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Outline
• |Vub| 

• Decay constants 

• Form factors 

• Interlude: B → D* l ν 

• |Vub| - |Vcb| plane 

• ΔF=2 

• B mixing 

• K mixing 

• Rare b [ Δ(|B|+|S|) = 2 ]
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Lattice ensembles
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highly improved staggered  
quarks

domain wall 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Groups are also working on flavour physics with Wilson fermions, 
twisted-mass fermions, other types of staggered fermions, etc.

Results presented here use lattices from one of these ensembles:



|Vub|



New fB lattice results
• Highly improved staggered 

(HISQ) for all quarks, approach 
first developed by HPQCD 

• Extrapolation (interpolation) to 
b-quark mass 

• Careful investigation of all 
sources of systematic 
uncertainty
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FIG. 8. Decay constants plotted in units of fp4s vs the heavy-strange meson mass for physical-mass
ensembles at three lattice spacings, and continuum extrapolation. For each color there are two sets
of data and fit lines: one with valence light mass mx = ms (higher one), and one with mx = mu.
The dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing, and data points (with
open symbols) to the right of the dashed vertical line of the corresponding color are omitted from
the fit. The width of the fit lines shows the statistical error coming from the fit. The solid vertical
lines indicate the D and B systems, where MHs = MDs and MHs = MBs , respectively.

corresponding heavy-strange meson masses MHs at three lattice spacings. The continuum
extrapolation is also shown. The valence light mass mx is tuned either to ms (upper points)
or to mu (lower points). Data points with open symbols that are at the right of the dashed
vertical line of the corresponding color are omitted from the fit because they have amh > 0.9.
The fact that the fit lines agree well with the omitted points is evidence that we have not
overfit the data. In the continuum extrapolation, the masses of sea quarks are set to the
correctly-tuned, physical quark masses ml, ms, and mc, while at nonzero lattice spacing the
masses of the sea quarks take the simulated values.

The width of the fit lines in Fig. 8 shows the statistical error coming from the fit, which
is only part of the total statistical error, since it does not include the statistical errors in the
inputs of the quark masses and the lattice scale. To determine the total statistical error of
each output quantity, we divide the full data set into 20 jackknife resamples. The complete
calculation, including the determination of the inputs, is performed on each resample, and
the error is computed as usual from the variations over the resamples. (For convenience, we
kept the covariance matrix fixed to that from the full data set, rather than recomputing it
for each resample.) The same procedure is performed to find the total statistical error of a

and ams at each lattice spacing.

The fit function Eq. (5.5), evaluated at a = 0 and physical sea-quark masses, yields a
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A. B- and D-meson decay constants

Our final results for the physical leptonic decay constants of the D and B systems in-
cluding all sources of systematic uncertainty discussed in the previous section are

fD0 = 211.5(0.3)stat(0.3)syst(0.2)f⇡,PDG MeV, (7.1)

fD+ = 212.6(0.3)stat(0.3)syst(0.2)f⇡,PDG MeV, (7.2)

fDs = 249.8(0.3)stat(0.3)syst(0.2)f⇡,PDG MeV, (7.3)

fB+ = 189.4(0.8)stat(1.1)syst(0.3)f⇡,PDG MeV, (7.4)

fB0 = 190.5(0.8)stat(1.0)syst(0.3)f⇡,PDG MeV, (7.5)

fBs = 230.7(0.8)stat(0.8)syst(0.2)f⇡,PDG MeV. (7.6)

These results can be compared with experimental measurements to obtain CKM matrix
elements and test the Standard Model. Most recent lattice-QCD calculations of heavy-light
meson decay constants work, however, in the isospin-symmetric limit. To enable comparison
with these results, we also present results for the B- and D-meson decay constants evaluated
with the light valence-quark mass fixed to the average u/d-quark mass:

fD = 212.1(0.3)stat(0.3)syst(0.2)f⇡,PDG MeV, (7.7)

fB = 189.9(0.8)stat(1.1)syst(0.3)f⇡,PDG MeV. (7.8)

Figures 12 and 13 compare our decay-constant results with previous three- and four-
flavor lattice-QCD calculations [16–27]. They agree with the lattice-QCD averages from the
Particle Data Group [58]:

fD+,PDG = 211.9(1.1) MeV, (7.9)

fDs,PDG = 249.0(1.2) MeV, (7.10)

fB+,PDG = 187.1(4.2) MeV, (7.11)

fB0,PDG = 190.9(4.1) MeV, (7.12)

fBs,PDG = 227.2(3.4) MeV, (7.13)

where we note that the D(s) averages are dominated by our earlier result in Ref. [24].
For the D-meson decay constants, the uncertainties in Eqs. (7.2)–(7.3) are about 2.5

times smaller than from our previous analysis. The improvement stems primarily from the
inclusion of finer ensembles with a ⇡ 0.042 fm and 0.03 fm, which reduce the distance of
the continuum extrapolation.

For B-meson decay constants, the uncertainties in Eqs. (7.4)–(7.6) are approximately
three times smaller than from the previous best calculations from HPQCD [17, 21]. For fBs ,
HPQCD’s most precise determination was obtained with the HISQ action for b quarks [17].
The substantial improvement in our result comes from a combination of higher statistics and
the ensemble with a ⇡ 0.03 fm, which eliminates the need to extrapolate to the bottom-quark
mass from lighter quark masses, and also shortens the continuum extrapolation. For fB+ and
fB0 , HPQCD has employed only NRQCD b quarks [21]. Thus, our results for these quantities
are the first obtained with the HISQ action for the b quarks. With HISQ, the dominant
errors in HPQCD’s calculation—from operator matching and relativistic corrections to the
current—simply do not arise.
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FIG. 13. Comparison of B-meson decay-constant results (magenta bursts) with previous three-
and four-flavor lattice-QCD calculations [17–19, 21–23, 27]. The vertical gray bands show the total
uncertainties from Eqs. (7.4) and (7.6).

to the B-meson decay constant than obtained by HPQCD in Ref. [21], (fB � fB+)HPQCD =
1.9(5) MeV,5 by more than 2�. HPQCD’s estimate was obtained, however, by setting both
the valence- and sea-quark masses in fB+ to mu because the analysis only included unitary
data. Hence their value includes e↵ects both from valence isospin breaking and from reducing
the light sea-quark mass; when we follow this prescription, we obtain a similarly-large shift
of about 1.6(2) MeV.

Tables XIV and XV in Appendix C provide the correlation and covariance matrices,
respectively between the B- and D-meson decay constants in Eqs. (7.1)–(7.8). They can be
used to compute any combination of our results with the correct uncertainties.

B. Quark-mass ratios, fK/f⇡, and scale-setting quantities

In Sec. IV, we analyze the ensembles with physical light-quark masses to obtain several
input parameters for the EFT fit of heavy-light meson decay constants. We obtain for the
mass and decay constant of a fictitious pseudoscalar-meson with degenerate valence-quark
masses 0.4ms:

fp4s = 153.98(11)stat(
+4
�13)syst(12)f⇡,PDG MeV, (7.22)

Mp4s = 433.15(14)stat(
+38
�38)syst(3)f⇡,PDG MeV, (7.23)

fp4s/Mp4s = 0.3555(3)stat(
+2
�4)syst(3)f⇡,PDG . (7.24)

These quantities are used to set the scale in our analysis.

5 The correlated uncertainties were provided by HPQCD (private communication).
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FIG. 12. Comparison of our D-meson decay-constant results (magenta bursts) with previous three-
and four-flavor lattice-QCD calculations [16, 18, 20, 24–26]. The vertical gray bands show the total
uncertainties from Eqs. (7.2) and (7.3).

Because the statistical and several systematic errors are correlated between the decay
constants in Eqs (7.2)–(7.6), we can obtain combinations of decay constants with even
greater precision. Our results for the decay-constant ratios are

fDs/fD+ = 1.1749(05)stat(09)syst(04)f⇡,PDG , (7.14)

fBs/fB+ = 1.2180(33)stat(36)syst(05)f⇡,PDG , (7.15)

fBs/fB0 = 1.2109(29)stat(28)syst(04)f⇡,PDG , (7.16)

fBs/fDs = 0.9233(25)stat(32)syst(02)f⇡,PDG . (7.17)

The light quarks in the D
+ and Ds mesons have identical charges, so the deviation of

fDs/fD+ from unity quantifies the degree of SU(3)-flavor breaking in the D system. Sim-
ilarly, the ratio fBs/fB0 characterizes the size of SU(3)-breaking in the B-meson system.
Both yield values of about 20%, which is consistent with power-counting expectations of
(ms � md)/⇤QCD.

