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INTRODUCTION

High precision phenomenology @ the LHC typically requires the calculation of 
two-loop Feynman integrals
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In the last 15 years we have witnessed impressive advancements in our ability 
of computing these integrals
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In the last 15 years we have witnessed impressive advancements in our ability 
of computing these integrals.

Rule of thumb: Masses and scales in general are difficult.  

We have good control on:
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Different internal and 
external particles

Mainly massless 
internal particles. Up 
to 2 massive external 
particles (HH, WZ,…)



HOW DID WE GET THERE

➤ Development of the differential equation method 

➤ Definition of the Harmonic Polylogarithms (HPLs) and discovery of their 
large applicability in high energy physics 

➤ Generalization to Multiple Polylogarithms (MPLs), well known to the 
mathematicians 

➤ Development of routines for their numerical evaluation 

➤ Study of their analytical and algebraic properties (Symbols and Co-action for 
MPLs and Feynman integrals) 

➤ Finally, discovery of Canonical Bases. Close the circle with the differential 
equations method. FIs that fulfil DEs in canonical basis can be 
straightforwardly solved in terms of MPLs… well not quite, but often…

[Kotikov ’90; Remiddi ’97; Gehrmann Remiddi ’00]

[Remiddi, Vermaseren ‘99]

[Kummer 1840; Lappo-Danilevsky 1954; Gehrmann, Remiddi ’01]

[Vollinga, Weinzierl ’04]

[Goncharov ’01,…, Duhr, Gangl, Rhodes ’13,…]

[Henn ’13]



WHAT CAN WE DO

While most of these developments appear formal and even purely 
mathematical, LHC phenomenology had a lot to gain from them!

[Slide by G. Heinrich, ’17]



WHERE DO WE STAND NOW
There is a lot that we can (could?) do, but we are not quite there yet…

Properly modelling LHC processes with high precision requires more external 
particles and massive internal states

What are we fighting against?

Algebraic complexity Analytical complexity

top quark

New mathematical insight needed to 
tame these processes! 



THE SIMPLICITY OF MPLS: INTEGRATING ON THE RIEMANN SPHERE

Most of these processes expressible in terms of MPLs

G(c1, c2, ..., cn, x) =

Z x

0

dt1
t1 � c1

G(c2, ..., cn, t1)

=

Z x

0

dt1
t1 � c1

Z t1

0

dt2
t2 � c2

...

Z tn�1

0

dtn
tn � cn
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We integrate rational functions

The singularities are 
generically complex 
numbers!

Most of these processes expressible in terms of MPLs
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We integrate rational functions

Riemann sphere ~ complex plane 
through stereographic projection

The singularities are 
generically complex 
numbers!

Rational functions have no non-trivial branch-cut structure, only poles in the complex plane

Most of these processes expressible in terms of MPLs



THE ELLIPTIC WORLD: THE SUNRISE AND HIS FRIENDS

At two loops, MPLs with there beautiful properties are not enough.

Electron self-energy in QED @ 2 loops     (computation attempted in 1961 by A. Sabry!)



THE ELLIPTIC WORLD: THE SUNRISE AND HIS FRIENDS

Electron self-energy in QED @ 2 loops     (computation attempted in 1961 by A. Sabry!)
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K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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Elliptic Integral of the first kind:

The sunrise integral

At two loops, MPLs with there beautiful properties are not enough.



A NEW GEOMETRY

K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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These integrals “live” in a new geometry:

Consider the function

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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These integrals “live” in a new geometry:

Consider the function

(ii) Some of the literature uses a more restrictive definition of the term multi-valued function,
not including things such as

p
z. But this need not concern us, as we shall not really be

using multi-valued functions in the course.

The Riemann surface S = {(z, w) 2 C2
| z = w2

} is identified with the complex w-plane by
projection. It is then clear what a holomorphic function on S should be: an analytic function
of w, regarded as a function on S. We won’t be so lucky in general, in the sense that Riemann
surfaces will not be identifiable with their w- or z-projections. However, a class of greatest
importance for us, that of non-singular Riemann surfaces, is defined by the following property:

1.5 Moral definition: A Riemann surface S in C2 is non-singular if each point (z0, w0) has
the property that

• either the projection to the z-plane

• or the projection to the w-plane

• or both

can be used to identify a neighbourhood of (z0, w0) on S homeomorphically with a disc in the
z-plane around z0, or with a disc in the w-plane around w0.

We can then use this identification to define what it means for a function on S to be holomorphic
near (z0, w0).

1.6 Remark. We allowed concrete Riemann surfaces to be singular. In the literature, that is
usually disallowed (and our singular Riemann surfaces are called analytic sets). We are mostly
concerned with non-sigular surfaces, so this will not cause trouble.

