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Standard formalism 



Boltzmann Equation

E (@t �Hp ·rp) f� = C[f�] .

Liouville operator                = Collision terms

The Dynamics of the DM’s phase-space density                   is govern by the BE: f�(t, p)
energy

Hubble
momentum



Boltzmann Equation

E (@t �Hp ·rp) f� = C[f�] .

Liouville operator                = Collision terms

C[f�]

DM Particle Model Dependent

Cann = E

Z
d3p̃

(2⇡)3
v��̄�!f̄f

h
f�,eq(E)f�,eq(Ẽ)� f�(E)f�(Ẽ)

i
,

(Bringmann & Hofmann ’06,  
 Binder et al. ‘16)

A Stiff Non-linear Integro Partial differential equation                 Challenging!

Collision terms for CP invariant 2 ↔ 2 annihilations and scattering with SM 
 
           : 

The Dynamics of the DM’s phase-space density                   is govern by the BE: f�(t, p)

Non relativistic 
Fokker-Planck Eq. 

2

tion II B), and finally introduce our framework for a fully
numerical solution (Section IIC). Section III is devoted
to a thorough application of these methods to the Scalar
Singlet model. We comment on our results in Section IV,
and discuss potential other areas of application, before we
conclude in Section V. In two Appendices we discuss in
detail the evolution of the Singlet DM phase-space den-
sity for selected parameter points (App. A) and comment
on the semi-relativistic form of the scattering operator in
the Boltzmann equation (App. B).

II. THERMAL PRODUCTION OF DARK
MATTER

Let us denote the DM particle by �, and its phase-
space density by f

�

(t,p). The evolution of f
�

is gov-
erned by the Boltzmann equation which, in an expand-
ing Friedmann-Robertson-Walker universe, is given by
[17, 18]

E (@
t

�Hp ·rp) f� = C[f
�

] . (1)

Here, H = ȧ/a is the Hubble parameter, a the scale fac-
tor, and the collision term C[f

�

] contains all interactions
between DM and SM particles f . For WIMPs, we are
to leading order interested in two-body processes for DM
annihilation and elastic scattering, C = Cann+Cel, where
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and
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In the above expressions, |M|2 refers to the respective
squared amplitude, summed over all spin and other in-
ternal degrees of freedom, as well as all SM particles f .
We assume the SM particles to be in thermal equilib-
rium, such that their phase-space distribution is given
by g±(!) = 1/ [exp(!/T )± 1]. Note that we have ne-
glected Bose enhancement and Pauli blocking factors for
f
�

here, as we assume DM to be nonrelativistic; momen-
tum conservation then implies that, in Cann, we can also
neglect these factors for the SM particles.

Assuming CP invariance, and using the fact that in
thermal equilibrium annihilation and creation processes
should happen with the same frequency, the annihilation
term given by Eq. (2) can be further simplified to [9]

Cann = g
�
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Z
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i
, (4)

where v = vMøl ⌘ (EẼ)�1[(p · p̃)2 �m4
�

]1/2 is the Møller
velocity, which in the rest frame of one of the DM
particles coincides with the lab velocity vlab = [s(s �
4m2

�

)]1/2/(s� 2m2
�

).
The scattering term, on the other hand, is in general

considerably more di�cult to manage. Analytic expres-
sions have, however, been obtained in the highly non-
relativistic limit of the DM particles, and assuming that
the momentum transfer in the scattering process is much
smaller than the DM mass [12, 18–22]:
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where the momentum exchange rate is given by
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. Here, �
T

=
R
d⌦(1 �

cos ✓)d�/d⌦ is the standard transfer cross section for
elastic scattering. In Appendix B, we discuss how
the scattering term is expected to change in the semi-
relativistic case, i.e. when the assumption of highly non-
relativistic DM is slightly relaxed. For reference, we will
in the following use
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when explicitly addressing this regime.

