
			Sca%ering	of	hadrons	in	la1ce	QCD:		
some	applica8ons	

Sasa	Prelovsek	
University	of	Ljubljana		

	
	Jozef	Stefan	Ins8tute,		Ljubljana,		Slovenia	

	
	University	of	Regensburg	

	

	

			Trinity	College,	Dublin,	Ireland	

14-18	May	2018	
	

	

	

	
	

Sasa	Prelovsek	 Sca%ering	in	LQCD	 1	



Outline	

Ø  bound	states	in	mesonic	systems:	
	
•  Ds0

*(3217)	:	possibly	cleanest		example	in	meson	systems	
									[Mohler,	Lang,	Leskovec,	S.P.	,	Woloshyn,	PRL	2013,	PRD	2014;				RQCD	PRD	2017;					HSC,	C.	Thomas	@	La1ce	2016]		
	
•  		charmonium-like	X(3872)	:	very	interes8ng,	but	why	theore8cally	less	clean	than	Ds0	
	
	
Ø  	charmonium	resonances	(breifly)	
	
	
Ø  Sca3ering	of	two	par8cles	with	spin	on	the	la:ce	

•  mo8va8on		
	
•  the	rela8on	to	extract	the	sca%ering	matrix	from	energies	is	known		
	
•  construc8on	of	operators		(interpolators)		
								by	three	different	methods	that	give	consistent	results:	reassuring	

•  example:	Nucleon-pion	sca%ering	in	p-wave,		JP=1/2+		
	

																																				la1ce	results	and	implica8ons	for	the	Roper	resonance	
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Clasifica8on	of	hadron	states	

decay	strongly	
	
	
can	not	decay	strongly	



Shallow	bound	states	of	two	mesons	
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	Mesonic	bound	states	in	s-wave	?		(analogues	of	deuterium)	

q  	states	well	below	
threshold	

	
	
	
q  strongly	decay:	

resonances	

q  	candidates	for		
						shallow	bound	st.	
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How	to	search	for	shallow	s-wave	bound	state	on	the	la1ce?	

Example:	Ds0
*(2317)	bound	state	in	DK	sca%ering,	s-wave	

	
To	be	shown	on	next	slides:	
	
•  extract	sca%ering	matrix,	phase	shim	δ	
	
•  bound	state	:	pole	in	sca%ering	matrix	S	or	T	for	p=i	|p|	
	
•  	signature:	nega8ve	and	large	a0	

Sasa	Prelovsek	

p cotδ = 1
a0
+
1
2
r0 p

2 +O(p4 )
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non-rela8vis8c	QM:	spherical	poten8al	well	with	one	bound	state	

Sasa	Prelovsek	

u(R) = A sinqR = B e−|p|R

ʹu (R) = qA cosqR = − | p | B e−|p|R
| pB | ≈ 0.2 , pB = i | pB |

q = 2µ(V0− | E |) = 2µV0− | p |
2

C2	=1.72	(to	ensure	one	shallow	bound	st.)	

ψ(r) = R(r) = u(r)
r

(l = 0)

1
q
tanqR = − 1

| p |
momentum	of	the	bound	st.	

A sinqr B e−|p|r  

Sca%ering	in	LQCD	 7	

1
C2− | p |2

tan( C2− | p |2R) = − 1
| p |



s-wave	sca%ering	on	spherical	poten8al	well		

Sasa	Prelovsek	

u(R) = A sinqR = B sin(pR+δ0 )
ʹu (R) = qA cosqR = kB cos(pR+δ0 )

q = 2µ(V0 +E) = 2µV0 + p
2

C2=1.72	(as	before)		

A sinqr B sin(pr +δ0 ) 

δ0 (p) = arctan
p
q
tan(pR)

⎛

⎝
⎜

⎞

⎠
⎟− pR+ nπ

 1
q

tanqR = 1
k

tan(pR+δ0 )

S = e2iδ ( p) =1+ 2iT (p)          T (p) = 1
cotδ(p)− i

|p|=|pB|=0.2	:	pole	of	T	at	the	posi8on	of	the	bound	st.	

pole															threshold	
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s-wave	sca%ering	on	spherical	poten8al	well	

Sasa	Prelovsek	

δ0 (p) = arctan
p
q
tan(pR)

⎛

⎝
⎜

⎞

⎠
⎟− pR+ nπ

p cotδ0 (p) =

q = 2µV0 + p
2 = C2 + p2

Taylor	expanding	
=
1
a0
+
1
2
r0 p

2

1/a0	 for	general	poten8al	and	general	par8al	wave	l	

lim p→0tanδl (p)∝ p2l+1, p2l+1 cotδl (p) =C +O(p
2 )

ψ(r) = Rl (r)YlmLandau:	QM,	p	->	k	

kr	>>1	:	

Sca%ering	length	a0		

is	large	and	nega8ve		

for	shallow	bound	state	
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Ds0
*	shallow	bound	state	in	DK	sca%ering:	I=0,	JP=0+		

Sasa	Prelovsek	

Interpolators	in	A1
+	of	Oh:		Ptot	=0	is	simulated	by	our	and	Regensburg	group	

Oqq = sc
         sγ i∇ic
         sγ tγ i∇ic
         s∇i∇ic

Sca%ering	in	LQCD	 Figure	by	RQCD	

		mπ																										266	MeV																												156	MeV	

PACSCS	

results	for	this		

ensemble	shown	

10	
C	evaluated	using	dis8lla8on	method	[Peardon	et	al.]	



	Ds0
*(2317)			

