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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4t /8⇡

2 (right). The grey shadings cover values of the RG scale above the
Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/

p
8⇡.
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・The SM is consistent so far.
mh ' 125GeV・Higgs boson

LHC experiment

crosses zero, or touches zero,�

SM is valid up to very high energy scale?

EW vacuum
is meta-stable.

around Planck scale

depending on top mass.
(Critical )
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What does this imply?

・The SM is consistent so far.
mh ' 125GeV・Higgs boson

LHC experiment

crosses zero, or touches zero.�

SM is valid up to very high energy scale?

Asymptotic scale invariance Higgs inflation
Stability 

EW vacuum
is meta-stable.

around Planck scale
(Critical )
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Scale Anomaly and Effective Potential

In the SM of particle physics sector,

Invariance under 

SI is broken by the negative Higgs mass term.

: Mass dimension
of dynamical fields �

d�

Scale invariant for                  .

Explicit mass scale breaks SI :

(approximately)

�(x) ! �

d��(x)
x

µ ! �

�1
x

µ

If you want,
: dynamical

but is NOT crucial here.

V = �µ2
EW

2
h2 +

�

4
h4

h � µEW µEW / �



�h4

4

Dimensional regularization                          n = 4� 2"

µ
2"

1�" ⇥ �h4

4

Scale Anomaly and Effective Potential

SI is anomalous with regularization/renormalization NOT respecting the symmetry. 

An explicit mass scale is introduced for the divergence and defines coupling “constants”.



One-loop (CW) correction
to Higgs potential

�V ⇠ (�1)Fm4 ln
m2

µ2

Breaks the scale invariance

�h4

4

Dimensional regularization                          n = 4� 2"

µ
2"

1�" ⇥ �h4

4
An explicit mass scale is introduced for the divergence and defines coupling “constants”.

Scale Anomaly and Effective Potential

SI is anomalous with regularization/renormalization NOT respecting the symmetry. 
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Scale Anomaly and Effective Potential

Effective potential



Effective potential
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Our vacuum is
NOT the global minimum

Scale Anomaly and Effective Potential

B < 0



Ve↵ =
h4

4

"
�+

B

2
ln

h2

µ2
+

B0

8

✓
ln

h2

µ2

◆2

+ · · ·
#

Effective potential

h

�e↵
⌘ �e↵(h)

4
h4
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h ⇠ Planck
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if mt = 171GeV

“ Critical ”



Asymptotic Scale Invariance and Stability
Extended to      -dim.
differently from the above.

n
�h4

4
!

2"
1�" ⇥ �h4

4 A different theory

!2 = µ2 + ↵h2

Field-dependent



Extended to      -dim.
differently from the above.
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Explicit mass scale becomes
negligible ( SI is restored )
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Extended to      -dim.
differently from the above.
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4 A different theory

Explicit mass scale becomes
negligible ( SI is restored )

Asymptotic Scale Invariance

h � µ?

Asymptotic Scale Invariance and Stability

for Pawel Olszewskiʼs talk (Tuesday)
about formal aspects of quantum scale invariance

Some Cosmological Implications
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�aSI
e↵ (h) = �+

B

2
ln

h2

µ2(1 + h2/µ2
?)

+ · · · �e↵(µ?) > 0

hh?µ?

�e↵(µ?)

Stops “running” at 
h ⇠ µ?

�aSI
e↵

If µ? < h?

EW vacuum is 
global minimum

Asymptotic Scale Invariance and Stability
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Couplings run as energy scale of scattering increases.
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: Non-renormalizable !
2"

1�" ⇥ �h4
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Non-polynomial operators
are needed for renormalization 

!2 / µ2
? + h2

Asymptotic Scale Invariance and Stability
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: Non-renormalizable !
2"

1�" ⇥ �h4

4

Non-polynomial operators
are needed for renormalization 

!2 / µ2
? + h2

Asymptotically SI

h � µ?

Asymptotic Scale Invariance and Stability

!
2"

1�" ⇥ h4+2k

(µ2
? + h2)k

(k � 1)

Both of regularization and renormalization
respect the approximate scale invariance for              .  



Up to which energy scale
is this effective theory valid?