An interesting example

Let us conclude the lecture with an example of a Riemann surface with an interesting shape,
which cannot be identified by projection (or in any other way) with the z-plane or the w-plane.

Start with the function w =
p

(z2 � 1)(z2 � k2) where k 2 C, k 6= ±1, whose graph is the
Riemann surface

T = {(z, w) 2 C2
| w2 = (z2

� 1)(z2
� k2)}.

There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
w = 0. A real snapshot of the graph (when k 2 R) is indicated in Fig. (1.3), where the dotted
lines indicate that the values are imaginary.

3

y

z

here y becomes imaginary

This algebraic equation defines geometrically an elliptic curve

-k -1 +1 +k

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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A NEW GEOMETRY

In contrast to the rational functions, this defines (on the complex plane) a multi-valued 
function due to the branches of the square-root

y(z) =
p

(1� z2)(k2 � z2) with k2 =
1

x
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A NEW GEOMETRY

In contrast to the rational functions, this defines (on the complex plane) a multi-valued 
function due to the branches of the square-root

The usual trick is: restrict the function to be valid on its own graph -> “Riemann Surface”

T =
�
(z, y) 2 C2 | y2 = (1� z2)(z2 � k2)
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The 4 points z={-1,+1,-k,+k}, are branching points for y(z) (the argument changes sign). 
In order to get a continuous branch, we need to cut the complex plane!

y(z) =
p

(1� z2)(k2 � z2) with k2 =
1

x
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-k -1 +1 +k
C



A NEW GEOMETRY

-k -1 +1 +k

-k -1 +1 +k
+

-

But one copy of the complex plane is not enough. For every z, except the branching 
points, there are two choices for y (two signs of the square root!).  

Plus two signs on each side of the branches!
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A NEW GEOMETRY

-k -1 +1 +k

-k -1 +1 +k
+

-

To obtain a continuous determination of y, I need to glue together the two planes.  

Flip one plane along x axis, and glue + with +, and - with -
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To obtain a continuous determination of y, I need to glue together the two planes.  

Flip one plane along x axis, and glue + with +, and - with -

the following picture, representing two planes (ignore the boundaries) joined by two tubes (Fig.
1.5.a).

For another look at this surface, recall that the function

z 7! R2/z

identifies the exterior of the circle |z|  R with the punctured disc {|z| < R | z 6= 0}. (This
identification is even bi-holomorphic, but we don’t care about this yet.) Using that, we can pull
the exteriors of the discs, missing from the picture above, into the picture as punctured discs,
and obtain a torus with two missing points as the definitive form of our Riemann surface (Fig.
1.5.b).

Lecture 2

The example considered at the end of the Lecture 1 raises the first serious questions for the
course, which we plan to address once we define things properly: What shape can a Riemann
surface have? And, how can we tell the topological shape of a Riemann surface, other than by
creative cutting and pasting?

The answer to the first question (which will need some qualification) is that any orientable
surface can be given the structure of a Riemann surface. One answer to the second question, at
least for a large class of surfaces, will be the Riemann-Hurwitz theorem (Lecture 6).

2.1 Remark. Recall that a surface is orientable if there is a continuous choice of clockwise
rotations on it. (A non-orientable surface is the Möbius strip; a compact example without
boundary is the Klein bottle.) Orientability of Riemann surfaces will follow from our desire to
do complex analysis on them; notice that the complex plane carries a natural orientation, in
which multiplication by i is counter-clockwise rotation.

Concrete Riemann Surfaces

Historically, Riemann surfaces arose as graphs of analytic functions, with multiple values, defined
over domains in C. Inspired by this, we now give a precise definition of a concrete Riemann
surface; but we need a preliminary notion.
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[Drawings by C. Teleman, Riemann Surfaces]
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the following picture, representing two planes (ignore the boundaries) joined by two tubes (Fig.
1.5.a).

For another look at this surface, recall that the function

z 7! R2/z
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boundary is the Klein bottle.) Orientability of Riemann surfaces will follow from our desire to
do complex analysis on them; notice that the complex plane carries a natural orientation, in
which multiplication by i is counter-clockwise rotation.

Concrete Riemann Surfaces
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over domains in C. Inspired by this, we now give a precise definition of a concrete Riemann
surface; but we need a preliminary notion.

5

 point at1
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To obtain a continuous determination of y, I need to glue together the two planes.  

Flip one plane along x axis, and glue + with +, and - with -

[Drawings by C. Teleman, Riemann Surfaces]
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A NEW GEOMETRY

In conclusion, the Riemann surface associated to the algebraic equation that 
defines an elliptic curve is a complex Torus!

So what we want is to obtain MPLs on 
the Torus! Iterated integrals over 
“rational functions” defined on the Torus

Easy to see why the same 
structures appear in one-loop 
string theory amplitudes!



