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Motivation for a new subtraction scheme

> Several schemes available for NNLO subtraction/slicing.

» Slicing: qT [catani, Grazzini, et al.], N-jettiness [Boughezal, Petriello, et al.], [Gaunt, Tackmann, et al.].

> Subtraction: Antennae [DeRidder, Gehrmann, Glover, et al.]l, Stripper [Czakon, Mitov, et al.], nested
soft-collinear [caola, Melnikov, et al.], Colourful [pel Duca, Troscanyi, et al.], projection to Born
[Salam, et al.], sector decomposition [Anastasiou, et al.], [Binoth, Heinrich, et al.], £-prescription
[Frixione, Grazzini], geometric [Herzog].

> New developments: loop-tree duality [Rodrigo, et a1.]1, FDR (Pittau, et al.].

» Some methods already applied to N®LO: projection to Born [currie, et al., 1803.099731, qT
[Cieri, et al., 1807.11501].

» Complexity in the subtraction increases a lot with respect to NLO, room for
studies/improvements.
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[Salam, et al.], sector decomposition [Anastasiou, et al.], [Binoth, Heinrich, et al.], £-prescription
[Frixione, Grazzini], geometric [Herzog].

> New developments: loop-tree duality [Rodrigo, et a1.]1, FDR (Pittau, et al.].

» Some methods already applied to N®LO: projection to Born [currie, et al., 1803.099731, qT
[Cieri, et al., 1807.11501].

» Complexity in the subtraction increases a lot with respect to NLO, room for
studies/improvements.

» Our motivation for studying a new scheme:

» How much can one simplify subtraction and involved calculations?

» What NLO properties/choices can be usefully exported to NNLO?
» In the following, still partial results on massless and final-state-only QCD partons.

Paolo Torrielli A local analytic sector subtraction at NNLO 2/ 28



NLO
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Subtracted NLO cross sections

> NLO coefficient of the differential cross section with respect to X (X = IRC safe, X; =
observable computed with i-body kinematics, d; = 6(X — X;)):

donLo
dX

= /d@n Vén + /d@n_;,_l Ron1.
» Add and subtract local counterterm K:

/d<1>n+1 Kép.

» K = same singularities as R, locally in phase space, but simple enough to be integrated
analytically in d # 4.

> d-dimensional integrated counterterm:
I:/d@radf, APraq = dPp41 /dPp.

» Subtracted NLO coefficient

doxto

dX

= /d(I)n (V+1)6n + /dfan(RénH — K 6,).

» Integrals [(V +I) and [(R — K) separately finite and evaluated numerically in d = 4.
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NLO sectors (2\% la FKS) [Frixione, Kunszt, Signer, 9512328]

> Partition phase space ®,41 with sector functions W;;, (normalised as >, et Wij = 1),
such that R W;; is singular only in one soft (S;) and one collinear (C;;) configuration.

» Sum rules:

S; Zwik =1, C'ij Z Wsz =1,

k#1 ab € perm(ij)

» Summing over all sectors sharing a given singularity, and taking that singular limit on
the sum, the W’s disappear. Key for simplifying analytic integration of K.

» Example of sector functions (sq; = 2qcm - ki, sij = 2k; - kj), very similar to those used
in MadFKS (Frederix, et al., 0908.42721:

04 R 1 Sqi S84
Wij — s with gij = s e; = 2 s wi; = R M
S om €; Wij s Sqi Sqj
k, 1#k
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Structure of NLO subtraction

» Singularities of real matrix element in sector ¢j known in advance in terms of dot
products s4p, without parametrising the sector (at variance with FKS).

> S; R = leading term in R as k}' — 0.
C;; R = leading term in R as relative k’i — 0.

SIR(M) = =M Y dpg 2 Bun (k)
l,'m K2 m
M
C,; R({k}) = ?_I_P;; (sir,sz)B,w({k}”,k),
ij

S5

p ;T B({k};) -

S; Cij R({k}) 2N1 ij 6fi9

» Candidate counterterm in sector ij: K;; = (S; + C;; —S; Cij)RW;j
(limits applied to both R and W;;), limits commute.