For the di↵erences due to strong isospin breaking (i.e., mu 6= md) we find

fD+ � fD = 0.58(01)stat(07)syst(00)f⇡,PDG MeV, (7.18)

fD+ � fD0 = 1.13(03)stat(15)syst(00)f⇡,PDG MeV, (7.19)

fB � fB+ = 0.54(05)stat(07)syst(00)f⇡,PDG MeV, (7.20)

fB0 � fB+ = 1.12(08)stat(13)syst(00)f⇡,PDG MeV. (7.21)

These results can be employed to correct other lattice-QCD results obtained in the isospin
limit, which will be essential once other calculations reach sub-percent precision. For fD+ ,
the isospin-breaking correction is larger than our total uncertainty in Eq. (7.2), while for
fB+ it is comparable to the total error in Eq. (7.4). We find a smaller isospin correction
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Better than 1% precision!

Full treatment of QCD+QED 
[C. Sachrajda talk] is something 
for future work.
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best lattice-QCD calculations by HPQCD [17, 21]. Here the improvement again stems from
the use of finer lattice spacings, which enable us to employ the HISQ action directly at
the physical mb with controlled heavy-quark discretization errors, thereby eliminating the
need to extrapolate to the bottom-quark mass from lighter heavy valence-quark masses or
to use an e↵ective action such as NRQCD with its uncertainties from omitted higher-order
corrections in ↵s or 1/mQ.

Our results for the charged D
+- and Ds-meson decay constants can be combined with the

experimental leptonic decay rates for D
+
(s) ! l

+
⌫l [58] to yield the CKM matrix elements

|Vcd| = 0.2144(5)fD+ (49)expt(13)EM, (8.1a)

|Vcs| = 0.997(2)fDs
(16)expt(6)EM. (8.1b)

We note, however, that the uncertainties due to unknown hadronic structure-dependent
electromagnetic corrections are only rough estimates based on the analogous contributions
for pion and kaon decay constants (see Sec. VII C), and need to be calculated directly for the
D system. The determinations of |Vcd| and |Vcs| from leptonic D decays in Eq. (8.1) enable
us to test the unitarity of the second row of the CKM matrix at the few-percent level,
and are compatible with three-generation CKM unitarity within 1.3�. The significance
of this test of the Standard Model is presently limited by the experimental errors on the
corresponding leptonic decay widths [58]. Recently the BES-III Experiment published its
first measurements of B(D+

s
! µ

+
⌫µ) and B(D+

s
! ⌧

+
⌫⌧ ) [114], and presented a preliminary

measurement of B(D+ ! ⌧
+
⌫⌧ ) [115]; these results are statistics-limited, and will improve

with additional running. The forthcoming Belle II Experiment will also measure the leptonic
D

+
(s)-meson decay rates, and anticipates obtaining su�cient precision to determine the CKM

element |Vcd| with an error below about 2% [116].
The neutral Bs- and B

0-meson decay constants are parametric inputs to the Standard-
Model rates for the rare decays Bs ! µ

+
µ
� and B

0 ! µ
+
µ
�, respectively. Using our results

for fBs and fB0 , we obtain the predictions

109B(Bs ! µ
+
µ
�) = 3.64(4)fBs

(8)CKM(7)other ⇥ 10�9
, (8.2)

1011B(B0 ! µ
+
µ
�) = 1.00(1)fB0 (2)CKM(2)other ⇥ 10�11

, (8.3)

where the largest contributions to the errors are from the CKM elements |Vts| and |Vtd|,
respectively. The theoretical uncertainty on B(Bs ! µ

+
µ
�) in Eq. (8.2) is more than

ten times smaller than recent experimental measurements [11–13], while the prediction for
B(B0 ! µ

+
µ
�) in Eq. (8.3) is an order of magnitude below present experimental limits [12,

13].
The high-luminosity LHC combined with upgraded ATLAS, CMS, and LHCb detectors

should make possible significant improvements on these measurements in the next decade.
In particular, given Standard-Model expectations, the LHCb Experiment anticipates deter-
mining B(Bs ! µ

+
µ
�) to about 5% and the ratio B(B0 ! µ

+
µ
�)/B(Bs ! µ

+
µ
�) to the

order of 40% by the end of the HL-LHC era [15]. Our results for fBs and fB0 can also be used
to improve the Standard-Model predictions for the B(s)-meson branching ratios to electron-
positron or ⌧ -lepton pairs, which are of O(10�6) and O(10�13), respectively [106]. The LHCb
experiment recently placed the first direct limit on B(Bs ! ⌧

+
⌧
�) < 6.8 ⇥ 10�3 [117], and

will continue to improve this measurement with additional running. Further, the decay rates
B(Bs ! e

+
e
�) and B(B0 ! e

+
e
�) can be substantially enhanced in new-physics scenarios

in which the Wilson coe�cients of the relevant four-fermion operators are independent of

43

the flavor of the decaying Bq meson and the final-state leptons [118]. In this case, the latter
process could be observable by the LHCb and Belle II Experiments, providing unambiguous
evidence for new physics.

Our result for fB+ can be combined with the experimental average for B(B+ ! ⌧
+
⌫⌧ ) [7–

10, 58] to yield the CKM matrix element

|Vub| = 4.07(3)fB+ (37)expt ⇥ 10�3 (8.4)

with an about 10% uncertainty stemming predominantly from the error on the measured
decay width. Within this large uncertainty, Eq. (8.4) agrees with the determinations of |Vub|
from both inclusive [119–123] and exclusive [124–127] semileptonic B-meson decays. The
Belle II Experiment expects, however, to collect enough data by 2024 to measure B(B+ !
⌧
+
⌫⌧ ) with a precision of 3–5% [14], which will make possible a competitive determination

of |Vub| from leptonic decays. The decay B
+ ! ⌧

+
⌫⌧ also probes extensions of the Standard

Model with particles that couple preferentially to heavy fermions. Using fB+ from this work
and taking 103 |Vub| = 3.72(16) from our recent lattice-QCD calculation of the B ! ⇡`⌫

form factor [128], we obtain for the Standard-Model branching ratio

B(B+ ! ⌧
+
⌫⌧ ) = 8.76(13)fB+ (75)Vub

(2)other ⇥ 10�5
, (8.5)

in agreement with the experimental average 104B(B+ ! ⌧
+
⌫⌧ ) = 1.06(20) [7–10, 58].

Given the current and projected experimental uncertainties on the D(s)- and B(s)-meson
leptonic decay rates, better lattice-QCD calculations of the decay constants are not needed
in the near future. Nevertheless, there are still opportunities for improvement. So far, D-
and B-decay constant calculations include neither isospin nor electromagnetic e↵ects from
first principles. Isospin e↵ects can be addressed straightforwardly with 1+1+1+1 ensembles
being generated for problems such as the anomalous magnetic moment of the muon [129].
The inclusion of electromagnetism in lattice-QCD simulations is more challenging, but cal-
culations of the light-hadron spectrum and light-quark masses within quenched QED are
available [83, 130, 131], and ensembles with dynamical photons [132] to be generated for
other quantities can again be employed to calculate heavy-light meson decay constants. In
addition, higher-order electroweak e↵ects are presently ignored when relating experimental
measurements of charged leptonic decays to Standard-Model calculations. E↵ective-field-
theory techniques can be used to separate e↵ects at the electroweak and QCD scales from
long-range radiation from charged particles. Further lattice-QCD calculations are needed to
fit in with this scale separation. For leptonic pion and kaon decays, these e↵ects are relevant
and being studied [133, 134]. Even if not immediately crucial for leptonic D and B decays,
they are relevant for semileptonic D and B (as well as K and ⇡) decays; see, for example,
the comparison of QED and QCD uncertainties in Ref. [100].

The next step in our B-physics program is to extend the use of HISQ b quarks on the
same gauge-field configurations employed in this work to target other hadronic matrix ele-
ments needed for phenomenology. The analysis of ensembles with physical-mass pions and
very fine lattice spacings will address two of the most important sources of systematic un-
certainty in our recent calculations of the B ! ⇡(K)`⌫ and B ! ⇡(K)`+`

� semileptonic
form factors [128, 135, 136] and of the neutral B-mixing matrix elements [137] by eliminating
the chiral-extrapolation uncertainty and reducing continuum-extrapolation and heavy-quark
discretization errors. When combined with anticipated future measurements, this will en-
able us to determine more precisely the CKM matrix elements |Vub| and |Vtd(s)|, which are
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Combine lattice results with experimental measurements of  
B → τ ν to infer

Larger errors than determination from semileptonic B decay. 
Well-positioned for prospective Belle II measurement.

Consistent with 2nd row unitarity at 1.3σ level

Bazavov, et al (FNAL/MILC), arXiv:1712.09262.

http://arxiv.org/abs/1712.09262
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flavor lattice-QCD result for the decay-constant ratio fB⇤/fB = 0.941(26) [64], and using the

same value of gB⇤B⇡ = 0.45(8) as in our chiral-continuum extrapolation. The large width of

the expected band is due to the generous range taken for gB⇤B⇡. Higher-order corrections

in the heavy-quark expansion are expected to be small. Taking a conservative value for

⇤ = 500 MeV and mb = 4.2 GeV, one would estimate (⇤/mb)
2 corrections to be about 1%.

