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bound states in mesonic systems:

D,,"(3217) : possibly cleanest example in meson systems
[Mohler, Lang, Leskovec, S.P., Woloshyn, PRL 2013, PRD 2014; RQCD PRD 2017; HSC, C. Thomas @ Lattice 2016]

charmonium-like X(3872) : very interesting, but why theoretically less clean than DsO
charmonium resonances (breifly)

Scattering of two particles with spin on the lattice
motivation
the relation to extract the scattering matrix from energies is known

construction of operators (interpolators)
by three different methods that give consistent results: reassuring

example: Nucleon-pion scattering in p-wave, JP=1/2*

lattice results and implications for the Roper resonance
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Clasification of hadron states

E | F hadronic decay strongly
resonances R

—

strong decay threshold: m;+m, T H_H,

} shallow bound can not decay strongly
states
-
states well

™ below threshold
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Shallow bound states of two mesons
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Q

Q

states well below
threshold

strongly decay:
resonances

a

candidates for
shallow bound st.
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Mesonic bound states in s-wave ? (analogues of deuterium)
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How to search for shallow s-wave bound state on the lattice?

Example: D.,"(2317) bound state in DK scattering, s-wave

To be shown on next slides:

. :
e extract scattering matrix, phase shift 6 f='.\fl ReE
Po=i Ipol

* bound state : pole in scattering matrix S or T for p=i |p|

: : 1 1
* signature: negative and largea,  pcoto= 4, p’+0(p*)
0

Sasa Prelovsek Scattering in LQCD 6



non-relativistic QM: spherical potential well with one bound state

w() =R =" -0

Ex-lE|[" r

vir)

"Vo

A singr Be™ 1

tan(«/Cz—lplzR)=—L
JC-1pP Ipl

_ . _ —IpIR
u(R)=AsingR=Be ltaan=—L—> 1p,1=02, p,=ilp,|
W'(R)=gAcosqR=-1plBe™™| 4 pl

momentum of the bound st.

q=\2u(Vo=1E) = \2uV,~1 pP

C%2=1.7? (to ensure one shallow bound st.)
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s-wave scattering on spherical potential well

N W /) _
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|p|=|pg|=0.2 : pole of T at the position of the bound st.

A singr B sin(pr+9,)

| 1
u(R) = A singR = B sin(pR +9,) } —tangR=-tan(pR+0,)

q
u'(R) = qA cosqR = kB cos(pR + 6,) P
0,(p) = arctan(—tan( pR)) — pR+nm
q

=2 E)=4>2 ? .
4 =20V, + E) =2V, + p S=eV 14T (p)  T(p)=——

\_'_’ cotd(p)—i

C2=1,72 (aS befor‘e) pole threshold
Vo .
@ = ———
P='| \pl ReE
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s-wave scattering on spherical potential well

0,(p) = arctan(gtan(pR)) - pR+nw
q

Taylor expanding

c

=

P COt(So(p) =

-C+Tan[C] ; 6

1/a,

Scattering length a,

3

q=\2uVy+p’ =\C*+p’

_ c? - 3 ) 2:0[p)
(C-Tan[C])2 C%?-CTan[C] : :

T
a, 2 ’

for general potential and general partial wave |

20+1

lim _tano,(p)x p™",

p**cotd,(p)=C+0(p*)

ao is large and negative
for shallow bound state
1 Landau: QM, p -> k Y(r)=R ()Y,
T i C Q1+ D) ,{ d\ sinkr o d \! cos kr
: T | memacoy @IEDU sk r (e
-1 k241 rdr r Q1= \rdr r
~2r I : '
kr >>1 : R1NMSin (kr_T_r_I.).F__.ci__cos (kr_ﬂ)
= rkl+1 2] r@i=-n 2
5 R;~const - —l—sin (kr—E-l-;- 8,)1
E 2
Y tgd =3 = & k2l
aqIi-DrEI+nt
Sasa Prelovsek Scattering in LQCD 9




D,, shallow bound state in DK scattering: 1=0, J°=0*

Mode Fraction T"; /T") = 600%- ]
I Dy 93.5 + 0.7)% g 500 - _ — A
I Df " (5.8 + 0.7)% S yof——================D*K
I'3 Dfete” (6.7+1.6)x 107 Ny r 1
= 300Eeese oo em—————————__=DK
& 200l - ]
= 200 I ]
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Ny 2 2+1 E ]
affm] 0.1239(13) 0.0907(13) E 100 — ]
L[fm] 1.98(2) 2.90(4) 200 e T o
results for this oD
m_ 266 MeV 156 MeV === N N A A
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Interpolators in A,;* of Oh: P, , =0 is simulated by our and Regensburg group
0% =75c
SV Cig (£) = (010: () 0}|0) = }_ Z], Zyje~ ™+
l l k
EYtyiViC c b
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07 = [vysu] (5= 0) [ayeyse] (5= 0) + {u — d} D . P
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ﬁ=:tem,y,z 21!'/L s KQ‘K
K 8 K 8

C evaluated using distillation method [Peardon et al.]
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2 L2
DSO*(2317) E=\/mz+p2 +\/m§+p2 pcoté(p)=mzoo(1,(§_ﬂ) )

0.28—7—5 T ' ' I Luscher 1991
L -IpBI i
lattice (m, _~156 MeV) Exp %‘ 0
] L i ]
: o 5 i
= © o2 %7 —
é 8 N _// _
L 1t 1 o R4
D(1)K(-1 . N
(DK(-1) |- 4+ -1500 -0.4 F=sqrt(-p) B
1r i " [ [H I S S A T R T 1
] EQ -0.1 0 0.1 0.2 0.3 0.4 0.5
o JL 1400 c_? p [GeVT]
. I 11
L] 1t . + PCOté(P)=—+_rop2
() () M 300 S a 2
S SR
200 a,=-133+020 fm 1,=0270.17 fin
O:sc O:sc pole
D. Mohler, C. Lang, L. Leskovec, S.P., R. Woloshyn: T o 1‘5 - =00, coté(pB) =i, pz=I1 [ Dy |
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Phys. Rev. Lett. 2013: m, =156 MeV, L=2.9 fm, Nf=2+1, PACSCS
mesonic bound st. established on lattice for the first time

1 1
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Spectrum of Ds mesons

m, =266 MeV, Nf=2, L=2 fm

m, =156 MeV, Nf=2+1, L=2.9 fm
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Lang, Leskovec, Mohler, S.P., Woloshyn: PRD 2014
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* Bali, Collins, Cox, Schafer (RQCD):
DSO (2317) 0% D%(2317) channel

PRD (2017) 074501
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D.,"(2317)

Bali, Collins, Cox, Schafer (RQCD):
PRD (2017) 074501

0% D*(2317) channel
0 T T I | I I [
1| m, = 156 MeVE,an et.al. = |
1L '-}-' mr 2150 M e |
= M/-i | 11
lg -1 M - 2 il pcoté(p)=a—+5r0p2
: p—}—c 0
8
Q,
-2 | 48 64 64 48 -
24 3240 64 64 40 32 24
—3l002 —21002 —ll()O?O 10I02 20102 30102 40102
p* [MeV?]
0" channel
mx = 290 MeV myx = 150 MeV Expt. m, =156 MeV
ao [fm] —1.13(0.04)(+0.05) —1.49(0.13)(—0.30) -1.33(20)
ro [fm] 0.08(0.03)(+0.08) 0.20(0.09)(+0.31) 0.27(17)
lpB| [MeV] 180(6)(0) 142(11)(—9)
Am [MeV] 40(3)(0) 26(4)(—3) 42.6(0.7)(2.0) 36 (17)
mp, [MeV] 2384(2)(-1) 2348(4)(+6) 2317.7(0.6)(2.0)
I ]
| ' J '
Sasa Prelovsek RQCD Scattering in LQCD Lang et al.
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DSO*(23 17) C. Thomas @ lattice 2016

location of extracted bound-state pole for various parametrizations

Various params.

