
SUSY Lagrangians



Wess-Zumino



The free Wess–Zumino model

S =
∫
d4x (Ls + Lf)

Ls = ∂µφ∗∂µφ, Lf = iψ†σµ∂µψ.

gµν = ηµν = diag(1,−1,−1,−1)

φ→ φ+ δφ
ψ → ψ + δψ

δφ = εαψα
= εαεαβψ

β ≡ εψ

εαβ =

(
0 −1
1 0

)
, εαβ =

(
0 1
−1 0

)
εψ = −ψβεαβεα = ψβεβαε

α = ψε



δφ∗ = ε†α̇ψ
†α̇ ≡ ε†ψ†

δLs = ε∂µψ ∂µφ
∗ + ε†∂µψ† ∂µφ

δψα = −i(σνε†)α ∂νφ δψ†α̇ = i(εσν)α̇ ∂νφ
∗

δLf = −εσν∂νφ∗σµ∂µψ + ψ†σµσνε† ∂µ∂νφ

Pauli identities:[
σµσν + σνσµ

]β
α

= 2ηµνδβα
[
σµσν + σνσµ

]β̇
α̇

= 2ηµνδβ̇α̇

δLf = −ε∂µψ ∂µφ∗ − ε†∂µψ† ∂µφ
+∂µ

(
εσµσνψ ∂νφ

∗ − εψ ∂µφ∗ + ε†ψ† ∂µφ
)
.

total derivative so:

δS = 0



Commutators of SUSY
transformations

(δε2δε1 − δε1δε2)φ = −i(ε1σµε†2 − ε2σµε
†
1) ∂µφ

(δε2δε1 − δε1δε2)ψα = −i(σνε†1)α ε2∂νψ + i(σνε†2)α ε1∂νψ

Fierz identity:

χα (ξη) = −ξα (χη)− (ξχ)ηα

(δε2δε1 − δε1δε2)ψα = −i(ε1σµε†2 − ε2σµε
†
1) ∂µψα

+i(ε1α ε
†
2σ
µ∂µψ − ε2α ε†1σµ∂µψ).

SUSY algebra closes on-shell.



on-shell the fermion EOM reduces DOF by two
pµ = (p, 0, 0, p)

σµpµψ =

(
0 0
0 2p

)(
ψ1

ψ2

)
projects out half of DOF

off-shell on-shell
φ, φ∗ 2 d.o.f. 2 d.o.f.

ψα, ψ
†
α̇ 4 d.o.f. 2 d.o.f.

SUSY is not manifest off-shell
trick: add an auxiliary boson field F

off-shell on-shell
F ,F∗ 2 d.o.f. 0 d.o.f.

Laux = F∗F



δF = −iε†σµ∂µψ, δF∗ = i∂µψ
†σµε

δLaux = i∂µψ
†σµε F − iε†σµ∂µψ F∗

modify the transformation of the fermion:

δψα = −i(σνε†)α ∂νφ+ εαF , δψ†α̇ = +i(εσν)α̇ ∂νφ
∗ + ε†α̇F∗

δnewLf = δoldLf + iε†σµ∂µψF∗ + iψ†σµ∂µεF
= δoldLf + iε†σµ∂µψF∗ − i∂µψ†σµεF + ∂µ(iψ†σµεF)

last term is a total derivative

Snew =
∫
d4x Lfree =

∫
d4x (Ls + Lf + Laux)

is invariant under SUSY transformations:

δSnew = 0



Commutator of two SUSY
transformations acting on the fermion

(δε2δε1 − δε1δε2)ψα = −i(ε1σµε†2 − ε2σµε
†
1) ∂µψα

+i(ε1α ε
†
2σ
µ∂µψ − ε2α ε†1σµ∂µψ)

+δε2ε1αF − δε1ε2αF

δε2ε1αF − δε1ε2αF = ε1α(−iε†2σµ∂µψ)− ε2α(−iε†1σµ∂µψ)

(δε2δε1 − δε1δε2)ψα = −i(ε1σµε†2 − ε2σµε
†
1) ∂µψα

SUSY algebra closes for off-shell fermions



Commutator acting on the auxiliary
field

(δε2δε1 − δε1δε2)F = δε2(−iε†1σµ∂µψ)− δε1(−iε†2σµ∂µψ)

= −iε†1σµ∂µ(−iσνε†2 ∂νφ+ ε2F)

+iε†2σ
µ∂µ(−iσνε†1 ∂νφ+ ε1F)

