌘†d + ⌘̃†d? and Q̃ = i

@

@⌘̃
+ ⌘†d⇤

? + ⌘̃†d̃ (1.11)

1

1.1 Superfields

The N = 1 general superfield without Lorentz index as:

S(xµ, ✓↵, ✓†↵̇) = a+ ✓ + ✓†�† + ✓✓m+ ✓†✓†n+ ✓�µ✓†vµ + ✓✓✓†↵̇�
†↵̇ + ✓†✓†✓↵u↵ + ✓✓✓†✓†d

The chiral superfield in terms of xµ = yµ � i✓�µ✓† can be expanded out

�(x)full = �� i✓�µ✓†@µ�+
1

4
✓✓✓†✓†2�+

p
2✓u�

i
p
2
✓✓

�
.@µu

↵(�µ)↵↵̇✓
†↵̇�+ ✓✓F (1.12)

= �+ i
⇣
⌘⌘†d + ⌘⌘̃†d? + ⌘̃⌘†d⇤

? + ⌘̃⌘̃†d̃
⌘
�+ ⌘̃⌘⌘̃†⌘†(dd̃ � d⇤

?d?)�

+
p
2(⇠⌘ + ⇠̃⌘̃)u� i

p
2⌘̃⌘

h
@µu

↵(�µ)↵↵̇(⌘
†⇠̃†↵̇ + ⌘̃†⇠̃†↵̇)

i
+ 2⌘̃⌘F

To get the chiral multiplet of collinear superspace we simply set ⌘̃ = 0

�(x) ⌘ �full(x)|⌘̃=0 = �+ i⌘†⌘d�+
p
2⌘⇠↵u↵ (1.13)

Now to get Jesse’s crazy C multiplet we should act with D̃ and then set ⌘̃ = 0

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 =

p
2⇠̃↵u↵ + 2⌘F � i

p
2⌘⌘†

h
d⇤
?⇠

↵u↵ + (@µu
↵)(�µ)↵↵̇⇠

†↵̇
i

(1.14)

Lets simplify the second term by recalling that

�̄µ@µ =
�̄ · n

2
n̄ · @ +

�̄ · n̄

2
n · @ + �̄ · @? = ⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + (�̄ · @?)

↵̇↵ (1.15)

= ⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + ⇠†↵̇⇠̃↵d? + ⇠̃†↵̇⇠↵d⇤
?

�µ@µ = ⇠̃↵⇠̃
†
↵̇d + ⇠↵⇠

†
↵̇d̃ + ⇠↵⇠̃

†
↵̇d⇤

? + ⇠̃↵⇠
†
↵̇d? (1.16)

[GE: check signs] [GE: Double check second line (�̄ · @?)↵̇↵ = ⇠†↵̇⇠̃↵d? + ⇠̃†↵̇⇠↵d?
?]

Then

(@µu
↵)(�µ)↵↵̇⇠

†↵̇ = ⇠†↵̇(�̄ · @)↵̇↵u↵ = ⇠†↵̇

h
⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + (�̄ · @?)

↵̇↵
i
u↵ (1.17)

=
h
�⇠̃↵d + ⇠†↵̇⇠

†↵̇⇠̃↵d? + ⇠†↵̇⇠̃
†↵̇⇠↵d⇤

?

i
u↵

=
h
�⇠̃↵d � ⇠↵d⇤

?

i
u↵

where we have used ⇠†↵̇⇠̃
†↵̇ = �1 and ⇠†⇠† = 0. Therefore we have a chiral superfield:

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 =

p
2⇠̃↵u↵ + i

p
2⌘†⌘d⇠̃↵u↵ + 2⌘F (1.18)

2

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 = ũ+ i⌘†⌘dũ+

p
2⌘F (1.19)

and we can define ũ ⌘ ⇠̃↵u↵ as the opposite helicity fermion. Note that C is a fermionic

multiplet with RPI-3 charge +1/2. Likewise,

C† =
p
2ũ†

� i
p
2⌘†⌘dũ† + 2⌘†F ⇤ (1.20)

1.2 Mass Term

Now consider Jesse’s non-trivial interaction containing a mass term:

1
p
2
C� =

⇥
ũ� i⌘†⌘dũ+

p
2⌘F

⇤⇥
�� i⌘†⌘d�+

p
2⌘u

⇤
(1.21)

= ũ�� i⌘⌘† (�dũ+ ũd�) +
p
2⌘ (uũ+ �F ) = ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

D(mC�) + h.c. = m
h @

@⌘
� i⌘†d � i⌘̃†d?

ih
ũ�+ i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c. (1.22)

= m
h
�i⌘†d (ũ�) +

p
2 (uũ+ �F )

i
� im⌘†d

h
ũ�+

p
2⌘ (uũ+ �F )

i

+m(�i⌘̃†d?)
h
ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c

now set ⌘̃ = 0:

D(mC�)|⌘̃=0 + h.c. = m
p
2 (uũ+ �F )� im

p
2⌘†⌘d (uũ+ �F ) + h.c (1.23)

= m
p
2 (uũ+ �F )

[GE: check signs] since recall that (i⌘†⌘)† = �i⌘†⌘. This contains a mass term between

the two fermion helicities and a coupling between the scalar and the auxiliary field. This

theory is a WZ model with W = m�2?

1.3 Free particle action

Now the free particle action:

1

2
(C†C) = 2⌘†⌘

⇥
F ⇤F � ũ†dũ
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ũ†ũ+
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�
(1.24)
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@⌘ � i⌘† @f
@⌘† � ⌘†⌘d2f so that up to total derivatives in the

action we recover the kinetic term:
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1 Fun with ⌘̃: Bringing back in F and ⇠̃u

[GE: This is what we need to do describe yukawa interactions, which are not

present at leading order in SUSY-SCET] [GE: This should also require bringing

RPI-2 back into the story] Lets go through the same exercise and let

✓↵ = ⇠↵⌘ + ⇠̃↵⌘̃ and ✓†↵̇ = ⌘† ⇠†↵̇ + ⌘̃† ⇠̃†↵̇ (1.1)

but lets keep ⌘̃ around until the end. Recall that ⇠̃⇠ = 1 = �⇠⇠̃ and also that we define

d = ⇠↵(� · @)↵↵̇ ⇠
†↵̇, and d̃ = ⇠̃↵(� · @)↵↵̇ ⇠̃

†↵̇ , (1.2)

d? = ⇠↵(� · @)↵↵̇ ⇠̃
†↵̇, and d⇤

? = ⇠̃↵(� · @)↵↵̇ ⇠
†↵̇. (1.3)

Not that for instance ✓↵✓↵ = 2⌘̃⌘ and ✓†↵̇✓
†↵̇ = 2⌘̃†⌘† (so that ✓2 = 0 when we ultimately

make the choice ⌘̃ = 0). Also, ✓� · @✓† = ⌘⌘†d + ⌘⌘̃†d? + ⌘̃⌘†d⇤
? + ⌘̃⌘̃†d̃.