ACN

Yie
ecel
":l -

g D K thresh.

slAAAlAAAJAAAIAAAlLAAlAAAlAAAlAat Spolc
0.416 0.418 0420 0422 0424 0426 0.428 0.430

Bound state, below DK threshold:

a,Am = 0.010 2 Am = 55 MeV
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X(3872), IF¢=1**, charmonium-like

First charmonium-like state discovered [Belle, PRL, 2003]

sits within 1 MeV of DODY%* threshold isospin breaking
8 MeV below D*D*- threshold effects my be

important

believed to have a large molecular D°D%" Fock component

[ <1.2 MeV

decays to I=0, 1 equally important -
Y quatly imp of X(3872)

X(3872) > J/Ww (I=0) 60
50
40
30

20
10

X(3872) > J/Wp (I=1)

e R . Nt
750 800

=)
|
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X(3872), 1*%, I1=0
©: ¢ c, DD*=(cu)(uc)+(cd)(dc), J/ypw=(cc)(uu+dd)

il D >

e -7 . .

al a2 b1 b2 * all Wick contractions
S I = TP el B T '

e ey e e ol ey e calculated using

a3 77 aa - by T s - o )

distillation method
et <\\\__ R S PPN R [Peardon et al. 2009]
a5 T a6 bs T b6
. < el |
g S S REEERS i * charm annihilation
- o ~ | S contractions not used in analysis
{ R4 <) i iD L
al : a.ll b9 b.10
x | <O cquark

/ﬁx %, < L u,d quarks
a1l T b1 C-> b.1<2‘ ’

< o

a.13 b.13

| Y J [S.P. and L. Leskovec,

Cer s Phys.Rev.Lett. 2013 ]
charm annihilation
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X(3872) below DD* threshold, =0

treated as decoupled

©:cc, DD, J/yow

lattice (m, _~266 MeV) Exp
3 4E d1100 —
D(1)D*(-1) g z3 1F : %
— —Ar — 1000 2
; = 1k : —
IpOw©) T E_________ Eld E g
DO)D*0) =~ * Jp===s¢==3800 &
5 X(3872) IF  X(3872) 3 o
- 4F 4700 t_
3 E|3 Jooo £
o arC . $
N dE X .
- - “ I EP
O:cc O:cc pole
DD* L—o
JAY o

[S.P., Leskovec: Phys. Rev. Lett. 2013]
m, =266 MeV, Nf=2
[Padmanath, Lang, S.P., PRD 2015]
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D,, (2317) in DK VS.

* very narrow: width not measured
e theoretically cleaner
* no Wick contraction omitted

* no other nearby threshold

* isospin breaking less relevant

* only s-wave contributes to JP=0*

D* KO
) } ~ 8 MeV
DO K+

~ 45 MeV

. e
D,,"(2317)

X(3872) in DD*

same

currently theoretically less clean -> more to be done
charm annihilation omitted

I=0 state in isospin limit:

J/W w (I=0) threshold at 3879 MeV, J/W it

J/W nun (I=0) threshold formally below X(3872)

isospin breaking more relevant (not considered on lat)

another threshold for broken 1
J/Wp (I=1) threshold 3873 MeV, J/W¥ nnt

s and d-wave in JP=1* ( d-wave not considered on lat)
evertheless; lattice result optained is believed to
e rather so?ldﬂ& has W|Jﬁ1 mucR less than MeV)

more work to be done

D*D*
less then ~ 8 MeV

YRVARE & @ DoD™
X(3872)
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charmonium

4. Y(43S4)
: Xc2(33P2)
[¥@zs0) | he3'P). X (3%P1)
4.2 - Xc0(33Po)
Y(2°Dv)
& 4 Y(3%S1)
Resonances I |
. . 8 EF Xc2(23P2)
.. in charmonium sector = hel2P:)
n L 23p
@ %6 T a0l
[Lang, Leskovec, Mohler, S.P., JHEP 2015] s M v'(25S)
[the physics conclusions from on-going study .6 ne’(21So)
on CLS ensembles with Regensburg group not finalized yet] ' Xc2(13P2)
he(1'P1) Xo1(13P1)
3.4 Xe0(1%Po)
3.2 |- predicted, discovered
Fig: Mitchell @ JIP(1881) predicted, undiscovered
Hadrons 2017 B
301 [nd's) | neredictd, dscover |
0-+ 1-—- 1+ O+ 1++ O++
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Resonances vs. bound states

for one channel scattering dominated by single partial wave |

1
cot d(E) — i

simplest E-dependence expected in a region
near a relatively narrow reson.

|

S(E) =¢e*E)  S(E)=1+2%T(E), T(E)=

Bound state (B): Resonance (R) (of Breit-Wigner type):
: EI(E) p2l+1
cot[8(Ex)] =i, E.<m,+m T(E)= T(E) = a2
: o m?—E* —i ET(E) (E)=9" "
Im[E]
Locations of poles of T(E) B exp Re[E]
for res. and bound st. @ H
ml+m?2 - R
threshold
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Resonance Y(3770) and bound st. Y(2S) from DD scattering in p-wave

7 (15)
©:ze,DD, =1 DD o —s J/$(15)
i Xco(1P)

— Xcl (]‘P)
2o he(1P)

cc
e |- Q +2 C Xe2(1P)

n:(25)

N N T y(28)

% 45 i 2My 4(3770)

NS A et

= = Xco(2P)wa
DD — ¢(3770) — DD a(2P)

X(3940)
1(4040)

. . . . . . X(4050)j:
Charm annihilation Wick contractions omitted X(4140)

(like in all charmonium-like lattice simulations) E’n, — 6(En) 1(4160)
X(4160)

First lattice simulation of a charmonium resonance above open-charm threshold X(4250)i

taking into account its strong decay 77b(3770> N DD

c quark

___________ u,d quarks

Lang, Leskovec, Mohler, S.P.,
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Resonance Y(3770) and bound st. Y(2S) from DD scattering in p-wave
E, — 6(E,) — p’coté(p)/v/s

4
VsT(s 1
g Ti(s) = m2 —s—i(\/)g T(s) coto(s) —i
. BW fit (i): R
2 3 3
g°p p°cotd(s) 6m o 9
I'(s)= -2 . _
(8) =&~ NE 924(103 p°)
c ey 3
. . .
fit (ii): includes bound st.: %cotél(s) — A+ Bp?+ Cpt
R : mg: zero, [ : slope near zero
B:cotd =i p=ilpl = p’cots = (ilp|)*i = |p|* > 0
m,=266 MeV
010_ TTTTTTT llll]llll]llll[l_Bwﬁt(i)
0,05 - it (i)
T 0,00 = i
[ -
©..0.051-
2 -0.10F
8 o151
[e N -
0.20(
025 il
-020 -0.10 0.00
Voo

¢(ZS) DD threshold
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s e ]
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3.7_ |’.'::::::::::::::_'
w
i P(2S)
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Lang, Leskovec, Mohler, S.P.,
1503.05363, JHEP 2015
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Resonance Y(3770) and bound st. Y(2S) from DD scattering in p-wave

m,_ =266 MeV m_ =156 MeV
39 — — . 39
38 : % % YG3770) | 38 BW resonance {(3770):
Tl L T ° '
........................... cerrririiinioioed mg (magenta diamonds)
37 37
R W X v w(zse) [ (given below)
3.6 —36
> 55 i ; A— 35  Bound state Y(2S) from pole in T:
g I PODO ‘2“3])0“‘9 mg (magetna triangles)

341 34

33 33

321 —32

L Thp
3.1 > > > > © —13.1
fit (i) fit (i1) fit (i) fit (i1)
e 2 .3

$(3770), it (i) |Massivev] | glnounit) [RROE
Lat (m =266 Mev) 3774 +6+10 19.7 +1.4 67 s
Lat (m =156 MeV) 3789 +68+10 28 + 21
Exp. 3773.15+£0.33 18.7+1.4 Lang, Leskovec, Mohler, S.P.,