	D.	Mohler,	C.	Lang,	L.	Leskovec,	S.P.	,	R.	Woloshyn:		

Phys.	Rev.	Le%.		2013:	mπ≈156	MeV,	L≈2.9	fm,	Nf=2+1,	PACSCS	

mesonic	bound	st.	established	on	la1ce		for	the	first	8me		

Sasa	Prelovsek	

pcotδ(p) = 1
a0

+
1
2
r0p

2

a0 = −1.33± 0.20 fm r0 = 0.27± 0.17 fm

T ∝ 1
cotδ − i

=∞, cotδ(pB ) = i, pB = i | pB |

i | pB | * i =
1
a0
−
1
2
r0 | pB |

2 → | pB |
2= 0.028± 0.012GeV 2

mDs0
lat, L→∞ = mD

2 − | pB |
2 + mK

2 − | pB |
2

Ds0
*(2317)	 m	-	¼	(mDs+3mDs*

)	 mD+mK-m	

lat	 266				±	16±4	MeV	 		36	±	17	MeV	

exp	 241.45	±	0.6				MeV	 		45	MeV	
Sca%ering	in	LQCD	 11	

E = mD
2 + p2 + mK

2 + p2 pcotδ(p) = 2
π L

Z00 (1, ( pL2π )
2 )

Luscher	1991	



Spectrum	of	Ds	mesons	
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mπ=266	MeV,	Nf=2,	L≈2	fm	 mπ=156	MeV,	Nf=2+1,	L≈2.9	fm	

Lang,	Leskovec,		Mohler,	S.P.	,	Woloshyn:		PRD	2014	
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D*K	
	
DK	



Ds0
*(2317)		

Sasa	Prelovsek	

		Bali,	Collins,	Cox,	Schafer	(RQCD):			
PRD	(2017)	074501	

O : sc, D(0)K(0) , D(1)K(−1)
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Ds0
*(2317)		

Sasa	Prelovsek	

pcotδ(p) = 1
a0
+
1
2
r0p

2

		Bali,	Collins,	Cox,	Schafer	(RQCD):			
PRD	(2017)	074501	

RQCD	

mπ=156	MeV	

-1.33(20)	
0.27(17)	
	
	
36	(17)	

Lang	et	al.	Sca%ering	in	LQCD	 14	



Ds0
*(2317)		

Sasa	Prelovsek	 Sca%ering	in	LQCD	

C.	Thomas	@	la1ce	2016	

loca8on	of	extracted	bound-state	pole	for	various	parametriza8ons	

15	



X(3872)	,	JPC=1++	,		charmonium-like			

Sca%ering	in	LQCD	

•  First	charmonium-like	state	discovered	[Belle,	PRL,	2003]	
	
• 		sits	within	1	MeV	of								D0D0*		threshold		
																							8	MeV	below	D+D*-		threshold	

	
•  believed	to	have	a	large	molecular	D0D0*	Fock	component	
									
•  Γ	<	1.2	MeV	
	
• 			decays	to	I=0,	1	equally	important		
	
						X(3872)	g 	J/Ψ	ω	(	I=0	)			
		
						X(3872)	g J/Ψ	ρ			(	I=1	)		
	

[LHCb,	PRL	2013]	

isospin	breaking	
effects	my	be	
important		

Sasa	Prelovsek	 16	



X(3872),	1++,	I=0		

Sca%ering	in	LQCD	

O : c c, DD*= (cu)(uc)+ (cd)(dc), J /ψω = (cc)(uu+ dd)

	[S.P.		and	L.	Leskovec,		
Phys.Rev.Le%.	2013	]		

•  all	Wick	contrac8ons		
calculated	using		
dis8lla8on	method	
[Peardon	et	al.	2009]	
	
•  charm	annihila8on		
contrac8ons	not	used	in	analysis		
	

charm	annihila8on	
Sasa	Prelovsek	 17	



		X(3872)		below	DD*	threshold,	I=0						

Sca%ering	in	LQCD	

O : c c, DD*, J /ψω

	[S.P.	,		Leskovec	:		Phys.	Rev.	Le%.	2013]	

mπ≈266	MeV,		Nf=2	

[Padmanath,	Lang,	S.P.,	PRD	2015]	

X(3872)	 m	-		(mD0+mD0*)	

lat	 -		11			±	7							MeV	

exp	 -	0.14	±	0.22		MeV	

X(3872)	appears	only	if	both		
cc	and	DD*	interp.	used.	

• 	δ	for	DD*	sca%ering	in	s-wave		

T ∝[cotδ − i]−1 =∞, cotδ(pB ) = i

mX
lat, L→∞ = mD

2 − | pB |
2 + mD*

2 − | pB |
2

pcotδ(p) = 2
π L

Z00 (1, ( pL2π )
2 ) = 1

a0
+
1
2
r0p

2

treated	as	decoupled	

Sasa	Prelovsek	 18	



Ds0
*(2317)	in	DK											vs.														X(3872)	in	DD*																			

Sasa	Prelovsek	 Sca%ering	in	LQCD	

•  very	narrow:	width	not	measured	

•  theore8cally	cleaner	

•  no	Wick	contrac8on	omi%ed	

•  no	other	nearby	threshold	
	

•  isospin	breaking	less	relevant	

•  only	s-wave	contributes	to	JP=0+	

•  	same	
	
•  currently	theore8cally	less	clean	->	more	to	be	done	

•  charm	annihila8on	omi%ed	
	
•  I=0	state	in	isospin	limit:		
							J/Ψ	ω		(I=0)	threshold	at		3879	MeV	,	J/Ψ	πππ	
							J/Ψ	ππ	(I=0)	threshold	formally	below	X(3872)	
	
•  isospin	breaking	more	relevant	(not	considered	on	lat)	
	
							another	threshold	for	broken		I						
								J/Ψ	ρ			(I=1)	threshold			3873	MeV	,	J/Ψ	ππ	
	