» As minimal as FKS, but no parametrisation yet: freedom to be exploited to simplify
analytic integration.
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Mapping from NLO to Born kinematics (& la CS) tcatant, seymour, seosszs)

» Need a momentum mapping {k1, ..., kn+1} — {k1,..., kn} to factorise radiation phase
space from Born phase-space, and integrate conuterterm in the latter.

» Catani-Seymour massless final-state mapping {k} — {k}(abe).

B = ki, ifi#a,b,c

S - S
ab ke, kéabc) _ abce ke,

) by
Sac + Sbe Sac + Sbe

with Sgpe = Sab + Sac + Spe, and I;:(gabc) + I%ﬁ“bc) = kq + kp + ke
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Phase-space parametrisation (a la CS)

> Catani-Seymour variables y, z € [0, 1] for mapping {k} — {k}(2%°):
Sab = Y Sabe Sac = Z(l_y) Sabc » Sbe = (1—Z)(1—y) Sabc -
» Phase-space factorisation:

@ = Aol aeli?, 000" = draa (55077 2,0) |
™ 1 1 e
[avua vz = N@s[Taosin o [y [ dsfu-wPa-2] 0,
0 0 0

(4Tr)e_2 _(abe) 7.(abc) 7.(abc)
N = — =2k -k
© VrD(1/2 =€)’ Sbe b ¢

> ¢ = azimuth between Ko and an reference three-momentum (# Ky, EC)

= Sabc -
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Local-counterterm definition

» Mapping {k} — {k}(#%9): freedom to choose labels a, b, c as we want.
Adapt the choice to the invariants appearing in the kernels.

> C;; R features invariants s;;, Si, and sj,: choose (abc) = (ijr).
Each term in the eikonal sum in S; R features s;;, Sim, and Sy, choose (abc) = (ilm).

» Remapped singular limits:

Si R({k})

C;; R(k)

S; Ci; R({k})

» Local-counterterm definition:

N g I B ({16
I,m

Sil Sim

N = (iir
= ;Pi‘;y(simsjr) B,uu ({k}(U')> 5
Sij

= 2N10fj5fig S'jr B({E}(ij">>,

Sij Sir

Kij = (Si+Cij —8:Cyj) RW;j, K = Z Kij,

where barred limits on W’s act
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NLO-counterterm integration (I)

K = YKj; =38R+ Y C,;(1-5 -5)R.
i, i i, J>1

sum rules

> Explicit soft integrated counterterm (g = symmetry factor of k-body phase space):

. Snt1 _ . 1 (il 1—2
ro= M S > 059 > Bim ({k}wm)) (ilm) /dq)”‘d (sl(:"m);y’z’qs) 2
L I£i Sim Y
e—2
_af Snel 1 (itmy) _(47) A -a9l2—¢)
= M - Z Ofig IZ Bzm({k} ) (g(ilm)) . Er2-30
i m;;z,i lm
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NLO-counterterm integration (II)

» Full result, including hard-collinear

(4m) 2 T(1—eT(2—¢)
e2T(2 — 3e¢)

I{E}) = —-M Bim ({k})

o €
1, m#l Sim

Am)e 2 T(1—eT(2—¢) -
M XP: 55r eD(2— 3¢) CB({k})

CA+4Tg N

. C
with C = 2(3=2¢) Sfpg + 3 0fp1a.a}-

> Result exact in €. Not important per se, but a sign of simplicity.
» Virtual € poles analytically reproduced in general.

» Finite parts checked differentially in a variety of cases.
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NLO summary

» Partition functions and their sum rules are convenient tools, as in FKS.

» Adapt CS mappings to the involved invariants term by term = simplifications in
analytic counterterm integration.

> Like a bridge between FKS and CS (sector approach, and minimal structure from FKS;
Lorentz invariance, and mappings from CS).

