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rigorously determining resonances S (publened 16 Apt 2016)

The vast majority of hadrons observed in nature are not stable under the strong interaction; rather
they are resonances whose existence is deduced from enhancements in the energy dependence of
scattering amplitudes. The study of hadron resonances offers a window into the workings of quantum
chromodynamics (QCD) in the low-energy nonperturbative region, and in addition many probes of
the limits of the electroweak sector of the standard model consider processes which feature hadron
resonances. From a theoretical standpoint, this is a challenging field: the same dynamics that binds
quarks and gluons into hadron resonances also controls their decay into lighter hadrons, so a complete
approach to QCD is required. Presently, lattice QCD is the only available tool that provides the
required nonperturbative evaluation of hadron observables. This article reviews progress in the study
of few-hadron reactions in which resonances and bound states appear using lattice QCD techniques.
The leading approach is described that takes advantage of the periodic finite spatial volume used
in lattice QCD calculations to extract scattering amplitudes from the discrete spectrum of QCD
eigenstates in a box. An explanation is given of how from explicit lattice QCD calculations one can
rigorously garner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are discussed along
with the steps being taken to resolve them.

DOL: 10.1103/RevModPhys.90.025001
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producing meson resonances

some exam ple processes:

peripheral meson
hadroproduction

B,D,

e.g. LHCb

heavy flavour decays

p—O—N
e.g. COMPASS

two photon fusion e*e” annihilation

o
e.g. BES Il
o
e.g. Belle
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peripheral meson
photoproduction

e.g. GlueX

central production

,K,p

pp annihilation

=

e.g. Crystal Barrel

e.g. WA102

many decades of accumulated data ...
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‘straightforward’ coupled-channel resonances 4

same ‘bump’ appears in multiple different processes

ir
o T g o
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M | | |
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‘straightforward’ coupled-channel resonances 5

a2(1320) same ‘bump’ appears in multiple different processes ...

5 n iy
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R
O

5 ... due to same a; resonance

pdg summary entry
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M% Full width ' = 107 :I: 5 MeV

14 15 F/gev a(1320) DECAY MODES Fraction (I';/T)
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mPb —mwpPb COMPASS [ (145 £12)% |
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T — KK p CERN SPS 7 (958)7 (55 £0.9)x1073
nty ( 2.9140.27) x 10~3
vy (94i07)x106
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the experimental excited meson spectrum

pdg meson listings
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hadron spectroscopy 7

2S+1€J Jrc light mesons charmonium

the canonical view of the meson spectrum

provided by the ¢q constituent quark model 'S 0~ T, n,n Me
3Sl 1= P, W, Qb J/w
1P1 1T bl, h1 e
3PO,1,2 (07172)++ G,J,fj XeJd
D, 2- T2, 12 ?

3D1,2,3 (17273)__ Py P3, W, W3 ... W

gets the gross features of the spectrum right ...

but treats excited hadrons as essentially stable
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hadron spectroscopy 8

. . 25+1f] JFPC
the canonical view of the meson spectrum -

provided by the ¢g constituent quark model 'S 0~ T, n,n e
3Sl 1= P, W, ¢ J/¢
1P1 1T by, h1 P
3[)0,1,2 (07 172)++ aJafJ XedJ
Dy 2-+ T2, 12 ?

31)172,3 (17273)__ Py P3,W, W3 ... ¢/
gets the gross features of the spectrum right ...

but treats excited hadrons as essentially stable

is there more than this ?
why doesn’t QCD have meson states where the gluonic field is ‘active’ ?

glueballs = states where quarks are not required

hybrids = states where quark colour neutralized by gluonic field

lattice QCD can be used to study such speculations rigorously ...

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefferson Lab
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hadron spectroscopy — ‘rigorously’ 9

want to study excited hadrons as they really are — rapidly decaying resonances

same dynamics that binds them also causes their decay

we need to compute scattering amplitudes and see if they resonate

start with the simplest case: elastic scattering ...
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OFfiomas Jefferson National Accelerator Facility




elastic partial-waves & unitarity

10

7\
n ( ) n elastic scattering amplitude
n n can be expanded in partial-waves
\/
do 2
1 & t(E, cosb)]|

conservation of probability
a.k.a elastic unitarity

can parameterise elastic scattering
in terms of a single real parameter

WILLIAM & MARY

meson resonances in lattice QCD | May 2018 | HMI TCD

t(E,cos6) = > (204 1)[ty(F)|P(cosB)
o

partial-wave
amplitude

resonances appear in ¢ 0 1 2
a single partial-wave JP ot 17 2t

Imt,(E) = p(E)|te(E)|”

‘phase-space’ p(F) = Y

c.m. momentum k(E) = 1/ E2 — 4m?