Expanding out the N = 1 supercharge and superspace derivative:

Q
full
↵ = i

@

@✓↵
+ (� · @)↵↵̇✓

†↵̇ = �i⇠̃↵
@

@⌘
+ i⇠↵

@

@⌘̃
+ (� · @)↵↵̇(⌘

†⇠†↵̇ + ⌘̃†⇠̃†↵̇) , (1.4)

D
full
↵ =

@

@✓↵
� i(� · @)↵↵̇✓

†↵̇ = �⇠̃↵
@

@⌘
+ ⇠↵

@

@⌘̃
� i(� · @)↵↵̇(⌘

†⇠†↵̇ + ⌘̃†⇠̃†↵̇) , (1.5)

Now let

Q ⌘ ⇠↵Qfull
↵ and Q̃ ⌘ ⇠̃↵Qfull

↵ (1.6)

D ⌘ ⇠↵Dfull
↵ and D̃ ⌘ ⇠̃↵Dfull

↵

So that

D =
@

@⌘
� i⌘†d � i⌘̃†d? and D̃ =

@

@⌘̃
� i⌘†d⇤

? � i⌘̃†d̃ (1.7)

D̄ =
@

@⌘†
� i⌘d � i⌘̃d? (1.8)

where we have used

�̄µ@µ = ⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + ⇠†↵̇⇠̃↵d? + ⇠̃†↵̇⇠↵d⇤
? (1.9)

�µ@µ = ⇠̃↵⇠̃
†
↵̇d + ⇠↵⇠

†
↵̇d̃ + ⇠↵⇠̃

†
↵̇d⇤

? + ⇠̃↵⇠
†
↵̇d? (1.10)

[GE: Double check] Similarly,

Q = i
@

@⌘
+ ⌘†d + ⌘̃†d? and Q̃ = i

@

@⌘̃
+ ⌘†d⇤

? + ⌘̃†d̃ (1.11)

1

1.1 Superfields

The N = 1 general superfield without Lorentz index as:

S(xµ, ✓↵, ✓†↵̇) = a+ ✓ + ✓†�† + ✓✓m+ ✓†✓†n+ ✓�µ✓†vµ + ✓✓✓†↵̇�
†↵̇ + ✓†✓†✓↵u↵ + ✓✓✓†✓†d

The chiral superfield in terms of xµ = yµ � i✓�µ✓† can be expanded out

�(x)full = �� i✓�µ✓†@µ�+
1

4
✓✓✓†✓†2�+

p
2✓u�

i
p
2
✓✓

�
.@µu

↵(�µ)↵↵̇✓
†↵̇�+ ✓✓F (1.12)

= �+ i
⇣
⌘⌘†d + ⌘⌘̃†d? + ⌘̃⌘†d⇤

? + ⌘̃⌘̃†d̃
⌘
�+ ⌘̃⌘⌘̃†⌘†(dd̃ � d⇤

?d?)�

+
p
2(⇠⌘ + ⇠̃⌘̃)u� i

p
2⌘̃⌘

h
@µu

↵(�µ)↵↵̇(⌘
†⇠̃†↵̇ + ⌘̃†⇠̃†↵̇)

i
+ 2⌘̃⌘F

To get the chiral multiplet of collinear superspace we simply set ⌘̃ = 0

�(x) ⌘ �full(x)|⌘̃=0 = �+ i⌘†⌘d�+
p
2⌘⇠↵u↵ (1.13)

Now to get Jesse’s crazy C multiplet we should act with D̃ and then set ⌘̃ = 0

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 =

p
2⇠̃↵u↵ + 2⌘F � i

p
2⌘⌘†

h
d⇤
?⇠

↵u↵ + (@µu
↵)(�µ)↵↵̇⇠

†↵̇
i

(1.14)

Lets simplify the second term by recalling that

�̄µ@µ =
�̄ · n

2
n̄ · @ +

�̄ · n̄

2
n · @ + �̄ · @? = ⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + (�̄ · @?)

↵̇↵ (1.15)

= ⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + ⇠†↵̇⇠̃↵d? + ⇠̃†↵̇⇠↵d⇤
?

�µ@µ = ⇠̃↵⇠̃
†
↵̇d + ⇠↵⇠

†
↵̇d̃ + ⇠↵⇠̃

†
↵̇d⇤

? + ⇠̃↵⇠
†
↵̇d? (1.16)

[GE: check signs] [GE: Double check second line (�̄ · @?)↵̇↵ = ⇠†↵̇⇠̃↵d? + ⇠̃†↵̇⇠↵d?
?]

Then

(@µu
↵)(�µ)↵↵̇⇠

†↵̇ = ⇠†↵̇(�̄ · @)↵̇↵u↵ = ⇠†↵̇

h
⇠̃†↵̇⇠̃↵d + ⇠†↵̇⇠↵d̃ + (�̄ · @?)

↵̇↵
i
u↵ (1.17)

=
h
�⇠̃↵d + ⇠†↵̇⇠

†↵̇⇠̃↵d? + ⇠†↵̇⇠̃
†↵̇⇠↵d⇤

?

i
u↵

=
h
�⇠̃↵d � ⇠↵d⇤

?

i
u↵

where we have used ⇠†↵̇⇠̃
†↵̇ = �1 and ⇠†⇠† = 0. Therefore we have a chiral superfield:

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 =

p
2⇠̃↵u↵ + i

p
2⌘†⌘d⇠̃↵u↵ + 2⌘F (1.18)

2

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 = ũ+ i⌘†⌘dũ+

p
2⌘F (1.19)

and we can define ũ ⌘ ⇠̃↵u↵ as the opposite helicity fermion. Note that C is a fermionic

multiplet with RPI-3 charge +1/2. Likewise,

C† =
p
2ũ†

� i
p
2⌘†⌘dũ† + 2⌘†F ⇤ (1.20)

1.2 Mass Term

Now consider Jesse’s non-trivial interaction containing a mass term:

1
p
2
C� =

⇥
ũ� i⌘†⌘dũ+

p
2⌘F

⇤⇥
�� i⌘†⌘d�+

p
2⌘u

⇤
(1.21)

= ũ�� i⌘⌘† (�dũ+ ũd�) +
p
2⌘ (uũ+ �F ) = ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

D(mC�) + h.c. = m
h @

@⌘
� i⌘†d � i⌘̃†d?

ih
ũ�+ i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c. (1.22)

= m
h
�i⌘†d (ũ�) +

p
2 (uũ+ �F )

i
� im⌘†d

h
ũ�+

p
2⌘ (uũ+ �F )

i

+m(�i⌘̃†d?)
h
ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c

now set ⌘̃ = 0:

D(mC�)|⌘̃=0 + h.c. = m
p
2 (uũ+ �F )� im

p
2⌘†⌘d (uũ+ �F ) + h.c (1.23)

= m
p
2 (uũ+ �F )

[GE: check signs] since recall that (i⌘†⌘)† = �i⌘†⌘. This contains a mass term between

the two fermion helicities and a coupling between the scalar and the auxiliary field. This

theory is a WZ model with W = m�2?

1.3 Free particle action

Now the free particle action:

1

2
(C†C) = 2⌘†⌘

⇥
F ⇤F � ũ†dũ

⇤
ũ†ũ+

p
2
�
⌘ũ†F + ⌘†F ⇤ũ

�
(1.24)

Now DD̄|⌘̃=0f = @2f
@⌘@⌘† � idf � i⌘d@f

@⌘ � i⌘† @f
@⌘† � ⌘†⌘d2f so that up to total derivatives in the

action we recover the kinetic term:

1

4
DD̄(C†C)|⌘̃=0 = F ⇤F � ũ†dũ (1.25)

3

C(x) =
⇣

D̃�full(x)
⌘
|⌘̃=0 = ũ+ i⌘†⌘dũ+

p
2⌘F (1.19)

and we can define ũ ⌘ ⇠̃↵u↵ as the opposite helicity fermion. Note that C is a fermionic

multiplet with RPI-3 charge +1/2. Likewise,

C† =
p
2ũ†

� i
p
2⌘†⌘dũ† + 2⌘†F ⇤ (1.20)

1.2 Mass Term

Now consider Jesse’s non-trivial interaction containing a mass term:

1
p
2
C� =

⇥
ũ� i⌘†⌘dũ+

p
2⌘F

⇤⇥
�� i⌘†⌘d�+

p
2⌘u

⇤
(1.21)

= ũ�� i⌘⌘† (�dũ+ ũd�) +
p
2⌘ (uũ+ �F ) = ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

D(mC�) + h.c. = m
h @

@⌘
� i⌘†d � i⌘̃†d?

ih
ũ�+ i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c. (1.22)

= m
h
�i⌘†d (ũ�) +

p
2 (uũ+ �F )

i
� im⌘†d

h
ũ�+

p
2⌘ (uũ+ �F )

i

+m(�i⌘̃†d?)
h
ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c

now set ⌘̃ = 0:

D(mC�)|⌘̃=0 + h.c. = m
p
2 (uũ+ �F )� im

p
2⌘†⌘d (uũ+ �F ) + h.c (1.23)

= m
p
2 (uũ+ �F )

[GE: check signs] since recall that (i⌘†⌘)† = �i⌘†⌘. This contains a mass term between

the two fermion helicities and a coupling between the scalar and the auxiliary field. This

theory is a WZ model with W = m�2?