= −i(ε1σµε†2 − ε2σµε
†
1) ∂µF

−ε†1σµσνε
†
2 ∂µ∂νφ+ ε†2σ

µσνε†1 ∂µ∂νφ

Thus for

X = φ, φ∗, ψ, ψ†,F ,F∗

(δε2δε1 − δε1δε2)X = −i(ε1σµε†2 − ε2σµε
†
1) ∂µX



Noether



Noether’s Theorem
Noether theorem:
corresponding to every continuous symmetry is a conserved current.

infinitesimal symmetry (1 + ε T )X = X + δX

δL = L(X + δX)− L(X) = ∂µV
µ

EOM:
∂µ

(
∂L

∂(∂µX)

)
= ∂L

∂X ,

∂µV
µ = δL = ∂L

∂X δX +
(

∂L
∂(∂µX)

)
δ(∂µX)

= ∂µ

(
∂L

∂(∂µX)

)
δX +

(
∂L

∂(∂µX)

)
∂µ δX

= ∂µ

(
∂L

∂(∂µX)δX
)

ε∂µJ
µ = ∂µ

(
∂L

∂(∂µX)δX − V
µ
)



Conserved SuperCurrent
conserved supercurrent, Jµα :

εJµ + ε†J†µ ≡ ∂L
∂(∂µX) δX − V

µ

εJµ + ε†J†µ = δφ∂µφ∗ + δφ∗∂µφ+ iψ†σµδψ − V µ

εJµ + ε†J†µ = εψ∂µφ∗ + ε†ψ†∂µφ+ iψ†σµ(−iσνε† ∂νφ+ εF)
−εσµσνψ ∂νφ∗ + εψ ∂µφ∗ − ε†ψ† ∂µφ− iψ†σµεF

= 2εψ∂µφ∗ + ψ†σµσνε† ∂νφ− εσµσνψ ∂νφ∗



Using the Pauli identity:

Jµα = (σνσµψ)α ∂νφ
∗, J†µα̇ = (ψ†σµσν)α̇ ∂νφ.

conserved supercharges:

Qα =
√

2
∫
d3xJ0

α, Q†α̇ =
√

2
∫
d3xJ†0α̇

generate SUSY transformations[
εQ+ ε†Q†, X

]
= −i

√
2 δX

Commutators of the supercharges acting on fields give:

[
ε2Q+ ε†2Q

†,
[
ε1Q+ ε†1Q

†, X
]]
−
[
ε1Q+ ε†1Q

†,
[
ε2Q+ ε†2Q

†, X
]]

= 2(ε2σ
µε†1 − ε1σµε

†
2) i∂µX[[

ε2Q+ ε†2Q
†, ε1Q+ ε†1Q

†], X] = 2(ε2σ
µε†1 − ε1σµε

†
2) [Pµ, X]

Since this is true for any X, we have



[
ε2Q+ ε†2Q

†, ε1Q+ ε†1Q
†] = 2(ε2σ

µε†1 − ε1σµε
†
2)Pµ

Since ε1 and ε2 are arbitrary, we have[
ε2Q, ε

†
1Q
†] = 2ε2σ

µε†1Pµ[
ε†2Q, ε1Q

†] = −2ε2σ
µε†1Pµ[

ε2Q, ε1Q
]

=
[
ε†2Q

†, ε†1Q
†] = 0

Extracting the arbitrary ε1 and ε2:

{Qα, Q†α̇} = 2σµαα̇Pµ,
{Qα, Qβ} = {Q†α̇, Q†β̇} = 0

which is just the SUSY algebra



The interacting Wess–Zumino model

Lfree = ∂µφ∗j∂µφj + iψ†jσµ∂µψj + F∗jFj

δφj = εψj δφ∗j = ε†ψ†j

δψjα = −i(σµε†)α ∂µφj + εαFj δψ†jα̇ = i(εσµ)α̇ ∂µφ
∗j + ε†α̇F∗j

δFj = −iε†σµ∂µψj δF∗j = i∂µψ
†jσµε

most general set of renormalizable interactions:

Lint = − 1
2W

jkψjψk +W jFj + h.c.,

ψjψk = ψαj εαβψ
β
k is symmetric under j ↔ k, ⇒ W jk

potential U(φj , φ
∗j) breaks SUSY, since a SUSY transformation gives

δU = ∂U
∂φj

εψj + ∂U
∂φ∗j ε

†ψ†j

which is linear in ψj and ψ†j with no derivatives or F dependence and
cannot be canceled by any other term in δLint



require SUSY

δLint|4−spinor = − 1
2
∂W jk

∂φn
(εψn)(ψjψk)− 1

2
∂W jk

∂φ∗n (ε†ψ†n)(ψjψk) + h.c.