The difference of fB⇤/fB from one also provides a measure of ⇤/mb ⇠ 6%, which would

indicate that (⇤/mb)
2 corrections may even be below the percent level. The lattice form

factors agree with the theoretical expectation for q
2 & 27 GeV

2.

D. Determination of |Vub|

We now combine our lattice form factors with experimental data for B ! ⇡`⌫ to obtain

|Vub|. The Standard-Model partial branching fraction is ⌧Bd�/dq
2, where d�/dq

2 is defined

in Eq. (1.1). The contribution from f0 is negligible due to the small lepton mass. Given

f+(q
2
), the branching fraction in the ith q

2 bin [q
2
i
, q

2
i+1] is

�B
fit
i

= C
2
B
|Vub|

2

ˆ
q
2
i+1

q
2
i

|p⇡(q
2
)|
3
|f+(q

2
)|
2
dq

2
, (5.23)
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Figure 27: Lattice and experimental data for (1 − q2/m2
B∗)fB→π
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shows the preferred three-parameter BCL fit to the lattice-QCD and experimental data with
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new information about cross-correlations, that allows us to obtain a meaningful final error
estimate.57 The lattice input dataset will be the same discussed in Sec. 8.3.

A simple three-parameter constrained BCL fit (i.e., through O(z2) plus |Vub|) is enough to
describe the combined datasets satisfactorily; however, the inclusion of experimental points
allows for a better determination of the higher orders in the BCL parameterization with
respect to the lattice-only fit. In order to address the potential systematic uncertainty due
to truncating the series in z, we continue to add terms to the fit until the result for |Vub|
stabilizes, i.e., the central value settles and the errors stop increasing. We find that this
happens at O(z3), and take the value of |Vub| from the combined fit through this order as our
estimate,

Nf = 2 + 1 B → πℓν : |Vub| = 3.62(14) × 10−3 . (212)

Fig. 27 shows both the lattice and experimental data for (1− q2/m2
B∗)f+(q2) as a function of

z(q2), together with our preferred fit; experimental data have been rescaled by the resulting
value for |Vub|2. It is worth noting the good consistency between the form factor shapes
from lattice and experimental data. This can be quantified, e.g., by computing the ratio of
the two leading coefficients in the constrained BCL parameterization: the fit to lattice form
factors yields a1/a0 = −0.83(25) (cf. Eq. (185)), while the above lattice+experiment fit yields
a1/a0 = −0.921(88).

We plot the values of |Vub| we have obtained in Fig. 29, where the determination through
inclusive decays by the Heavy Flavour Averaging Group (HFAG) [196], yielding |Vub| =
4.62(20)(29) × 10−3, is also shown for comparison. In this plot the tension between the
BaBar and the Belle measurements of B(B− → τ−ν̄) is manifest. As discussed above, it is

57See, e.g., Sec. V.D of [502] for a detailed discussion.
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FLAG, arXiv:1607.00299 
2+1 flavours
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HPQCD and Fermilab MILC working on 
updates using MILC 2+1+1 lattices
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0.036 0.038 0.040 0.042 0.044 0.046 0.048

|Vcb|

B → D
FNAL/MILC, 2015
B → D
HPQCD, 2015

B → D*
FNAL/MILC, 2014

Inclusive
Alberti et al., 2015

combined fit
FLAG, 2016
(incl. new expt data)

(before 2/2017)



New lattice results

• Good agreement with Fermilab/MILC result hA1(1) = 0.906(4)(12) 

• Independent lattices 

• Different heavy quark formulations
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TABLE VIII: Results for parameters in the chiral-continuum fits, Eq. (21) and (27). Higher order terms retain their prior
values and are not shown while 

B
2 = �0.17(25) and 

B
2 = �0.05(42) for hA1

(1) and h
s
A1
(1) respectively.

c1 c2 d1 d2 f1 f2

hA1
(1) �

B
a0 �0.15(12) 0.27(29) 0.24(40) 0.0(5) 0.24(40) 0.0(5)

h
s
A1
(1) �

B
a0 �0.03(22) 0.05(35) 0.0(5) 0.0(5) 0.0(5) 0.0(5)

B C g �1 �5 �6

hA1
(1) �0.091(27) �0.02(24) 0.521(78) �0.14(44) 0(1) -0.15(97)

h
s
A1
(1) �0.117(31) – – �0.14(44) 0(1) -0.15(97)

TABLE IX: Partial errors (in percentages) for h
(s)
A1

(1). A full
accounting of the breakdown of systematic errors is made dif-
ficult by the fact that smaller priors not well constrained by
the data are mixed in a correlated way by the fitter; these
are reflected in the total systematic uncertainty. Note that
the uncertainty from missing ↵

2
s terms in the matching for

hA1
(1) and h

s
A1
(1) is constrained somewhat by the fit; a naive

estimate would give 3.5% on the fine lattices.

Uncertainty hA1
(1) h

s
A1
(1) hA1

(1)/h
s
A1
(1)

↵
2
s 2.1 2.5 0.4

↵s⇤QCD/mb 0.9 0.9 0.0

(⇤QCD/mb)
2 0.8 0.8 0.0

a
2 0.7 1.4 1.4

gD⇤D⇡ 0.2 0.03 0.2

Total systematic 2.7 3.2 1.7

Data 1.1 1.4 1.4

Total 2.9 3.5 2.2

are shown in Figures 3 and 4 respectively, together with
the result of our fit. The O(a4) and O(a6) parameters
default to their prior values, while the O(a2) parameters
are consistent with zero. We tried various modifications
to our fit, the results of which we present in Appendix F.
Table IX presents a summary and combination of the
uncertainties in our results for hA1

(1) and hs
A1

(1).

C. Isospin breaking e↵ects

The e↵ects of electromagnetic interactions and mu 6=
md on hA1

(1) are negligible compared to the dominant
uncertainties quoted in Table IX. We find only a variation
of 0.25% in the chiral-continuum fits to hA1

(1) whether
the ⇡0 or ⇡+ mass is used as the input value for the phys-
ical limit. Electroweak and Coulomb e↵ects in the decay
rate (1) are presently accounted for at leading order by
a single multiplicative factor ⌘̄EW to be discussed below
in Sec. VII. As lattice QCD uncertainties are reduced in
the future, it will be desirable to more directly calculate
the e↵ects of electromagnetism in a lattice QCD+QED

calculation, where mu 6= md can also be implemented.

VI. RESULTS AND DISCUSSION

We have calculated the zero recoil form factor for
B ! D⇤`⌫ decay using the most physically realistic gluon
field configurations currently available along with quark
discretizations that are highly improved. Our final result
for the form factor, including all sources of uncertainty,
is

F
B!D⇤

(1) = hA1
(1) = 0.895(10)stat(24)sys . (28)

It is clear from this treatment that the dominant source
of uncertainty is the O(↵2

s) uncertainty coming from
the perturbative matching calculation. In principle this
could be reduced by a two-loop matching calculation;
however, such calculations in lattice NRQCD have not
been done before. It is worth noting that for our calcula-
tion this uncertainty is somewhat constrained by the fit,
as is reflected in Table IX. It has also been suggested [62]
that it could be estimated using heavy-HISQ b quarks
on ‘ultrafine’ lattices with a = 0.045 fm and mba < 1.
There we can use the nonperturbative PCAC relation and
the absolute normalization of the pseudoscalar current
to normalise J (0), using (mb + mc)P̂ = Z@µÂµ to find
the matching coe�cient Z and then comparing matrix
elements of this normalized current to the result using
perturbation theory.

Within errors, our result agrees with the result from
the Fermilab Lattice and MILC Collaborations [18],
hA1

(1) = 0.906(4)(12). The higher precision achieved
in this work is due to the use of the same lattice dis-
cretization for the b and c quarks. This enabled them to
avoid the larger current-matching uncertainties present
in our NRQCD-b, HISQ-c work. Nevertheless, the value
of providing a completely independent lattice QCD result
using di↵erent formalisms is self-evident.

After combining the statistical and systematic errors
in quadrature, a weighted average of the two lattice re-
sults yields hA1

(1) = 0.900(11). We use this value in our
discussion in Sec. VII.
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Our result for the Bs ! D⇤
s zero-recoil form factor is

F
Bs!D⇤

s(1) = hs
A1

(1) = 0.883(12)stat(28)sys . (29)

This is the first lattice QCD calculations of this quan-
tity. We see no significant di↵erence between the result
for B ! D⇤ and Bs ! D⇤

s showing that spectator quark
mass e↵ects are very small. Correlated systematic uncer-
tainties cancel in the ratio, which we find to be

F
B!D⇤

(1)

FBs!D⇤
s(1)

=
hA1

(1)

hs
A1

(1)
= 1.013(14)stat(17)sys . (30)

We find there to be no significant U -spin (d $ s) break-
ing e↵ect at the few percent level.