> These features can be exported to NNLO.
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NNLO
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Subtracted NNLO cross sections

» NNLO coefficient of the differential cross section:

d
% = /d@n VV o +/d<1>n+1 RV 81 +/d<1>n+2 RR &y
» Add and subtract local counterterms:
/d(bn+2F(1> 6n+1 ) /dq>TL+2 (K321 +T‘,<12>)5n } /dcbn+1 F(RV) 511 .

> d-dimensional integrated counterterms ( d®raq,; = d®Ppi2/dPpio_;):
10 = [ava, &Y 100 = 4w, B9 1) = e, ®7OY,

» Subtracted NNLO coefficient:

donNLO

— (2) (RV)
e /d@n(VV-i-l +1®V)ys,

+/dd>n+1[(RV+I(1))6n+1 - (B®V) /“”)54
+/d<1>n+2 [RR6n+2 KM g = (K 411 5n] .
» Each line separately finite and evaluated numerically in d = 4.

Paolo Torrielli A local analytic sector subtraction at NNLO 14 / 28



NNLO sectors

> Partition of ®,, 2 through sector functions W;;, (normalised as Zijkl Wijki = 1), to
select as few singularities at a time as possible. Our choice:

Oijkl 1 1
Wiiki e Oiikl = a>p>1.
L] ’ (¥} ’
Z E Tabed 8? wf (ek + 6]6] 67;) Wk
a,b#a c#a J
d#a,c

> RRWgpeaq is singular only in few kinematic configurations (S, = a b uniformly soft,
C;jx = j k uniformly collinear to 4, and so on)

Wijik - Si, Cij, Sij, Cijk, SCijk;

Wijki ¢ Si, Cij, Sik, Cijr, SCijk, CSijk;

Wikl - Si, Cij, Sik, Cijrr, SCiki, CSyjg -

> Roughly, sector functions select two topologies (left: Wk, Wijk;, right: Wijr;)
k i
i i
i
k
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NNLO sectors: properties (I)

> Sum rules in double-unresolved limits: by summing over all sectors sharing the same
singularity, and taking that singular limit on the sum, W functions disappear.

Sik (Z > Wika+ > Y. kaid) =1,

b#i d#i,k btk d#k,i

7 — s .. — ,
Cijk Z (Wabbe + Wapep) = 1 Cijrl Z (Wabcd + Weday) = 1

abc € perm(ijk) ab € perm(ij)
cd € perm(kl)
SCikt Y Witk + Wipie) = 1, CSijk( > Wiska+ Y Wjikd) =1.
bt d#ik d#j.k

» Key for simplifying analytic integration of double-unresolved counterterms.
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NNLO sectors: properties (II)

> In the single-unresolved limits, NNLO sector functions factorise NLO sector functions.
For example

Cij Wijki = Wi Cyj Wijaﬁ) ; Si Wijkt = Wi Si Wi(;‘ﬁ) ;
where
(aBB)
wes _ _ i S8 _ 1 .
v S o’ T (o) (war)?
a, b#a

with the same properties of NLO sector functions.

> Allows (RV 4+ I M) and (K®RV) — 1 (12)) t0 be finite in d = 4 NLO sector by NLO
sector.
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NNLO counterterms

> In each sector, candidate (i.e. not yet momentum-remapped) counterterms built
collecting singular limits of RRW, written in terms of dot products.

» Example for sector W;jj; (where nonzero limits are S;, Cyj, Sik, Ciji, SCijr, CSiji):

1
Kzgk:)j = |:Sz + Cij(l - Sz)] RRW;jkj,
Kl(fk)ﬂ = [Sik + Ciji(1 = Sik) +SCi k(1 — Sik)(1 — Cij)

+CSijr(1 —SCyjr)(1 —Sik)(1 — Cijk)] RRWijk;,

(12)
Kijkj

- [Si +Ci;(1— Si)] [Sik + Cijr(1—Sik) +SCyjn(1 — Si)(1 — Cyjr)
+C8Sj k(1 —SCyjk) (1 — Six)(1 — Cijk)] RRWijj,
and analogously for sectors W, and W;;x;-

> S;; RR, C;i; RR, and SC;j i RR are universal kernels (catani, Grazzini, 9810389, 99085231,

[Campbell, Glover, 9710255], [Berends, Giele, 1989].