Sasa Prelovsek Scattering in LQCD 1503.05363, JHEP 2015] 24



Lang, Leskovec, Mohler, S.P., JHEP 2015

Scalar charmonia from DD scattering in s-wave, J?¢=0**:
puzzles remain to be solved

DD scattering phase shift

E, — 0(E,) = pcotd/\/s

real also below threshold Lat: mn=266 MeV
| L R B R B B
Near simple BW resonance: 0.80F p cot "
0.60 S —
pcotd(s) 4,4 4 oD 2 B f i
———=—5r—p°), T'(s)=9"= < 0401 -
\/g 9 § 3 0.201- % 7]
At the bound state pole: < 0.00 - 3
: : . 020 B
p:@‘p‘ _>pCOt5: (Z’p’)’l: _|p| <O -0.40- I N I T [ B B
-06 -04 -02 0.0 02 04
p'[GeV’]
This curious shape seems to suggest narrow resonance and ‘l'

influence from the bound state pole at x,(1P)
E=3.4 GeV 2mp E=3.96 GeV
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Compatibility of
X*(3860) [Belle 2017] & lattice [Lang et al, 2015] °?

i peotd(s) 4, 5 o 2P
N — = — — y F = —
% :2; \/g 92 (pR p ) (S) g s
E E Hypothesis: one “narowish” resonance
Q 1:; - BW fit in vicinity of the resonance
[2]
g 105 - omitting the points away from it
> "
w 8: - does not describe our results near threshold
i T T T ] T T T 1
6 1.00; A ]
4 0.80- N\ .
2l » 0.60 N .
0E % 0.40j \\\ 7
8 0.20F B L
2 0.00 L *
26+40 1544 - K.
m=3862","" MeV I=201"2%° MeV 020 L.
-0.40 I I I N | R BT 2 2
06 04 -02 00 02 04 p*[GeV?]
e JPC=0** hypothesis favored over 2** at 2.5 ¢
m= 3966 + 20 MeV
e experimental paper compares with our lattice
o M ”
result and indicates compatibility at 2.7 o level =67 + 18 MeV pre-dicted
Chilikin et al, Belle, Lang, Leskovec, Mohler, S.P.,
1704.01872, PRD 2017 1503.05363, JHEP 2015, m = 266 MeV

{ J
I

agreement not ideal, but not completely incompatible

Sasa Prelovsek clearly more work neegledeatdeastan ab-inito theory side 26



Conclusions

* bound states in mesonic sector:
- corresponds to pole in T for p=i|p|, large and negative a0
- not many candidates
- D,,*(3217): getting mature on the lattice
- X(3872): rather solid lattice evidence, but currently less theoretically clean

* resonances in mesonic sector:
- very mature is several PP scattering channels: rut, niK
- studies barely started in others which are particularly interesting:
charmonium sector,...

Tomorrow: scattering of hadrons with spin
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Scattering of particles with spin

motivation
the relation to extract the scattering matrix from energies is known

construction of operators (interpolators)
by three different methods that give consistent results: reassuring

example: Nucleon-pion scattering in p-wave, JP=1/2*

lattice results and implications for the Roper resonance
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Current status
of hadron-hadron scattering from lattice

most detailed scattering results exist only for spin-less particles

it , Kit, KK, DK, Dm, ...

H®) H) : where one or both H carry spin was explored mostly only for L=0
many interesting channels still unexplored, particularly for L>0

only few simulations available for L>0 using Luscher-type method:

* NN scattering (L=0, L>0), CALLAT, Phys. Lett. B 2017

* Nmt scattering (L=1, I=1/2, Roper Channel), Lang, Leskovec, Padmanath, S.P., PRD 2017

* Nmt scattering (L=1, I=3/2, Delta Channel), Andersen, Bulava, Hortz, Morningstar PRD 2018
* prt scattering (L=0,2, I=2, non-resonant), HSC, 1802.05580

* something else ?
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Motivation for lattice simulation and building ops

e _inlattice QCD:
hadron-hadron scattering H(1) H(?)

where H is one of P,V,N hadrons, which is (almost) stable with respect to strong decay:

P=psuedoscalar (J’=0™) =m,K, D, B, n, ..
V=vector (JP=1") =D* B* J/Y,Y,,B. ... (butnot pasisunstable...)
N=nucleon (JP=1/2"*)=p,n, \, A\, Z, ... (but not N* asis unstable...)

All combinations of two-hadron scattering are interesting and we will consider building ops for those :
PV: meson resonances and exotics (for example X(3872) in DD¥; Z.inmJ/y, DD*..)
PN, VN: baryon resonances (e.g. in TN, KN ...) and pentaquarks (e.g. P_inJ/{ N channel)

NN: nucleon-nucleon and deuterium, baryon-baryon

* inany lattice field theory (beyond SM)

scattering channels with vector bosons and fermions
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The need for interpolators

<0i(t)|0;'r (O)> — En — Scattering matrix M O=HH needed to create/annihilate HH

Relation between scattering matrix M and energies E_ are known

- two spinless particles Luscher (1991):
_ _ , _ scattering matrix: S=1+i M = g2
- two particles with arbitrary spin T
Briceno, PRD89, 074507 (2014) .

(other authors: some specific cases) detoc [detlSJmJ [M_l + 5QV]] =0

ik3 055 (47)3/2
|4 _ J . . E : d *2,
[5g.7 ]JmJ,lS';J'mJ/,l’S" - 8nE* U 5J'],6meJ' O +1 Ext+1 Cl”m"(kj ’L)
l”,m" J

X Z (lS, ijllml, Sms)(l'ml/, Sm5|l’S, J’mJ/> / dS) ‘Ylel‘YvITI’mH}/vl/,ml,]

my,my,ms

. var (27 2 *
cfim(kaQ L)= ~L3 \ L ZfmlL; (K3 L/27)’]
[ > related to eigen-energy E_
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Some other analytic work on lattice HH operators
for hadrons with spin and Lz0
Partial-wave method for HH:

Berkowitz, Kurth, Nicolson, Joo, Rinaldi, Strother, Walker-Loud, 1508.00886
Wallace, Phys. Rev. D92, 034520 (2015), [arXiv:1506.05492]

Projection method for HH:
M. Gockeler et al., Phys.Rev. D86, 094513 (2012), [arXiv:1206.4141].

Helicity operators for single-H:
Thomas, Edwards and Dudek, Phys. Rev. D85, 014507 (2012), [arXiv:1107.1930]

Some aspects of helicity operators for HH:
Wallace, Phys. Rev. D92, 034520 (2015), [arXiv:1506.05492].
Dudek, Edwards and Thomas, Phys. Rev. D86, 034031 (2012), [arXiv:1203.6041].

Which CG of H; and H, to H;H, irreps are nonzero; values of CG not published:
Moore and Fleming, Phys. Rev. D 74, 054504 (2006), [arXiv:hep- lat/0607004].

Tetraqurak operators (appeared after our paper on operators)
Cheung, Thomas, Dudek, Edwards [1709.01417, JHEP 2017]

etc...

Sasa Prelovsek Scattering in LQCD
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Constructing HH operators for scattering with spin:
outline

based on S. P., U. Skerbis, C.B. Lang: arXiv:1607:06738, JHEP 2017

* three different methods to construct operators

e illuminate the proofs (given in the paper)

» verify they lead to consistent operators (that gives confidence in each one of them)
e they lead to complementary physics info

» explicit ops for PV, PN, VN, NN for lowest two momentum shells.
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Ops with P,.,=0 are considered

H(l)(p) H(Z)(_p) ) Ptot=0

Advantage of P,
e parity P is a good number :|, not true for P, %0
e channels with even and odd L do not mix in the same irrep

For P,,#0: projection method

can be applied as here.