ELLIPTIC MULTIPLE POLYLOGARITHMSElliptic Polylogarithms and Feynman Integrals

Elliptic curves – some notation

Quartic case
y

2 = (x � a1)(x � a2)(x � a3)(x � a4) ,

The elliptic curve is characterised by two periods

!1 = 2c4

Z a3

a2

dx

y
= 2K(�) , !2 = 2c4

Z a2

a1

dx

y
= 2 i K(1 � �)

with

� =
(a1 � a4)(a2 � a3)
(a1 � a3)(a2 � a4)

, c4 =
1
2

p
(a1 � a3)(a2 � a4) .

We usually choose !1 2 R and !2 2 i R, and define

⌧ =
!2

!1

14 / 47

Elliptic Polylogarithms and Feynman Integrals

Elliptic curves – some notation

Quartic case
y

2 = (x � a1)(x � a2)(x � a3)(x � a4) ,

The elliptic curve is characterised by two periods

!1 = 2c4

Z a3

a2

dx

y
= 2K(�) , !2 = 2c4

Z a2

a1

dx

y
= 2 i K(1 � �)

with

� =
(a1 � a4)(a2 � a3)
(a1 � a3)(a2 � a4)

, c4 =
1
2

p
(a1 � a3)(a2 � a4) .

We usually choose !1 2 R and !2 2 i R, and define

⌧ =
!2

!1

14 / 47

Elliptic Polylogarithms and Feynman Integrals

Elliptic curves – some notation

Quartic case
y

2 = (x � a1)(x � a2)(x � a3)(x � a4) ,

The elliptic curve is characterised by two periods

!1 = 2c4

Z a3

a2

dx

y
= 2K(�) , !2 = 2c4

Z a2

a1

dx

y
= 2 i K(1 � �)

with

� =
(a1 � a4)(a2 � a3)
(a1 � a3)(a2 � a4)

, c4 =
1
2

p
(a1 � a3)(a2 � a4) .

We usually choose !1 2 R and !2 2 i R, and define

⌧ =
!2

!1

14 / 47

Some definitions. Take a completely general elliptic curve:

We define the two periods as
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(ii) Some of the literature uses a more restrictive definition of the term multi-valued function,
not including things such as

p
z. But this need not concern us, as we shall not really be

using multi-valued functions in the course.

The Riemann surface S = {(z, w) 2 C2
| z = w2

} is identified with the complex w-plane by
projection. It is then clear what a holomorphic function on S should be: an analytic function
of w, regarded as a function on S. We won’t be so lucky in general, in the sense that Riemann
surfaces will not be identifiable with their w- or z-projections. However, a class of greatest
importance for us, that of non-singular Riemann surfaces, is defined by the following property:

1.5 Moral definition: A Riemann surface S in C2 is non-singular if each point (z0, w0) has
the property that

• either the projection to the z-plane

• or the projection to the w-plane

• or both

can be used to identify a neighbourhood of (z0, w0) on S homeomorphically with a disc in the
z-plane around z0, or with a disc in the w-plane around w0.

We can then use this identification to define what it means for a function on S to be holomorphic
near (z0, w0).

1.6 Remark. We allowed concrete Riemann surfaces to be singular. In the literature, that is
usually disallowed (and our singular Riemann surfaces are called analytic sets). We are mostly
concerned with non-sigular surfaces, so this will not cause trouble.

An interesting example

Let us conclude the lecture with an example of a Riemann surface with an interesting shape,
which cannot be identified by projection (or in any other way) with the z-plane or the w-plane.

Start with the function w =
p

(z2 � 1)(z2 � k2) where k 2 C, k 6= ±1, whose graph is the
Riemann surface

T = {(z, w) 2 C2
| w2 = (z2

� 1)(z2
� k2)}.

There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
w = 0. A real snapshot of the graph (when k 2 R) is indicated in Fig. (1.3), where the dotted
lines indicate that the values are imaginary.

3

Elliptic curve as algebraic equation Genus one complex surface - Torus

Dual description of the same problemElliptic Polylogarithms and Feynman Integrals

Elliptic curves – some notation

Quartic case
y

2 = (x � a1)(x � a2)(x � a3)(x � a4) ,

The elliptic curve is characterised by two periods

!1 = 2c4

Z a3

a2

dx

y
= 2K(�) , !2 = 2c4

Z a2

a1

dx

y
= 2 i K(1 � �)

with

� =
(a1 � a4)(a2 � a3)
(a1 � a3)(a2 � a4)

, c4 =
1
2

p
(a1 � a3)(a2 � a4) .