: Non-renormalizable !
2"

1�" ⇥ �h4

4

!2 / µ2
? + h2

Asymptotic Scale Invariance and Stability

Non-polynomial operators
are needed for renormalization 

Asymptotically SI
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New physics 

Tree unitarity violation

MN ⇠ E4�N

at most

-particle amplitudeN

Unitarity bound 

⇤ ⇠
p

µ2
? + h2

Non-polynomial operators required
h4+2k

(µ2
? + h2)k

at

Strong coupling
or

J.M.Cornwall, D.N.Levin, G.Tiktopoulos (1974)

Asymptotic Scale Invariance and Stability



Non-polynomial operators required
h4+2k

(µ2
? + h2)k

⇤ ⇠
p

µ2
? + h2

h

µ?

µ?v = 246GeV

EW

v ⌧ µ?

: Field-dependent 

EW

Asymptotic Scale Invariance and Stability



Non-polynomial operators required
h4+2k

(µ2
? + h2)k

⇤ ⇠
p

µ2
? + h2

h

⇠ h

µ?

µ?v = 246GeV

EW

v ⌧ µ?

: Field-dependent 

⇤ > mt =
ytp
2
h

The largest mass scale in the loops 

Perturbative computation of 
the effective potential is justified.EW

Asymptotic Scale Invariance and Stability

SI regime



Asymptotic Scale Invariance
can actually stabilize our EW vacuum.
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58 Planck Collaboration: Constraints on inflation

Table 17. Minimum-�2 g⇤ values for quadrupolar modulation, determined from the Commander, NILC, SEVEM, and SMICA
foreground-cleaned maps. Also given are p-values, defined as the fraction of simulations with larger |g⇤| than the data. These results
demonstrate that the data are consistent with cosmic variance in statistically isotropic skies.

Commander NILC SEVEM SMICA

q g⇤ p-value [%] g⇤ p-value [%] g⇤ p-value [%] g⇤ p-value [%]

�2 . . . �7.39 ⇥ 10�5 79.2 �7.66 ⇥ 10�5 79.8 �7.43 ⇥ 10�5 80.6 �7.52 ⇥ 10�5 80.2
�1 . . . 5.99 ⇥ 10�3 97.3 6.65 ⇥ 10�3 95.8 6.27 ⇥ 10�3 97.2 6.22 ⇥ 10�3 96.9

0 . . . �2.79 ⇥ 10�2 12.5 �2.38 ⇥ 10�2 26.9 �2.56 ⇥ 10�2 20.7 �2.56 ⇥ 10�2 20.0
1 . . . �2.15 ⇥ 10�2 8.2 �1.79 ⇥ 10�2 23.7 �1.93 ⇥ 10�2 17.8 �1.93 ⇥ 10�2 16.7
2 . . . �1.28 ⇥ 10�2 9.7 �1.07 ⇥ 10�2 23.7 �1.13 ⇥ 10�2 20.4 �1.15 ⇥ 10�2 18.1

Fig. 55. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
its cross-correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary
models. Note that the marginalized joint 68 % and 95 % CL regions have been obtained by assuming dns/d ln k = 0.

TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with ln B = 3.8,
which improves on the ln B = 2 result obtained from the Planck
data alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding
BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 18 for the ��2 and the Bayes factors of in-
flationary models with the same two cases of post-inflationary

evolution studied in Sect. 6. Note, however, that the ��2 are
computed with respect to the best fit of baseline + tensors, unlike
in Table 7.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cutoff studied in
Sect. 4.4 with tensor perturbations included and the standard ten-
sor tilt (i.e., nt = �r/8). Allowing tensors does not significantly
degrade the ��2 improvement found in Sect. 4.4 for Planck
TT+lowP with a best fit at r ⇡ 0. When the BKP likelihood is
combined, we obtain ��2 = �4 with respect to the base ⇤CDM
model with a best fit at r ⇡ 0.04. However, since this model
contains 3 additional parameters, it is not preferred over base
⇤CDM.
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Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding
BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 18 for the ��2 and the Bayes factors of in-
flationary models with the same two cases of post-inflationary

evolution studied in Sect. 6. Note, however, that the ��2 are
computed with respect to the best fit of baseline + tensors, unlike
in Table 7.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cutoff studied in
Sect. 4.4 with tensor perturbations included and the standard ten-
sor tilt (i.e., nt = �r/8). Allowing tensors does not significantly
degrade the ��2 improvement found in Sect. 4.4 for Planck
TT+lowP with a best fit at r ⇡ 0. When the BKP likelihood is
combined, we obtain ��2 = �4 with respect to the base ⇤CDM
model with a best fit at r ⇡ 0.04. However, since this model
contains 3 additional parameters, it is not preferred over base
⇤CDM.
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As ' 2.2⇥ 10�9
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Asymptotic Scale Invariance and Higgs Inflation

stops running
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ü Perturbative computation of effective potential is justified.