VII. IMPLICATIONS FOR |Vcb|

Until recently, one would simply combine a world av-
erage of lattice data for hA1

(1) with the latest HFLAV
result for the B̄0

! D⇤+`�⌫ di↵erential branching
fraction extrapolated to zero recoil: ⌘̄EWF(1)|Vcb| =
35.61(11)(44) ⇥ 10�3 [17]. Doing so with the weighted
average of the Fermilab/MILC result and ours yields

|Vcb|HFLAV = (38.9 ± 0.7) ⇥ 10�3 , (31)

where we have used the estimated charge-averaged value
of ⌘̄EW = 1.015(5) [18]. The uncertainty in |Vcb|HFLAV is
due in equal parts to lattice and experimental error.

Recent work analyzing unfolded Belle data [16] has
called into question the accuracy of what has become
the standard method of extrapolating experimental data
to zero recoil [22–27]. In order to understand our new
result for hA1

(1), as well as to prepare for future lattice
calculations and experimental measurements, we carry
out a similar analysis here. We generally agree with con-
clusions already in the literature, but we present a few
of our own suggestions for how one could proceed in the
future.

The method used by experiments to date is due to
Caprini, Lellouch, and Neubert (CLN) [21]. Their para-
matrization of the form factors entering the di↵erential
decay rate and angular observables is an expansion about
zero-recoil, i.e. about w = 1. (See Appendix G for expres-
sions relating experimental observables to form factors.)
In the case of the hA1

(w) form factor it was found that
the kinematic variable z gives a more convergent series.
Given a specific choice of t0, z depends on the t = q2 as

z(t, t0) =

p
t+ � t �

p
t+ � t0

p
t+ � t +

p
t+ � t0

(32)

with t± = (MB ±MD⇤)2. Usually one takes t0 = t�, and
this is the choice assumed throughout this paper.1

1 One can express z(t, t�) as a function of w as

z(w) =

p
w + 1 �

p
2

p
w + 1 +

p
2

.

TABLE X: Fits to the unfolded Belle data using the CLN
parametrization. The first fit does not account for any uncer-
tainties in the r coe�cients (34). The next three include the
r coe�cients as Gaussian priors with widths of 10%, 20% or
100% uncertainties, respectively. The final two fits assign 10%
or 20% uncertainty to the coe�cients in hA1

(w) and allow the
coe�cients of R1(w) and R2(w) to be O(1).

fit I ⇢
2

R1(1) R2(1)

0% 0.0348(12) 1.17(15) 1.386(88) 0.912(76)

10% 0.0349(13) 1.19(16) 1.387(88) 0.914(76)

20% 0.0352(13) 1.24(19) 1.390(88) 0.922(78)

100% 0.0367(16) 1.64(31) 1.397(94) 0.941(96)

h:10%, R:0(1) 0.0359(14) 1.29(17) 1.19(22) 1.05(18)

h:20%, R:0(1) 0.0359(14) 1.31(19) 1.19(22) 1.04(19)

The CLN form factors are given as follows

hA1
(w) = hA1

(1)[1 � 8⇢2z + (rh2r⇢
2 + rh2)z

2

+ (rh3r⇢
2 + rh3)z

3]

R1(w) = R1(1) + r11(w � 1) + r12(w � 1)2

R2(w) = R2(1) + r21(w � 1) + r22(w � 1)2 (33)

with the coe�cients computed to be [21]

rh2r = 53 , rh2 = �15 ,

rh3r = �231 , rh3 = 91 ,

r11 = �0.12 , r12 = 0.05 ,

r21 = 0.11 , r22 = �0.06 . (34)

These numbers are the result of a calculation in HQET,
using QCD sum rules and neglecting contributions of
↵s⇤QCD/mc and (⇤QCD/mc)2, as well as smaller e↵ects.
Until recently e↵ects of neglecting these terms have not
been included in fitting the experimental data.

Ref. [21] claims an accuracy of 2%; however this is
based on comparing an expansions in z against some full
expressions. While this tests the convergence of the ex-
pansions, it does not test the accuracy of numerical fac-
tors computed in truncated HQET. In fact the data do
not require any higher order terms in z or w�1. We found
no e↵ect when including a z4 term or (w � 1)3 terms in
(33) with Gaussian priors allowing the coe�cient rh4 to
be up to O(103) and r13, r23 to be up to O(1).

Nevertheless none of this accounts for higher order
terms in the HQET. We can get some idea of how the
fit is a↵ected by allowing the r coe�cients (34) to be fit
parameters with Gaussian priors, with means equal to
the CLN values but with widths which we vary. Table X
shows the results of fitting to the CLN parametrization.
We present six variations, which we describe below. In
order to infer |Vcb| from the lattice hA1

(1) and the fit to
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r11 = �0.12 , r12 = 0.05 ,

r21 = 0.11 , r22 = �0.06 . (34)

These numbers are the result of a calculation in HQET,
using QCD sum rules and neglecting contributions of
↵s⇤QCD/mc and (⇤QCD/mc)2, as well as smaller e↵ects.
Until recently e↵ects of neglecting these terms have not
been included in fitting the experimental data.

Ref. [21] claims an accuracy of 2%; however this is
based on comparing an expansions in z against some full
expressions. While this tests the convergence of the ex-
pansions, it does not test the accuracy of numerical fac-
tors computed in truncated HQET. In fact the data do
not require any higher order terms in z or w�1. We found
no e↵ect when including a z4 term or (w � 1)3 terms in
(33) with Gaussian priors allowing the coe�cient rh4 to
be up to O(103) and r13, r23 to be up to O(1).

Nevertheless none of this accounts for higher order
terms in the HQET. We can get some idea of how the
fit is a↵ected by allowing the r coe�cients (34) to be fit
parameters with Gaussian priors, with means equal to
the CLN values but with widths which we vary. Table X
shows the results of fitting to the CLN parametrization.
We present six variations, which we describe below. In
order to infer |Vcb| from the lattice hA1

(1) and the fit to
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TABLE VIII: Results for parameters in the chiral-continuum fits, Eq. (21) and (27). Higher order terms retain their prior
values and are not shown while 

B
2 = �0.17(25) and 

B
2 = �0.05(42) for hA1

(1) and h
s
A1
(1) respectively.

c1 c2 d1 d2 f1 f2

hA1
(1) �

B
a0 �0.15(12) 0.27(29) 0.24(40) 0.0(5) 0.24(40) 0.0(5)

h
s
A1
(1) �

B
a0 �0.03(22) 0.05(35) 0.0(5) 0.0(5) 0.0(5) 0.0(5)

B C g �1 �5 �6

hA1
(1) �0.091(27) �0.02(24) 0.521(78) �0.14(44) 0(1) -0.15(97)

h
s
A1
(1) �0.117(31) – – �0.14(44) 0(1) -0.15(97)

TABLE IX: Partial errors (in percentages) for h
(s)
A1

(1). A full
accounting of the breakdown of systematic errors is made dif-
ficult by the fact that smaller priors not well constrained by
the data are mixed in a correlated way by the fitter; these
are reflected in the total systematic uncertainty. Note that
the uncertainty from missing ↵

2
s terms in the matching for

hA1
(1) and h

s
A1
(1) is constrained somewhat by the fit; a naive

estimate would give 3.5% on the fine lattices.

Uncertainty hA1
(1) h

s
A1
(1) hA1

(1)/h
s
A1
(1)

↵
2
s 2.1 2.5 0.4

↵s⇤QCD/mb 0.9 0.9 0.0

(⇤QCD/mb)
2 0.8 0.8 0.0

a
2 0.7 1.4 1.4

gD⇤D⇡ 0.2 0.03 0.2

Total systematic 2.7 3.2 1.7

Data 1.1 1.4 1.4

Total 2.9 3.5 2.2

are shown in Figures 3 and 4 respectively, together with
the result of our fit. The O(a4) and O(a6) parameters
default to their prior values, while the O(a2) parameters
are consistent with zero. We tried various modifications
to our fit, the results of which we present in Appendix F.
Table IX presents a summary and combination of the
uncertainties in our results for hA1

(1) and hs
A1

(1).

C. Isospin breaking e↵ects

The e↵ects of electromagnetic interactions and mu 6=
md on hA1

(1) are negligible compared to the dominant
uncertainties quoted in Table IX. We find only a variation
of 0.25% in the chiral-continuum fits to hA1

(1) whether
the ⇡0 or ⇡+ mass is used as the input value for the phys-
ical limit. Electroweak and Coulomb e↵ects in the decay
rate (1) are presently accounted for at leading order by
a single multiplicative factor ⌘̄EW to be discussed below
in Sec. VII. As lattice QCD uncertainties are reduced in
the future, it will be desirable to more directly calculate
the e↵ects of electromagnetism in a lattice QCD+QED

calculation, where mu 6= md can also be implemented.