We usually choose !1 2 R and !2 2 i R, and define

⌧ =
!2

!1

14 / 47

zx =
c4
!1

Z x

a1

dt

y(t)
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Move between the two using Abel’s Map



ELLIPTIC MULTIPLE POLYLOGARITHMS

The elliptic curve representation is easier to relate directly to Feynman diagrams! 
So can construct elliptic polylogarithms on the elliptic curve?

Iterated integrals on the Torus have been defined and studied by mathematicians

Elliptic Polylogarithms and Feynman Integrals

1. Natural language: iterated integrals of rational functions on an elliptic
curve (Generalization of MPLs, iterated integrals on the Riemann sphere...)

What are rational functions on the elliptic curve?

A rational function on the elliptic curve is a function R(x , y) subject to the
constraint y =

p
P(x)

R(x , y) =
p1(x) + p2(x) y

q1(x) + q2(x) y
=

p1(x) + p2(x)
p

P(x)

q1(x) + q2(x)
p

P(x)
= R1(x) +

1
p

P(x)
R2(x)

20 / 47

[Brown, Levin ’11]
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So we need to study iterated integrals of this form

Elliptic Polylogarithms and Feynman Integrals

Given an elliptic curve y
2 = P(x), with P(x) (cubic polynomial for simplicity),

let us study iterated integrals of rational functions on the curve.

Z
dx

 
R1(x) +

1
p

P(x)
R2(x)

!
= ?

After partial fractioning, one clearly ends up with

Z
dx

(x � ci )k
from R1(x)

Z
dx

y
xk ,

Z
dx

y(x � ci )k
, from

1

y
R2(x)

Integration by parts reduce everything to 4 kernels

Z
dx

(x � ci )
,

Z
dx

y
,

Z
x dx

y
,

Z
dx

y(x � ci )
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Integrals of the kind:

Partial fractioning reduces everything to

Z
dx

x� c
,

Z
dx

y
,

Z
x dx

y
,

Z
x2 dx

y
,

Z
dx

y(x� c)
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ELLIPTIC MULTIPLE POLYLOGARITHMS

Still something is not optimal. MPLs defined as iterated integrals over kernels with 
simple poles —> logarithmic singularities in scattering amplitudes!

Z
dx

x� c
,

Z
dx

y
,

Z
x dx

y
,

Z
x2 dx

y
,

Z
dx

y(x� c)
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This guy here has a 
double pole at infinity!!
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simple poles —> logarithmic singularities in scattering amplitudes!
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This guy here has a 
double pole at infinity!!

Only way to get a full set of 
kernels with simple poles is to 
introduce a transcendental 
kernel! Choose its primitive.

Z4(x) ⇠
Z x x2 dx

y
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ELLIPTIC MULTIPLE POLYLOGARITHMS
Elliptic Polylogarithms and Feynman Integrals

Fundamental di↵erences with MPLs:

- Impossible to find basis of kernels which are algebraic and only with
simple poles.

- We need infinite tower of integration kernels to span the whole space!
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Elliptic Polylogarithms and Feynman Integrals

Very same construction can be repeated using quartic representation of an
elliptic curve

y
2 = P(x) , P(x) = (x � a1)(x � a2)(x � a3)(x � a4)

 0(0, x) =
c4

y
,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc

y(x � c)
,

 1(1, x) =
c4

y
Z4(x) ,  �1(1, x) =

x

y
,

 �n(1, x) =
x

y
Z (n�1)

4 (x) �
�n2

c4
,

 n(c, x) =
1

x � c
Z (n�1)

4 (x) � �n2 �4(x) ,

 n(1, x) =
c4

y
Z (n)

4 (x) ,  �n(c, x) =
yc

y(x � c)
Z (n�1)

4 (x) ,

E4
� n1 ... nk

c1 ... ck
; x

�
=

Z x

0
dt  n1 (c1, t)E4

� n2 ... nk
c2 ... ck

; t
�

,
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ARE THEY REALLY USEFUL?

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–33]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [23]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [34–36],
and they have recently appeared also in the context of superstring amplitudes at one-loop [37–39]. The
result of ref. [23] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 24–
31]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ≠ 2‘ dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [40], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di�erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S‹1‹2‹3(S, m2
1, m2

2, m2
3) =

⁄
Ddk1 Ddk2

(k2
1 ≠ m2

1)‹1(k2
2 ≠ m2

2)‹2((k1 ≠ k2 + p)2 ≠ m2
3)‹3

, (II.1)

where the integration measure is defined as
⁄

Ddk © e“E‘

⁄ ddk

i fid/2 , (II.2)