1.3 Free particle action

Now the free particle action:

1

2
(C†C) = 2⌘†⌘

⇥
F ⇤F � ũ†dũ

⇤
ũ†ũ+

p
2
�
⌘ũ†F + ⌘†F ⇤ũ

�
(1.24)

Now DD̄|⌘̃=0f = @2f
@⌘@⌘† � idf � i⌘d@f

@⌘ � i⌘† @f
@⌘† � ⌘†⌘d2f so that up to total derivatives in the

action we recover the kinetic term:

1

4
DD̄(C†C)|⌘̃=0 = F ⇤F � ũ†dũ (1.25)

3

The “other” helicity

Rediscovering non-propagating 
degrees of freedom

and we can define ũ ⌘ ⇠̃↵u↵ as the opposite helicity fermion. Note that C is a fermionic

multiplet with RPI-3 charge +1/2. Likewise,

C† =
p
2ũ†

� i
p
2⌘†⌘dũ† + 2⌘†F ⇤ (1.19)

1.2 Mass Term

Now consider Jesse’s non-trivial interaction containing a mass term:

1
p
2
C� =

⇥
ũ� i⌘†⌘dũ+

p
2⌘F

⇤⇥
�� i⌘†⌘d�+

p
2⌘u

⇤
(1.20)

= ũ�� i⌘⌘† (�dũ+ ũd�) +
p
2⌘ (uũ+ �F ) = ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

D(mC�) + h.c. = m
h @

@⌘
� i⌘†d � i⌘̃†d?

ih
ũ�+ i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c. (1.21)

= m
h
�i⌘†d (ũ�) +

p
2 (uũ+ �F )

i
� im⌘†d

h
ũ�+

p
2⌘ (uũ+ �F )

i

+m(�i⌘̃†d?)
h
ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c

now set ⌘̃ = 0:

D(mC�)|⌘̃=0 + h.c. = m
p
2 (uũ+ �F )� im

p
2⌘†⌘d (uũ+ �F ) + h.c (1.22)

= m
p
2 (uũ+ �F )

D(mC�)|⌘̃=0 + h.c. = m (uũ+ �F ) (1.23)

[GE: check signs] since recall that (i⌘†⌘)† = �i⌘†⌘. This contains a mass term between

the two fermion helicities and a coupling between the scalar and the auxiliary field. This

theory is a WZ model with W = m�2?

1.3 Free particle action

Now the free particle action:

1

2
(C†C) = 2⌘†⌘

⇥
F ⇤F � ũ†dũ

⇤
ũ†ũ+

p
2
�
⌘ũ†F + ⌘†F ⇤ũ

�
(1.24)

Now DD̄|⌘̃=0f = @2f
@⌘@⌘† � idf � i⌘d@f

@⌘ � i⌘† @f
@⌘† � ⌘†⌘d2f so that up to total derivatives in the

action we recover the kinetic term:

1

4
DD̄(C†C)|⌘̃=0 = F ⇤F � ũ†dũ (1.25)

3

and we can define ũ ⌘ ⇠̃↵u↵ as the opposite helicity fermion. Note that C is a fermionic

multiplet with RPI-3 charge +1/2. Likewise,

C† =
p
2ũ†

� i
p
2⌘†⌘dũ† + 2⌘†F ⇤ (1.19)

1.2 Mass Term

Now consider Jesse’s non-trivial interaction containing a mass term:

1
p
2
C� =

⇥
ũ� i⌘†⌘dũ+

p
2⌘F

⇤⇥
�� i⌘†⌘d�+

p
2⌘u

⇤
(1.20)

= ũ�� i⌘⌘† (�dũ+ ũd�) +
p
2⌘ (uũ+ �F ) = ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

D(mC�) + h.c. = m
h @

@⌘
� i⌘†d � i⌘̃†d?

ih
ũ�+ i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c. (1.21)

= m
h
�i⌘†d (ũ�) +

p
2 (uũ+ �F )

i
� im⌘†d

h
ũ�+

p
2⌘ (uũ+ �F )

i

+m(�i⌘̃†d?)
h
ũ�� i⌘⌘†d (ũ�) +

p
2⌘ (uũ+ �F )

i
+ h.c

now set ⌘̃ = 0:

D(mC�)|⌘̃=0 + h.c. = m
p
2 (uũ+ �F )� im

p
2⌘†⌘d (uũ+ �F ) + h.c (1.22)

= m
p
2 (uũ+ �F )

[GE: check signs] since recall that (i⌘†⌘)† = �i⌘†⌘. This contains a mass term between

the two fermion helicities and a coupling between the scalar and the auxiliary field. This

theory is a WZ model with W = m�2?

1.3 Free particle action

Now the free particle action:

1

2
(C†C) = 2⌘†⌘

⇥
F ⇤F � ũ†dũ

⇤
ũ†ũ+

p
2
�
⌘ũ†F + ⌘†F ⇤ũ

�
(1.23)

Now DD̄|⌘̃=0f = @2f
@⌘@⌘† � idf � i⌘d@f

@⌘ � i⌘† @f
@⌘† � ⌘†⌘d2f so that up to total derivatives in the

action we recover the kinetic term:

DD̄(C†C)|⌘̃=0 = F ⇤F � ũ†dũ (1.24)

3

1.4 Other Interactions

What about this interaction?

D(�C�2) + h.c. (1.25)

D
✓
C�2

p
2

◆
= D

⇣
ũ�2 + i⌘†⌘d(ũ�2) +

p
2⌘(2ũ�u+ F�2)

⌘
+ h.c =

p
2(2ũ�u+ F�2) + h.c

(1.26)

As far as I can tell, this is a WZ model with W = ��3, since D
2�3/3 = F�2 + � ↵ ↵.

D
�
C�2

�
= (2ũ�u+ F�2) + h.c (1.27)

If we have multiple fields (let’s say three of each type), then we can write

D(�AC1�2�3 + �BC2�3�1 + �CC3�1�2) (1.28)

Now I start to get nervous if I actually have a SUSY theory, since I want this to come from

W = ��1�2�3, but if �A, �B, and �C are di↵erent, that doesn’t seem to be the case. I

suspect that this is where we might need RPI-2 to claim we have supersymmetry. [GE:

RPI-2?]

2 RPI

2.1 RPI-I

Under RPI-1, the � field is invariant, but the C field has to transform as

� ! � (2.1)

C ! C + ID� (2.2)

In order to map the fermion helicity in C to the fermion helicity in �; C is chiral, but D�
is anti-chiral.

2.1.1 The kinetic term

For the kinetic term under RPI-1

DD̄(C†C) !DD̄(C†C) + 1DD̄(C†D�) + 1DD̄(D̄�†C) +O(21) (2.3)

4

“Superpotential” terms:

Kinetic term:

Project with other spinor:

Superfields:

[TC: HERE] We now construct a new type of chiral multiplet C that will contain the

non-propagating degrees of freedom, namely the opposite helicity fermion ũ ⌘ ⇠̃↵u↵ and

the F -term. To do so we simply act on the full N = 1 chiral superfield with D̃ in collinear

superspace (⌘̃ = 0);

C(xµ, ⌘) =
⇣

D̃�full
⌘ ����

⌘̃=0

=
p
2⇠̃↵u↵ + 2⌘F � i

p
2⌘⌘†

h
d⇤
?⇠

↵u↵ + (@µu
↵)(�µ)↵↵̇⇠

†↵̇
i

=
p
2ũ+ i

p
2⌘†⌘dũ+ 2⌘F . (3.1)

Note that C is a fermionic multiplet with RPI-III charge [C]III = +1/2, as will be discussed

next. Likewise,

C† =
p
2ũ†

� i
p
2⌘†⌘dũ† + 2⌘†F ⇤ . (3.2)

3.2 Reparametrization Invariance

Under RPI-I, the � field, defined in (2.11), is invariant, but the C field has to transform as

� ! � , (3.3)

C ! C+ ID� .