_ L e (E) ginl§,(E

‘phase-shift’

Jefferson National Accelerator Facility



the simplest case: mrt elastic scattering 11
extract from charged pion beams on nucleon targets
~ it partial-waves
( n}mmj 9 ::> — project Pe(cos 6)
’77’[
\—N
on-shell m exchange
L p N — extrapolate to t = -mx?
isospin=0 isospin=1 isospin=2
e — — e TS T O g—TT T T
byey " J(v] (a)
360 o vvw? -10°- N
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Lot A
ml ..... x  _ Protopopescu R A N -30° -
: | WXYW{W | ol ——+ :(b:) ]
2225" %AJ:(' I 1 ~ o
gm} 4 QSP:::.T";
% o i o (c) -
135 - ob ~ ¢ '—IQ
o Caier 33? ______ _ ) m-afL -
L gl iﬁ@@tso ‘ T i+ 'W |.o-: SR
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the simplest case: nt elastic scattering 12

isospin=0 isospin=1 isospin=2
— — ™3 " o° T T T T
3 bo Ve J(,
360 on vvq?'” " el el (a) .
Z (B: This experiment ++¢70 1 "’ D
- 2 g (different analyses) ¢?6¢°¢¢9 1 -20° \ _
Yv °
B e SPT A —— § 3 N
: o™ | o )
225 vid - . o 0 (b)
g " g:? ok 1 [Z9) .
5 o ' l | A
- i.; O+ (¢) —
135 - ok N @ ’—k'
L X 833? w-afl— .
o aigeerdte o o T ————+—
l orzepth §v§ iﬁﬁ% 10 F .
4« FORRY e® (d)
L, 08} -
500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 0 6 8 10 12 14 16 Gev 18 o;l o|_3 | '.12 1
M MeVic? T Mass (GeV)
a first target: can a first-principles QCD calculation lead to this kind of behaviour ?
a next target: can we understand these behaviours in terms of resonances ?
an ultimate target: can we understand the quark-gluon make-up of these resonances ?
WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD %%QnﬂatikgAQeleratorFacimy




lattice QCD 13

I’m going to assume you’re familiar with the basic idea:

discretize the QCD action in Euclidean space-time i.e. Py My xe[U] s
integrate out the quark fields
sample gauge field configurations according to a probability det M|U] e 51U

parameters:
— lattice spacing (just assume fine here)

— lattice volume (very important here!)
— quark masses (might not take physical values)

evaluate correlation functions on each configuration in the ensemble

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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energy eigenstates of the QCD Hamiltonian ? 14

embedded within two-point correlation functions  C;;(t) = (0|0, (¢) O}(O)]O}

e.g. we expect the pion to be a QCD eigenstate with E = my (in the rest frame)

compute C;;(t) = (0]|O;(t -\O>

operator with pion quantum numbers
( color singlet, isospin=1, JP=0-)
constructed from quark, gluon fields

O;(t) = et 0;(0) e

1 = Z n)(n

=" e B (0]0,(0)|n) (n]OF (0)[0)

n lowest energy elgenstate will be the pion

examine the time-dependence of the correlation function ...

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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computing the pion mass 5

e.g. compute C;;(t) = <O\O ;(O)\O> with O(t) = ZX eP ™ Tyt V" dyt

averaged over gauge-field configurations

propagator Q = M ™!
Uyeryy My, xt[U] i

requires evaluation of  tr |:Q§r%)xt i th,yo Y }

Q(“)
Q(d)
correlation function effective mass plot
N 3 1, O+
= . 5t T o) T
O ; :
LT(JDQ) EE 005+r nn
EEEEE . notice, nota
R E T T e L LI T EIRISTILN] purer plom it e 20
mﬂ' oo4t  FEmamaooo INmppEOOOOOOngmpg .
. . 003+
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 4'ot
C(t) = Woe Fot .
relatively straightforward to determine the ‘ground-state’ mass ...

Jefg?on Lab
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energy eigenstates of the QCD Hamiltonian ? 16

what about ‘excited’ eigenstates ?

they’re present in the sum: Cy;(t) =) e " (0|0;(0)|n) (n|O1(0)]0)

but why did we assume a discrete spectrum of states ? 1= [n)(n]

for scattering, the spectrum should be continuous !

in fact the assumption of a discrete spectrum is correct ...