•  	s	and	d-wave	in	JP=1+	(	d-wave	not	considered	on	lat)	

•  nevertheless:	the	la1ce	result	obtained	is	believed	to	
be	rather	solid	(X	has	width	much	less	than	MeV)	

•  more	work	to	be	done	

D+D*-	

D0	D*0	
~	8	MeV	

X(3872)	

D+	K0	
D0	K+	

Ds0
*(2317)	

~	8	MeV	

~	45	MeV	

less	then		
1MeV	
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Resonances	
		..	in	charmonium	sector	

Sasa	Prelovsek	 Sca%ering	in	LQCD	

[Lang,	Leskovec,	Mohler,	S.P.,		JHEP	2015]	
[the	physics	conclusions	from	on-going	study		

on	CLS	ensembles	with	Regensburg	group	not	finalized	yet]	

20	
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Fig:	Mitchell	@		
Hadrons	2017	



Resonances	vs.	bound	states		

Sasa	Prelovsek	 Sca%ering	in	LQCD	

for	one	channel	sca%ering	dominated	by	single	par8al	wave	l	

simplest	E-dependence	expected	in	a	region	
near	a	rela8vely	narrow	reson.	

21	

S(E) = e2i�(E), S(E) = 1 + 2iT (E), T (E) =

1

cot �(E)� i

T (E) = E Γ(E)
mR
2 −E 2 − i EΓ(E)



Resonance	ψ(3770)	and	bound	st.	ψ(2S)	from	DD	sca%ering	in	p-wave			

2mD	

Lang,	Leskovec,	Mohler,	S.P.,	
	1503.05363,	JHEP	2015	

O : c c, DD, J PC =1−−

Sca%ering	in	LQCD	

c	quark	
u,d	quarks	

Charm	annihila8on	Wick	contrac8ons	omi%ed		
(like	in	all	charmonium-like	la1ce	simula8ons)	 En ! �(En)

First	la1ce	simula8on	of	a	charmonium	resonance	above	open-charm	threshold		
taking	into	account	its	strong	decay	  (3770) ! DD̄

DD̄ !  (3770) ! DD̄

Sasa	Prelovsek	 22	



Resonance	ψ(3770)	and	bound	st.	ψ(2S)	from	DD	sca%ering	in	p-wave			

Lang,	Leskovec,	Mohler,	S.P.,	
	1503.05363,	JHEP	2015		

Sca%ering	in	LQCD	

En ! �(En) ! p3 cot �(p)/
p
s

	
•  BW	fit	(i):	

	
•  fit	(ii):	includes	bound	st.:		
						R	:	mR:	zero,		ΓR	:	slope	near	zero	

								B:	cot	δ	=	i							

DD	threshold	

mπ=266	MeV																
p = i|p| ! p

3
cot� = (i|p|)3i = |p|3 > 0

p3 cot �p
s

 (2S) 23	

3--	

D(1)D(-1)	



	BW	resonance	ψ(3770):	

			mR	(magenta	diamonds)	

			Γ	(given	below)		

		

Bound	state	ψ(2S)	from	pole	in	T:	
					mB	(magetna	triangles)	

ψ(3770)	,	fit	(ii)	 Mass	[MeV]	 				g	(no	unit)	

Lat	(mπ=266	MeV)	 3774	±6±10	 19.7	±1.4	

Lat	(mπ=156	MeV)	 3789	±68±10	 28	±	21	

Exp.	 3773.15±	0.33	 18.7	±	1.4	

Resonance	ψ(3770)	and	bound	st.	ψ(2S)	from	DD	sca%ering	in	p-wave			

Lang,	Leskovec,	Mohler,	S.P.,	
	1503.05363,		JHEP	2015]	Sca%ering	in	LQCD	

� =
g2

6⇡

p3

s
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Scalar	charmonia	from	DD	sca%ering	in	s-wave,	JPC=0++:	
puzzles	remain	to	be	solved		

DD	sca%ering		phase	shim	

Lang,	Leskovec,	Mohler,	S.P.,	JHEP	2015	

Lat:	mπ=266	MeV	

p cot �p
s

Sca%ering	in	LQCD	

En ! �(En) ! p cot �/
p
s

Near	simple	BW	resonance:		
	
	

At	the	bound	state	pole:	

	

	

This	curious	shape	seems	to	suggest	narrow	resonance	and		
influence	from	the	bound	state	pole	at	χc0(1P)		

p = i|p| ! p cot � = (i|p|)i = �|p| < 0

E=3.4	GeV																					E=3.96	GeV		
				χc0(1P)		

2mD	

real	also	below	threshold	

Sasa	Prelovsek	 25	



Compa8bility	of			
	X*(3860)	[Belle	2017]											&										la1ce	[Lang	et	al,	2015]				?		

	m=	3966	±	20	MeV				

Γ=	67	±	18	MeV			

Hypothesis:	one	“narowish”	resonance	
-	BW	fit	in	vicinity	of	the	resonance	

-	omi1ng	the	points	away	from	it	

-	does	not	describe	our	results	near	threshold	

	

	Chilikin	et	al,	Belle,		
1704.01872,	PRD	2017	

Lang,	Leskovec,	Mohler,	S.P.,	
	1503.05363,	JHEP	2015,	mπ≈	266	MeV	

		
agreement	not	ideal,	but	not	completely	incompa8ble	
clearly	more	work	needed,	at	least	on	ab-inito	theory	side		

m = 3862−32−13
+26+40 MeV  Γ=201−67−82

+154+88 MeV

“pre-dicted”	

•  JPC=0++	hypothesis	favored	over	2++		at	2.5	σ	
	
•  experimental	paper	compares	with	our	la1ce	

result	and	indicates	compa8bility	at	2.7	σ	level	

p2	[GeV2]	
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Conclusions	

•  bound	states	in	mesonic	sector:	
					-	corresponds	to	pole	in	T	for	p=i|p|,	large	and	nega8ve	a0	
						-	not	many	candidates	
						-	Ds0*(3217):	ge1ng	mature	on	the	la1ce	
						-	X(3872):	rather	solid	la1ce	evidence,	but	currently	less	theore8cally	clean	
	
•  resonances	in	mesonic	sector:	
						-		very	mature	is	several	PP	sca%ering	channels:	ππ,	πK	
						-	studies	barely	started	in	others	which	are		par8cularly	interes8ng:		
								charmonium	sector,...	
	