In order to map the fermion helicity in C to the fermion helicity in �; C is chiral, but D�
is anti-chiral. To verify that such a map does indeed correspond to RPI-I i.e. the action of

the generators identified in [3] we can examine the components;

C =
p
2ũ+ i

p
2⌘†⌘dũ+ 2⌘F (3.4)

D� =
p
2u� 2i⌘†d�� i

p
2⌘†⌘du anti-chiral because D2� = 0 (3.5)

The RPI transformation (3.3) in components becomes

� ! � , u ! u , and ũ ! ũ� Iu (3.6)

which is as we would expect since ⇠̃ ! ⇠̃ � 1⇠. Making contact with the construction of

[3] we can consider the projections of the fermionic transformation u↵ ! u↵ +M↵↵̇⇠†↵̇⇠�u�,

yielding:

u ! u+ ⇠↵M↵↵̇⇠
†↵̇u ) u , and ũ ! ũ+ ⇠̃↵M↵↵̇⇠

†↵̇u ) ũ� Iu . (3.7)

In SCET M↵↵̇ =
�
�?·�

2

�
↵↵̇

i.e. a matrix with only o↵ diagonal elements. Therefore this

vanishes when we contract with two ⇠: ⇠↵M↵↵̇⇠†↵̇ = 0. Likewise we can identify I ⌘
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Next, consider a real superfield field V , written in the notation of Eq. (35),
[JDT: I added an i to the third term, but maybe it should be �i?]

V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠† , (39)

where a is a real scalar, b↵ is a spinor, and vµ is a real vector. In the
standard N = 1 SUSY approach, real superfields are used to encode gauge
fields and gauginos, but this is not possible in collinear superspace for a
few reasons. First, vµ in Eq. (39) only contains one propagating degree
of freedom, instead of the two helicities needed for a physical gauge field.
Second, b↵ has the wrong mass dimension (and wrong gauge transformation
properties) to play the role of the gaugino. Third, the usual approach to
constructing the gauge field strength via W↵ = D̄2D↵V does not work in
collinear superspace because D̄2 = 0. A new approach is required, which is
the subject of Sec. 4.

A key ingredient for understanding gauge theories is a new type of su-
perfield which does not have a counterpart in ordinary superspace. This is a
representation that is simultaneously chiral, anti-chiral, and real:

D̄⌦ = 0, D⌦† = 0, ⌦
† = ⌦ , (40)

where the symbol ⌦ was chosen since this will encode residual gauge trans-
formations in light-cone gauge. The chirality condition implies that ⌦ can
be written as

⌦(x, ⌘, ⌘†) = !(x) + i⌘⇠ !(x) + i⌘†⌘ d!(x), (41)

for the bosonic scalar field ! and the fermionic scalar field  !. The reality
condition implies

! = !⇤,  ! = 0, d! = �d!⇤ = �d! = 0 =) ⌦(x, ⌘, ⌘†) = !(x).
(42)

In the full N = 1 superspace, this would just be trivial constant superfield.
Here, though, d?! 6= 0, and this will turn out to be exactly the component
we need to encode the gauge transformations of the gauge superfield.
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Need a new way to organize gauge degrees of freedom

that d commutes with both collinear SUSY generators
h
d,Q

i
= 0 =

h
d, Q̄

i
. (2.24)

When using the canonical frame in Eq. (2.7), this subalgebra is equivalent to the collinear

superspace algebra in Refs. [14, 15], given by

�
Q,Q† =

�
Q2,Q

†
2̇

 
and

�
Q2,Q

†
1̇

 
=
�
Q1,Q

†
2̇

 
=
�
Q1,Q

†
1̇

 
= 0. (2.25)

Closure of this sub-algebra will be discussed Sec. 2.6.

For completeness, we note that other projections yield
n
⇠↵Q↵,Q

†
↵̇⇠̃

†↵̇
o
= �2id? , (2.26)

n
⇠̃↵Q↵,Q

†
↵̇⇠

†↵̇
o
= �2id⇤

? ,
n
⇠̃↵Q↵,Q

†
↵̇⇠̃

†↵̇
o
= �2id̃ ,

corresponding to di↵erent sub-algebras of the full N = 1 SUSY. In this way, the spinors

⇠↵ and ⇠̃↵ allow us to define SUSY sub-algebras which point along the light-cone direction,

transverse directions, and anti-collinear direction.

2.4 Super-Covariant Derivatives

In order to manipulate and restrict superfields, it is useful to define collinear super-covariant

derivatives. These can be obtained by projecting the ordinary super-covariant derivatives

using the light-cone spinors. Focusing just on the ⌘̃ = 0 case, we have

D =
@

@⌘
� i⌘†d, D̄ =

@

@⌘†
� i⌘d , (2.27)

where these operators carry mass dimension
⇥

D
⇤
=
⇥

D̄
⇤
= 1/2. We see that

�
D, D̄

 
= �2id, {D,Q} = 0 = {D,Q†

} = {D̄,Q} = {D̄,Q†
}, (2.28)

so these objects behave as superspace derivatives in our constrained superspace. In par-

ticular, D or D̄ acting on a collinear superfield yields another collinear superfield. Note

that

D2 = D̄2 = 0, (2.29)

since we only have a single Grassmann coordinate ⌘ after setting ⌘̃ = 0. As usual, D and D̄
allow us to define a notion of chirality, as we now discuss.
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From this generic collinear superfield, we can apply constraints in the
usual way:

• Chiral: D̄� = 0; � = �+
p
2 ⌘ u+ i⌘†⌘ d�

• Anti-Chiral: D�† = 0; �
† = �⇤ +

p
2 ⌘†u†

� i⌘†⌘ d�⇤

• V = V †; V = a(x) + i⌘ ⇠↵b↵ + i⌘†⇠†
↵̇
b†↵̇ + ⌘†⌘ ⇠(� · v)⇠†.

V = V †; V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠†

These are analogous to the representations in ordinary N = 1 SUSY,
with an important twist: because D̄2 = 0, acting a single D̄ on any superfield
gives a chiral superfield. For the same reason, there is no notion of a linear
superfield (i.e. D̄2L = D2L = 0).

Let us look at the components of a chiral multiplet�. This representation
is built from a complex scalar � degree of freedom and a single helicity
fermionic degree of freedom u ⌘ ⇠↵u↵ (i.e. an anti-commuting Lorentz scalar):

�(x, ⌘, ⌘†) = �(x) +
p
2 ⌘ u(x) + i⌘†⌘ d�(x) . (44)

It is easy to check that the chirality condition is satisfied since D̄� = i⌘ d��
i⌘ d� = 0. Similarly, an anti-chiral superfield can be written as

�
†(x, ⌘, ⌘†) = �⇤(x) +

p
2 ⌘†u†(x)� i⌘†⌘ d�⇤(x) , (45)

where again u†
⌘ ⇠†

↵̇
u†↵̇ is the propagating helicity of the fermion. Note that

Eq. (45) is indeed the complex conjugate of Eq. (44). These chiral superfields
can be used as building blocks to generate additional superfields by acting
on them with superspace derivatives:

D� =
p
2 u� 2i⌘†d�� i

p
2 ⌘†⌘ du, D̄�† =

p
2 u†

� 2i⌘ d�⇤ + i
p
2 ⌘†⌘ du† .

(46)

Next, consider a real superfield field V , written in the notation of Eq. (43),
[JDT: I added an i to the third term, but maybe it should be �i?]