“E = ≠�Õ(1) is the Euler-Mascheroni constant and ‹i œ Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ≠2‘ dimensions, where d0 is even. We define S = ≠s = ≠p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

p2 = �S
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7

The previous equation is a remarkable identity that allows us to write a logarithm with a complicated
algebraic argument in terms of elliptic polylogarithms with simple arguments. Inserting eq. (III.19)
into eq. (III.4), we obtain

S111(S, m2)
---
‘0

= 1
(m2 + S)c4

⁄ 1

0
dx Â0(0, x)

C
1
c4

E4( 0
0 ; x) ≠ 2 E4( ≠1

Œ ; x)

+ E4
! ≠1

0 ; x
"

+ E4( 1
0 ; x) + E4

! ≠1
1 ; x

"
D

,

(III.20)

where we have replaced 1/y with the integral kernel Â0(0, x)/c4. The remaining integrations can easily
be performed using eq. (III.13), which leads to the result

S111(S, m2)
---
‘0

= 1
(m2 + S)c4

C
1
c4

E4( 0 0
0 0 ; 1) ≠ 2 E4

! 0 ≠1
0 Œ ; 1

"
≠ E4

! 0 ≠1
0 0 ; 1

"

≠ E4
! 0 ≠1

0 1 ; 1
"

≠ E4( 0 1
0 0 ; 1)

D
.

(III.21)

Equation eq. (III.21) is the final result for the first master integral of the sunrise topology in d = 2
dimensions. As promised, we see that the result can be cast entirely in the form of a linear combination
of eMPLs defined in eq. (III.13). Before we continue and discuss how to extend our framework to higher
orders in ‘ and the second master integral, let us summarize our main steps: we were able to write a simple
function, the logarithm appearing in eq. (III.4), with complicated arguments involving a square root of a
quartic polynomial, in terms of more complicated functions, the elliptic multiple polylogarithms, with a
simple argument. This strategy is reminiscent of the strategy employed successfully in the computation
of polylogarithmic integrals. A key ingredient in establishing our method was the identification of the
integration kernels Âi. The integral considered so far was simple enough to appear directly in terms of
these kernels. However, as will be discussed below, it is possible to tackle more complicated integrals
using IBP identities.

B. The first master integral in dimensional regularization

So far we have only discussed the master integral S111 in strictly two dimensions. In the remainder
of this section we extend our analysis to higher orders in the ‘ expansion, and we show that S111 can
be expressed in terms of eMPLs at every order in dimensional regularization. We only discuss the linear
term in ‘ explicitly. The extension to higher orders is straightforward.

Expanding the Feynman parameter integral in eq. (III.1) to linear order in ‘, we find,

S111(S, m2)
---
‘1

=
⁄ Œ

0
dx1 dx2 dx3

”(1 ≠ x3)[2 log(F) ≠ 3 log(U)]
F

. (III.22)

The denominator in eq. (III.22) is identical to the denominator in eq. (III.2), and so we can expect that
the integration can be done using a similar algorithm as for ‘ = 0. Hence, we let x1 = x/(1 ≠ x), and the
result of the integral over x2 can be written in terms of ordinary multiple polylogarithms as

S111(S, m2)
---
‘1
= 1

m2 + S

⁄ 1

0

dx

y

C
G(0; ‰)

1
G(0; ‰Õ)+G(1; x)+4G(1; ‰)+2G(0; m2) ≠3G

1‰Õ

‰
; x

22
(III.23)

≠ 3G(0, 0; ‰)+3G(0; ‰Õ)G
1‰Õ

‰
; x

2
≠3G

1‰Õ

‰
, 0; x

2
≠4G(0, 1; ‰) ≠G(0; ‰Õ)G(‰Õ; x)+3G(‰Õ, 0; x)≠4’2

D
,

where ‰ has been defined in eq. (III.5), and we have introduced the quantity

‰Õ = (m2 + S)y + m2(x2
≠ x ≠ 1) + S(x ≠ 1)x

2m2(x ≠ 1) . (III.24)

The remaining integration over x can be done following the same steps as for ‘ = 0: we write every
ordinary MPL with a complicated argument in the integrand as a linear combination of eMPLs such that
the integration can immediately be performed using the definition of the E4 functions in eq. (III.13).

The Sunrise graph

In the equal-mass case, particularly compact expression

Different mass case can also be expressed in terms of the same functions
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First “generalisation”, the kite integral, finite in d = 2

K11111(p
2, m2) =

=
1

z

h
2⇡2G(0, z) � 2⇡2G(1, z) + 3G(0, 0, 0, z) � 6G(0, 1, 0, z) � 24⇣(3)

+12G(0, 1, 1, z) � 3G(1, 0, 0, z) � 6G(1, 0, 1, z) + 6G(1, 1, 0, z) + ...]