» All limits commute on RR and }V functions.

Paolo Torrielli A local analytic sector subtraction at NNLO 18 / 28



NNLO-counterterm simplifications

» Simplifications possible, thanks to idempotency relations

(1 —-S;) SCicd RRWjpeqa =0, (1 -Cyj) CSijx RRWijra =0.

» Limits SC and CS disappear from K (2) 4+ K (12) (see also [caola, Melnikov, Roentsch] about
redundancy of SC in nested soft-collinear subtraction):

2 12
Kz(]k)j + Ki(jkj> = (1-8)(1-Cy) [Sik + Cyr(l— Sik)] REWijkj

very simple structure!

» Still, since integrated I (12) and I (2) enter separately, they receive contributions from
SC and CS (which however cancel in the sum).
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Counterterm F(l) and integrated I ™)

» Use factorisation properties of W,peq, and sum rules of Wl(l{;ﬁ):

i, 5> i k,l

in each NLO sector . . .
full structure of single-unres. singularities

» I (1) is the same integral as the NLO integrated counterterm I (known to all orders in ¢):

(47r Y2 T(1—el(2—¢)

R = MY Ta_gg Fe(F) Wa((R)
a, b#a
(4m)e~ 2 —€ —€ R — -
My 4) mem)i(i) ¢ R((RY) Wi (1F))

> RV Wy + I( ) finite in d = 4 sector by sector in the NLO phase space.

Paolo Torrielli A local analytic sector subtraction at NNLO 20 / 28



(12)

Integration of counterterm K

» Use factorisation properties of W,peq, and sum rules of W£2§)3

12 _
T~ 2 —€ —€) [= —= = 1\ T 7
-M a%a (4) F(€12 F(;F_(23 ) ) [Sk +Cr (1 - Sk)]Rab({k}) Wi ({k})
)~ 2 — € . . _ _ _ _
-M Z “ ) F(ler(2)_(§ ) )c[sk + Gt (1= 8y) | R({RY) Wi ({R)

—(RV 12 . . .
> Kl(cl ) _ Ik(l ) finite in d = 4 sector by sector in the NLO phase space.
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Counterterm K (2)

)

» Using sum rules, WW’s disappear from F(z and from its integral I (2). In the end:

x®® => {Zsij +> > Cije (1—-8i; —Sir — Sjr)

i i>i i>ik>j

+ E Z E éijkl (1 *gik 7§jk 7§il 7§jl)

i>i k>i 1>k

k#j 1#]7
33" §Cyu (1-8 - S (1 T3 ém-k)
G kL 1,5,k
k>j
+ Z Z CSijk (1 —Sik —Sjx) (1 —Cyjk — Z éijkl) } RR,
J>i k#i,g l#1,5,k

> Analytic integration of a set of universal NNLO kernels with no WV functions.

» As at NLO, different terms in the same kernel mapped differently to ease integration.
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Mappings from NNLO to Born kinematics

(abed)
rad,2

> {k} — {k}(ebcd) mapping example, d®,, 1o = de{? x da

Eglade) = k’n ) n ;é a, b: &) d )
Egabcd) = ko + kp 4 ke — Sabc Ky, El(iabcd) _ Sabed 7
Sad + Sbd + Scd Sad + Sbd + Scd
. o 7.(abed) | 7.(abed) _
with Sgped = Sab + Sac + Sad + Sbe + Sbd + Seq and ke +kgy =kq + kp + ke + kq.

» This is used to define double-collinear éijk RR and (part of) the double-soft §ij RR

counterterms:

_ N2 . o

SRR = == 3 10 Ba((R ) +
c#i,7
d#1i,j,¢

_ NP2 — . (iik

Cijx RR = sTl PZ‘;‘; By ({k}(”]""))

ijk
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)

Example integration of K2

» Example double-soft ¢G: each term of the sum parametrised with (abed) = (ijlm).