V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠† , (47)

where a is a real scalar, b↵ is a spinor, and vµ is a real vector. In the
standard N = 1 SUSY approach, real superfields are used to encode gauge
fields and gauginos, but this is not possible in collinear superspace for a
few reasons. First, vµ in Eq. (47) only contains one propagating degree
of freedom, instead of the two helicities needed for a physical gauge field.
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Physical polarization of the gauge field can be packaged in a 
chiral superfield:

�A = A+ i⌘�+ i⌘†⌘dA with D̄�A = 0 ,

�†

A
= A

⇤
� i⌘†�†

� i⌘†⌘dA⇤ with D�†

A
= 0 , (78)

where as above we have defined the propagating fermion � ⌘ ⇠↵�↵, which
is e↵ectively an anti-commuting scalar. Here A is a complex light cone
scalar field that is built from the two propagating gauge degrees of freedom.
For concreteness, in the canonical frame A = (A1 + iA2) /

p
2 and A

⇤ =
(A1 � iA2) /

p
2, where Aµ is a four component gauge field transforming under

gauge transformation as Aµ
! Aµ + i@µ(! + !⇤).

As we will now argue, the natural choice of gauge in collinear superspace
is light-cone gauge. This leaves a residual gauge transformation on the chi-
ral gauge superfield that can be parametrized by ⌦ (see Sec. ?? above), a
superfield that is both chiral and real (and therefore anti-chiral)

�A ! �A + id?⌦ ,

�†

A
! �†

A
� id⇤

?
⌦ , (79)

or in components

A ! A+ id?! and �↵ ! �↵ ,

A
⇤
! A

⇤
� id⇤

?
!⇤ and �†

↵̇
! �†

↵̇
. (80)

Note that the gaugino � does not transform since this is an Abelian model.
The transformation of the gauge scalar A is exactly what we would expect
of the propagating degrees of freedom of a gauge field in light-cone gauge,
where n̄ ·A = 0 and n ·A is non-propagating and is therefore integrated out.
Dotting the gauge transformation of Aµ with n̄µ yields

n̄ · A ! n̄ · A+ in̄ · @(! + !⇤) , (81)

Going to the canonical frame, where d = n̄ · @, then n̄ · @(!+!⇤) = 0 since it
is a component of ⌦, i.e., d! = 0 = d!⇤. We see that that light-cone gauge
is maintained by the residual gauge transformations defined in Eq. (??).

Plugging the gauge chiral superfield into the kinetic term given in Eq. (??),
yields the desired component Lagrangian

L = DD̄
h
�†

A

i2

d
�A

i���
⌘=0=⌘†

+ h.c. = �A
⇤2A+ i�†

2

d
� (82)
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2, where Aµ is a four component gauge field transforming under

gauge transformation as Aµ
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of the propagating degrees of freedom of a gauge field in light-cone gauge,
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n̄ · A ! n̄ · A+ in̄ · @(! + !⇤) , (81)

Going to the canonical frame, where d = n̄ · @, then n̄ · @(!+!⇤) = 0 since it
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2, where Aµ is a four component gauge field transforming under

gauge transformation as Aµ
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Note that the gaugino � does not transform since this is an Abelian model.
The transformation of the gauge scalar A is exactly what we would expect
of the propagating degrees of freedom of a gauge field in light-cone gauge,
where n̄ ·A = 0 and n ·A is non-propagating and is therefore integrated out.
Dotting the gauge transformation of Aµ with n̄µ yields

n̄ · A ! n̄ · A+ in̄ · @(! + !⇤) , (81)

Going to the canonical frame, where d = n̄ · @, then n̄ · @(!+!⇤) = 0 since it
is a component of ⌦, i.e., d! = 0 = d!⇤. We see that that light-cone gauge
is maintained by the residual gauge transformations defined in Eq. (??).

Plugging the gauge chiral superfield into the kinetic term given in Eq. (??),
yields the desired component Lagrangian

L = DD̄
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⇤2A+ i�†

2

d
� (82)

20

u = ⇠↵u↵ ! e�III/2u, yielding the RPI-III transformations:

� ! �,

⌘ u ! eIII/2⌘eIII/2u = ⌘ u,

⌘†⌘ d� ! eIII/2⌘†eIII/2⌘ e�IIId� = ⌘†⌘ d�, (71)

Note that III is real, so ⌘†⌘ is not RPI-III invariant on its own.
As we will see in Sec. 4, the gauge field will also be embedded in a chiral

multiplet, whose lowest component is a complex scalar [JDT: Did I do

that correctly, or did I get ⇠ and ⇠̃ in the wrong order?]

A ⌘ Aµ ⇠�
µ⇠̃†. (72)

As shown in Table 1, A is not invariant under RPI-I, since it transforms as
A ! A� I n̄ ·A. In light-cone gauge with n̄ ·A = 0, A is invariant though,
which is crucial for the consistency of our construction. [JDT: Perhaps is

this another way of understanding why we don’t have RPI-II? It

seems that setting n̄ · A = 0 is not consistent with RPI-II.]

3 Building a Lagrangian from the Bottom Up

[JDT: I am here]

In the spirit of e↵ective field theory, our goal has been to elucidate the
underlying symmetries and power-counting rules that yield Lagrangians in
collinear superspace. We are now armed with all the necessary tools to
understand what superspace operators are allowed without appealing to an
explicitly Lorentz invariant theory.

The requirement that the theory be supersymmetric can be accommo-
dated by expressing all operators as the lowest component of a total su-
perspace derivative (just as in the standard o↵-shell formulation of N = 1
SUSY [?]). In collinear superspace,

L ⇠ DD̄ ⇥
⇥
. . .

⇤���
⌘=⌘†=0

. (73)

To understand that this Lagrangian is SUSY invariant, we start with Eq. (45)
which shows that the variation of the ⌘†⌘ component of a single chiral su-
perfield is a total derivative in our constrained language i.e. the result is
proportional to d. Since the product of chiral superfields is again a chiral
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Single helicity gaugino:

Complex scalar: ex. canonical frame

Light Cone Gauge
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where as above we have defined the propagating fermion � ⌘ ⇠↵�↵, which
is e↵ectively an anti-commuting scalar. Here A is a complex light cone
scalar field that is built from the two propagating gauge degrees of freedom.
For concreteness, in the canonical frame A = (A1 + iA2) /
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p
2, where Aµ is a four component gauge field transforming under

gauge transformation as Aµ
! Aµ + i@µ(! + !⇤).

As we will now argue, the natural choice of gauge in collinear superspace
is light-cone gauge. This leaves a residual gauge transformation on the chi-
ral gauge superfield that can be parametrized by ⌦ (see Sec. ?? above), a
superfield that is both chiral and real (and therefore anti-chiral)
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�†

A
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A
� id⇤

?
⌦ , (79)

or in components
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A
⇤
! A

⇤
� id⇤

?
!⇤ and �†

↵̇
! �†

↵̇
. (80)

Note that the gaugino � does not transform since this is an Abelian model.
The transformation of the gauge scalar A is exactly what we would expect
of the propagating degrees of freedom of a gauge field in light-cone gauge,
where n̄ ·A = 0 and n ·A is non-propagating and is therefore integrated out.
Dotting the gauge transformation of Aµ with n̄µ yields

n̄ · A ! n̄ · A+ in̄ · @(! + !⇤) , (81)

Going to the canonical frame, where d = n̄ · @, then n̄ · @(!+!⇤) = 0 since it
is a component of ⌦, i.e., d! = 0 = d!⇤. We see that that light-cone gauge
is maintained by the residual gauge transformations defined in Eq. (??).

Plugging the gauge chiral superfield into the kinetic term given in Eq. (??),
yields the desired component Lagrangian

L = DD̄
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d
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+ h.c. = �A
⇤2A+ i�†
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that correctly, or did I get ⇠ and ⇠̃ in the wrong order?]

A ⌘ Aµ ⇠�
µ⇠̃†. (83)

As shown in Table 1, A is not invariant under RPI-I, since it transforms as
A ! A� I n̄ ·A. In light-cone gauge with n̄ ·A = 0, A is invariant though,
which is crucial for the consistency of our construction. [JDT: Perhaps is

this another way of understanding why we don’t have RPI-II? It

seems that setting n̄ · A = 0 is not consistent with RPI-II.]

