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Much of our knowledge of particle physics comes from 
scattering experiments

Motivation for scattering observables

    particle 
emitter

↵

lead plate
screen

Short-lived states (resonances) seen via scattering 

e�iHt| i 6= | ie�iEt

Not energy eigenstates, indeed not states in Hilbert space! | i
Instead, a resonance is a peak in a scattering rate.

Or, more generally, a pole in its analytic continuation.

Rutherford 1911
Lucas Taylor, 1997, CERN

CMS 1997



The aim here is to derive a formalism for studying  
relativistic two- and three-particle systems from lattice QCD

Potential applications… 
Studying three-particle resonances 

Calculating weak decays, form factors and transitions 

Determining three-body interactions 

N(1440) ! N⇡, N⇡⇡

K ! ⇡⇡⇡

N⇤

NNN three-body forces needed as EFT input 
for studying larger nuclei and nuclear matter

N�⇤ ! N⇡⇡

!(782), a1(1420) ! ⇡⇡⇡



The aim here is to derive a formalism for studying  
relativistic two- and three-particle systems from lattice QCD

Other motivations… 
The Lüscher and Lellouch-Lüscher formalism only applies for  p

s = Ecm < multi-particle threshold 

⇡K ! ⇡K
p
s = 2m⇡ +mK

⇡⇡ ! ⇡⇡
N⇡ ! N⇡

only up to 
p
s = 4m⇡p
s = 2m⇡ +mN

3-particle formalism is a step on the way to n-particle formalism 
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p =
2⇡

L
n , n 2 Z3

⇡(⌧,x) =

Z

L
d3x e�ip·x ⇡̃(⌧,p)

⇡(⌧,x+ Lei) =

Z

L
d3x e�ip·(x+Lei) ⇡̃(⌧,p)

e�ip·Lei = 1 =) piL = 2⇡ni

these must be equal

Simplest quantization condition…

Quantization of momentum

q(⌧,x) = q(⌧,x+ Lei)

time direction infinite

periodic boundary conditions

cubic, spatial volume (extent    )L

⇡(⌧,x) = ⇡(⌧,x+ Lei)

Work in continuum field theory throughout
Assume lattice effects are small or removed elsewhere

Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

e�mL    large enough to ignoreL



Beginning in infinite volume, we need a convention to normalize the 
Fourier transform and its inverse

Z
dp

N

e

ipx

 Z
dx

0

N

0 e
�ipx

0
f(x0)

�
=

2⇡f(x)

NN

0FT �1
h
FT

⇥
f
⇤i

= f

= 1Z
dp e

ip(x�x

0) = 2⇡�(x� x

0)

simplify via…

Fourier transform conventions (here in one dimension)
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Now we repeat the exercise in a finite volume
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X
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Fourier transform conventions (here in one dimension)
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lim
L!1

1
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A nice sanity check is to take the infinite-volume limit…
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For a smooth function we can 
replace the sum with an integral

Fourier transform conventions (here in one dimension)
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Z

L
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4
x e

�iPxh0|TO(x)O†(0)|0i
Convenient to work with momentum space, finite-volume correlators

3-particle interpolator
Total 4-momentum

c.m. frame energy:

P =
�
E,P

�
=
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E, 2⇡nP /L

�

E⇤2 = E2 �P2 O(x) ⌘ 1
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4
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4
z f(y, z) '(x)'(x+ y)'(x+ z)

Finite-volume correlator
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X

n

ei(E�En+i✏)th0| eO(0,P)|En,P, LihEn,P, L|O†(0)|0i+ (t < 0)

To see why this is useful, perform a spectral decomposition: I =
X

n

|En, LihEn, L|

Separate the two time orderingsH ! H � i✏Use

Finite-volume correlator
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3-particle interpolator

O(x) ⌘ 1

6

Z

L
d

4
y

Z

L
d

4
z f(y, z) '(x)'(x+ y)'(x+ z)

Diagrammatic evaluation (non-interacting)
We can also calculate the correlator explicitly by contracting fields
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Non-interacting correlator…



Outline

Warm up and definitions 
Basic set-up
Finite-volume correlator
Three non-interacting particles

Two particles in a box 
Alternative derivation
Truncation and application
Relating matrix elements

Three particles in a box 
3-to-3 scattering
(Sketch of) derivation
An unexpected infinite-volume quantity
Relating energies to scattering

Testing the result 
Large-volume expansion
Effimov state in a box

Numerical explorations 
Truncation at low energies
2-particle physics in 3-particle 
energies
Toy 3-particle resonance
Numerical Effimov state
Unphysical solutions

Looking forward 
2-to-3 scattering and resonant 
subprocesses
Speculations



Teaser for the coming lectures
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Efimov bound states in and 
outside of the box

Exploring the solutions
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A new quantization condition

Thanks for listening!