Tomorrow:	sca%ering	of	hadrons	with	spin		
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Sca%ering	of	par8cles	with	spin	

Sasa	Prelovsek	 Sca%ering	in	LQCD	 28	

•  mo8va8on		

•  the	rela8on	to	extract	the	sca%ering	matrix	from	energies	is	known		

•  construc8on	of	operators		(interpolators)		
								by	three	different	methods	that	give	consistent	results:	reassuring	

•  example:	Nucleon-pion	sca%ering	in	p-wave,		JP=1/2+		
		

																															la1ce	results	and	implica8ons	for	the	Roper	resonance	



•  	most	detailed	sca%ering	results	exist	only	for		spin-less	par8cles	
	
											ππ		,	Kπ,		KK,	DK,	Dπ,	...	
					

•  H(1)	H(2)	:	where	one	or	both	H	carry	spin	was	explored	mostly	only	for	L=0	

																						many	interes8ng	channels	s8ll	unexplored,	par8cularly	for	L>0	

																						only	few	simula8ons	available	for	L>0	using	Luscher-type	method:				

																								*		NN	sca%ering	(L=0,	L>0),	CALLAT,	Phys.	Le%.	B	2017		

																												*	Nπ	sca%ering	(L=1,	I=1/2,	Roper	Channel),	Lang,	Leskovec,	Padmanath,	S.P.,	PRD	2017	

																												*	Nπ	sca%ering	(L=1,	I=3/2,	Delta	Channel),	Andersen,	Bulava,	Hortz,	Morningstar	PRD	2018	

																												*	ρπ	sca%ering	(L=0,2,	I=2,	non-resonant),	HSC,	1802.05580	

																													*	something	else	?	

				

Sasa	Prelovsek	

Current	status		
of	hadron-hadron	sca%ering	from	la1ce	

Sca%ering	in	LQCD	 29	



Mo8va8on	for	la1ce	simula8on	and	building	ops		

•  	in	la1ce	QCD:	

								hadron-hadron	sca%ering		H(1)	H(2)			
								where	H	is	one	of	P,V,N	hadrons,	which	is	(almost)	stable	with	respect	to	strong	decay:			

P=psuedoscalar	(JP=0^-)				=	π	,	K,	D,	B,	ηc	,	...	

	V=vector												(JP=1^-)				=	D*,	B*,	J/ψ,	ϒb	,	Bc*,...						(but	not		ρ	as	is	unstable...)	
	N=nucleon								(JP=1/2^+)	=	p,	n,	Λ,	Λc,	Σ,	...															(but	not		N*	as	is		unstable...)	

	

All	combina8ons	of	two-hadron	sca%ering	are	interes8ng	and	we	will	consider	building	ops	for	those	:	

PV:	meson	resonances	and	exo8cs	(for	example	X(3872)	in	DD*;	Zc	in	π	J/ψ,	D	D*	..)	

PN,	VN:	baryon	resonances	(e.g.	in		π	N,	K	N	...)	and	pentaquarks	(e.g.	Pc	in	J/ψ	N	channel)		

NN:	nucleon-nucleon	and	deuterium,	baryon-baryon			

	
•  in	any	la1ce	field	theory	(beyond	SM)	

	

							sca%ering	channels	with	vector	bosons	and	fermions	

Sasa	Prelovsek	 Sca%ering	in	LQCD	 30	



	
							-	two	spinless	par8cles	Luscher	(1991):		
	
							-	two	par8cles		with	arbitrary	spin			
										Briceno,	PRD89,	074507	(2014)	

										(other	authors:	some	specific	cases)		

The	need	for	interpolators	

Sasa	Prelovsek	

sca%ering	matrix:	S=	I	+	i	M	=	e2iδ	

related	to	eigen-energy	En	

Oi (t) Oj
+(0) → En → scattering matrix M

Rela8on	between	sca%ering	matrix	M	and	energies	En	are	known		

O=HH	needed	to	create/annihilate	HH		

Sca%ering	in	LQCD	 31	



Some	other	analy8c	work	on	la1ce	HH	operators		
for	hadrons	with	spin	and	L≠0		

Sasa	Prelovsek	

	
Par8al-wave	method	for	HH:		
Berkowitz,	Kurth,	Nicolson,	Joo,	Rinaldi,	Strother,	Walker-Loud,	1508.00886		
Wallace,	Phys.	Rev.	D92,	034520	(2015),	[arXiv:1506.05492]	
	
Projec8on	method	for	HH:		
M.	Göckeler	et	al.,	Phys.Rev.	D86,	094513	(2012),	[arXiv:1206.4141].		
	
Helicity	operators	for	single-H:		
Thomas,	Edwards	and	Dudek,	Phys.	Rev.	D85,	014507	(2012),	[arXiv:1107.1930]	
	
Some	aspects	of	helicity	operators	for	HH:		
Wallace,	Phys.	Rev.	D92,	034520	(2015),	[arXiv:1506.05492].			
Dudek,	Edwards	and	Thomas,	Phys.	Rev.	D86,	034031	(2012),	[arXiv:1203.6041].		
	