VI. RESULTS AND DISCUSSION

We have calculated the zero recoil form factor for
B ! D⇤`⌫ decay using the most physically realistic gluon
field configurations currently available along with quark
discretizations that are highly improved. Our final result
for the form factor, including all sources of uncertainty,
is

F
B!D⇤

(1) = hA1
(1) = 0.895(10)stat(24)sys . (28)

It is clear from this treatment that the dominant source
of uncertainty is the O(↵2

s) uncertainty coming from
the perturbative matching calculation. In principle this
could be reduced by a two-loop matching calculation;
however, such calculations in lattice NRQCD have not
been done before. It is worth noting that for our calcula-
tion this uncertainty is somewhat constrained by the fit,
as is reflected in Table IX. It has also been suggested [62]
that it could be estimated using heavy-HISQ b quarks
on ‘ultrafine’ lattices with a = 0.045 fm and mba < 1.
There we can use the nonperturbative PCAC relation and
the absolute normalization of the pseudoscalar current
to normalise J (0), using (mb + mc)P̂ = Z@µÂµ to find
the matching coe�cient Z and then comparing matrix
elements of this normalized current to the result using
perturbation theory.

Within errors, our result agrees with the result from
the Fermilab Lattice and MILC Collaborations [18],
hA1

(1) = 0.906(4)(12). The higher precision achieved
in this work is due to the use of the same lattice dis-
cretization for the b and c quarks. This enabled them to
avoid the larger current-matching uncertainties present
in our NRQCD-b, HISQ-c work. Nevertheless, the value
of providing a completely independent lattice QCD result
using di↵erent formalisms is self-evident.

After combining the statistical and systematic errors
in quadrature, a weighted average of the two lattice re-
sults yields hA1

(1) = 0.900(11). We use this value in our
discussion in Sec. VII.
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B→ D* l ν shape ansätze
• Observables depend on 4 hadronic form factors 

• “Standard” procedure has been for experiment to use 
Caprini-Lellouch-Neubert parametrization [link to backups] 

• This uses information from HQET and sum rules, without 
propagating theory errors 

• Recently, Belle data has been unfolded [arXiv:1702.01521] 
and re-fit to more agnostic “z-parametrizations.”
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FIG. 7: Comparison of fit results to experimental data [16]. The binned fit results are slightly o↵set from the bin midpoints
for clarity. See Appendix G and Ref. [16] for definitions.

FIG. 8: Comparison of the |Vcb| from (41) with the latest
determinations from B ! Xc`⌫ [19, 20] and B ! D`⌫ [33].

including the physical point. Our results are

F
B!D⇤

(1) = hA!
(1) = 0.895(10)stat(24)sys

F
Bs!D⇤

s (1) = hs
A!

(1) = 0.883(12)stat(28)sys

F
B!D⇤

(1)

FBs!D⇤
s (1)

=
hA1

(1)

hs
A1

(1)
= 1.003(14)stat(17)sys . (42)

This result for hA1
(1) provides a valuable, indepen-

dent check of the Fermilab/MILC result [18]. We have
used completely independent sets of gauge field config-
urations and di↵erent formulations for the charm and
bottom quarks. The two results are in good agreement.

While the determination of |Vcb| using these results is
complicated by the need to investigate assumptions used
in extrapolating experimental data to zero recoil, series
expansion fits to the unfolded Belle data yield

|Vcb| = (41.3 ± 2.2) ⇥ 10�3 . (43)

This is consistent with recent determinations using ex-
clusive B ! D`⌫ and inclusive decays (Fig 8).

A reanalysis of BaBar data for the di↵erential decay
rate would complement the unfolded Belle data used
here. We can also look forward to new data from Belle
II, after which the the precision of |Vcb| from B ! D⇤`⌫
is likely to be much improved. Lattice QCD data away
from zero recoil will also help reduce the uncertainties.
Preliminary results from the Fermilab/MILC collabora-
tion were presented at the Lattice 2017 conference [69].

Our result for the Bs ! D⇤
s form factor is the first

complete calculation of hs
A1

(1). In the future, measure-
ments of the exclusive decays with a strange specta-
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FIG. 7: Comparison of fit results to experimental data [16]. The binned fit results are slightly o↵set from the bin midpoints
for clarity. See Appendix G and Ref. [16] for definitions.

FIG. 8: Comparison of the |Vcb| from (41) with the latest
determinations from B ! Xc`⌫ [19, 20] and B ! D`⌫ [33].

VIII. CONCLUSIONS

We present new unquenched lattice QCD determina-
tions of the zero-recoil form factors hA1

(1) and hs
A1

(1),

sometimes denoted F
B!D⇤

(1) and F
Bs!D⇤

s (1), respec-
tively. We have used 8 ensembles spanning 3 lattice spac-
ings and 3 values of light-to-strange quark mass ratios,

including the physical point. Our results are

F
B!D⇤

(1) = hA!
(1) = 0.895(10)stat(24)sys

F
Bs!D⇤

s (1) = hs
A!

(1) = 0.883(12)stat(28)sys

F
B!D⇤

(1)

FBs!D⇤
s (1)

=
hA1

(1)

hs
A1

(1)
= 1.013(14)stat(17)sys . (42)

This result for hA1
(1) provides a valuable, indepen-

dent check of the Fermilab/MILC result [18]. We have
used completely independent sets of gauge field config-
urations and di↵erent formulations for the charm and
bottom quarks. The two results are in good agreement.

While the determination of |Vcb| using these results is
complicated by the need to investigate assumptions used
in extrapolating experimental data to zero recoil, series
expansion fits to the unfolded Belle data yield

|Vcb| = (41.3 ± 2.2) ⇥ 10�3 . (43)

This is consistent with recent determinations using ex-
clusive B ! D`⌫ and inclusive decays (Fig 8).

A reanalysis of BaBar data for the di↵erential decay
rate would complement the unfolded Belle data used
here. We can also look forward to new data from Belle



Implications for Vcb

• Removal of theory assumptions 
resolves inclusive/exclusive 
tension, at least in Belle data 

• Look forward to BaBar analysis 

• Look forward to LQCD results at 
non-zero recoil

 14

13

FIG. 5: Comparison of the prefactor QF (q
2) for the BGL and

BCL series expansions of form factor F = f , F1, and g, from
top to bottom. Curves are normalized by QF (0), which is
given in the legend.

In Fig. 7 we compare the fit results, integrated over the
experimental bins, of the tightly constrained CLN fit and
the BGL and BCL fits (with K = 4) to the Belle data
[16]. The agreement is generally good, with the notable
exception of the d�/dw in the smallest w bin, where the
CLN result is in greater tension with the data than the
BGL and BCL results.

For the time being, with only one experimental data
set available to carry out these investigations, deter-

0.032 0.034 0.036 0.038 0.040 0.042 0.044
I

CLN 0%

CLN h : 10%, R : 0(1)

BGL 4 + 3

BCL

FIG. 6: Values of I = |⌘̄EWVcb|hA1
(1) obtained from di↵erent

fit ansätze (see text).

minations of |Vcb| from B ! D⇤`⌫ are less certain
than has been thought. The BGL and BCL fits to
Belle data indicate I = 0.038(2). Ref. [18] cites a pri-
vate communication with C. Schwanda giving ⌘̄EW =
⌘EW ⌘Coulomb = 1.0182(16) as the product of the elec-
troweak factor ⌘EW = 1.0066(16) and a term accounting
for electromagnetic interactions between the charged D⇤

and lepton in the final state. Combining this with the
weighted average for hA1

(1) from Fermilab/MILC [18]
and this work, we arrive at

|Vcb| = (41.3 ± 2.2) ⇥ 10�3 (41)

where the error is dominated by the experimental and re-
lated fitting uncertainty. This determination agrees well
with both those from inclusive and exclusive B ! D`⌫
decays as shown in Fig. 8.

One may ultimately obtain a more precise determina-
tion of |Vcb| by including all relevant information, from
HQET, by imposing stronger unitarity bounds [25], and
including light cone sum rule calculations of form fac-
tors at large recoil [68]. Comparison of the di↵erent ap-
proaches would be helpful to highlight the impact of in-
cluding di↵erent ingredients.

VIII. CONCLUSIONS

We present new unquenched lattice QCD determina-
tions of the zero-recoil form factors hA1

(1) and hs
A1

(1),

sometimes denoted F
B!D⇤

(1) and F
Bs!D⇤

s (1), respec-
tively. We have used 8 ensembles spanning 3 lattice spac-
ings and 3 values of light-to-strange quark mass ratios,

I = |Vcb ⌘̄EW|hA1(1)
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FIG. 7: Comparison of fit results to experimental data [16]. The binned fit results are slightly o↵set from the bin midpoints
for clarity. See Appendix G and Ref. [16] for definitions.
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|Vcb|

Inclusive

B ! D��

B ! D���, this work

FIG. 8: Comparison of the |Vcb| from (41) with the latest
determinations from B ! Xc`⌫ [19, 20] and B ! D`⌫ [33].

including the physical point. Our results are

F
B!D⇤

(1) = hA!
(1) = 0.895(10)stat(24)sys

F
Bs!D⇤

s (1) = hs
A!