2 + SimSj1 —
o . 5i1S SimSjl — 5ijSlm
o Sij RR=N?2Tg Bim( {k}(™) /d‘P(.”lm) SiSim T iy ;
/ rad.2 Sij “Tr Z 1 ({ } ) a2 2o s ) (Sim + Sjm)

I,m=1 ij
Z1-2) y(1-2)
yy? Yy (l-2)+2

2e
asy2 2 11w 17, 232 38 131 , 2048
= B(9) rpop (B |- o (T 22 98y 1Bl 2998 .

(27r) RO <s) { 3 ot ™ "o ) T et T e )| o0

8
=N?BTrCr = /dq)rad,Z (s;y,2,6,9', 2", 2")

» Double-collinear ¢ — qq’q’, parametrised with (abed) = (ijkr).

. 2
/d@“ﬂ“”d WRR = N12TRCFB/d<I>(”kT) ! {7 I Gl S RPY (zi oo Dk )]
rad,2 i rad2 os, ik sik SikSikj 2 + 2k Sikj

2e
asy? 2 131 1/1, 889 80, 31, 23941
= B(9) rpop (B2) |- - 3L (L B8 PR I i | TR

(27r) RCS <s) { 3¢ 1me T e\e” Tas) T et T T s ©

» Other kernels more complicated, but manageable analytically in the massless case
(ongoing).
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Proof-of-concept example
» TrCFp contribution to onnLo(ete™ — q@)

a) q(1)
q’'(3)
; 9 Naw
i
q(2) q(2)
RR \\"

> Finiteness in the n-body phase space:

VV4I® 4’ _ g (g—;)QTRCF (%gg _ %”2 _ % 7 gln “;) .
> Finiteness in the (n + 1)-body phase space, sector by sector:
RVWi, + 1Y = - ;—; §TR (m g[’;; + i) RWhg.
?ng) — I}SZ) = - %ST ;TR <ln g[’:;T + 8) [Sh + ﬁhq (1 — Sh)]Rth.
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Total NNLO cross section

rescaled NNLO correction
o

analytic ——

numerical ——

2 s 8 10
} } }} N e
2 s 6 8 10

Paolo Torrielli

Example for p/+/s = 0.35.

Analytic:
onNLo = oro k X 1.40787186

Subtraction method:
onNLO = oro k X (1.40806 + 0.00040)

k=(5%)* TrCr
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NNLO summary

» Sector functions at NNLO engineered to factorise NLO-sector structure.

> Sector-function sum rules to simplify as much as possible double-unresolved integrands

?(2): only sums of universal kernels.

» Every time one has to analytically integrate, sector functions are not there.

» Exploit full freedom in mapping and parametrisation of each contribution separately.
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Status

» Method for the moment applied to FSR only and massless.

> Analytic integration of?(z) to be finished. Most probably possible without IBP
methods for the massless case.

> Real-virtual counterterms to be integrated in general (simpler than F(z)).
> Ongoing implementation in a differential code.

» Planned extensions to initial-state radiation, masses, ...

Thank you
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Soft/collinear commutation at NLO
> Soft limit S; (k! — 0): sia/sp — constant, siq/spe — 0, Va,b,c #i.

» Collinear limit Cij (kL — 0)2 si]-/sia — 0, Sij/Sjb — 0, sij/sab — 0, Va,,b 75 Z,]
Sia/8ja — independent of a.

» Commutation in case ¢ = gluon and j = quark.

» Altarelli-Parisi collinear kernel involved is P;;(z;) = [1 + (1 — z;)2]/z;, with
x; = Sir/(sir + sjr), with arbitrary = # 1, j.

s
S, R = —le lﬂ.q Bim
1#i SilSim
m#£i
= CijS;R = —2M Z L B;; = —-2M Sjr (—ijB),
14,5 18 Sir8ij
1 1+ [1— 84/ (54 ir)]?
Ci,; R = N1fojB +1 sir/(sir + 55r)]
Sij Sir/(Sir + Sjr)
= S;Ci ;R = —2M Sir (*ijB).
SirSij
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Soft counterterm in FKS

» The soft FKS counterterm does not feature gluon energy, thus it reduces to an angular
integral:

1 — cosOym,
(1 —cosf;)(1 — cosOpmi)

Ifkg x Z/dcos9d¢>(sian)sin€)726
lm

» Doable (actually relevant to angular-ordering), but not maximally easy: relations among
O1m, 01; and 0,,; are non-trivial in terms of integration variables.