A. The standard treatment

In order to calculate the DM relic abundance, we can
integrate the Boltzmann Eq. (1) over p. This results in

dn
�

dt
+ 3Hn

�

= g
�

Z
d3p

(2⇡)3E
Cann[f�] , (9)

which has to be solved for the DM number density

n
�

= g
�

Z
d3p/(2⇡)3 f

�

(p) (10)

(note that Cel vanishes once it is integrated over). In
order to evaluate the r.h.s. of this equation, the usual
assumption [9] is that during chemical freeze-out one can
make the following ansatz for the DM distribution:

f
�

= A(T )f
�,eq =

n
�

n
�,eq

f
�,eq , (11)

energy
Hubble

momentum



 0th moment: 
   (number density) 

 2nd moment: 
   (velocity dispersion  
    aka “temperature”)  

E (@t �Hp ·rp) f� = C[f�] .

Taking a moment…

n�(t) =

Z
d3p

(2⇡)3
f�(t,p)

Taking momentum moments of BE …

… results in a coupled system of non-closed ODE
assumption on       or the collision terms necessary  
in order to close the system of Eqs.

f�

T�(t) =
1

n�

Z
d3p

(2⇡)3
p2

3E
f�(t,p)



2nd moment: Kinetic decoupling

Ṫ� + 2HT� = �(T ) (T � T�) .

DM’s transfer x-section           bkg. particle’s 
phase-sp distribution
fq =

(non-rel. DM)

➡ Integrate BE over                          but                            
 
without annihilation terms  (                           or                    )  

➡ This gives the standard Kinetic decoupling Eq.  

��̄�!f̄f = 0

Momentum transfer rate  
with the thermal bkg.

f� n fSM



➡ Integrate BE over                         and  
 
assume kinetic equilibrium with SM background   
 
 
 
 

➡ This gives the standard chemical freeze-out Eq.

dn�

dt
+ 3Hn� = h�vieq

�
n2
�,eq � n2

�

�
,

Gondolo & Gelmini ’91 

Thermal averaged annihilation x-section
Under the assumption  
reducible to 1D integralh�vieq ⌘ 1

n2
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Z
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0th moment: chemical decoupling



➡ but what if the DM is not in kinetic equilibrium during chemical decoupling?  
 
 

                Do results change?  
                How to compute ΩDM ? 

➡ Numerical codes guarantee  
sub-percent accuracy 
 
 
 
even for sophisticated DM models  
(e.g. DarkSuSy, micrOMEGAs,…)

and account for many exceptions: 
 

✓  Co-annihilations 
 

✓  Kinematic Threshold effects 
 

✓  Near resonance annihilations  
✓  …

Standard chemical freeze-out
co

-m
ov

in
g 

nu
m

be
r 

de
ns

ity

Griest & Seckel ’91

Planck 2018

A refined treatment required

⌦�h
2 = 0.1198± 0.0012

freeze-out



A refined treatment



E (@t �Hp ·rp) f� = C[f�] .

Solving the Boltzmann Equation

Two approaches



E (@t �Hp ·rp) f� = C[f�] .

Solving the Boltzmann Equation

Analytical insights/ 
numerically easier.

Combine 0th and 2nd momentum moments  
… with an assumption on   

Finite range of validity. 
No information on underlying  
phase-space distribution. 

Two approaches

1st Method:

See also van den Aarssen,  Bringmann 
& Goedecke,  PRD ’12



E (@t �Hp ·rp) f� = C[f�] .

Solving the Boltzmann Equation

Analytical insights/ 
numerically easier.

Numerically solve for the full 
phase-space distribution 

Combine 0th and 2nd momentum moments  
… with an assumption on   

Two approaches

Numerically challenging  
(sometimes an overkill).

Full information on the  
phase-space distribution. 

1st Method: 2nd Method:

Finite range of validity. 
No information on underlying  
phase-space distribution. 