Which	CG	of	H1	and	H2	to	H1H2	irreps	are	nonzero;	values	of	CG	not	published:	
Moore	and	Fleming,	Phys.	Rev.	D	74,	054504	(2006),	[arXiv:hep-	lat/0607004].		
	
Tetraqurak	operators	(appeared	amer	our	paper	on	operators)	
Cheung,	Thomas,	Dudek,	Edwards	[1709.01417,	JHEP	2017]	
	
etc	...		
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Construc8ng	HH	operators	for	sca%ering	with	spin:		
outline	

Sasa	Prelovsek	

	
•  three	different	methods	to	construct	operators	
	
•  illuminate	the	proofs	(given	in	the	paper)	
	
•  verify	they	lead	to	consistent	operators	(that	gives	confidence	in	each	one	of	them)	
	
•  they	lead	to	complementary	physics	info	
	
•  explicit	ops	for	PV,	PN,	VN,	NN	for	lowest	two	momentum	shells.		

based	on		S.	P.,	U.	Skerbis,	C.B.	Lang:	arXiv:1607:06738,	JHEP	2017	
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Ops	with	Ptot=0	are	considered	

H(1)(p)	H(2)(-p)		,		Ptot=0	
	
Advantage	of		Ptot=0:		
•  parity	P	is	a	good	number				
•  channels	with	even	and	odd	L	do	not	mix	in	the	same	irrep			

not	true	for	Ptot≠0	

Sasa	Prelovsek	

	Building	blocks	H:	required	transforma8on	proper8es	of	H	

rota8ons	R																																																																		inversion	I	

state	
	

crea8on	field	

	

annihila8on	field	

ms		is	a	good	quantum	number	at	p=0:		
ms	is	not	good	quantum	number	in	general	for	p≠0:	in	this	case	it	denotes	eigenvalue	of	Sz	of	corresponding	Hms(p=0)	

to	prove	correct	transforma8on	proper8es	of	HH	

note:		

D	èD*	
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For	Ptot≠0:	projec8on	method		

can	be	applied	as	here.		



Non-prac8cal	choice	of	Hms(p):	canonical	fields	H(c)	

Sasa	Prelovsek	

L(p)	is	boost	from	0	to	p;					drawback:	H(c)(p)	depend	on	m,	E,..	

with	correct	transforma8on	proper8es	under	R	and	I	
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Non-prac8cal	choice	of	H:	canonical	fields	H(c)	

Sasa	Prelovsek	

L(p)	is	boost	from	0	to	p;					drawback:	H(c)(p)	depend	on	m,	E,..	

with	correct	transforma8on	proper8es	under	R	and	I	

							Prac8cal	choice	of	Hms(p)			
with	correct	transforma8on	proper8es	under	R	and	I	

These	H	are	employed	as	building	block	in	our	HH	operators																		simple	examples	
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relevant	rota8ons:																													:		O	with	24	el.	for	J=integer	;	O2	with	48	elements	for	J=half-integer	
The	group	including	inversion	I:									Oh	with	48	el.	for	J=integer	;	O2

h	with	96	elements	for	J=half-integer	

	

The	representa8on		OJ		is	irreducible	under	con8nuum	R,	but	it	is	reducible	under	discrete	R	in	O(2).		

The	operators	should	transform	according	to	certain	irreducible	representa8on	Γ	and	its	row	r.			

Required	transforma8on	proper8es	of	O=HH	

Sasa	Prelovsek	

T(R)	given	for	all	irreps	in		
Bernard,	Lage,		Meißner,	Rusetsky,		
JHEP	2008,	0806.4495	
We	use	same	conven8ons	for	rows.		

good	parity	since	Ptot=0	!	

con8nuum	R	

discrete	R	
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“seed”:	Each	Ha	can	have	any	polariza8on	ms	
and	direc8on	p	with	given	|p|.	Different	choices	
lead	to	different	linearly	independent	On	

Method	I:	Projec8on	operators	

	
Some	examples	for	|p|=1:	
PV	in	T1+		,	nmax=2:	

PN	in	H+		,	nmax=1:	

VN	in	H-		,	nmax=3:	

	

Disadvantage:	

not	informa8ve	which	
con8nuum	numbers										
(par8al	wave	L	or	helicity	)	
each	On	corresponds		

	

This	is	remedied	in	next	two	
methods	

T(R)	given	for	all	irreps	in		
Bernard,	Lage,		Meißner,	Rusetsky,		
JHEP	2008,	0806.4495		
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Proof	(in	our	paper	and	next	slide):	the	correct	transforma8on	proper8es	
	

	follow	from	transforma8ons	of	H	(slide	8)	and	proper8es	of	C,	Ylm	and	D.	

	

Example		of	PV	operators		
		
	
	
Subduc8on	to	irreps	discussed	later	on.			