⇤ > mt ( the largest mass scale in the loops )

ü Generation of inflaton (Higgs) fluctuation is also computable.

during Higgs inflation

Asymptotic Scale Invariance and Higgs Inflation

⇤ > H > kfluc



(  Inflationary observable )

ü Perturbative computation of effective potential is justified.

⇤ > mt ( the largest mass scale in the loops )

?? Reheating temperature becomes very high.

( zero mode vanishes after thermalization )

Thermal history after inflation

Trh > ⇤|h=0 = µ?

cannot be discussed.

1, Theory above     ?⇤

2, When                  ?Trh < ⇤

Asymptotic Scale Invariance and Higgs Inflation

ü Generation of inflaton (Higgs) fluctuation is also computable.

during Higgs inflation⇤ > H > kfluc
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4t /8⇡

2 (right). The grey shadings cover values of the RG scale above the
Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/

p
8⇡.
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Summary

Asymptotic Scale Invariance
can be responsible for our EW vacuum stability.

Perturbative computation of the effective potential is valid
because tree-unitary violation scale     is larger than any others.⇤

Then, Higgs inflation is also possible.
for the non-critical case. Theory above     ?⇤Trh > ⇤

for the critical case. The theory below     is enough.Trh < ⇤ ⇤
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Table 17. Minimum-�2 g⇤ values for quadrupolar modulation, determined from the Commander, NILC, SEVEM, and SMICA
foreground-cleaned maps. Also given are p-values, defined as the fraction of simulations with larger |g⇤| than the data. These results
demonstrate that the data are consistent with cosmic variance in statistically isotropic skies.

Commander NILC SEVEM SMICA

q g⇤ p-value [%] g⇤ p-value [%] g⇤ p-value [%] g⇤ p-value [%]

�2 . . . �7.39 ⇥ 10�5 79.2 �7.66 ⇥ 10�5 79.8 �7.43 ⇥ 10�5 80.6 �7.52 ⇥ 10�5 80.2
�1 . . . 5.99 ⇥ 10�3 97.3 6.65 ⇥ 10�3 95.8 6.27 ⇥ 10�3 97.2 6.22 ⇥ 10�3 96.9

0 . . . �2.79 ⇥ 10�2 12.5 �2.38 ⇥ 10�2 26.9 �2.56 ⇥ 10�2 20.7 �2.56 ⇥ 10�2 20.0
1 . . . �2.15 ⇥ 10�2 8.2 �1.79 ⇥ 10�2 23.7 �1.93 ⇥ 10�2 17.8 �1.93 ⇥ 10�2 16.7
2 . . . �1.28 ⇥ 10�2 9.7 �1.07 ⇥ 10�2 23.7 �1.13 ⇥ 10�2 20.4 �1.15 ⇥ 10�2 18.1

Fig. 55. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
its cross-correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary
models. Note that the marginalized joint 68 % and 95 % CL regions have been obtained by assuming dns/d ln k = 0.

TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with ln B = 3.8,
which improves on the ln B = 2 result obtained from the Planck
data alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding
BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 18 for the ��2 and the Bayes factors of in-
flationary models with the same two cases of post-inflationary

evolution studied in Sect. 6. Note, however, that the ��2 are
computed with respect to the best fit of baseline + tensors, unlike
in Table 7.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cutoff studied in
Sect. 4.4 with tensor perturbations included and the standard ten-
sor tilt (i.e., nt = �r/8). Allowing tensors does not significantly
degrade the ��2 improvement found in Sect. 4.4 for Planck
TT+lowP with a best fit at r ⇡ 0. When the BKP likelihood is
combined, we obtain ��2 = �4 with respect to the base ⇤CDM
model with a best fit at r ⇡ 0.04. However, since this model
contains 3 additional parameters, it is not preferred over base
⇤CDM.
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