(1) = 0.883(12)stat(28)sys

F
B!D⇤

(1)

FBs!D⇤
s (1)

=
hA1

(1)

hs
A1

(1)
= 1.003(14)stat(17)sys . (42)

This result for hA1
(1) provides a valuable, indepen-

dent check of the Fermilab/MILC result [18]. We have
used completely independent sets of gauge field config-
urations and di↵erent formulations for the charm and
bottom quarks. The two results are in good agreement.

While the determination of |Vcb| using these results is
complicated by the need to investigate assumptions used
in extrapolating experimental data to zero recoil, series
expansion fits to the unfolded Belle data yield

|Vcb| = (41.3 ± 2.2) ⇥ 10�3 . (43)

This is consistent with recent determinations using ex-
clusive B ! D`⌫ and inclusive decays (Fig 8).

A reanalysis of BaBar data for the di↵erential decay
rate would complement the unfolded Belle data used
here. We can also look forward to new data from Belle
II, after which the the precision of |Vcb| from B ! D⇤`⌫
is likely to be much improved. Lattice QCD data away
from zero recoil will also help reduce the uncertainties.
Preliminary results from the Fermilab/MILC collabora-
tion were presented at the Lattice 2017 conference [69].

Our result for the Bs ! D⇤
s form factor is the first

complete calculation of hs
A1

(1). In the future, measure-
ments of the exclusive decays with a strange specta-

Different fit Ansätze

“std”

Our 
preferred

Harrison, et al., (HPQCD), arXiv:1711.11013

http://arXiv/org/abs/1711.11013


|Vub|, |Vcb| fit
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Omitting inclusive |Vub| and earlier B → D*lν |Vcb| one finds a good fit.

Including inclusive |Vub| gives a fit with p=0.003. [link to backup]



Toward ultimate precision

• NRQCD semileptonic B form factors being computed on 2+1+1 
MILC lattices. Independent, improved calculations compared to 
2+1 

• RBC-UKQCD carrying forward semileptonic B decay programme 
using domain wall fermions 

• Fermilab/MILC beginning all-staggered semileptonic programme 
on 2+1+1.  Errors of 1-2% in form factors.

 16



ΔF=2



B mixing
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Bazavov et al, arXiv:1602.03560 
2+1 flavours

HPQCD results, using NRQCD b, on 2+1+1 lattices due out soon.
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fBd

!

B̂Bd fBs

!

B̂Bs B̂Bd B̂Bs

RBC/UKQCD 14A [54] 2+1 A ◦ ◦ ◦ ◦ ! 240(15)(33) 290(09)(40) 1.17(11)(24) 1.22(06)(19)

FNAL/MILC 11A [482] 2+1 C ⋆ ◦ ⋆ ◦ ! 250(23)† 291(18)† − −
HPQCD 09 [59] 2+1 A ◦ ◦∇ ◦ ◦ ! 216(15)∗ 266(18)∗ 1.27(10)∗ 1.33(6)∗

HPQCD 06A [483] 2+1 A # # ⋆ ◦ ! − 281(21) − 1.17(17)

ETM 13B [20] 2 A ⋆ ◦ ◦ ⋆ ! 216(6)(8) 262(6)(8) 1.30(5)(3) 1.32(5)(2)

ETM 12A, 12B [459, 484] 2 C ⋆ ◦ ◦ ⋆ ! − − 1.32(8)⋄ 1.36(8)⋄

† Reported f2
BB at µ = mb is converted to RGI by multiplying the 2-loop factor 1.517.

∇ Wrong-spin contributions are not included in the rSχPT fits.
∗ This result uses an old determination of r1 = 0.321(5) fm from Ref. [462] that has since been superseded.
⋄ Reported B at µ = mb = 4.35 GeV is converted to RGI by multiplying the 2-loop factor 1.521.

Table 34: Neutral B- and Bs-meson mixing matrix elements (in MeV) and bag parameters.

Figure 22: Neutral B- and Bs-meson mixing matrix elements and bag parameters [values in
Tab. 34 and Eqs. (165), (168), (166), (169)].

spacings (a ≈ 0.09, 0.11 fm) and a minimum pion mass of about 290 MeV. Two different
static-quark actions, smeared with HYP1 [477] and HYP2 [485] are used to further constrain
the continuum limit. The operators used are 1-loop O(a)-improved with the tadpole improved
perturbation theory. Two different types of chiral formulae are adopted for the combined con-
tinuum and chiral extrapolation: SU(2) NLO HMχPT and first order polynomial in quark
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where ΛQCD = 0.5 GeV and mb(µ = mb)MS = 4.18 GeV (PDG) leads to 12%. This is the
dominant systematic error for individual fB

√
BB or BB . Due to this large error, the effect

of the inclusion in the FLAG averages of these quantities is small. The dominant systematic
error for the SU(3)-breaking error, instead, comes from the combined continuum and chiral
extrapolation, while the statistical uncertainty is a bit larger than that.

Due to the addition of this new result, the values for Nf = 2 + 1 are now averages from
multiple results by multiple collaborations, rather than being given by the values from a single
computation, as it was done in the previous FLAG report. Our averages are:

fBd

!
B̂Bd = 219(14)MeV fBs

!
B̂Bs = 270(16)MeV Refs. [54, 59], (168)

Nf = 2 + 1 : B̂Bd = 1.26(9) B̂Bs = 1.32(6) Refs. [54, 59], (169)

ξ = 1.239(46) BBs/BBd = 1.039(63) Refs. [54, 60]. (170)

Here Eqs. (168) and (169) are averages from HPQCD 09 [59] and RBC/UKQCD 14A [54],
while Eq. (170) is from FNAL/MILC 12 [60] and RBC/UKQCD 14A [54].

As discussed in detail in the previous FLAG review [2] HPQCD 09 does not include wrong-
spin contributions, which are staggered fermion artifacts, to the chiral extrapolation analysis.
It is possible that the effect is significant for ξ and BBs/BBd , since the chiral extrapolation
error is a dominant one for these SU(3) flavour breaking ratios. Indeed, a test done by
FNAL/MILC 12 [60] indicates that the omission of the wrong spin contribution in the chiral
analysis may be a significant source of error. We therefore took the conservative choice to
exclude ξ and BBs/BBd by HPQCD 09 from from our average and we follow the same strategy
in this report as well.

We note that the above results are all correlated with each other: the numbers in Eqs. (168)
and (169) are dominated by those from HPQCD 09 [59], while those in Eq. (170) involve
FNAL/MILC 12 [60] – the same Asqtad MILC ensembles are used in these simulations. The
results are also correlated with the averages obtained in Sec. 8.1 and shown in Eq. (152),
because the calculations of B-meson decay constants and mixing quantities are performed on
the same (or on similar) sets of ensembles, and results obtained by a given collaboration use
the same actions and setups. These correlations must be considered when using our averages
as inputs to UT fits. In the future, as more independent calculations enter the averages,
correlations between the lattice-QCD inputs to the UT fit will become less significant.

8.3 Semileptonic form factors for B decays to light flavours

The Standard Model differential rate for the decay B(s) → P ℓν involving a quark-level b→ u
transition is given, at leading order in the weak interaction, by a formula identical to the
one for D decays in Eq. (130) but with D → B(s) and the relevant CKM matrix element
|Vcq|→ |Vub|:

dΓ(B(s)→P ℓν)

dq2 =
G2

F |Vub|2
24π3

(q2−m2
ℓ )

2
√

E2
P−m2

P

q4m2
B(s)

"#
1 +

m2
ℓ

2q2

$
m2

B(s)
(E2

P −m2
P )|f+(q2)|2

+
3m2

ℓ
8q2 (m

2
B(s)
−m2

P )
2|f0(q2)|2

%
. (171)

Again, for ℓ = e, µ the contribution from the scalar form factor f0 can be neglected, and
one has a similar expression to Eq. (132), which in principle allows for a direct extraction
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contributions to the Standard-Model width di↵erences��q, as well as some of the corrections
of order 1/mb. For the Standard-Model matrix element hOq

1i, we obtain the renormalization-
group-invariant combinations

fBd

q
B̂

(1)
Bd

= 227.7(9.5)(2.3) MeV, (10.1)

fBs

q
B̂

(1)
Bs

= 274.6(8.4)(2.7) MeV, (10.2)

where the first error includes statistical and all systematic uncertainties except for the charm-
sea error, which is shown separately. Our results for the complete set of matrix elements
f
2
Bq
B

(i)
Bq
(mb) (i =1–5) are given in Table XIII. To enable the use of our lattice Bq-meson

mixing matrix elements for additional phenomenological studies, we provide the correlations
between them in Table XIV.