Fierz identity ⇒

(εψj)(ψkψn) + (εψk)(ψnψj) + (εψn)(ψjψk) = 0,

δLint|4−spinor vanishes iff ∂W jk/∂φn is totally symmetric under the in-
terchange of j, k, n. We also need

∂W jk

∂φ∗n = 0

so W jk is analytic ( holomorphic)
define superpotential W :

W jk = ∂2

∂φj∂φk
W



for renormalizable interactions

W = Ejφj + 1
2M

jkφjφk + 1
6y
jknφjφkφn

and M jk, yjkn are are symmetric under interchange of indices.
take Ej = 0 so SUSY is unbroken

δLint|∂ = −iW jk∂µφk ψjσ
µε† − iW j ∂µψjσ

µε† + h.c.

W jk∂µφk = ∂µ

(
∂W
∂φj

)
so δLint|∂ will be a total derivative iff

W j = ∂W
∂φj

remaining terms:

δLint|F,F∗ = −W jkFjεψk + ∂W j

∂φk
εψkFj

identically cancel if previous conditions are satisfied
proof did not rely on the functional form of W , only that it was

holomorphic



integrate out auxillary fields
action is quadratic in F

LF = FjF∗j +W jFj +W ∗j F∗j

perform the corresponding Gaussian path integral exactly by solving its
algebraic equation of motion:

Fj = −W ∗j , F∗j = −W j

without auxiliary fields SUSY transformation ψ would be different for
each choice of W

plugging in to L:

L = ∂µφ∗j∂µφj + iψ†jσµ∂µψj
− 1

2

(
W jkψjψk +W ∗jkψ†jψ†k

)
−W jW ∗j



WZ Lagrangian

V (φ, φ∗) = W jW ∗j = FjF∗j = M∗jnM
nkφ∗jφk

+ 1
2M

jmy∗knmφjφ
∗kφ∗n + 1

2M
∗
jmy

knmφ∗jφkφn + 1
4y
jkmy∗npmφjφkφ

∗nφ∗p

as required by SUSY:

V (φ, φ∗) ≥ 0

interacting Wess–Zumino model:

LWZ = ∂µφ∗j∂µφj + iψ†jσµ∂µψj
− 1

2M
jkψjψk − 1

2M
∗
jkψ
†jψ†k − V (φ, φ∗)

− 1
2y
jknφjψkψn − 1

2y
∗
jknφ

∗jψ†kψ†n.

quartic coupling is |y|2 as required to cancel the Λ2 divergence in φ mass

|cubic coupling|2 ∝ quartic coupling ×|M |2 as required to cancel the
log Λ divergence



linearized equations of motion
∂µ∂µφj = −M∗jnMnkφk + . . . ;
iσµ∂µψj = M∗jkψ

†k + . . . ;

iσµ∂µψ
†j = M jkψk + . . .

Multiplying ψ eqns by iσν∂ν , and iσν∂ν , and using the Pauli identity
we obtain

∂µ∂µψj = −M∗jnMnkψk + . . . ;
∂µ∂µψ

†k = −ψ†jM∗jnMnk + . . .

scalars and fermions have the same mass eigenvalues, as required by
SUSY

diagonalizing gives a collection of massive chiral supermultiplets.



N = 0 SUSY

Weisskopf

chiral symmetry ⇒ multiplicative mass renormalization

mf = m0 + cf
α

16π2m0 ln
(

Λ
m0

)
where Λ is the cutoff

SUSY ensures that the scalar mass is given by the same formula



SUSY dim.less couplings ⇒ no Λ2

divergences

SUSY must be broken in the real world, eg.

W = Eaφa

gives a scalar potential

V = W ∗aW
a = EaE∗a 6= 0

which breaks SUSY.

We want to break SUSY such that Higgs – top squark quartic coupling
λ = |yt|2. If not we reintroduce a Λ2 divergence in the Higgs mass:

δm2
h ∝ (λ− |yt|2)Λ2



Effective Theory

Grisaru, Girardello

We want an effective theory of broken SUSY with only soft breaking
terms (operators with dimension < 4). Girardello and Grisaru found:

Lsoft = − 1
2 (Mλλ

aλa + h.c.)− (m2)ijφ
∗jφi

−( 1
2b
ijφiφj + 1

6a
ijkφiφjφk + h.c.)

− 1
2c
jk
i φ

i∗φjφk + eiφi + h.c.

eiφi is only allowed if φi is a gauge singlet The cjki term may introduce
quadratic divergences if there is a gauge singlet multiplet in the model.



(a) (b)

(d) (e)

(c)

(f)

Figure 1:

Additional soft SUSY breaking interactions: (a) gaugino mass Mλ,
(b) non-holomorphic massm2, (c) holomorphic mass bij , (d) holomorphic

trilinear coupling aijk, (e) non-holomorphic trilinear coupling cjki , and
(f) tadpole ei.