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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scattering 17

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z solve the Schrodinger equation
interacting through a finite-range potential V(z) 1 2y
3T V(2)Y(2) = Ey(z)

V(z)
A

> Z

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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scattering

18

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z
interacting through a finite-range potential V(z)

V(z)
A

> Z

solve the Schrodinger equation

scattering
continuum

bound
states

(|z] > R) ~ cos (plz| +6(p))

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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scattering

19

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z
interacting through a finite-range potential V(z)

V(z)
A

> Z

solve the Schrodinger equation

scattering
continuum

bound
states

continuous
momentum

(|2 > R) ~ cos (]| + 3(p))

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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scattering

20
most easily illustrated considering one-dimensional quantum mechanics
imagine two identical bosons separated by a distance z solve the Schrodinger equation
interacting through a finite-range potential V(z) 1 a2y
3T V(2)Y(2) = Ey(z)
V(z) E E
A A A
scattering > resonance
continuum
’Z ............................................
bound
states
0(J2| > R) ~ cos (p]z] +[3(p])
phase-shift
A
: E

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Jefg?son Lab
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scattering

21

U(12] > R) ~ cos (p]2| +[o))

phase-shift
e.g.
O(E) O(E)
A A
/; E ~\’ E
‘weak’ attraction ‘weak’ repulsion
WILLIAM & MARY

resonance

meson resonances in lattice QCD | May 2018 | HMI TCD

generally, consider
S-matrix

’in> =5 ’out>

elastic scattering
S(E) . 621’5(]5?)

Jefferson Lab

omas Jefferson National Accelerator Facility



‘scattering’ in a finite-volume 22

now put the system in a ‘box’ — periodic boundary condition at z = +L/2

¢(L/2) _ w(_L/Q) momentum quantization condition
¥(|z] > R) ~cos (plz] +4(p)) i) i) 27 25( )
—(L/)2) = == (~L/2 p == 70p
(L/2) = - (-L/2) 1" 1
V(z) E
A A discrete
: spectrum
, z b
-L/2 L/2
WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD ogonaﬁla.aml?celeramFac,my




3+1 dim quantum field theory result 23

for elastic scattering in a cube the corresponding relationship is cot §,(F) = Mg(E(L), L) in the simplest case of

a single partial wave
Liischer 1986 being non-zero

will present some

many subsequent works complications later ...

see the RMP for a complete list

cot 6¢(E) =|M,(E(L), L)‘
v

known function expressing the
‘kinematics’ of the finite-volume

e.g. ./\/lo

20}
15F
10
51
0

2T

0.5 1.0 1.5 20 25 30 35 4. 45

Sk
10

15k

N
5
~

~_

[\]

20k

T = - —o4— — - — — — — — —
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no interaction 24

scattering particles m = 300 MeV

16001 N )
\\\ \\\\ \\\\ \\\\ \\\\. Eni — 2\/m2 _|_ p2 p _ fﬂ-n
1400 = \\\\\ \\\\\\ \\\\\\\ \\\\\ n— 002
1200 . \\\\\\ \\\\\~\~ \NN\. n— 111
1000 |- e T n = [011]
sob T n = [001
600 o EE T e e e e e e e mmm—— n = OOO
15 20 25 30 35 40
L /fm

cot6(E) = M(E(L),L) 6 —0, cotd —

NEERE
T
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no interaction — in a moving frame cot 5¢(E)
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o \\\ Sso \\ SO N \\\ ~ ~¢
~ \\ N~~ (N \\\\ \~~ \\ -
p— S ~ ~ b \ ~ N ~ NN
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~ ~ N\ ~ ~ Sa v~
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weak attraction 26

1600
1400
1200
1000
800
600
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weak repulsion 27

E / MeV [OOO] AT
1600

1400
1200
1000
800
600

1600
1400
1200
1000
800
600
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an elastic resonance 28

note the avoided level crossings

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD g?son Lab
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elastic resonance 29
do
1600 ~1600
1400 -1400
o
1200 J1200
1000 1000 ||
800 4800 &
600 rIL | | | | | _I | | | ] ] | | | | " 600
15 20 25 30 35 40 15 20 25 30 35 40 Qugwo
1600 1600 -
e
1400 1400 & '§
1200 1200 T an
1000 1000 %
800 800 o
@)
600 600 k=
()}
1600 1600
1400 1400 o
1200 1200 &
1000 1000
-y
800 800 \/
600 600
m
> r(E) = - ZE(E)
or F

Jefg?son Lab

OFfiomas Jefferson National Accelerator Facility
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an elastic resonance — finite-volume mapping 30

[000] AT (110] A,
1600 1600
1400 1400
1200 1200
1000 1000
800 800
600

310 [0 ) S ————
L | | | | |
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an elastic resonance — finite-volume mapping 31

[000] A (110] A4
1600 1600
1400 1400
1200 1200
1000 1000
800 800
600 600
o v O
QN -

determining the moving-frame spectrum
provides much more information

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD Trers Lab
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job of lattice QCD: determine the discrete spectrum 32

we need to reliably determine excited state spectra in multiple volumes / in moving frames

spectrum information is in two-point correlation functions  (0|O;(t) ©;(0)|0) = Z 7z} 73 e bnt
n