Building blocks H: required transformation properties of H

to prove correct transformation properties of HH

rotations R~ WignerD[{j, m1, m2}, ¥, 6, ¢] inversion | prsmy) = Hi (5)[0)
t—‘—\

Rlp, s,my) ZD R)|Rp, s,m ) Ilp,s,ms) = (— 1)P| —p,s, M) state

RH], .(p) )R~ ZD HT (Rp) IH;s(p)I = (_1)PHT (—p). creation field
note:

5
"7 " RH - Z D%, (R)*Hp(Rp),  IHp,(p)I = (—1)"H,(—p)  annihilation field
: Dy (R7Y)
m, is a good quantum number at p=0: Sszs(O)Sz_l = msHp,,(0)

m, is not good quantum number in general for p£0: in this case it denotes eigenvalue of S, of corresponding H, (p=0)
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Non-practical choice of H,(p): canonical fields H'

with correct transformation properties under R and |

Hr(ri) (p) = L(p)Hp, (0) L(p) is boost from 0 to p; drawback: H(®/(p) depend on m, E,..
: ©) ‘ -1 M [ 0 0\ /-1
Vin=1(0) = 5[=Va(0) +iV,(0)] — Virli(p2) = 5[=7Va(ps) + iV, ()] i | =101 0|
0 0 01 0
Nmszl/Q(O) = Nl(O) — Ngj:l/z(pw) X M(pm) + Eﬁfm-/\/zl(pm) (1) A2 () (1)
0 0
0 e

Nuzl,__A are Dirac components in Dirac basis

Sasa Prelovsek Scattering in LQCD

35



Non-practical choice of H: canonical fields H'¢

with correct transformation properties under R and |

Hr(ri) (p) = L(p)Hp, (0) L(p) is boost from O to p; drawback: H®)(p) depend on m, E,..
© -1\ v 0 0\ /-1 —
Vin=1(0) = 5[=Va(0) +iV,(0)] — Virli(p2) = 5[=7Va(ps) + iV, ()] i |~ o o|li])=]:
0 0 01 0 0
Nim,=1/2(0) = N1(0) = N (p2) o< Mi(pa) + 2 Na(pe) AU
0 0
. . . . 0 Po
Nuzl,__A are Dirac components in Dirac basis Etm
Practical choice of H_..(p)
with correct transformation properties under R and |
P(p) = > q(z)ysq(z)e™
Vine=41(p) = Z5[FVa(p) + V4 (p)], Vin=o(p) = Vi(p) Vi(p) = ch(x)%q(x)ei’“, i=x,Y,2
Nooz12(p) = Nzt () Nopoee1/2(p) = Ny (p) Nu(p) = eareld™ (2)Crsd’ ()] gi(z) €7, p=1,..,4
These H are employed as building block in our HH operators simple examples
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Required transformation properties of O=HH

RO?™ (Piy=0)R™" ZDmeJ “Ho’mi) 107 (0)I = (-1)P0"™(0)

good parity since P,,=0 !

2
relevant rotations: R S O( ) O with 24 el. for J=integer ; 0% with 48 elements for J=half-integer

The group including inversion I: O,, with 48 el. for J=integer ; 0%, with 96 elements for J=half-integer

The representation O’ is irreducible under continuum R, but it is reducible under discrete R in O,

The operators should transform according to certain irreducible representation I and its row r.

continuum R

§ : 2 P
R|F,’f’ |F r ) R e O( ), IIF,T’> - (—1) |F,'T'> y discrete R
ROr,R™! § T5(R")Orw ReO® IOr,I = (-1)F0
r,r T, r’ T, y Ly Ly
J I’ (dimr)
0 A (1)
' 3 G1(2)
T(R) given for all irreps in 1 T1(3)
Bernard, Lage, MeiRner, Rusetsky, g H(4)
JHEP 2008, 0806.4495 2 E(2) @ T»(3)
We use same conventions for rows. g H(4) @ G2(2)
3| A(1)eTi(3) ©T2(3)
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Method |: Projection operators

~

Opiron = Y Th(R) R HO(p) H?(—p) R,

Pe0(2)
ReOf;
1 J L Y J
“ ”, ..
T(R) given for all irreps in seed”: Each H can have any polarization m
Bernard, Lage, MeiRner, Rusetsky, and direction p with given |p|. Different choices
JHEP 2008, 0806.4495 lead to different linearly independent O,
Some examples for |p|=1: 7
1 + e I
PVinT,*,n_,=2:

OT1+,7'=3,'n,=1 = P(e;)Va(—e;) + P(—e.)V(ez)
0T1+,1'=3,n=2 = P(ex)Va(—€s) + P(—es)Vi(es) + Pey)Va(—ey) + P(—ey)Va(ey)

PNin H*, n 1:

max_

Ot ret = —iNj (—e)P(ez) + i) (ex)P(~ez) — Ny (—¢,)P(e,) + N, (e,)P(—e,) 3

VNinH ,n 3:

O-r=tpn=1= 'iN% (ex)Va(—es) + iN% (—ez)Va(es) + N% (ey)%(_ey) + N% (_ey)vy(ey)
OH‘,T:I,n:Z = e

max_

On-r=1n=3 = -
Sasa Prelovsek Scattering in LQCD

Disadvantage:

not informative which
continuum numbers
(partial wave L or helicity )
each O, corresponds

This is remedied in next two
methods
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Method Il: Partial-wave operators

building blocks H

Starting annihilation operator Clebsch-Gordans Spherical Harmonics mentioned on slide 10 (bottom)
(before sobduction to irreps) 1 1 1
[ | | j
O T CLmL,SmS CS1m31,82m32 YL’m, Rp Hmsl (Rp) Hmsz( Rp)
mrp,mg,Mg1,Ms2 ReO

Proposed for NN in [Berkowitz, Kurth, Nicolson, Joo, Rinaldi, Strother, Walker-Loud, CALLAT, 1508.00886] There Y,,” appears where we have Y, ,

Proof (in our paper and next slide): the correct transformation properties

RaOJ’mJ’S,LR; E : Dme OJ m/;,S,L

follow from transformations of H (sI|de 8) and properties of C, Y, . and D.

=1,J=1,m;=0,L=0,5=1 _
Example of PV operators o " = Z P(p)V.(-p) ,
p==tez,Tey,Te.

OPIFLI=ms=0=25=t = % P(p)Va(—p) =2 ) P(p)Va(-p)

p==tez,Tey p==e,

Subduction to irreps discussed later on.
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Proof: partial-wave operators

O|p|’J’mJ’S’L = Z CZﬁZ,Sms ;91%831,827%32 Z YLm Rp Hr('}s)l (Rp) HT(:SL(_RP)

mr,,mg,Ms1,Ms2 ReO

Proof of correct transformation properties:

Jmys,S,L p—1 __ § : JmJ Sm E : * ) . -1
RGO J Ra - Lmy,Smg Cslmil,SQmsz YLmL (Rp) RaHmsl (Rp) Hm32 ( Rp)Ra
mpL,ms,mg1,Mgs2 REO(z) \ ' l
_ Jmy Sms % 5
o Z CLmL Smg CSlm31,52m32 Z YLmL (Rp)
mpr,mg,Mg1,Ms2 RGOh
S1 82 _1
Z Dmslm )Hmfsl (RaRp) z Dm s2Mg (Ra )Hm;2 (—RaRp) )
™,
YEmL(Rp) = YEmL (Ra—,l(Rl Z DmLm 1)Yirm'L (Rlp) R, — RGR YEmL (Rlp) = Zm’L DTIrIsz’L(Rl)YZm’L (p)
s — s — S, S,m/, S _ Sms Sy = Omermalo s
D"islm;l (Ra I)anszm;z (Ra 1) - Z 081::51 szmszcslms szm Dmsms (Ra 1) mg;n . CSlm 1,82Ms 2081m 1,52Ms2 S,msvS,S
S,mg, ms ’
L - S -1 _ J g JmJ J -1
DmLm (R )Dmsm (Ra ) - Z CLmL Sms LmL Sm Dme_] (Ra, ) Z C‘L]Z:i Smscg""';]sms 5mJ,77LJ§J,j
J,my, mJ mp,ms
R OJ,mJ,S,LR—l _
Jm' Sm /
= Z Dme Z OLmi Sms slmil 32m32 Z ng R, (R p)H ( R )
m/, mS ml,,mly R'eO(®)
_ Z Dme OJmJ,SL
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« o p
Method lll: helicity operators .
[HH in continuum: Jacob, Wick (1959)] N(;p/
[for single H on lattice: HSC, Thomas et al. (2012)] -p 7

building blocks in partial-wave operators are H_.(p) and m_ is not good for p#0:

Helicity A is projection of S to p. It is good also for particles in flight h=5-p / |p|

rotation from p, to p

Definition of single-hadron helicity operator Hf(p) = Rg Hms=>\<pz) (Rg)_

denoted by superscript h good m,

h —1 io(R) r7h
Helicity is not modified under R (pand s transform the same way) RHy (p)R = " )HA (Rp)

p is arbitrary momentum in given shell |p|; R does not modify A, ,, so H; , have chosen A, ,in all terms

Two-hadron O: OPl:Jmr At 2, Z DmJ,\ ) R H/(\?’h( )H(2)h( )R‘l
ReO?)
Proof: R,O"™ 2 RY = N" DJ \(R) R.R Hy, (p)H},(—p) RT'R,*

ReO®) ) R’=R.R
= Z Dm] /\ 1Rl R Hz\l( )H/}\lz(_p) R,_l

ReO® . , , . - ) D(R,Ry) = D(R;)D(Ry)
= > YDl (BDI, A(R) R H (0)HY,(—p) R”

R'e0@) m/;

Jm! A1,
:ZDmeR ) OFmpiAe
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v%f’

Method |lI: helicity operators (continued) o p
-p

Using definitions of H(p) = RS Hy,=A(p.) (R5)™" and parity projection L0 + PIOI)

p is arbitrary momentum in given shell |p|

m 1 2
Olpl,Jy J7P7)\17)\27 — Z DmJ, [H( ) _)\1 (pz)H,’slzzz_)\z(_pz)
ReO(2)
1 2 — —
A= M +PIHY L\ 0)HY __ (~p.) 1] (RE) R

H are building blocks from slide 10 (bottom): actions of R and | on H,,(p) are given in slide 8
p is arbitrary momentum in given shell |p|; there are several choices of R, which rotate from p, to p:
- these lead to different phases in definition of H,": inconvenience

- but they lead to the same O above (modulo irrelevant overall factor): so no problem for such construction

Simple choice for momentum shell |p|=1: p=p, and R,P=Identity

paper provides details how to use functions from Mathematica for construction, aiso since Mathematica uses non-conventional defnition of D

. 1 : j = integer
,[R¥ F -WignerD[{j,m,m'}, —a,—B,—7], F = _
m o [ a,87] & [{ } ’Y] +1: J]= halﬁnteger, F(w + 27?) = —F(w) , choice of sign in our paper

{o, 8,7} = EulerAngles[T]| T = exp(—iftJw) and (Jy)i; = —i€ijk
‘_'_J

MATHEMATICA
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one last step before reaching the results ...

Subduction of O"™ to irreducible representations

subduction

continum R /\7 discrete R in discrete group 0?)

O[J’SaL] — E SI‘{’mJOlpliJ’mJ’S’L
NS

Partial-wave operators O™ L5 lp|,L,r -
J
[J,P’Al)‘%)‘] _ Jmy |p|’J,mJaPa>‘1’)‘2’)‘
Helicity operators O Ml AL A2 Olpi.rr - Srp 0
my
The representation O’ is irreducible under continuum R. Subduction matrices S
But it is reducible under R in discrete group lattice O(?). [Dudek et al., PRD82, 034508 (2010)
Operators that transform according to irrep ' and row r obtained via subduction. Edwards et al, PRD84, 074508 (2011)]

Single-hadron operators H: experience by Hadron Spectrum collaboration Phys. Rev. D 82, 034508 (2010)

* subduced operators Ol carry memory of continuum spin and dominantly couple to states with this J

Expectation for partial-wave and helicity operators HH obtained by subduction :

. 0|[1{|’?l;] would dominantly couple to eigen-states with continuum (J,L,S) valuable for simulations
. I[Jl,P,Al,Az,A] would dominantly couple to eigen-states with continuum (J,A1,A2) give physics intuition on quant. num.
pl,I\r
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Example:
P(p)V(-p) operators

ORI NI NIW - O &y
=
N
N

row=1 provided

Conventions for row
Bernard et al., 0806.4495

rows of T1: (x,y,z)

rows of T2: (yz,xz,xy)

Sasa Prelovsek

T -

OT1+,1‘=1 = P(O)‘/:E(O)

[J=1,L=0,5=1] __
OT1+ ,r=1

otherirreps: 0=0

AT

OAl_’T=1 = P(ez)‘/:p(_ez) - P(_ez)%(ez) + P(ey)Vy(_ey) - P(_ey)vy(ey)
+P(e:)Va(—e:) — P(—e:)Va(ez)

[J=0my=0,P=—Ay=0Ap=0] _ ,l/=0,ms=0L=1,5=1] _
AT ,r=1 T A=l T A=l
+ .

Ty :

OTff,r:l,n=1 =P(es)Ve(—es) + P(—ez)Va(es)
Orz r—1.n—0 = P(ey)Va(—e,) + P(—¢,)Vi(e,) + P(e:)Va(—e.) + P(—e.)Vi(e.)

O[J=1,P=+,>\v=i1,)\P=0] =0

T r=1 T r=1,n=2
[J=1,P=+Av=0Ap=0] _
OT;*,r:l - OT1+,T=1,TL=1
[J=1,0=0,5=1] _
T et =Ort ro1n=1 T Ort ro1n
[J=1,0=2,5=1] _
T r=1 =-2 0Tf',r=1,n=1 + 0Tf',r=1,n=2
Tr

Orp =1 = —P(e)Va(=ey) + P(=e))Vi(ey) + Plez)Vy(—e:) — P(=e:)Vy (e:)

[J=1,P=—Ay=£1Ap=0] _ A[J=1,L=1,5=1] _
0Tf,r=1 - OT;,r:l - OTl_r"'=1

T

Ory r=1 = P(ey)Va(—€y) + P(—ey)Va(ey) — P(ez)Va(—ez) — P(—e:)Vale:)

[J=2,P=+Ay=21Ap=0] _ ~[J=2,L=2,5=1] _
Ory o2y =055 =Or; =1

T5

- OTI"' =1

0T;,r=1 = P(ey)VZ(_ey) - P(_ey)VZ(ey) + P(CZ)Vy(_EZ) - P(_QZ)V;/(Q)

U=2.P=—Av=412p=0] _ HlJ=2,L=1,5=1] _ 5l/=2,L=3,5=1] _ ,

Ty r=1 Ty =1 Ty r=1 Ty r=1

E™:

Op-yo1 = P(e:)Va(—€z) — P(—er)Vales) + P(ey)Vy(_ey) - P(_ey)Vy(ey)
—2P(e,)V,(—e,) + 2P(—e,)V,(e,)

Scattering in LQCD

[J=2,P=—Av=0Ap=0] _ A [J=2,L=1,5=1] _ [J=2,L=3,5=1] __
OE_,’I‘=1 - OE_,T=1 - OE‘,T:I - OE—7"'=1
Opr =045 =0, =0 =0 a4




Example:
P(p)V(-p) operators

AT -
OAl_‘T=1 = P(ez)VT(_ez) - P(_ex)%(em) + P(ey)Vy(_ey) - P(_ey)vy(ey)
+P(e:)Va(—e:) — P(—e:)Va(ez)

[J=0,m ;=0,P=—Ay=0Ap=0] __
AT ,r=1 -

[7=0m;=0,L=1,8=1] _

A7 =1 Apr=1

projection operators

{

T
OT1+,1'=1,TL=1 = P(e:t)‘/m(_ez) + P(—e$)‘/z(€$)
OT1+17‘=1="=2 = P(ey)‘/z(_ey) + P(_ey)‘/z(ey) + P(ez)T/z(_ez) + P(_ez)Vz(ez)

provides lin. combination of projection operators O, that OW=LP=+Av=41ip=0] _ O+ 11y JP=1* \.=0
enhances the coupling to state with continuum (J?, A) { helicity operators { e e v
OP=LP=+Av=0p=0] _ 5 Poat % _