See also van den Aarssen,  Bringmann 
& Goedecke,  PRD ’12



1st Method



➡ In dimensionless DM density                    and temperature                      :  
 
 
 
 
 
 
 
 
 
 
    
        with 
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1st Method — momentum moments of BE

 0th moment:  

2nd moment: 

functions of x = m/TSM

+ update to  
semi-relativistic



➡ In dimensionless DM density                    and temperature                      :  
 
 
 
 
 
 
 
 
 
 
    
        with 
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              and to close the equations we need an assumption on 
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 0th moment:  

2nd moment: 

p2 weighted

1st Method — momentum moments of BE

Y ⌘ n�/s

functions of x = m/TSM

+ update to  
semi-relativistic



Now close the system by a  
(more general) assumption:

⟵ motivated if strong self-scattering

f� =
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production and annihilation averaged   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Elastic scatterings

For brevity, less 
relevant terms left out  

or more precise 

f�

Annihilation feedback 

1st Method — momentum moments of BE



2nd Method
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Discretize                

q !
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i

➡ Rewrite BE in                        and      

➡ Discretize                and impose boundary conditions at            and         
 
 
 
 
 

• N ~1000 fixed steps in q 
• Dynamically adjusted steps in x 
• Boundary conditions:  

@ qmin: forward derivates 
@ qmax: zero out-flow

➡ Transformed the partial integro differential 
equation into N coupled ODEs !

fi ⌘ f�(x, qi) ! f�(x, q)

2nd Method — full phase space solution

d

dx
fi =

m3
�

H̃x4

1

2⇡2

N�1X

j=1

�qj
2

h j+1X

k=j

q2k hvMøl��̄�!f̄f i✓i,k (f
eq
i f eq

k �fifk)
i

+
�(x)

2H̃x


xq,i@

2
qfi +

✓
qi+

2xq,i

qi
+

qi
xq,i

◆
@qfi + 3fi

�

+ g̃
qi
x
@qfi

q
max

qminq ! qi

x ⌘ m�/T q ⌘ p/T



DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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DM phase-space evolution during freeze-out
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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An example of a very non-trivial evolution of f(x,q)
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An example of a very non-trivial evolution of f(x,q)
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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An example of a very non-trivial evolution of f(x,q)
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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An example of a very non-trivial evolution of f(x,q)

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=10.0, Y = 2.9e-06

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=10.7, Y = 1.6e-06

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=12.3, Y = 4.0e-07

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=14.6, Y = 5.4e-08

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=15.9, Y = 1.8e-08

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=17.3, Y = 6.5e-09

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=18.5, Y = 3.4e-09

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=19.7, Y = 2.1e-09

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=20.8, Y = 1.6e-09

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=22.4, Y = 1.2e-09

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=28.0, Y = 6.1e-10

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=41.7, Y = 2.5e-10

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=73.9, Y = 8.6e-11

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=135.4, Y = 3.0e-11

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=184.5, Y = 1.9e-11

0 10 20 30 40 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Full solution (red)

Maxwell Boltzmann Distr.

x=p/T

At x=238.2, Y = 1.3e-11

q=p/T  ‘momentum’



DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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An example of a very non-trivial evolution of f(x,q)
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DM phase-space evolution during freeze-out

Singlet Scalar: mS=62.5 GeV, ΩDMh2 = 0.1188
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An example of a very non-trivial evolution of f(x,q)
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Example: 
The Singlet Scalar model 



Extend SM with a Dark Scalar Singlet S coupled to the higgs:

The Singlet Scalar Model

LSS =
1

2
@µS@

µS � 1

2
µ2
SS

2 � 1

2
�SS

2H†H

(mh = 125.1GeV)

Essentially a two-parameter model

 
 

… with a surviving region around
mS  ~ 55  to 65 GeV

h�vreli2 ⌘
g2
�

3Tm
�

n2
�

Z
d3p

(2⇡)3

Z
d3p̃

(2⇡)3
p2vrel�

�̄�!X̄X

f(E)f(Ẽ) (1)

where the equilibrium number density in the nonrelativistic regime is neq
�

= m3
�

g
�

K2(x)/(2⇡
2x).