+
1 + z

(a1 � a3)2(1 � z)z

⇥
E4

�
0 0 1
0 0 1 ; 1

�
+ E4

�
0 1 0
0 1 0 ; 1

�
� E4

�
1 0 0
0 0 0 ; 1

�⇤

+
1 + z

(a1 � a3)(1 � z)z

⇥
E4

�
0 �1 1
0 0 1 ; 1

�
+ E4

�
0 �1 1
0 1 1 ; 1

�

+2E4
�

0 �1 1
0 1 1 ; 1

�
+ E4

�
0 1 1
0 0 1 ; 1

�
+ ...

⇤
+ 79 more E4s

Also here, result obtained by direct integration!
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A first generalisation: the Kite integral

z =
p2

m2
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where we defined

r�± =
1

2
(1�

p
1± 4a), r+± = 1� r�± . (1.8)

Therefore, with the introduction of the additional letters, we can perform the integral

over x4 in terms of MPLs, being left with one integration on the variable x̄2. The

integral is given by

I =
2a2

3

Z 1

0

dx̄2

y

⇥

"
6

 
G ((x̄2 � 1) x̄2, a)

✓
G�

✓
�

a

x̄2 � 1
, x̄2

◆
+ 2G� (x̄2, x̄2)

◆

+G (0, x̄2)

✓
2G� (x̄2, x̄2)�G�

✓
a

x̄2 � 1
+ x̄2, x̄2

◆◆
�G (1, x̄2)G�

✓
a

x̄2 � 1
+ x̄2, x̄2

◆

+ 2G�

✓
0,

a

x̄2 � 1
, x̄2

◆
+G�

✓
�

a

x̄2 � 1
,
a� x̄2

2 + x̄2

1� x̄2
, x̄2

◆

+ 2G�

✓
x̄2,

a� x̄2
2 + x̄2

1� x̄2
, x̄2

◆
+G�

✓
a

x̄2 � 1
+ x̄2,

a

x̄2 � 1
, x̄2

◆

� 2 log(a)G� (x̄2, x̄2) + log(a)G�

✓
a

x̄2 � 1
+ x̄2, x̄2

◆
+ 2G (1, x̄2)G� (x̄2, x̄2)

!

�G� (x̄2)

 
6G (0, x̄2)G ((1� x̄2) x̄2, a) + 6G (1, x̄2)G ((1� x̄2) x̄2, a)

+ 6G (0, (1� x̄2) x̄2, a) + 6G (0, (x̄2 � 1) x̄2, a)� 6 log(a)G ((1� x̄2) x̄2, a) + ⇡2

!#
,

(1.9)

where y is the square root of a quartic polynomial,

y2 = P4(x̄2) = x̄2(x̄2 � 1)(x̄2 � a+)(x̄2 � a�) , (1.10)

and as such defines an elliptic curve with roots {0, a± = 1
2(1 ±

p
1� 16a), 1}. In

eq. (1.9) we have introduced the shorthand notation for the combinations of MPLs

depending on the elliptic curve

G±(~n, x) =
G(R+,~n, x)±G(R�,~n, x)

2
(1.11)

with the variables R± given by

R± =
�x̄2(1� x̄2)±

p
P4(x̄2)

2 (x̄2 � 1)
. (1.12)

3

Elliptic Polylogarithms and Feynman Integrals

A more interesting example: [M. Czakon, A. Mitov ’08; A. von Manteu↵el, L. Tancredi ’17]

T (d ; p2, m2) = �
�

@
@

-

-

-
p

p1

p2

�
�

�
�

AA

AA

- p2
1 = p2

2 = 0, four massive lines

- a = �m2/p2

- 2 master integrals, T1(a), T2(a)

- Satisfy 2 coupled di↵. eqs

- Needed for NNLO ��, tt̄, ...

Again, it can be computed in terms of E4 by direct integration over Feynman
parameters.
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A three point function

a =
p2

m2
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Our next task is to recast the integrand of (1.9) in terms of elliptic polylogarithms

E4(. . . , x̄2) defined in [] such that the last integral can be performed trivially using

the formalism of that paper. First, we turn all the MPLs that do not depend on the

elliptic curve into G(~n, x̄2) where the letters ~n are either constants or depend on the

square-root letters defined in eq. (1.8). We then turn MPLs that depend on the elliptic

curve into elliptic kernels with letters that are rational in y. In order to do this, we

take a derivative in x̄2 and integrate it back on x̄2. For instance, let us consider an

example for weight 1.