» Analogous features at NNLO may be much more severe.
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Cancellation of virtual NLO poles

> Integrated counterterm I computed at all orders in e.

> € expansion:

I{k) = g(u;) {{B({%})Z<i“+>+ > Bu({k}) hlml]

k k, l#k

+ [sz}) 5 (5 CatATuNs 1y, - %)

k

7 Cr
+687,.4Ca (6* 5(2) + 05 {a.a) 5 (107§2+1UTIM)>

5t (2= o)}

k, 1%k

_ _ 11C4—4TgrN
> Tab = Sap/s, and 7y = 0 g — 1L 5 AL 4 O ia.a} %CF-

> Same structure of e singularities as V' (up to a sign).
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NNLO singularity-cancellation pattern

» RR-K®M —(E® + &™) finite in d = 4, and in @40
» RV + I () finite in d = 4, but singular in ®,, .

K(RV) — 1(12) finite in d = 4, but singular in ®,,41.

» RV 4+ 1M — (K®Y) _ 1(12)) finite in d = 4, and in ®,41.

> VV 4+ 1@ 4 (RVY) finite in d = 4, and in ®,,.

Paolo Torrielli A local analytic sector subtraction at NNLO
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NNLO sector-function sum rules for composite limits

S: Cijik (Wi]-aﬁ) +Wi(,?5)) =1,

SiiCijk > Wabbk + Ware) = 1,
ab € perm(ij)
SC; ik Sij ZWibjk =1,
b
CSijk Cijik Wijkj + Wiiki) = 1,

CSijk Cijk Sik Wijk; = 1,

Scijk Cijk Z Wiaab + Wiaba) = 1,
ab € perm(jk)

SCijk Cijk Sik. Wijkj + Wikkj) = 1,

Paolo Torrielli

A local analytic sector subtraction at NNLO

Sik Cijit Wijkt + Wiaij) = 1.
CSijkSik > Wijka = 1,

d#i,k
CSijk Cijit Wijkt + Wiik) = 1,
CSijk Cijrt Sik Wirt = 1,

SCiki Cijrr Wijkt + Wijik) = 1,

SCijk Cijrt Sik Wiy = 1.
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Double-radiation phase space

» Catani-Seymour variables y, z,vy’, 2/, 2’ € [0, 1] for mapping {k} — {]}}(abﬂd);
Sab = yl Y Sabed 5 Scd = (1 - y,) (1 - y) (1 - Z) Sabed »
Sac = 2 (1 — y/) Y Sabed » Spe = (1 _ y/) (1 _ Z/) Y Sabed »
Sqq = (1—1v) [y/ (1-2")1-2)+2"2-2(1-22) V2 (1—2) z(1 —z)] Sabed »

spa = (1 —y) [y'z'(l —2)+(1-2")z+2(1-2a") Vy'z (1—2') z(1 —z)] Sabed »
» Phase-space factorisation:

dbpio = dB) (abed) dd (:Cimzd) ,

bed
/dér(:d:;) = /dérad,Q (Sabcd§ y:za¢7y/1 2/7:17/)

N2(€) (sapea)? /d:c /dy /dz / de (sin )™ /dy/dz
x 12" (1=a) y' (1=¢)> 2 (1-2) (A -p)?2(1-2)]

x [z (1-a)] 72 (1—y) y(1—y) .
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Matrix elements for the TrCr contrib. to eTe™ — ¢ at NNLO

> Analytic matrix elements from (#amberg, van Neerven, Matsuura, 1991], [Gehrmann De Ridder, Gehrmann,

Glover, 0403057], [Ellis, Ross, Terrano, 1980]
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Integrated counterterms in the TrCr contrib. to eTe™ — ¢ at NNLO
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