T r=1 7 r=1n=1 JF=1 , Av—l
provides lin. combination of projection operators O, that . p=11=05=1 _ o O JP=1*,5=1,1=0
enhances the coupling to state with continuum (J?, S,L) partial-wave operators T =1 T r=ln=1" 1T r=1lin=2

J=1,I=2,5=1 - =1 |=

'E‘l‘*',r=1 : =2 0Tf',r=1,n=1 + 0T1+,r=1,n=2 JP_1+, S_ll L=2

Tr

J ' (dimr)
0 Ai(1)
2 Gi(2)
1 T, (3)
1
2 E(2) ® T»(3)
3 H(4) ®Ga(2) T+ .
3 | Ax(1) @ Tu(3) @ Ta(3) 1 -
Orz r—1 = P(0)V2(0)
row=1 provided Og’flfTO:S:ll =Op+,_,

Conventions for row

Bernard et al., 0806.4495 otherirreps: 0=0
rows of T1: (x,y,z)

rows of T2: (yz,xz,xy)

Sasa Prelovsek Scattering in LQCD

Orp o1 = —P(ey)Va(=ey) + P(=€))Vi(ey) + Plez) Vi (—e:) — P(=e:)Vy (e:)

A
T
Ory r=1 = P(ey)Va(—€y) + P(—ey)Va(ey) — P(ez)Va(—ez) — P(—e:)Vale:)

OP=2P=tAv=212p=0] _ l/=2L=2,5=1] _ ()

Ty r=1 T r=1 Ty =1

T5
0T;,r=1 = P(e,)V.(—¢y) — P(—¢,)Vs(ey) + P(ez)Vy(—e.) — P(—e)Vy(e.)

[J=2,P=—Ay=%12p=0] _
Ty r=1 -

[J=2,L=1,5=1] _
Ty =1 -

[.]_=2,L=3,S=1] =0
T, r=1

E™:
Og-po1 = P(e:)Va(—€z) — P(—er)Vales) + P(ey)vy(_ey) - P(_ey)Vy(ey)
—2P(e,)V,(—e,) + 2P(—e,)V,(e,)

[J=2,P=—Av=0Ap=0] _ A [J=2,L=1,5=1] _ [J=2,L=3,5=1] __
OE_,’I‘=1 - OE_,T=1 - OE‘,T:I - OE—77'=1
Opr =041 =0, =Ops = 0. 45




P(1)V(-1) operators, T,*, row=r=1

T
OTf,r:l,n:l = P(es)Va(—es) + P(—ez)Vi(es)
projection op.

OY=LL=05=1] _

T1+ r=1 - T1+,r=1,n=1 + OT1+,1'=1,n=2

-

partial-wave op.

L [J=1,L=2,5=1]
OT1+,r=1 =2 OT1+,7'=1,n=1 + OT1+,1~=1,n=2
[J=1,P=+,Ay=0,Ap=0]
.. OT1+,7'=1 - OT1+,1'=1,n=1
he|ICIty op. O[J:LP:-}-,)\V::tl,)\P:O] —0
T, r=1 = YTt r=1,n=2

Ort r=1n=a = Pley)Va(—ey) + P(—ey)Valey) + Ple.)Va(—e:) + P(—e:)Va(e.)

JP=1*S=1,1=0
JP=1* S=1,1=2

JP=1* A,=0
JP=1+ A=1

Partial-wave and helicity operators expressed in terms of projection operators throughout

and consistency is found.

Sasa Prelovsek Scattering in LQCD
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Two levels
P(1) V(-1)=r(1) J/W(-1)
observed in T,*

Sasa Prelovsek
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Results for operators

Explicit expressions all for HY(p)H2)(-p)
- PV, PN, VN, NN

- in three methods

- allirreps, |p|=0,1

givenin [S. P., U. Skerbis, C.B. Lang, arXiv:1607:06738, JHEP 2016]

operators from three methods are consistent (not equal) with each other

Relation between partial-wave and helicity operators is derived

2L + 1 /

p ,'],m ,S,L — P P ,J,m ,)\ ,)\ ,A

OlPhImaS b — S‘ > DY \(BRCIE 1 C5), 4y -, OFPFmsX A
/\——S)q,)\z )\
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Nt scattering in the A(1232) channel

Andersen, Bulava, Hortz, Morningstar, PRD 2018

Sasa Prelovsek

0
("J‘_N
R
Q
(&]
% -2
§|g
(o - —
o=, lpz_o, Hg.Pz_1,G2
- [EPP=3,F [lP°=3F, i
- BPP=4,g
-4 — )
1 L l 1 1 | 1 l 1 1 1 1
1 1.5
E<:m'mN
mJ'IZ
CLS
ID | B |a(fm) L} X T |mn, mi (MeV) | Neont | Nt
N4013.46[0.0765|48> x 128 280, 460 275 | 2

Scattering in LQCD

L=1, [=3/2, JP=3/2*

ma

l . gEVA\;;rexp ~ 16.9

m,~ 1.327 (13) GeV

3 2
m ok
cotds, = S —— —
) (m% m%> (9RW)2mr
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L=1, [=1/2

N scattering in JP=)4* and the Roper resonance

C.B. Lang, L. Leskovec, M. Padmanath, S.P.
Phys. Rev. D 95 (2017) 014510; hep-lat:1610.01422
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Brief intro to Roper resonance

N(1440) BREIT-WIGNER WIDTH

Nrn
Nn
Nrrx
A(1232)n
A(1232)z , P—wave
No

55 -75%
<1%
25-50%
20-30%
13 -27%
11 - 23%

Puzzling since its discovery in 1964 by L.D. Roper.
In particular: why is it lighter than N(1535) with }5 ?

Sasa Prelovsek

Scattering in LQCD

g
N(1440) BREIT-WIGNER MASS ; EE I ;;i; ;5 5

1410 to 1450 (~ 1430) MeV
250 to 450 (~ 350) MeV

M1535) 1/2°
M1650) 1/2°
M1675) 5/2°
M1680) 5/2*
M1685) 27

M1700) 3/2"
M1710) 1/2*
M1720) 3/2*
M1860) 5/2*
M1875) 3/2"
M(1880) 1/2*
M1895) 1/2°
M(1900) 3/2*
M1990) 7/2*
M2000) 5/2*
M2040) 3/2*
M2060) 5/2°
M2100) 1/2*
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Some previous simulations of the proton/Roper channel: J?=1/2*

* all used just O=qqq interpolators (with exception of Adelaide 1608.03051 which
* ignored that Roper is strongly decaying resonance

e assumed that E;=m, (correct)

did not find two-hadron state in spite of that)

E,=m; (not correct); E,could in principle be energy of Nmt eigenstate

3'0 ] ' L Ll Ll L ' {
25F ﬁ ‘ L §
_ | g J :
S 20f ; §$ ° ....o * -
E, : {H“;H:H: .
A B A e s
: : ! g0 o

_ ° o£°' )
E=my e 1ofa T

05 R R S
0.00 005 010 0.15 020 025 030 035 040
m2 (GeV2)

xQCD : Liu et al., arXiv:1403.6847 hep-ph]

BGR : Engel et al., PRD, arXiv:1301.4318[hep-lat]

Cyprus : Alexandrou et al., PRD, arXiv:1411.6765[hep-lat]
JLab : Edwards et al., PRD, arXiv:1104.5152[hep-lat]

* Experiment
yQCD (nucleon)
7QCD (Roper)
{ xQCD (overlap + SEB)
} xQCD (clover + SEB)
{ xQCD (clover + variation large)
§ xQCD (clover + variation small)
{ BGR
§ Cyprus (twist mass)
? Cyprus (clover)
{ CSSM
¢ JLab

CSSM : Adelaide group, PLB, arXiv:1011.5724[hep-lat] Figure courtesy : K. 4., Liu,-arXiv:1609.02572

Sasa Prelovsek Scattering in LQCD
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Lattice simulation

Lattice size ~ Nf Nefgs m,. [MeV] a [fm]

L [fm]

323x 64 2+1 197(193) 156(7)(2) 0.0907(13)

2.9

PACS-CS lattices, Aoki et al., PRD, arXiv:0807.1661.