G�(x̄2) =
G(R+, x̄2)�G(R�, x̄2)

2
=

1

2
log

 
x̄2(1� x̄2) +

p
P4(x̄2)

x̄2(1� x̄2)�
p
P4(x̄2)

!
. (1.13)

Taking a derivative with respect to x̄2 gives

@

@x̄2
G�(x̄2) =

1� 2x̄2

2
p
(x̄2 � 1) x̄2

p
4a� x̄2(1� x̄2)

=
1� 2x̄2

2y
. (1.14)

Therefore, it is immediate to integrate it back in terms of E4 functions

G�(x̄2) =

Z x̄2

0

dt

y
� 2

Z x2

0

dt t

y
+ c

=
4

1 +
p
1� 16a

E4( 0
0 ; x̄2)� 2E4( �1

1 ; x̄2)
(1.15)

where we fixed the boundary term c = 0 by expanding G�(x̄2) around x̄2 = 0. Doing

so for all the functions appearing in the integrand of eq. (1.9) we find BP: quote

all trans-

formation

rules?

BP: quote

all trans-

formation

rules?
I =

2a2

c24
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�
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�

� 3E4
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�
� 3E4
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�
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�
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�
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�
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�
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�
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+ 3 log a
�
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�
+ E4
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#
,

(1.16)
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Elliptic Polylogarithms and Feynman Integrals

A more interesting example: [M. Czakon, A. Mitov ’08; A. von Manteu↵el, L. Tancredi ’17]

T (d ; p2, m2) = �
�

@
@

-

-

-
p

p1

p2

�
�

�
�

AA

AA

- p2
1 = p2

2 = 0, four massive lines

- a = �m2/p2

- 2 master integrals, T1(a), T2(a)

- Satisfy 2 coupled di↵. eqs

- Needed for NNLO ��, tt̄, ...

Again, it can be computed in terms of E4 by direct integration over Feynman
parameters.
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where we defined

r�± =
1

2
(1�

p
1± 4a), r+± = 1� r�± . (1.8)

Therefore, with the introduction of the additional letters, we can perform the integral

over x4 in terms of MPLs, being left with one integration on the variable x̄2. The

integral is given by

I =
2a2
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Z 1
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y
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(1.9)

where y is the square root of a quartic polynomial,

y2 = P4(x̄2) = x̄2(x̄2 � 1)(x̄2 � a+)(x̄2 � a�) , (1.10)

and as such defines an elliptic curve with roots {0, a± = 1
2(1 ±

p
1� 16a), 1}. In

eq. (1.9) we have introduced the shorthand notation for the combinations of MPLs

depending on the elliptic curve

G±(~n, x) =
G(R+,~n, x)±G(R�,~n, x)

2
(1.11)

with the variables R± given by

R± =
�x̄2(1� x̄2)±

p
P4(x̄2)

2 (x̄2 � 1)
. (1.12)

3

a =
p2

m2
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ARE THEY REALLY USEFUL?

Soon more examples to come, in particular also four point functions!

[Brown ’14]

[Gehrmann, Remiddi ’00]

The properties of these functions are currently under study, many recent 
developments: 

➤ Study of the algebra generated by this function following 

➤ We developed a set of tools which works very well for direct integration 
of FIs (like before 1999 for MPLs and FIs…) 

➤ Connection to the differential equation method is non-trivial. 
Understood for the special case of Iterated integrals over modular forms 

➤ Today “concept of purity”. Rotation in the basis of E4 functions to 
obtain a class of functions of “pure transcendental weight”



CONCLUSIONS
➤ We have built a class of functions which span the space generated by repeated 

integrations of rational functions on an elliptic curve 

➤ The functions span the same space of the eMPLs defined by mathematicians and 
string theorists on the Torus. We have highlighted the connection between the 
two formalisms 

➤ We have showed how many physically relevant FIs can be expressed in terms of 
these functions 

➤ We can associate to them a concept of transcendental weight and we recover an 
idea of “purity” associated to some classes of FIs

Still to do:

➤ Understand the connection with the differential equations method 

➤ Study general algorithm for their numerical evaluation 

➤ Finally, use them to do some real physics!

Stay tuned!



THANK YOU!



BACK UP



PURE ELLIPTIC MULTIPLE POLYLOGARITHMS

roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7)

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x,~a) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8)

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9)

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11)

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relation-

ship to the coe�cients of the Eisenstein-Kronecker series. In ref. [122] it was shown that

there is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Sec-

tion 3. Using the results of ref. [122] we can give an explicit representation of the kernels

that appear in eq. (4.7). We present here explicitly the formulas up to n = 1, and the

corresponding formulas for n = 2 are given in Appendix B. The extension to higher values

of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12)

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13)

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The quantity G⇤(~a) in the last equation corresponds to the image of z⇤ under the function

g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14)
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A PURE VERSION OF THE SUNRISE GRAPH

3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in refs. [95, 116], respectively. We have evaluated them in terms of a pure combina-

tion of eMPLs of uniform weight four [147], in agreement with the case of massless

propagators, which is known to give rise to non-elliptic functions of uniform weight

four [163–166]. We will illustrate this in detail in Section 5.4 on the example of the

graph shown in fig. 1d.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known from the corresponding non-elliptic

cases. More applications, including to four-point functions, will follow in separate publica-

tions. In the remainder of this section we analyse the three cases above in more detail.