With these one can show that as long as the Assumption is made or Yeq ⌧ Y , the second moment of the
Boltzmann equation can be written as:

y0

y
= �Y 0

Y

✓
1� h�vreli2
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�
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1� x

3
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, (2)

with

c(T ) =
1

12(2⇡)3m4
�

T

X

X

Z
dk k5!�1 g±

�
1⌥ g±

� Z 0

�4k2

(�t)
1

8k4
|Mel|2 . (3)

To summarize we get coupled equations:

Y 0

Y
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The Lagrangian contains kinetic terms and a cross-coupling to the standard model Higgs field,

L
S

=
1

2
@
µ

S@µS � 1

2
µ2
S

S2 � 1

2
�
s

S2|H|2 . (6)

After electroweak symmetry breaking, the S boson mass receives contributions from both terms, giving

m
s

=

r
µ2
S

+
1

2
�
s

v20 , (7)

where v0 = 246.2 GeV. We adopt Higgs mass and width to be m
h

= 125.09GeV and �vis = 4.21MeV.
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s) , (8)
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)
. (9)

• For m
s

< m
h

/2, the width in the propagator D
h

(s) must be increased by the invisible contribution �inv

due to h ! SS:

�inv =
�2
s
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�
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, (10)

• For m
s

> m
h

, eq. (8) must be supplemented by the extra contribution from SS ! hh (corrected sign
w.r.t. [?], as pointed out by P. Gondolo):
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where v
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Why this Model ?

ScatteringAnnihilation

�S

S S

SM SM

�S

S

S SM

SM

non-resonant

 a DM scenario with expected Early Kinetic Decoupling  

➡ No crossing symmetry: large annihilation & weak scattering x-section

➡ Hierarchical Yukawa couplings                 :  
Strongest coupling to Boltzmann suppressed quarks

resonant

vs



QCD=A
QCD=B

ΔY =0.1Yeq

Δy =0.1 yeq
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Decoupling temperatures — Chemical & Kinetic 

 Kinetic decoupling around chemical freeze-out !
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QCD phase-transition scenarios (dashed vs solid line)
QCD-A: All quarks are free and present in the plasma down to Tc =154 MeV 
QCD-B: Only light quarks (u,d,s) available for scattering and only down to 4Tc
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coupled BEs, QCD=A
coupled BEs, QCD=B

full BE
coupled BEs, non-rel
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Effect on the DM relic abundance 

Significantly effects the relic abundance 

Relative Change in relic density: 

Up to factor ~10 effect!  
in the Singlet Scalar model

⌦�

⌦std

⌦
�
/⌦

st
d

    

1
0.5

5

mS [GeV]

10

Coupled BEs (infinite self-scattering )  /  Full BE (zero self-scattering)

50 65



Gondolo &Gelmini
coupled BEs
full BE

mS=45 GeV
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mDM = 45 GeV — away from resonance
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Standard formalism ( = Gondolo & Gelmini) works excellent 
      DM chemical freeze-out (             ) before kinetic decoupling (              ) x ⇡ 150x ⇡ 25
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Resonant Annihilation most effective among high momenta particles  
      DM goes through a “cooling” phase and annihilation quickly loose efficiency 

Early kinetic decoupling
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mDM = 57 GeV — close to the resonance
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mS=62.5 GeV
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Resonant annihilation very effective among low momenta particles 
             DM goes through a”heating” phase and a prolonged annihilation phase
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Even earlier kinetic decoupling

mDM = 62.5 GeV — on resonance

co-moving  
number density

 
dark matter 

“temperature”

y ⌘ m�T�

s2/3

Y ⌘ n�/s



Summary



Summary

➡ Early kinetic decoupling can impact DM abundances  
— a case not handled within standard relic density codes  

➡ Two methods explored: 
 
 
 
 

➡ Up to an order of magnitude impact on DM relic abundance            
in the Scalar singlet model

Kinetic decoupling during chemical freeze-out …

… an exception to lookout for

1) Coupled system of 0th and 2nd moments of Boltzmann Eq.  
— good accuracy under given assumptions 

2) Numerical solver of the phase-space Boltzmann Eq.  
— handles also non-trivial phase-space distributions
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Impact on model parameters

Gondolo &Gelmini
full BE

coupled BEs, QCD=B
coupled BEs, QCD=A
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Significant modification of the correct relic density contour in the Scalar Singlet DM model

larger coupling required            Increased signal in e.g. Direct Detection 
experiments
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Up to a factor ~2  
effect on couplings