Method	II:	Par8al-wave	operators	

Sasa	Prelovsek	

Proposed	for	NN	in	[Berkowitz,	Kurth,	Nicolson,	Joo,	Rinaldi,	Strother,	Walker-Loud,	CALLAT,	1508.00886]	There	Ylm*	appears	where	we	have	Ylm	

Clebsch-Gordans																								Spherical	Harmonics	

building	blocks	H		

men8oned	on	slide	10	(bo%om)			Star8ng	annihila8on	operator		
(before	sobduc8on		to	irreps)	
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Proof:	par8al-wave	operators	

Sasa	Prelovsek	

Proof	of	correct	transforma8on	proper8es:		
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Method	III:	helicity	operators	

Sasa	Prelovsek	

•  building	blocks		in		par8al-wave	operators		are	Hms(p)	and	ms	is	not	good	for	p≠0:	
	
•  Helicity	λ	is	projec8on	of	S	to	p.	It	is	good	also	for	par8cles	in	flight	

•  Defini8on	of	single-hadron	helicity	operator	
								
•  Helicity	is	not	modified	under	R	(p	and	S	transform	the	same	way)	

•  Two-hadron	O:		

	

•  Proof:		

[HH	in	con8nuum:	Jacob,	Wick	(1959)]	
[for	single	H	on	la1ce:	HSC,	Thomas	et	al.	(2012)]		

p	is	arbitrary	momentum	in	given	shell	|p|;		R	does	not	modify	λ1,2	,	so	H1,2	have	chosen	λ1,2	in	all	terms		

rota8on	from	pz	to	p	

good	ms	

R’=RaR	

denoted	by	superscript	h	
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Method	III:	helicity	operators	(con8nued)	

Sasa	Prelovsek	

Using	defini8ons	of																																																														and	parity	projec8on		

•  H	are		building	blocks	from	slide	10	(bo%om):	ac8ons	of	R	and	I	on	Hms(p)	are	given	in	slide	8	
•  p	is	arbitrary	momentum	in	given	shell	|p|;	there	are	several	choices	of	R0p	which	rotate	from	pz	to	p:	

								-	these	lead	to	different	phases	in	defini8on	of	Hλ
h	:	inconvenience	

												-	but	they	lead	to	the	same	O	above	(modulo	irrelevant	overall	factor):	so	no	problem	for	such	construc8on	

•  Simple	choice	for	momentum	shell	|p|=1	:		p=pz			and		R0p=Iden8ty	

•  paper	provides	details	how	to	use	func8ons	from	Mathema8ca	for	construc8on,	also	since	Mathema8ca	uses	non-conven8onal	defni8on	of	D		

	

	

	

	

																																																																		

,	choice	of	sign	in	our	paper	

p	is	arbitrary	momentum	in	given	shell	|p|	

Sca%ering	in	LQCD	 42	



Subduc8on	of	OJ,mJ	to	irreducible	representa8ons		

Sasa	Prelovsek	

Par8al-wave	operators			O	J,	mJ,	L,	S	

	

Helicity	operators												O	J,	mJ,	λ1,	λ2	

The	representa8on	OJ	is	irreducible	under	con8nuum	R.	
But	it	is	reducible	under	R	in	discrete	group	la1ce	O(2).		

Operators	that	transform	according	to	irrep	Γ	and	row	r	obtained	via	subduc8on.				

Subduc8on	matrices	S	
[Dudek	et	al.,	PRD82,	034508	(2010)	

	Edwards	et	al,	PRD84,	074508	(2011)]	

con8num	R	 discrete	R	in	discrete	group	O(2)	
subduc8on	

Single-hadron	operators	H:	experience	by	Hadron	Spectrum	collabora8on	Phys.	Rev.	D	82,	034508	(2010)	
•  subduced	operators	O[J]

Γ		carry	memory	of	con8nuum	spin	and	dominantly	couple	to	states	with	this	J	

Expecta8on	for	par8al-wave	and	helicity	operators	HH	obtained	by	subduc8on	:	

•  																									would	dominantly	couple	to	eigen-states	with	con8nuum	(J,L,S)	

•  																								would	dominantly	couple	to	eigen-states	with	con8nuum	(J,λ1,λ2)	

valuable	for	simula8ons	

give	physics	intui8on	on	quant.	num.			

one	last	step	before	reaching	the	results	...			
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Example:		
P(p)V(-p)	operators	

row=1	provided	

Conven8ons	for	row	
Bernard	et	al.	,	0806.4495		

rows	of	T1:	(x,y,z)	

rows	of	T2:	(yz,xz,xy)	

other	irreps:	O=0		

Sasa	Prelovsek	 Sca%ering	in	LQCD	 44	



Example:		
P(p)V(-p)	operators	

Sasa	Prelovsek	

projec8on	operators	

helicity	operators		

par8al-wave		operators	

JP=1+,	λV=0	

JP=1+,	λV=1	

JP=1+,	S=1,L=0	

JP=1+,	S=1,L=2	

provides	lin.	combina8on	of	projec8on	operators	On	that	
enhances	the	coupling	to	state	with	con8nuum	(JP,	λV)	

provides	lin.	combina8on	of	projec8on	operators	On	that	
enhances	the	coupling	to	state	with	con8nuum	(JP,	S,L)	

row=1	provided	

Conven8ons	for	row	
Bernard	et	al.	,	0806.4495		

rows	of	T1:	(x,y,z)	

rows	of	T2:	(yz,xz,xy)	

other	irreps:	O=0		
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P(1)V(-1)	operators,	T1+,	row=r=1	

Sasa	Prelovsek	

JP=1+,	S=1,L=0	

JP=1+,	S=1,L=2	
	
JP=1+,	λV=0	
JP=1+,	λV=1		

projec8on	op.	
	
par8al-wave	op.	
	
	
helicity	op.	