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD g?son Lab
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two-point correlation functions & the excited spectrum 33

conceptually straightforward, consider a single correlation function
(0[0:(t) 0;(0)[0) = 37 27 73 e

provided the ‘overlaps’ Z! = (0|O;(0)|n) are non-zero, every state in the spectrum contributes

fit to a sum of exponentials ?

in practice fitting to a sum of exponentials is unreliable:

— overlaps for some states might be very small (operator dependent)

— don’t know how many states required in the sum

— (nearly) degenerate states can’t be distinguished by t-dependence alone
— limited number of timeslices & statistical noise

a more powerful approach makes use of a basis of operators & linear algebra ...

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD g?son Lab
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‘variational’ approach 34

try to build an ‘optimum’ operator for state n as a linear superposition in some basis of operators

Of = ZZ v; O Q10) = n) + ) em|m) with the em as small as possible
m#n

corresponding correlation function would be ~ (0|Q(t) Q1(0)[0) = e """ + Y~ |en|* e Fm?
m#n
and we want to minimize this, by varying the v;

(ol Qf)]0) =), v {0]0:(t) O(0)[0) v; =} . v} Cis(t) v,

2V

need to avoid the trivial minimum vi= 0 = constrain normalization ) v} Ci;(to) v; = N

,]

e.g. N=1
implement constraint via a Lagrange multiplier

= minimize A = Zz ; ’U%k Cz'j (t) v; — )\{Z _’U,Zk Cij (t0> vV — 1}

3V

which leads to a generalized eigenvalue problem for v
C(t)v=AC(ty) v
nth eigenvalue
An(t) ~ e”Prltmto)

WILLIAM & MARY meson resonances in lattice QCD | May 2018 | HMI TCD -gsj.g?son LEIlAb
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job of lattice QCD: determine the discrete spectrum 35

we need to reliably determine excited state spectra in multiple volumes / in moving frames
spectrum information is in two-point correlation functions  (0|O;(t) ©;(0)|0) = Zn AN AN

must be constructed

but what operators © should we consider ? out of quark/gluon fields

well motivated by

easiest constructions with meson quantum numbers — fermion bilinears Ty success of quark model

‘looks’ like a gg system

Wick
contractions

‘annihilation’
required for isospin=0

quark propagation from t to t
= matrix inversions on many t
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job of lattice QCD: determine the discrete spectrum 36

easiest constructions with meson quantum numbers — fermion bilinears Ty

but can also construct operators with more quark fields

e.g. ‘local’ tetraquark operators )y 1«1«

e.g. ‘meson-meson’-like operators » =~ X Tipy Y "IV by TVehy
x y

schematic ‘annihilation’
Wick C generally
contractions required

and can clearly include still more quark fields ad infinitum ...

... 15 there some organizing principle
which suggests what operator basis we should use ?
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the non-interacting spectrum as an operator basis guide 37

e.g. narrow resonance (in rest frame)

1600
1400
1200

1000
800 |- 001], [00-1]

002], [00-2]
[111], [1-1-1]

011], [0-1-1]

O00 [mmnmmenmsnmce oo - (000, (000]
1.5 20 25 30 35 40

suppose we want to determine all states up to 1500 MeV on a 3 fm lattice

we might try an operator basis featuring ‘meson-meson’-like operators
with back-to-back momentum up to [111]

plus a set of wlry operators
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isospin=1 T4~ irrep spectrum 38

variational analysis of 30x30 correlation matrix: 3xmm, 26x@ly, 1xKK

( )

210

I;
bl )

020 =

0.15 - (

T7001] 7[00 -1]

o

0.10 \ )

PRD92 094502 (2015)

mq= 0.039
mk=0.083
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... and in moving frames ... PRD92 094502 (2015) | 39

000] T 100] 4, 200] A,
0.22 02PN\ W 0.22 0.22 022} NN
N \\______\‘\_\___\_\?\_
0.20 0.20 0.20 0.20 0.20 -i\\ AR
0.18 0.18 0.18 0.18 018}
0.16} 0.16F \_ N\ 0.16 0.16 0.16F .
0.14 0.14 0.14 0141\ 014F Rh
— T
0.12 0.12F 0.12 0.12¢ 0.12\
= o E
0.10F 0.10 T~ 0.10 0.10 \ 0.10} - Zem
008k............. ,. 008k ............ ,. 008k ............ ,. 008k............. ,. 008k ............ ,.
24 32 40 24 32 40 24 32 40 24 32 40 24 32 40 L / s
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... giving a phase-shift PRD92 094502 (2015) | 40

180 F - - - — - & f o C el
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I50F B =00 +@ .
P =110 3
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~—
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30}
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