Although there have been previous three-flavor lattice-QCD calculations of the matrix
elements of the Standard-Model operator f

2
Bq
B

(1)
Bq
, ours are the first with all sources of

systematic uncertainty controlled. In particular, compared with Refs. [13, 15, 30], we include
the contributions from wrong-spin operators in the chiral continuum-extrapolation. Our
analysis also includes ensembles with finer lattice spacings and lighter pions than in previous
works. We obtain the SU(3)-breaking ratio

⇠ = 1.206(18)(6) (10.3)

to 1.6% precision, which is the most precise lattice-QCD determination of this quantity to-
date. The reduction in errors by about a factor of three compared with our earlier work [15]
is due in large part to correctly handling the wrong-spin operators in the chiral-continuum
extrapolation. The total uncertainty is now definitively smaller than that quoted in many
early estimates—see, for example, Refs. [194, 195]—in which the uncertainty from the chiral
extrapolation was underestimated [196].

To illustrate the phenomenological utility of our Bq-mixing matrix elements, we have
used them to calculate the mass di↵erences �Mq and the total branching fractions for the
rare-decay processes Bq ! µ

+
µ
� in the Standard Model, where we highlight the ratios

B(Bq ! µ
+
µ
�)/�Mq in which the CKM factors and decay constants cancel. The Standard-

Model expectations for �Md, �Ms, and their ratio are all greater than the experimental
averages, where the di↵erences are 1.8�, 1.1�, and 2.0�, respectively. The Standard-Model
rate for B(Bd ! µ

+
µ
�) lies 2.0� below experiment, although one should bear in mind that

the experimental observation of Bd ! µ
+
µ
� decay has yet to reach 5� significance.

We also obtain the CKM matrix elements |Vtd|, |Vts|, and their ratio assuming that there
are no significant new-physics contributions to Bq-meson oscillations. The results

|Vtd| = 8.00(34)(8)⇥ 10�3
, (10.4)

|Vts| = 39.0(1.2)(0.4)⇥ 10�3
, (10.5)

|Vtd/Vts| = 0.2052(31)(10) , (10.6)

are the single-most precise determinations of these quantities, and di↵er with expectations
from CKM unitarity [158, 163]. (As above, the semiquantitative charm-sea error is listed
separately from the other uncertainties.) The CKM-element results from Bq-meson mix-
ing lie below the determinations from CKMfitter’s full global unitarity-triangle fit using
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FIG. 17. Global CKM unitarity-triangle fit using the new determination of ⇠ from this work as
well as |Vub| and |Vcb| based on our calculations of the B ! ⇡`⌫ and B ! D`⌫ form factors on the
same gauge-field configurations [131, 197, 198]. The constraint from B-meson mixing (solid green
band) is approximately three times smaller than that obtained using our previous result for ⇠ [15]
(dashed gray lines). For the remaining hadronic matrix elements, we use the preliminary (2 + 1)-
flavor FLAG III average B̂K = 0.7627(97) [199], and the 2015 PDG averages fK± = 155.6(0.4) MeV
and fB± = 187.1(4.2) MeV [150], which include (2+ 1)- and (2+ 1+1)-flavor lattice-QCD results.
The QCD contributions to "K from charm- and top-quark loops are taken from Refs. [63, 200, 201],
while all experimental inputs are from the PDG [102]. Plot courtesy E. Lunghi [202] using the
procedures of Ref. [203].

all inputs by 1.5–1.8�, and below the determinations using only tree-level inputs by 1.2–
2.1� [158]. Because our new Bq-mixing matrix elements imply lower values for |Vtd|, |Vts|,
and their ratio, they enhance the observed tension between tree-level and loop-induced pro-
cesses [158]. Figure 17 shows the current status of the CKM unitarity triangle using our new
result for ⇠ plus recent determinations of |Vub| = 3.72(16)⇥10�3 and |Vcb| = 40.8(1.0)⇥10�3

from our calculations of the B ! ⇡`⌫ and B ! D`⌫ form factors [131, 197].4 At present,
the experimental measurements are compatible with the Standard Model at p = 0.32. The
overall precision still leaves ample room for BSM flavor-changing neutral currents that may
be observable with anticipated theoretical improvements such as those discussed below,
in conjunction with more precise experimental measurements expected from the LHC up-
grade [10, 206] and Belle II [11].

Despite the improvement in the Bq-mixing elements obtained in this paper, the theoretical
hadronic errors are still the limiting source of uncertainty in all calculations of observables
in Sec. IX. In a forthcoming paper, we will report bag-parameter results from a combined
analysis of the mixing-matrix-elements presented here with our collaboration’s companion

4 We obtain this value of |Vcb| from a fit similar to the one in Ref. [198] including the recent B ! D`⌫

measurements from Belle [204], earlier measurements from BaBar [205], and our lattice-QCD form factors

from Ref. [131].
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Preliminary HPQCD, arXiv:1411.6989

FLAG, arXiv:1607.00299

https://arxiv.org/abs/1602.03560
https://arxiv.org/abs/1411.6989
https://arxiv.org/abs/1607.00299
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Figure 15: Recent unquenched lattice results for the RGI B parameter B̂K. The grey bands
indicate our global averages described in the text. For Nf = 2+ 1+ 1 and Nf = 2 the global
estimate coincide with the results by ETM12D and ETM10A, respectively.

extensive investigation of systematic uncertainties. We identify the result from ETM12D [46],
which is an update of ETM10A, with the currently best global estimate for two-flavour QCD,
i.e.

Nf = 2 : B̂K = 0.727(22)(12), BMS
K (2GeV) = 0.531(16)(19) Ref. [46]. (119)

The result in the MS scheme has been obtained by applying the same conversion factor of
1.369 as in the three-flavour theory.

6.3 Kaon BSM B parameters

We now report on lattice results concerning the matrix elements of operators that encode
the effects of physics beyond the Standard Model (BSM) to the mixing of neutral kaons. In
this theoretical framework both the SM and BSM contributions add up to reproduce the
experimentally observed value of ϵK . Since BSM contributions involve heavy but unobserved
particles, it is natural to assume that they are short-distance dominated. The effective Hamil-
tonian for generic ∆S = 2 processes including BSM contributions reads

H∆S=2
eff,BSM =

5!

i=1

Ci(µ)Qi(µ), (120)

where Q1 is the four-quark operator of Eq. (101) that gives rise to the SM contribution to ϵK .
In the so-called SUSY basis introduced by Gabbiani et al. [410] the (parity-even) operators
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FLAG, arXiv:1607.00299

https://arxiv.org/abs/1607.00299


Rare b decays: semileptonic

• Form factors necessary for branching fraction predictions 

• b → s l l also receive contributions from nonlocal matrix elements: 
difficult to study using the lattice, i.e. need new techniques 

• b → s ν ν are short-distance dominated, so lattice form factors 
useful here to compare with Belle measurements 

• Vector meson final state needs to be treated properly in lattice 
calculations (and experiment)

 20



Rare b decays: leptonic
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TABLE XIII. Numerical inputs used to calculate Bq ! µ
+
µ
� branching ratios. The strong coupling

(in the MS scheme) is a weighted average of three- and four-flavor lattice-QCD results [59, 107–111].
The B-meson lifetimes are from the Heavy Flavor Averaging Group’s Summer 2017 averages [1,
112]. The CKM matrix elements are from the CKMfitter group’s global unitarity-triangle analysis
including results through ICHEP 2016 [113], where we have symmetrized the errors on |V ⇤

tsVtb
| and

|V ⇤
td

V
tb
|, and used the Wolfenstein parameters {� = 0.22510(28), ⇢̄ = 0.1600(74), ⌘̄ = 0.3500(62)}

rather than the simple ratio to obtain |Vtd/Vts| with a reduced uncertainty.

mt,pole = 173.1(6) GeV [49] ↵s(mZ) = 0.1186(4)

⌧Bd = 1.518(4) ps ⌧Hs = 1.619(9) ps

|V ⇤
tsVtb

| = 40.9(4) ⇥ 10�3 |V ⇤
td

V
tb
| = 8.56(9) ⇥ 10�3

|Vtd/Vts| = 0.2048(16)

B(B0 ! µ
+
µ
�)LHCb 17 < 4.2 ⇥ 10�10

, (7.40)

at 95% confidence level.
Here we update the theoretical predictions for the Standard-Model branching ratios using

our results for the neutral B
0- and Bs-meson decay constants. We employ the formulae in

Eqs. (6) and (7) of Ref. [106], which provide the branching ratios in terms of the decay
constants, relevant CKM elements, and a few other parametric inputs. Using the CKM
elements and other inputs listed in Table XIII, and fB0 , fBs , and their ratio from Eqs. (7.5)–
(7.6) and (7.16), we obtain

B(Bs ! µ
+
µ
�)SM = 3.64(4)fBs

(8)CKM(7)other ⇥ 10�9 (7.41)

B(B0 ! µ
+
µ
�)SM = 1.00(1)fB0 (2)CKM(2)other ⇥ 10�11 (7.42)

✓
B(B0 ! µ

+
µ
�)

B(Bs ! µ+µ�)

◆

SM

= 0.00264(1)fBq
(4)CKM(6)other (7.43)

where the errors are from the decay constants, CKM matrix elements, and the quadrature
sum of all other contributions, respectively. Because B(Bq ! µ

+
µ
�) is proportional to the

square of the decay constant, our three-fold improvement in the uncertainty on the B-meson
decay constants reduces the error contributions from the decay constants by almost a factor
of two, such that they are now well below the other sources of uncertainty.