Par8al-wave	and	helicity	operators	expressed	in	terms	of	projec8on	operators	throughout		
and	consistency	is	found.			
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Two	levels		
P(1)	V(-1)=π(1)	J/Ψ(-1)		

observed	in	T1+	
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HSC,	Gavin	Cheung	et	al,	JHEP	2017			
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Sasa	Prelovsek	

Explicit		expressions	all	for	H(1)(p)H(2)(-p)	
		
-	PV,	PN,	VN,	NN		
	
-	in	three	methods		
	
-	all	irreps,	|p|=0,1	
	
given	in	[S.	P.,	U.	Skerbis,	C.B.	Lang,		arXiv:1607:06738,	JHEP	2016]	

	
operators	from	three	methods	are	consistent	(not	equal)	with	each	other	
	
Rela8on	between	par8al-wave	and	helicity	operators	is	derived	

Results	for	operators	
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Nπ	sca%ering	in	the	Δ(1232)	channel	

Andersen,	Bulava,	Hortz,	Morningstar,	PRD	2018		

Sasa	Prelovsek	 Sca%ering	in	LQCD	

L=1,	I=3/2,	JP=3/2+	
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CLS	

mΔ~	1.327	(13)	GeV	



Nπ	sca%ering	in	JP=½+	and	the	Roper	resonance	

C.B.	Lang,	L.	Leskovec,	M.	Padmanath,	S.P.	

Phys.	Rev.	D	95	(2017)	014510;		hep-lat:1610.01422	

Sasa	Prelovsek	 Sca%ering	in	LQCD	

L=1,	I=1/2	

50	



	Brief	intro	to	Roper	resonance		

€ 

uud

Sasa	Prelovsek	

Puzzling	since	its	discovery	in	1964	by	L.D.	Roper.		
In	par8cular:	why	is	it	lighter	than	N(1535)	with	½-	?		
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Some	previous	simula8ons	of	the	proton/Roper	channel:	JP=1/2+	
•  all	used	just	O=qqq	interpolators	(with	excep8on	of	Adelaide	1608.03051	which	did	not	find	two-hadron	state	in	spite	of	that)		
•  ignored	that	Roper	is	strongly	decaying	resonance	

•  assumed	that	E1=mN	(correct)		

																																E2=mR		(not	correct);			E2	could	in	principle	be	energy	of	Nπ	eigenstate			

E2	

E1=mN		
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La1ce	simula8on	

Sasa	Prelovsek	

•  Wilson	clover	fermions	
	
•  Lowest	non-interac8ng		N(1)π(-1)	states	in	p-wave	expected	at	

							This	is	in	the	Roper	resonance	region:	favorable		

E ≈ ( 2πL )
2 +mπ

2 + ( 2πL )
2 +mN

2 ≈1.5GeV
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Implemen8ng	nucelon-pion	interpolators	in	JP=1/2+	channel		
(for	the	first	8me	in	this	channel)	

Nπ	in	p-wave:	irrep	G1
+	

all	three	methods	give	one	and	the	same	O	

“La:ce	operators	for	sca?ering	of		

par@cles	with	Spin”,	JHEP	2017,	

S.	P.,	U.	Skerbis,	C.B.	Lang		

Nσ	in	s-wave	

momenta	of	hadrons	in	units	of	2π/L	

•  only	total	momentum	P=0	is	simulated	

•  P≠0	not	used	(since	p-wave	mixes	with	s-wave	in	all	irreps	where	p-wave	appears)	
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Compu8ng	10x10	matrix	C:		Wick	contrac8ons			
part	of	them	are	similar	as	in	Nπ	in	s-wave		
[Verduci,	Lang,		PRD	2013]	plots	taken	from	there	

•  just	part	of	Wick	contrac8ons	plo%ed	
•  computa8onal	challenge:		

-					all-to-all	quark	propagators	needed;			

-  full	dis8lla8on	employed	[Peardon	et	al,	2009]	

π (p) =

π (p) = eipx
x
∑ d (x)γ5u(x)

Cij (t) = Zi
n

n
∑ Z j

n*e−Ent

C(t)v(n) (t) =C(t0 )λ(t)v
(n) (t) [Luscher	&	Wolf	1991,		

Blossier	et	al	2009]		
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En:	dependence	on	the	interpolators	used	

note	again:		
total	momentum	P=0	
	
N(0)π(0)	not	possible		
for	p-wave	
	
lowest	non-interac8ng		
Nπ	state	is	N(1)π(-1)	
	
	
	

p=	1	*	2π/L	

Sasa	Prelovsek	

mN+2m	π	
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Final	En	and	overlaps	Zin=<Oi|n>	

Sasa	Prelovsek	

N(1)π(-1)		la1ce	eigenstate	established	in	½+	channel	for	
the	first	8me;	
similar	applies	to	Nππ	eigenstate		

Sca%ering	in	LQCD	

Lang,	Leskovec,	Padmanath,	S.P.	PRD	2017		
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Nπ	and		Nππ	pollu8on	of	Nucleon	observables	

Sasa	Prelovsek	 Sca%ering	in	LQCD	 58	

analy8c	work	by	O.	Bar	within	ChPT	

ChPT	based	on	local	O(qqq)	applies		if		rsmear	mπ	=small	and	L	mπ	=sizable	
not	strictly	sa8sfied	in	our	simula8on,	so	comparison	not	expected	to	work	perfectly	

N(pn)π(-pn):				<Oqqq	|Oqqq>=	
	

N	π	π:																<Oqqq	|Oqqq>	=	C	[1+	c0,0	e-[E(Nππ)	–	E(N)]	]	

0.42 ≈ c1
+ ↔

Oqqq N(1)π (−1)
Oqqq N(0)

        = Zi=6
n=3

Zi=6
n=1 ≈ 0.2

0.036 ≈ c0.0 ↔
Oqqq N(0)π (0)π (0)

Oqqq N(0)
=
Zi=6
n=3

Zi=6
n=1 ≈ 0.07(4)

O.	Bar,	1503.03649,	
1802.10442,	private	com.	 lat	
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(A)	Expecta8on	from	elas8c	Nπ	sca%ering		
based	on	low-lying	Roper	(from	experimental	δ	Nπ	)	