5.2 The two-loop sunrise integral

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find

S1(p
2
,m

2) = �
!1

(p2 +m2) c4
T1(p

2
,m

2) , (5.1)

with

T1(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
1 + ✏T

(1)
1 +O(✏2)

i
, (5.2)

and

T
(0)
1 = 2E4

�
0 �1
0 1 ; 1,~a

�
+ E4

�
0 �1
0 0 ; 1,~a

�
+ E4

�
0 �1
0 1 ; 1,~a

�
, (5.3)

T
(1)
1 = �4E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a1 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a2 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a3 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a4 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 1 ; 1,~a

�

+ 2E4
�

0 �1 1
0 1 0 ; 1,~a

�
+ 2E4

�
0 �1 1
0 1 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 0 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 1 1 ; 1,~a

�

� 2E4
�

0 �1 1
0 0 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 0 1 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 1 ; 1,~a

�

+ 6i⇡E4( 0 0 1
0 0 0 ; 1,~a) + 6i⇡E4( 0 0 1

0 0 1 ; 1,~a) + 3E4
�

0 1 �1
0 0 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 0 1 ; 1,~a

�

+ 3E4
�

0 1 �1
0 1 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 1 1 ; 1,~a

�
+ ⇣2 E4( 0

0 ; 1,~a) .

The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) · · · (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.

Let us discuss eq. (5.1). First, we see that eMPLs in eq. (5.3) have uniform weight.

It is natural to assign weight one also to !1 = 2K(�), because lim�!0 K(�) = ⇡
2 . If we

assign weight �1 to the dimensional regularisation parameter ✏, we see that all the terms

in eq. (5.1) have uniform weight two. This is in agreement with the weight of the sunrise

integral with at least one massless propagator, which can be expressed in terms of ordinary
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A PURE VERSION OF THE TRIANGLE

where c4 =
1 +

p
1� 16a

4
. As it stands, the result of the integral in eq. (1.16) has

spurious poles on the integration contour. We consider the region

0  a 
1

16
. (1.17)

2 Formulas in Latex

BP: I’m using this for slides and we can edit later

In terms of pure elliptic polylogs, this result becomes:

I =
32!1

q2(1 +
p
1� 16a)

[T0(a) + 3T�(a) + 5T+(a) +O(✏)] (2.1)

where the individual building blocks depend on r+, r� separately and are given by

Ta = � E4( 0 �1 1 1
0 1 0 0 ; 1)� E4( 0 �1 1 1

0 1 0 1 ; 1)� E4( 0 �1 1 1
0 1 1 0 ; 1)� E4( 0 �1 1 1

0 1 1 1 ; 1)+

log(a)[E4( 0 �1 1
0 1 0 ; 1) + E4( 0 �1 1

0 1 1 ; 1)] +
1

2
E4( 0 �1

0 1 ; 1) (⇣2 � log2(a))
(2.2)

T� = �
3

2
⇣2 E4( �1

1 ; r��) + ⇣2E4( �1 0
1 0 ; r��)� 2E4( �1 �1

1 1 ; r��) E4( 0 �1
0 1 ; 1)

+ E4

� �1 0 1 1
1 0 0,0 ; r��

�
+ E4( �1 0 1 1

1 0 0 1 ; r��)� E4( �1 0 1 1
1 0 1 0 ; r��)� E4( �1 0 1 1

1 0 1 1 ; r��)

+ E4( �1 1 0 1
1 0 0 1 ; r��)� E4( �1 1 0 1

1 1 0 0 ; r��) + E4( 1 �1 0 1
0 1 0 1 ; r��)� E4( 1 �1 0 1

1 1 0 0 ; r��)

� E4( �1 0 1
1 0 1 ; r��) log(r��) + E4( �1 0 1

1 0 0 ; r��) log(1� r��)

(2.3)

T+ =
i⇡

4
(E4( 1 �1

0 1 ; r�+) + E4( 1 �1
1 1 ; r�+)� 4(E4( 1 �1 0

0 1 0 ; r�+) + E4( 1 �1 0
1 1 0 ; r�+)))

� E4( 1 �1 0 1
0 1 1 0 ; r�+) + E4( 1 �1 0 1

0 1 0 1 ; r�+)� E4( 1 �1 0 1
1 1 1 0 ; r�+) + E4( 1 �1 0 1

1 1 0 1 ; r�+)

(2.4)

3 EWFF triangle as pure Elliptic Polylogs
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