3 Building a Lagrangian from the Bottom Up

[JDT: I am here]

In the spirit of e↵ective field theory, our goal has been to elucidate the
underlying symmetries and power-counting rules that yield Lagrangians in
collinear superspace. We are now armed with all the necessary tools to
understand what superspace operators are allowed without appealing to an
explicitly Lorentz invariant theory.

The requirement that the theory be supersymmetric can be accommo-
dated by expressing all operators as the lowest component of a total su-
perspace derivative (just as in the standard o↵-shell formulation of N = 1
SUSY [?]). In collinear superspace,

L ⇠ DD̄ ⇥
⇥
. . .

⇤���
⌘=⌘†=0

. (84)

To understand that this Lagrangian is SUSY invariant, we start with Eq. (56)
which shows that the variation of the ⌘†⌘ component of a single chiral su-
perfield is a total derivative in our constrained language i.e. the result is
proportional to d. Since the product of chiral superfields is again a chiral
superfield, the d4xDD̄ integral of any function of chiral superfields is a SUSY
invariant, justifying the form of Eq. (84).

Next, we enumerate the requirements on the class of allowed operators
that can be put between the brackets in Eq. (84):

• Mass dimension four: Recall that [D] = [D̄] = 1/2, which implies that
the operator in the brackets must have dimension three. Since [�] = 1,
the usual kinetic term [�†�] = 2 6= 3 does not have the right mass
dimension in collinear superspace. The correct (non-local) kinetic term
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Gauge Redundancy

�A = A+ i⌘�+ i⌘†⌘dA with D̄�A = 0 ,

�†

A
= A

⇤
� i⌘†�†

� i⌘†⌘dA⇤ with D�†

A
= 0 , (78)
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Note that the gaugino � does not transform since this is an Abelian model.
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of the propagating degrees of freedom of a gauge field in light-cone gauge,
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Full gauge transformation:

parametrized by real, chiral, anti-chiral superfield:

Next, consider a real superfield field V , written in the notation of Eq. (35),
[JDT: I added an i to the third term, but maybe it should be �i?]

V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠† , (39)

where a is a real scalar, b↵ is a spinor, and vµ is a real vector. In the
standard N = 1 SUSY approach, real superfields are used to encode gauge
fields and gauginos, but this is not possible in collinear superspace for a
few reasons. First, vµ in Eq. (39) only contains one propagating degree
of freedom, instead of the two helicities needed for a physical gauge field.
Second, b↵ has the wrong mass dimension (and wrong gauge transformation
properties) to play the role of the gaugino. Third, the usual approach to
constructing the gauge field strength via W↵ = D̄2D↵V does not work in
collinear superspace because D̄2 = 0. A new approach is required, which is
the subject of Sec. 4.

A key ingredient for understanding gauge theories is a new type of su-
perfield which does not have a counterpart in ordinary superspace. This is a
representation that is simultaneously chiral, anti-chiral, and real:

D̄⌦ = 0, D⌦† = 0, ⌦
† = ⌦ , (40)

where the symbol ⌦ was chosen since this will encode residual gauge trans-
formations in light-cone gauge. The chirality condition implies that ⌦ can
be written as

⌦(x, ⌘, ⌘†) = !(x) + i⌘⇠ !(x) + i⌘†⌘ d!(x), (41)

for the bosonic scalar field ! and the fermionic scalar field  !. The reality
condition implies

! = !⇤,  ! = 0, d! = �d!⇤ = �d! = 0 =) ⌦(x, ⌘, ⌘†) = !(x).
(42)

In the full N = 1 superspace, this would just be trivial constant superfield.
Here, though, d?! 6= 0, and this will turn out to be exactly the component
we need to encode the gauge transformations of the gauge superfield.
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Not trivial:

our construction.5 There will still be the analog of the Kähler potential,
though. Starting from a real collinear superfield from Eq. (50), we can de-
rive the component transformation rules:

�✏a = [JDT : what?]

�✏b = [JDT : what?],

�✏v = [JDT : what?]. (60)

The highest component v is bosonic, real, and transforms as a total derivative,
so we can use that to construct Lagrangians. For the superfield in Eq. (53)
which is simultaneously chiral, anti-chiral, and real, it transforms as

�✏⌦ = 2i⌘†⌘✏†⇠†d! = 0 , (61)

implying that ⌦ is a supersymmetric object, though we have not found a
way to construct nontrivial Lagrangians from it.
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algebra closes, by showing that the commutator of two transformations is
a spacetime translation along the light-cone direction. Given two SUSY
transformations �✏1 and �✏2 , we find

h
�✏1 , �✏2

i
� = 2

⇣
✏2✏

†

1 � ✏1✏
†

2

⌘
du ,

h
�✏1 , �✏2

i
u = 2

⇣
✏2✏

†

1 � ✏1✏
†

2

⌘
d� , (62)

as expected from Eq. (35).

2 Reparametrization Invariance in Collinear

Superspace

The spinor projections in Sec. 1.1 look like an explicit breaking of Lorentz
symmetry, since they identify a preferred light-cone direction. The breaking
is artificial, though, since the choice of ⇠↵ and ⇠̃↵ is arbitrary and any light-
cone choice would be equally valid. This gives rise to RPI transformations
which arise from the redundancy of choosing a light-cone direction and which
give an alternative way of encoding Lorentz transformation properties.

5
It is possible to have a fermionic chiral superfield whose highest component is bosonic.

This is indeed what one gets from D̄�†
.
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Supersymmetric:

Next, consider a real superfield field V , written in the notation of Eq. (35),
[JDT: I added an i to the third term, but maybe it should be �i?]

V (x, ⌘, ⌘†) = a(x) + i⌘ ⇠↵b↵(x) + i⌘†⇠†
↵̇
b†↵̇(x) + ⌘†⌘ ⇠(� · v(x))⇠† , (39)

where a is a real scalar, b↵ is a spinor, and vµ is a real vector. In the
standard N = 1 SUSY approach, real superfields are used to encode gauge
fields and gauginos, but this is not possible in collinear superspace for a
few reasons. First, vµ in Eq. (39) only contains one propagating degree
of freedom, instead of the two helicities needed for a physical gauge field.
Second, b↵ has the wrong mass dimension (and wrong gauge transformation
properties) to play the role of the gaugino. Third, the usual approach to
constructing the gauge field strength via W↵ = D̄2D↵V does not work in
collinear superspace because D̄2 = 0. A new approach is required, which is
the subject of Sec. 4.

A key ingredient for understanding gauge theories is a new type of su-
perfield which does not have a counterpart in ordinary superspace. This is a
representation that is simultaneously chiral, anti-chiral, and real:

D̄⌦ = 0, D⌦† = 0, ⌦
† = ⌦ , (40)

where the symbol ⌦ was chosen since this will encode residual gauge trans-
formations in light-cone gauge. The chirality condition implies that ⌦ can
be written as

⌦(x, ⌘, ⌘†) = !(x) + i⌘⇠ !(x) + i⌘†⌘ d!(x), (41)

for the bosonic scalar field ! and the fermionic scalar field  !. The reality
condition implies

! = !⇤,  ! = 0, d! = �d!⇤ = �d! = 0 =) ⌦(x, ⌘, ⌘†) = !(x).
(42)

In the full N = 1 superspace, this would just be trivial constant superfield.
Here, though, d?! 6= 0, and this will turn out to be exactly the component
we need to encode the gauge transformations of the gauge superfield.
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Lagrangian
Residual gauge transformation

�A = A+ i⌘�+ i⌘†⌘dA with D̄�A = 0 ,

�†

A
= A

⇤
� i⌘†�†

� i⌘†⌘dA⇤ with D�†

A
= 0 , (78)

where as above we have defined the propagating fermion � ⌘ ⇠↵�↵, which
is e↵ectively an anti-commuting scalar. Here A is a complex light cone
scalar field that is built from the two propagating gauge degrees of freedom.
For concreteness, in the canonical frame A = (A1 + iA2) /

p
2 and A

⇤ =
(A1 � iA2) /

p
2, where Aµ is a four component gauge field transforming under

gauge transformation as Aµ
! Aµ + i@µ(! + !⇤).

