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scattering amplitudes are measured for real energies above threshold

ππ→ππ

ππ→KK
_

ππ→ηη

E

and we’ve seen that lattice calculations  
can lead to something similar 
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does it make sense to consider how the amplitude behaves ‘elsewhere’ 
— below threshold ? 
— for complex values of E ?

Re[E]

Im[E]

complex variable theory tells us that  
singularities (poles, cuts) 
control the behaviour of functions 

— what singularities can our amplitudes have ?

?

?

?
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the unitarity cut  93

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

Re[s]

Im[s]

e.g. elastic partial-wave case:

square root branch cut

function is discontinuous  
across the real axis

has an immediate consequence  
— the complex plane must be multi-sheeted

4m2
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Riemann sheet structure  94

Re[s]

Im[s]

4m2 ‘physical’ sheet

‘unphysical’ sheet

upper 
half-plane

lower 
half-plane

sheets can be characterised by the sign of Im[k]

physical sheet = sheet I  = Im[k] > 0

unphysical sheet = sheet II = Im[k] < 0
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scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

off the real axis, on the unphysical sheet Re[s]

Im[s]

4m2

(in complex conjugate pairs)

corresponds to a resonance

real energy axis, below threshold on unphysical sheet Re[s]

Im[s]

4m2

corresponds to a virtual bound-state
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scattering amplitudes can have pole singularities only in certain locations

not allowed: poles off the real axis 
   on the physical sheet

Re[s]

Im[s]

4m2

would violate causality
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a bound-state pole  97

famous example is the  
deuteron at NN threshold

Re[s]

Im[s]

will strongly enhance scattering at threshold
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Re[E]Im[E]

an isolated pole on the unphysical sheet will produce a bump on the real axis

— the classic resonance signature

close to the pole
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no nearby poles

ππ  i s o s p i n=2
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weak and repulsive interaction
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mπ~391 MeV
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ππ  i s o s p i n=1
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ππ  i s o s p i n=1
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mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0
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I’ll ‘justify’ this  
scatter later
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coupled-channels  103

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels
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coupled-channels  104

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −
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coupled-channels  105

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet IV sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

sheet I
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coupled-channels  106

Re[s]

Im[s]

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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a less obviously resonant amplitude  108
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pole position can be interpreted as mass and width
<latexit sha1_base64="e8/YyTjO6mjammJTMaQxF3eyb8M="></latexit>
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pole residue factorizes into a product of resonance couplings 
to the various decay channels
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as we’ve seen a single resonance can be responsible 
for poles on more than one sheet  

— often only one is close enough to physical scattering to have a large effect

near the complex pole, s0
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_

PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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_

PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

S -wave  amp l i t ude s
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_

PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

S -wave  amp l i t ude s po l e  s i n gu l a r i t i e s
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S -wave  amp l i t ude s  &  po l e s

summary, including spread over parameterizations in pole uncertainty
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mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0
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_
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S -wave  amp l i t ude s

similar calculation in isospin=1, G-parity negative channel

PRD  9 3  0 9 4 5 0 6  ( 2 0 1 6 )

looks very different to isospin=0 case shown before
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_
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masses similar widths a little different

but channel couplings quite similar ?
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main difference is the larger phase-space for ππ compared to πη

can explore the effect using the simple Flatté amplitude

Flatté denominator

has zeros at
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PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

D -wave  amp l i t ude s
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bumps are in the three channel region ⇒ 8 sheets !

won’t burden you with the sheet details here …
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PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

D -wave  amp l i t ude s
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D -wave  amp l i t ude s  &  po l e s
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Re[s]

Im[s]

4m2

a very simple-minded toy model illustrating a left-hand cut:

suppose there is a t-channel  
stable meson exchange
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S-wave 
partial-wave 
projection
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log branch cut from 4m2−M2

left-hand cuts are effect of  
scattering in crossed-channels

right-hand cut is due to unitarity
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left-hand cuts  125

Re[s]

Im[s]

4m2

more generally unitarity in the t-channel  
ensures there will be a left-hand cut in partial-wave amplitudes 

left-hand cuts are effect of  
scattering in crossed-channels

right-hand cut is due to unitarity



meson resonances in lattice QCD | May 2018 | HMI TCD

where left-hand cuts don’t matter  126

Re[s]

Im[s]

a narrow resonance (like the ρ)



meson resonances in lattice QCD | May 2018 | HMI TCD

where left-hand cuts don’t matter  127

Re[s]

Im[s]

a narrow resonance (like the ρ)

far from the LH cut

very close to the pole
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where left-hand cuts matter (maybe ?)  128

Re[s]

Im[s]

broad resonance (like the σ)

pole and cut are equally close !
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big scatter — no left-hand cut constraint  129

ππ  i s o s p i n=0

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )  
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