Wilson clover fermions

Lowest non-interacting N(1)m(-1) states in p-wave expected at

E~\(3) +m? +J(32)* +m} ~1.5GeV

This is in the Roper resonance region: favorable

Sasa Prelovsek Scattering in LQCD

m_L=2.3 (1)
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Implementing nucelon-pion interpolators in J°=1/2* channel

(for the first time in this channel)

*  only total momentum P=0 is simulated

*  P#0 not used (since p-wave mixes with s-wave in all irreps where p-wave appears)

/

ONF = —\/3 [P*3 (—ex)®(ea) — 13 (e)%(=el)

o .
= ’P_%(

1.2
+ Py (_62)7"0(62)

+ \/g [{p —n,7° > 7t Y [narrower]

0345 —1)1123(0)

Og2g = pl 43 (0)

&
09 10=2P n (0)‘7(0)

[u'idc'r]
(narrower]

[II(I 'I'I'()ll'("'l']

23

ey)m°(ey) + ipl

1,2
_I)l

( )TO(_ey)
(62)7"0(—(’2)]

N, =1/2(n) =
Ni(n

i=1,2,3: (TiTi)=

Sasa Prelovsek

;i 1(n), Ny, =—1/2(n)

= N[i:?(n)

)= eave[u®T (x,)Thd®(x,t)] [[ig®(x,t)], e E

a(0) =
(1,Cs), (75,C), (i1,Creya)

Scattering in LQCD

7" (n)

momenta of hadrons in units of 2rt/L

Nrtin p-wave: irrep G;*

all three methods give one and the same O
“Lattice operators for scattering of
particles with Spin”, JHEP 2017,

S. P., U. Skerbis, C.B. Lang

No in s-wave

=Y d(x.t)rsu(x. t)e>nE

71_5 Z[n(x. tyu(x,t) + d(x, t)d(x,t)] .
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Computing 10x10 matrix C: Wick contractions

part of them are similar as in Nmt in s-wave
[Verduci, Lang, PRD 2013] plots taken from there

Cij(t) - <Q|Oz(t + tsrc)aj(tsrc)lg>

TABLE III. Number of Wick contractions involved in comput-
ing correlation functions between interpolators in Eq. (7).

Oi\oj ON 0N7r ONO'

oN 4 7
oN* 19 19
oN°e 19 33

N AN

* just part of Wick contractions plotted
* computational challenge:

- all-to-all quark propagators needed,;

- full distillation employed [Peardon et al, 2009]

ot ®
-0 ®.
: :
N o= o N
H :
‘0“ g
o= ®
Sink Source
l’ .‘
' H
\ ‘Q 4 \
N | s, N
H :
S K
Sink Source

nrzn* -E,
Ci(1)=Y2'Z] ™

(ggggpﬁgkgslﬁ C(to ))L(Z)V(n)(t) [Luscher & Wolf 1991,

. Sca
Blossier et al 200

Bﬁering in LQCD

ce B1

D1

Sink \ESqurce c

N LN
Sink Source
n :: :: n

w(p)= Y, e"d (x)ysu(x)
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E.: dependence on the interpolators used

note again:
LI T T T T total momentum P=0
' 25
I : : Ol:h’ 031:.,8 ’ Ol:o .
1 — N(0)mt(0) not possible
= 1“§ i % b O O N
m | E [ [ H2 O 1 Tes for p-wave
: a8 N No
0.8 ] 3: 03’6,8, (OR
N(Dm(-1) 1 i '
N I R I_____O___O___= 15 4 Ol:h, 0?68 lowest non-interacting
m+2m  —3> 0.6 ¢ 5 & NOO _).__- . Nrt state is N(1)rt(-1)
- - 5: 03,6,8
 J
2 & & & * | 1 NG p=1 * ZT[/L
0.4 H ] 6: O,
i : Nn
N 7: O
0.2 1 0.5 1
oL 1o
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Ea

Final E, and overlaps Z"=<0.|n>

Z' /max_|Z" |
1 10 I | I | I | I | I [ | I I I I I | [ | I I T | I | I I I |
1.2 _— 25 1 n=3
i | - 0.1 - * =
B 1% o
1 i &) 0.01
i E —2 ] 0.001
0.8 - : 0'0001 | I l | 1 | | é Illo | ; | I 1 | | é [1|0 1 ; | l | |6 1 é IIIO
______ i_____: 1 5 N(l)n(_l) 0 I ' | ! I I l ' ! I I ] T I T I f l O N=n
1L . * Y
0.6F-----&-——-- NOr(O)n(©0) o 0,
B 7 0.01 o I I I E ° O6N“
b - l e 0O N,
04 § 0.001 5
) o c L] [1 * O,
i ] 2 4 10 (b)
—0.5
02— i
I . N(1)m(-1) lattice eigenstate established in }2* channel for
. 1 . (a) the first time;

Lang, Leskovec, Padmanath, S.P. PRD 2017

Sasa Prelovsek

similar applies to Nmmt eigenstate

Scattering in LQCD
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analytic work by O. Bar within ChPT
Nrt and Nmut pollution of Nucleon observables

3 Z' /max_IZ" |
1.2+ | oomt
—2.5 L L L L L L - L L L L DL - <L B BN L LA
R . =~ S o n=.1 n=2 n=3
< n O
1= ¢ - -
- i E _—2 (m,g, 0.1 - v 3 b
T 0.01 ° I
0.8 i
i 0.001
“““ & -~ 1.5 N()=(-1) oo bl Lot bt F et 1 F
0.6-—----5-----: N(0)7(0)7(0) 2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
) WEr T T T T TE T ] Nr
- 1 . n=4 n=35 ° 0
04— ¢ i : o 0N
) 1 0.1 3N
L i ool - . * I k2 ) o 06 n
02_ __0.5 ) R ° ON"
' i 0.001 SN
i ] oo bl L S ° 0,
0 0 (@) ' 2 4 6 8 10 2 4 6 8 10 (b)
i i
L _ . 0. Bar, 1503.03649,
ChPT based on local O(qqq) applies if r, .., m,=small and L m_=sizable 1802.10442, private com, lat
not strictly satisfied in our simulation, so comparison not expected to work perfectly
N(p,)m(-p,): <O | Qaad 0.42 (0[N (1) Z% 02
- . < >= 5|20~ Mnt + _(Etot,'n_MN)t K = C+ <> == =().
Pr)TU-Py 2|al%e 1+ che 1 <0qqq|N(0)> 7"
Pn
O N(0)x(0)x(0 n=3
N 1T 1T <(Q9aq |quCI>=C [1+ Cooe-[E(Nnn)—E(N)]] 0.036 = \/c,, e< | (0)7(0)7( )>=Zi=_61 ~0.07(4)
' ' (0" |N(0)) 7"
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E not precise enough to reliably determine AE and &: not unexpected for m_=156 MeV !!

Alternative path to reach physics conclusions from the results.