As we will now argue, the natural choice of gauge in collinear superspace
is light-cone gauge. This leaves a residual gauge transformation on the chi-
ral gauge superfield that can be parametrized by ⌦ (see Sec. ?? above), a
superfield that is both chiral and real (and therefore anti-chiral)

�A ! �A + id?⌦ ,

�†

A
! �†

A
� id⇤

?
⌦ , (79)

or in components

A ! A+ id?! and �↵ ! �↵ ,

A
⇤
! A

⇤
� id⇤

?
!⇤ and �†

↵̇
! �†

↵̇
. (80)

Note that the gaugino � does not transform since this is an Abelian model.
The transformation of the gauge scalar A is exactly what we would expect
of the propagating degrees of freedom of a gauge field in light-cone gauge,
where n̄ ·A = 0 and n ·A is non-propagating and is therefore integrated out.
Dotting the gauge transformation of Aµ with n̄µ yields

n̄ · A ! n̄ · A+ in̄ · @(! + !⇤) , (81)

Going to the canonical frame, where d = n̄ · @, then n̄ · @(!+!⇤) = 0 since it
is a component of ⌦, i.e., d! = 0 = d!⇤. We see that that light-cone gauge
is maintained by the residual gauge transformations defined in Eq. (??).

Plugging the gauge chiral superfield into the kinetic term given in Eq. (??),
yields the desired component Lagrangian

L = DD̄
h
�†

A

i2

d
�A

i���
⌘=0=⌘†

+ h.c. = �A
⇤2A+ i�†

2

d
� (82)
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+ h.c. = �A
⇤2A+ i�†
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d
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Then it is straightforward to check that this superspace Lagrangian is gauge
invariant,

L ! L+ i
h
d⇤

?
D̄⌦†

i2

d
D�A � D̄�†

A

i2

d
d?D⌦

i���
⌘=0=⌘†

+ O(⌦2) = L ,

(83)

since ⌦ is real and chiral.

4.2 Non-Abelian Gauge Lagrangian

Following the previous discussion, in order to find the non-Abelian gauge the-
ory Lagrangian, we need to covariantize Eq. (??). To this end, we generalize
Eq. (??) such that gauge fields carry a non-abelian index

r = d? � igT a�a

A
and r

⇤ = d⇤

?
� igT a⇤�†a

A
, (84)

[GE: Note that due to the trivial RPI transformation of the chi-

ral superfield in LCG, r transforms as d?, and likewise for the

conjugate terms and this cancels o↵ the transformation of d̃ in

Eq. 5.21] where the adjoint generators are defined as (T a)bc = �ifabc and
(T a⇤)bc = ifabc. Using (??) we can now write down a Lagrangian in super-
space that is invariant under the residual non-Abelian gauge transformation:

L = DD̄
h
�a†

A

 
�ae

idd̃
d

� irab
1

d
r

⇤be

!
�e

A

i���
⌘=0=⌘†

+ h.c. (85)

= DD̄
h
�a†

A

 
�ae

idd̃
d

� i
�
�abd? � gf cab�c

A

� 1
d

⇣
�bed⇤

?
+ gfhbe�†h

A

⌘!
�e

A

i���
⌘=0=⌘†

+ h.c.

This is the unique dimension-four Lagrangian allowed by RPI and gauge
invariance. Expanding this using 2 = dd̃�d⇤

?
d?, we find the following gauge

kinetic, and three and four point gauge interaction terms

L = DD̄
h
�a†

A

i2

d
�a

A

i���
⌘=0=⌘†

(86)

� igfabcDD̄
h
�†a

A
�b

A

d⇤

?

d
�c

A
� �†a

A

d?

d

⇣
�†b

A
�c

A

⌘i���
⌘=0=⌘†

� ig2fabcf cheDD̄
h
�†a

A
�b

A

1

d

⇣
�†h

A
�e

A

⌘i���
⌘=0=⌘†

+ h.c.
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Non-Propagating DOF
projections

n̄ · A = ⇠↵(� · A)↵↵̇⇠
↵̇† and n · A = ⇠̃↵(� · A)↵↵̇⇠̃

†↵̇ . (2.18)

Note that ✓� · A✓† = ⌘⌘†n̄ · A+ ⌘⌘̃†A+ ⌘̃⌘†A⇤ + ⌘̃⌘̃†n · A.

Enforcing LCG using (2.15) eliminates one of these degrees of freedom. Furthermore,

it is straightforward to see that no light cone time derivatives act on n · A, and as such it

can be treated as a non-propagating component of the gauge field. It is therefore prudent

to integrate it out using the equations of motion, which yields the well known light cone

Lagrangian for the gauge field.

The final ingredient that is important for understanding gauge theories on the light

cone is the residual gauge invariance of LCG. One way to derive this is to project the gauge

transformation (2.14) along n̄, which yields

⇠� · A⇠† �! ⇠� · A⇠† + id (! + !⇤) , (2.19)

where we have used (2.18). We see that it is possible to maintain the gauge condition leaving

behind an additional gauge redundancy if d! = 0 = d!⇤. To parametrize this, we introduce

a new superfield [1]

D⌦ = 0, D̄⌦ = 0, ⌦ = ⌦†, (2.20)

which is both chiral, real and therefore anti-chiral.

3 Setting Sail for the F -term

We now have reviewed [1], which presents a fully IR driven approach to constructing theories

in collinear superspace that can be expressed in terms of exclusively propagating degrees of

freedom at the Lagrangian level. The chiral superfield building blocks defined in Eq. (2.11)

clearly do not include any non-propagating degrees of freedom. Since we are also interested

in writing down Lagrangians for theories with non-zero F -term equations of motion, new

ingredients are required. Explaining exactly how to encode the degrees of freedom which

are “missing” from the chiral superfield in collinear superspace is the subject of this section.

This will then allow us to write Lagrangians that involve Yukawa couplings such as the

Wess-Zumino model, without appealing to external currents as was done in [3].

3.1 A New Class of Chiral Superfield
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gaugino as �̃ = ⇠̃↵�↵, and ↵� = 1,↵⇤
� = �1. [GE: �A = D̄D̃V full

⌘̃=0 , �†
A = D ˜̄DV full

⌘̃=0 , such

that D̄�A = 0 = D�†
A are chiral multiplets under collinear susy.]

Now consider the action of RPI-I ⇠̃ ! ⇠̃ � ⇠, so

VWZ
+1 ! VWZ

+1 � A� i⌘�� ⇤
A

⇤ + i⇤⌘†�† = VWZ
+1 � �A � ⇤�A

† (5.7)

To get a real RPI-III charge +1 superfield:

N ⌘

⇣
˜̄DD̃Vfull

WZ

⌘
|⌘̃=0 + h.c.

2
= n · A� 2i⌘�̃† + 2i⌘†�̃� 2⌘†⌘D (5.8)

N ⌘

⇣
˜̄DD̃Vfull

WZ

⌘
|⌘̃=0 + h.c.

2
= n · A� i⌘�̃† + i⌘†�̃� 2⌘†⌘D (5.9)

[GE: This is basically projecting on the N = 1 field D̄�̇D↵V � D↵D̄�̇V ] We can

now do a field redefinition, which nothing is stopping us from doing, to put the fermionic

components of N in a more useful form �̃ ! �̃†/2 and �̃†
! �̃/2, so that:

N = n · A� i⌘�̃+ i⌘†�̃†
� 2⌘†⌘D (5.10)

Under RPI-I

N = VWZ
+1 + h.c. ! N� �A � ⇤�⇤

A (5.11)

Finally, note that under a residual LCG gauge transformation

N ! N+ d̃⌦ (5.12)

where ⌦ is our real, chiral anti-chiral superfield.

[GE: RPI-II?]