E	not	precise	enough	to	reliably	determine	ΔE	and	δ:	not	unexpected	for	mπ≈156	MeV	!!	
Alterna8ve	path	to	reach	physics	conclusions	from	the	results.		
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(A)	Expecta8on	from	elas8c	Nπ	sca%ering		
based	on	low-lying	Roper	(from	experimental	δ	Nπ	)	

mexp	Roper	
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(A)	Expecta8on	from	elas8c	Nπ	sca%ering		
based	on	low-lying	Roper	(from	experimental	δ	Nπ	)	

•  la1ce	data	is	qualita8vely	different	from	the	predic8on	of	the	
decoupled		Nπ	channel	with	resonant	phase			

•  the	scenario	of	mainly	elas8c	low-lying	Roper	is	not	supported	by	
the		la1ce	data	

•  this	calls	for	other	possibili8es	for	experimental	state:	one	
possibility	is	that	the	coupling	of	Nπ	with	other	channels	(Nσ	or	
Nππ)	is	essen8al	for	low-lying	Roper	resonance	in	experiment:		

					this		is	dubbed	dynamically	generated	Roper	resonance	
						[Krehl,		Hanhart,		Krewald,	Speth,	PRC	62	025207	(2000),		
							many	other	follow	up-works]					

Sasa	Prelovsek	

mexp	Roper	
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(B)	3	scenarios	with	coupled	Nπ	−	Nσ	−	Δπ	sca%ering		

α=	Nπ	,	Nσ,	Δπ		

bare	baryon	

3	scenarios,	which	all	fit	
experimental	Nπ	sca%ering	well			

I	:	with	bare	Roper		B0													
without	bare	nucleon																							
no	coupling	between	Nπ	−	Nσ		

II	:	without	bare	Roper	B0						
without	bare	nucleon	N;																								
with	strong	Nπ	−	Nσ		coupling		

III:	without	bare	Roper	B0						
with	bare	nucleon	N;																								
with	strong	Nπ	−	Nσ		coupling		

caveat:	σ	treated	as	stable	

Hamiltonian	EFT	study	of	Roper	
Adelaide	group,	Leinneweber	et	al,		
PRD	2017,	1607.04536	

Nπ	phase	shim	

inelas8city	
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(B)	3	scenarios	with	coupled	Nπ	−	Nσ	−	Δπ	sca%ering		
3	scenarios,	which	all	fit	
experimental	Nπ	sca%ering	well			

I	:	with	bare	Roper		B0													
without	bare	nucleon																							
no	coupling	between	Nπ	−	Nσ		

II	:	without	bare	Roper	B0						
with	bare	nucleon	N;																								
with	strong	Nπ	−	Nσ		coupling		

III:	without	bare	Roper	B0						
with	bare	nucleon	N;																								
with	strong	Nπ	−	Nσ		coupling		

predicted	En	for	PACS-CS	la1ce	with	L=2	fm	
in	3	scenarios	on	previous	page			

la1ce	results	

comparing	analy8c	predic8ons		

	and	la1ce	data:		

•  scenario	I	disfavoured	
•  scenarios	II,	III	favoured	
-  Roper	as	dynamically	generated	

resonance	favoured	

Sasa	Prelovsek	

Hamiltonian	EFT	study	of	Roper	resonance	
Adelaide	group,	Leinneweber	et	al,		
PRD	2017,	1607.04536	
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Structure	of	the	Roper	resonance	from	
La:ce	QCD	constraints		

Leineweber	et	al.	1703.10715	



If	experimental	low-lying	Roper	resonance	results	from		
	

strong	resca%ering	between		coupled	meson-baryon	channels	...				

If	this	is	the	case,	the	prospects	of	rigorous	la1ce	treatment	will	be	challenging:	
-				coupled	channel	sca%ering	(doable	if	both	hadrons	HH	are	stable)	
-  three-body	Nππ	decay:	rela8on	of	E	and	sca%ering	matrix	under	development		
								[Sharpe,	Hansen,	Briceno,	Rusetsky,	Doring,	Mai,.]		
								sca%ering	matrix	has	never	been	extracted	within	QCD		
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Conclusions	

Sasa	Prelovsek	

H1H2		sca3ering	where	one	or	both	carry	spin:	
-  a	number	of	simula8ons	at	L=0;	only	few	for	L>0	
-  	generalized	Luscher’s	rela8on	between	E	and	S	exists	
	
(1)			H1(p)H2(-p)	operators	constructed	for	sca3ering	of	par8cles	with	spin		

•  	Consistent	results	found	in	three	methods:	PV,	PN,	VN,	NN		
²  Projec8on	operators	On:		gives	li%le	guidance	on	underlying	quantum	numbers	

²  Par8al-wave	operators:	provides	linear	combina8ons	On	to	enhance	coupling	to	(J,	S,	L)		

²  	Helicity	operators:		provides	linear	combina8ons	On	to	enhance	coupling	to	(J,	P,	λ1,	λ2)		

	

(2)	simula8on	of	Nπ	sca3ering	in	p-wave			
	JP=3/2+,	I=3/2:	Δ(1232)	resonance																		:	“vanilla”	baryon	resonance	confirmed	by	LQCD	
JP=1/2+,	I=1/2:	N(1440)	resonance		(Roper)	
•  		meson-baryon	eigenstates	(Nπ	and	Nππ)	are	iden8fied	for	the	first	8me	in	this	channel	
	
•  the	scenario	of	the	low-lying	Roper	that	is	mainly	elas8c	in	Nπ	is	not	supported	by	la1ce		data	
			
•  coupling	of	Nπ	with	other	channels	(Nσ	or	Nππ)	seems		important	to	render	low-lying	Roper	in	exp	
	
•  this	step	was	only	the	first	on	in	more	to	follow	....		
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