(A) Expectation from elastic Nmt scattering
based on low-lying Roper (from experimental 6 . )

~T 1T T 7 T I~ T T T T ® T
N ~ ~

non-interacting case

/
/
/
/
/

7]
/
/
/

/

| | U

1.5 \\\ \\\\\ 2 2
TS~ TS~ E(L)= mlz\,+(2—”n) + mi+(2—ﬂn)
: - L L

-~
-~
-~
-~
-~
-~
—

[E—
~
U L L
/
/
/
I

=| N(Dr(-1)
___________________________ N(0)7(0)7(0)

E [GeV]

N(0)

S
o
I
I

2.5 3 3.5 4 4.5
L [fm]
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(A) Expectation from elastic Nmt scattering
based on low-lying Roper (from experimental 6 . )

180 _I T I T I T l T l T I T T i
S N N N 150 - I
0....‘. \\\ 00.”....‘. ~ o ‘Co..... T 120: %l ]
1.6 g, e _ 120~ 1A
000 . ‘%0 90—_ I1f$ ]
5 C fif d
- 60 < -
m Roper 30:— _2_:_;* —
Q:r-—.—'r"."_T L 1 |
N(1)m(—-1)
N(0)w(0)m(0 .
OmO)m(0) Luscher’s relation
1 1
cotd(p) = — -
pLﬂ— T_I:GNB n2 _ (%)2
N(0)
0.9 I I I . ——
2.5| 1 1 3| 1 1 |3.5| 1 1 |4| 1 1 |45 E(p): /p2+m%_|_ p2+m§

L [fm]
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(A) Expectation from elastic Nt scattering
based on low-lying Roper (from experimental § ;)

* lattice data is qualitatively different from the prediction of the
decoupled Nm channel with resonant phase

* the scenario of mainly elastic low-lying Roper is not supported by
the lattice data

* this calls for other possibilities for experimental state: one . (b) . .
possibility is that the coupling of Nmt with other channels (No or Lattice Analytic, elastic

Nrnt) is essential for low-lying Roper resonance in experiment: n = o
this is dubbed dynamically generated Roper resonance i E i
[Krehl, Hanhart, Krewald, Speth, PRC 62 025207 (2000), 2 — 7]
many other follow up-works] = -
1.8 n .
S 1.6 4F o 16
] T __ 1 7]
mee O [TT¥ TT]E-------4 N1
= m 14 1F e 14

~ N()mn(-n») ko i______ - _

5 NOm(0)m(0) - 1 e @ — = N(0)7t(0)m(0
2f 7 121 1 E---e---315 (0)m(0)m(0)
L1 . . 1L i
1: ________________________________ t N(0) 1__ ® 4 F - 1 N(O)
0.9+ T f i 1 ~———®-—---7

1 1 1 I 1 1 I 1 I I~ . B .
2.5 3 35 4 45
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I R R N L
--------- with bare Roper

H 2 . 150k without bare baryon I +1
(B) 3 Scenar|os Wlth Ccupled NT[ - NG - AT[ Scaﬁerlng [T with bare nucleon I J,l 1>

iﬂ 1o Nt phase shift IIIH]}], I] B
Hamiltonian EFT study of Roper = | A p? ]
Adelaide group, Leinneweber et al, M : ipl’ |
PRD 2017, 1607.04536 ® ol ,f;:‘ ]

1] PO ! I | | L -
1100 1200 1300 1400 1500 1600 1700 1800

Eepn/MeV
. . . 1.0 Frm o st g 1 T T T T -
3 scenarios, which all fit [ A with bare Roper
. . i K without bare baryon
experimental Nt scattering well . B, T ]
H — HO + Hl. 0.8-— |‘ with bare nucleon
bare baryon | : with bare Roper BO ol % |neIast|C|ty
0 without bare nucleon e H
Hy = Z|BO)”‘B<BO| no coupling between Nm-No %[ Y _
By /7 a= Nrt, No, Ant i N,
- [l : without bare Roper BO ok IHH I p
+ Z/ kla(k)) without bare nucleon N; i { H m ﬂ“
a . . I
= > . with strong Nrt - No' coupling 041661200~ 1300001500 1600 1700 1800
2 2 Een/MeV
x l\/mal + k + \/maz + k :| (a(k)l ”I W|th0ut ba re ROper BO TABLEI Best-fit parameters and resultant pole positions in the
. three scenarios: I, the system with the bare Roper; I, the system
W|th ba re nUCIeon N; without a bare state; and III, the system with a bare nucleon.
. . Underlined parameters were fixed in the fitting of that scenario.
H — g + v W|th Strong NT[ - NO Coup|lng The experimental pole position for the Roper resonance is
I ! (1365 £ 15) — (95 % 15)i MeV [4].
o Parameter I )i I
/ &{|a(k))G}, 5, (k) (Bo|+|Bo) G5, (k) (k) [}, o D )
Sa . . .
aB Tonma 0.006 -1.008 —0.640
IoN.oN 0 2.176 2.401
> N >, N 0 9.898 9.343
_ § : 31,43 S IBox 0.640 0 -0.586
V= /d kd’k |a(k))Va,ﬁ(k, kl)(ﬂ(k )l g;,:: 1.044 0 1.012
a ﬂ 9BooN 2172 0 2.739
’ m$/GeV 2.033 © 1.170
Any/GeV 0.700 0.562 0.562
caveat: o treated as stable Ara/GeV 0.700 0.654 0.654
A,n/GeV 0.700 1.353 1.353
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(B) 3 scenarios with coupled Nit — No - At scattering

Hamiltonian EFT study of Roper resonance

3 scenarios, which all fit
experimental Nmt scattering well

Adelaide group, Leinneweber et al, | . with bare Roper B0
PRD 2017, 1607.04536

without bare nucleon
no coupling between N1t — No

lattice results predicted E, for PACS-CS lattice with L=2 fm

in 3 scenarios on previous page

Il : without bare Roper BO

i : with bare nucleon N;
T Y with strong Nt - No coupling
. .- . . [ll: without bare Roper BO
. Lattice Hamiltonian Effective Field Theory with bare nucleon N:
L 1 o BOmeD¥E N@)n(-27% ] with strong Nrt - No coupling
1.6 N N(hoth INmoeik
1.5 @ L
B T = - . - comparing analytic predictions

1.4 __ i —__ . __ o ___ —_ and lattice data:
~ |
% 1.3+ -+ - -+ - * scenario | disfavoured
9 1 2—_ ___ ; _-_ _- * scenarios Il, Il favoured
e - - . - Roper as dynamically generated

1.1~ T — -+ = resonance favoured

1+ 4 - . _
i L 2 . I i [ |
09 1 B | a Structure of the Roper resonance from
L i i i Lattice QCD constraints
0.8 [ withb T~ withont - withb Leineweber et al. 1703.10715
L w1 are . witnou " | are
Roper bare baryon nucleon
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If experimental low-lying Roper resonance results from

strong rescattering between coupled meson-baryon channels ...

N(1440) BREIT-WIGNER MASS 1410 to 1450 (= 1430) MeV
M1440) BRET-WIGNERWIDTH 50 1 450 (= 350) MeV
N=x 55 -75%
Ny <1%
Nrx 25-50%
A(1232)x 20-30%
A(1232)x , P=wave 13-27%
No 11-23%

If this is the case, the prospects of rigorous lattice treatment will be challenging:

- coupled channel scattering (doable if both hadrons HH are stable)

- three-body Nmnut decay: relation of E and scattering matrix under development
[Sharpe, Hansen, Briceno, Rusetsky, Doring, Mai,.]

scattering matrix has never been extracted within QCD
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Conclusions

H,H, scattering where one or both carry spin:
- a number of simulations at L=0; only few for L>0

- generalized Luscher’s relation between E and S exists

(1) H,(p)H,(-p) operators constructed for scattering of particles with spin

e Consistent results found in three methods: PV, PN, VN, NN

< Projection operators O,: gives little guidance on underlying quantum numbers

<~ Partial-wave operators: provides linear combinations O, to enhance coupling to (J, S, L) O—E — 5 S
n 9

< Helicity operators: provides linear combinations O, to enhance coupling to (J, P, A1, A2)

(2) simulation of Nmt scattering in p-wave

JP=3/2* 1=3/2: A(1232) resonance : “vanilla” baryon resonance confirmed by LQCD

JP=1/2* 1=1/2: N(1440) resonance (Roper)

° meson-baryon eigenstates (N1t and Nmurt) are identified for the first time in this channel

* the scenario of the low-lying Roper that is mainly elastic in Nmt is not supported by lattice data

* coupling of Nt with other channels (No or Nitit) seems important to render low-lying Roper in exp

* this step was only the first on in more to follow ....
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