5.1.1 Kinetic Term

�†
N = DN = �2i�̃†

� ⌘†
h
id(n · A)� 2D

i
� 2⌘†⌘d�̃† (5.13)

�N = D̄N = 2i�̃� ⌘
h
id(n · A) + 2D

i
� 2⌘†⌘d�̃

which is gauge invariant because (DN)(D̄N) ! (DN)(D̄N) + (Dd̃⌦)(D̄N) + (DN)(D̄d̃⌦) +
(Dd̃⌦)(D̄d̃⌦) = (DN)(D̄N) because D⌦ = 0 = D̄⌦ So

DD̄
�
(D̄N)(DN)

�
= �8i�̃d�̃†

� 4D2 + (d(n · A))2 (5.14)
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5.1.2 Mixing Terms

[GE: Is there a �AC kinetic mixing term allowed?] So we have seen that �†
N = DN

and �N = D̄N are gauge invariant, recall that also D�A and D̄�A are gauge invariant.

Therefore we can write mixing terms [GE: Analog to massive gauge fields where

we can write down a Lagrangian that is gauge invariant but non local or a

Lagranagin that is not gauge invariant but local. ]

The following Lagrangian is gauge and RPI-3 invariant.

L � DD̄
h
(D̄N)(DN)

i
+ DD̄

h
(D̄N)

✓
d⇤
?
d

D�A

◆
+

✓
d?

d
D̄�†

A

◆
(DN)

i
(5.14)

Gauge invariance is trivial to see because

N ! N + d̃⌦ and �A ! �A + d?⌦ (5.15)

where D⌦ = 0 = D̄⌦, and we don’t have to require that d̃ = 0. The 1/d in the second

and third term is there for RPI-3 invariance, since under RPI-3:
⇥
D̄D

⇤
= �1,

⇥
DN

⇤
=

�1/2 + 1 = 1/2,
⇥
D�A

⇤
= �1/2,

⇥
1/d

⇤
= +1. The d? which has RPI-3 charge

⇥
d?

⇤
= 0, is

there to cancel o↵ the mass dimension of the 1/d.
Now lets check RPI-I invariance under which.

D̄N !D̄N � ⇤
I D̄�

†
A , and DN ! DN � ID�A , (5.16)

because N ! N � I�A � ⇤
I�

†
A

and also

d ! d , d? ! d? � ⇤
Id and d⇤

? ! d⇤
? � Id (5.17)

and of course �A does not transform.

DD̄
h
(D̄N � ⇤

I D̄�
†
A)(DN � ID�A)

i
= DD̄

h
D̄NDN � ⇤

I D̄�
†
ADN � ID̄ND�A

i

DD̄
h
(D̄N)

✓
d⇤
?
d

D�A

◆i
! DD̄

h
(D̄N � ⇤

I D̄�
†
A)

✓
d⇤
?
d

D�A � ID�A

◆i
(5.18)

= DD̄
h
(D̄N)

✓
d⇤
?
d

D�A

◆
� ID̄ND�A

i

DD̄
h✓d?

d
D̄�†

A

◆
(DN)

i
! DD̄

h✓d?

d
D̄�†

A � ⇤
I D̄�

†
A

◆
(DN � ID�A)

i
(5.19)
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Superfield RPI-I RPI-III Gauge

�A �A 0 �A + d?⌦

M M 0 eig⌦M

C C+ ID�A 1/2

N N+ I�A + ⇤I�
†
A �1 N+ d̃⌦

�+1 +1

Table 2: [GE: RPI and gauge table for superfields. Add transformations of D in
table 1]

Superfield RPI-I RPI-III Gauge

�A �A 0 �A + d?⌦

N N+ I�A + ⇤I�
†
A �1 N+ d̃⌦

Table 3: [GE: RPI and gauge table for superfields. Add transformations of D in
table 1]

reparametrization invariance. [TC: I’m confused about much of the logic previous

to this note in this section.] Additionally, as was discussed in [1], one consequence of

requiring RPI is that we are naturally led to work in Light Cone Gauge (LCG) [];

n̄ · A = 0 (2.15)

which we argued contained residual gauge redundancy on the light cone that could be

parametrized by a superfield ⌦ defined below in (2.20) that is both chiral, real, and therefore

anti-chiral.

Take the following projections of the Aµ to construct a complex “light cone gauge”

scalar

A = ⇠↵(� · A)↵↵̇⇠̃
†↵̇ and A

⇤ = ⇠̃↵(� · A)↵↵̇⇠
†↵̇ (2.16)

[GE: minus sign?] which contains the propagating gauge degrees of freedom, i.e., those

– 8 –

Projections corresponding to non-propagating gauge dof:

Construct superfield:



• Formalism to construct on-shell superspace  

• Collinear superspace from the “bottom-up” 

• First step towards extended SUSY and potential 
discoveries. 

• Other applications? 

Conclusions

   Stay Tuned… 
Thanks
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Then it is straightforward to check that this superspace Lagrangian is gauge
invariant,

L ! L+ i
h
d⇤

?
D̄⌦†

i2

d
D�A � D̄�†

A

i2

d
d?D⌦

i���
⌘=0=⌘†

+ O(⌦2) = L ,

(83)

since ⌦ is real and chiral.

4.2 Non-Abelian Gauge Lagrangian

Following the previous discussion, in order to find the non-Abelian gauge the-
ory Lagrangian, we need to covariantize Eq. (82). To this end, we generalize
Eq. (??) such that gauge fields carry a non-abelian index

r = d? � igT a�a

A
and r

⇤ = d⇤

?
� igT a⇤�†a

A
, (84)

[GE: Note that due to the trivial RPI transformation of the chi-
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conjugate terms and this cancels o↵ the transformation of d̃ in

Eq. 5.21] where the adjoint generators are defined as (T a)bc = �ifabc and
(T a⇤)bc = ifabc. Using (84) we can now write down a Lagrangian in super-
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L = DD̄
h
�a†

A

 
�ae

idd̃
d

� irab
1

d
r

⇤be

!
�e

A

i���
⌘=0=⌘†

+ h.c. (85)

= DD̄
h
�a†

A

 
�ae

idd̃
d

� i
�
�abd? � gf cab�c

A

� 1
d

⇣
�bed⇤

?
+ gfhbe�†h

A

⌘!
�e

A

i���
⌘=0=⌘†

+ h.c.

This is the unique dimension-four Lagrangian allowed by RPI and gauge
invariance. Expanding this using 2 = dd̃�d⇤

?
d?, we find the following gauge

kinetic, and three and four point gauge interaction terms
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Then it is straightforward to check that this superspace Lagrangian is gauge
invariant,
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+ O(⌦2) = L ,

(83)

since ⌦ is real and chiral.
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object RPI-I RPI-III

⇠̃↵ ! ⇠̃↵ � I⇠↵ eIII/2 ⇠̃↵

⇠↵ ! ⇠↵ e�III/2 ⇠↵

⌘ ! ⌘ eIII/2 ⌘

d̃ ! d̃ � Id? � I⇤d⇤? eIII d̃

d ! d e�III d

d? ! d? � I⇤d d?

d⇤? ! d⇤? � Id d⇤?

r ! r� I⇤d r

r
⇤
! r

⇤
� Id r

⇤

u ! u e�III/2u

� ! � �

A ! A� In̄ ·A A

A
⇤
! A

⇤
� I⇤n̄ ·A A

⇤

Table 1: [JDT: I haven’t touched the table yet.] Recall that u ⌘ ⇠↵u↵ is the compo-
nent of the fermion along the light cone or in the language of [15] it is the collinear fermion,
which is why it has a non-trivial RPI-III transformation; u↵ does not transform so the
transformation is inherited from ⇠↵. Here we have included the transformation of A which
in Sec. 5 will be shown to be a scalar built out of the propagating gauge degrees of freedom.
Critically, unlike an ordinary scalar of say a chiral superfield, the A scalar has non-trivial
RPI-I transformations, and this will play a key role in constructing gauge Lagrangians in
superspace (this can be expressed fully in terms of A as discussed in the text). Note we
have not provided the RPI-II transformations since they are outside of our sub-algebra.
(need to double check the A transforms again –ajl) [GE: Will check full theory

derivation]. [GE: Write A ! A and discuss in text that this is in LCG.]
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