VIII. SUMMARY AND OUTLOOK

In this paper, we have presented the most precise lattice-QCD calculations to-date of the
leptonic decay constants of heavy-light pseudoscalar mesons with charm and bottom quarks.
We use highly improved staggered quarks with finer lattice spacings than ever before, which
enables us for the first time to work with the HISQ action directly at the physical b-quark
mass. As shown in Figs. 12 and 13, our results agree with previous three- and four-flavor
lattice-QCD determinations using di↵erent actions for the light, charm, and bottom quarks.
The errors on our D-meson decay constants in Eqs. (7.1)–(7.3) are about 2.5 times smaller
than those from our earlier analysis [24]. The error reduction is primarily due to the use of
finer lattice spacings, which reduces the continuum-extrapolation uncertainty. Our B-meson
decay constants in Eqs. (7.4)–(7.6) are about three times more precise than the previous
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Bazavov, et al (FNAL/MILC), arXiv:1712.09262.

Reduction of theory errors by almost half due to new fB(s)

Experimental status

B(Bs ! µ+µ�) = (3.0± 0.6+0.3
�0.2)⇥ 10�9
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LHCb, arXiv:1703.05747.
ATLAS, arXiv:1604.04263.

http://arxiv.org/abs/1712.09262
http://arxiv.org/abs/1703.05747
http://arxiv.org/abs/1703.05747
http://arxiv.org/abs/1604.04263


Toward ultimate precision: 
Expt/Theory Interaction

• Leptonic decays, QCD+QED, soft photons [C. Sachrajda talk] 

• |Vxb|: Joint lattice-expt fits to differential branching fractions 

• B ➞ ρ (➞ππ) l ν  and B ➞ K* (➞K π) μ+μ- [Briceño, Hansen, Walker-
Loud, arXiv:1406.5965] 

• Charmonium resonances in b ➞ s l+l-  [???]
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http://arxiv.org/abs/1406.5965


Summary

• Lattice QCD becoming very precise 

• Control over uncertainties, statistical and systematic 

• <1-2% errors: leptonic decays now, semileptonic decays next 

• Progress using different lattice formulations by groups such as 
Fermilab/MILC, HPQCD, RBC-UKQCD, European Twisted Mass, 
Alpha,…
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Back-up



|Vub|, |Vcb| fit
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Omitting inclusive |Vub| from fit yields p=0.54. [link]

Including all results in plot yields a poorer fit.



CLN parametrization
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hA1(w) = hA1(1)[1� 8⇢2z + (rh2r⇢
2 + rh2)z

2 + (rh3r⇢
2 + rh3)z

3]

R1(w) = R1(1) + r11(w � 1) + r12(w � 1)2

R2(w) = R2(1) + r21(w � 1) + r22(w � 1)2

rh2r = 53 , rh2 = �15 , rh3r = �231 , rh3 = 91

r11 = �0.12 , r12 = 0.05 , r21 = 0.11 , r22 = �0.06

Using this “tight” CLN parametrization

Fixed:

IHFLAV = 0.03561(11)(44)

IBelle = 0.0348(12) (unfolded)
I = |⌘̄EWVcb|hA1(1)

Form factors entering helicity amplitudes (massless leptons)

w = v · v0



CLN uncertainties

 27

hA1(w) = hA1(1)[1� 8⇢2z + (rh2r⇢
2 + rh2)z

2 + (rh3r⇢
2 + rh3)z

3]

R1(w) = R1(1) + r11(w � 1) + r12(w � 1)2

R2(w) = R2(1) + r21(w � 1) + r22(w � 1)2

rh2r = 53 , rh2 = �15 , rh3r = �231 , rh3 = 91

r11 = �0.12 , r12 = 0.05 , r21 = 0.11 , r22 = �0.06

BIG!
small!

Coefficients calculated through Λ/m using HQET & sum rules

V (q2) =
R1(w)

r0
hA1(w) A2(q

2) =
R2(w)

r0
hA1(w)Ratios

What are the uncertainties for the r ’s? 20%? 100%?

Bigi, Gambino, Schacht, arXiv:1703.06124, 
Grinstein & Kobach, arXiv:1703.08170, 

Jaiswal, Nandi, Patra, arXiv:1707.09977,  
Bernlochner, Ligeti, Papucci, Robinson , arXiv:1708.07134,

http://arxiv.org/abs/1703.06124
http://arxiv.org/abs/1703.08170
http://arxiv.org/abs/1707.09977
http://arxiv.org/abs/1708.07134


z-expansion
Series (z) expansion

z =
�

t+ � t � �
t+ � t0�

t+ � t +
�

t+ � t0

t± = (mB ± mF )2t = q2

Choose, e.g.

z
branch cut

t = t+

1

t = t� t = 0

t > t+

F (t) =
1

1 � t/m2
res

���

n

anzn

Simplified series expansion

t0 = t�



BGL parametrization
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F (t) = QF (t)
KF�1X

k=0

a(F )
k zk(t, t0) QF (t) =

1

Bn(z)�F (z)

Sg =

Kg�1X

k=0

(a(g)k )2  1SfF =

Kf�1X

k=0

[(a(f)k )2 + (a(F1)
k )2]  1

Bn(z) =
nY

i=1

z � zPi

1� zzPi

zPi = z(M2
Pi
, t�)

10

The smallness of the coe�cients in the expansions of
R1 and R2 is likely due to cancellations in the expansions
when ratios are taken. Therefore, assuming a relative er-
ror on the rij (i, j = 1, 2) is probably not correct. We
present 2 fits where these coe�cients are given Gaussian
priors equal to 0 ± 1, while the coe�cients in the ex-
pansion of hA1

(w) are given 10% or 20% uncertainties.
The resulting values for I lie in between the tightly con-
strained fits and the 100% uncertainty fit.

Note that the HQET prediction for R1(1) = 1.27 and
R2(1) = 0.80, but in most fits in the literature (as here)
these are free fit parameters. In fact the world average
fit values di↵er from the HQET estimates: Belle’s world
averages are R1(1) = 1.40(3) and R2(1) = 0.85(2) [16].

The fact that the tightly constrained CLN fits describe
the data well, with good �2 for example, is a success for
HQET. It shows that the important physics has been cap-
tured within the accuracy of the theory. However, now
that we are in the high precision era of flavour physics
experiments, we ought to be wary about the accuracy of
the assumptions which go into fitting the data. The ob-
servation that I increases under a relaxation of assump-
tions about the r-coe�cients agrees with other authors’
findings [22–27].

An alternative parametrization for the hadronic form
factors is the one proposed by Boyd, Grinstein, and
Lebed (BGL) [28]. In their conventions the three form
factors entering (assuming the lepton mass can be ne-
glected) are f(z), F1(z), and g(z). Each of these is ex-
panded in a Taylor series about z = 0 after factoring out
a function intended to account for nearby resonances.
Abbreviating t = q2, form factors are parametrized by

F (t) = QF (t)
KF�1X

k=0

a(F )

k zk(t, t0) . (25)

Throughout this paper we take t0 = t�. With appropri-
ately chosen QF ,

QF (t) =
1

Bn(z)�F (z)
, (26)

the magnitudes of the coe�cients a(F )

n are bounded by
unitarity constraints.

SfF =

Kf�1X

k=0

[(a(f)
k )2 + (a(F1)

k )2]

Sg =

Kg�1X

k=0

(a(g)
k )2 (27)

Even stronger bounds can be imposed if one is able
to include all the B(⇤)

! D(⇤) matrix elements, with
(pseudo)scalar and (axial)vector intial and final states
[25], but this is outside the scope of our analysis here.

The two functions in (26) are the outer functions
�F (z), which can be found in the literature e.g. in

TABLE VIII: Bc vector and axial vector masses below BD
⇤

threshold (7.290 GeV) used in the Blaschke factors. Mass
di↵erences [77] are combined with MBc = 6.2749(8) [78]. We
adopt the model estimates of Ref. [23], up to 3 digits.

M1�/GeV method Ref. M1+/GeV method Ref.

6.335(6) lattice [77] 6.745(14) lattice [77]

6.926(19) lattice [77] 6.75 model [79, 80]

7.02 model [79] 7.15 model [79, 80]

7.28 model [81] 7.15 model [79, 80]

Refs. [23, 24, 28], and the Blaschke factor

Bn(z) =
nY

i=1

z � zPi

1 � zzPi

, zPi = z(M2

Pi
, t�) . (28)

The product is over a set of applicable resonances, the
vector B⇤

c states for g and the axial vector Bc states for f
and F1. The resonances included in the Blaschke factor
should be those with the appropriate quantum numbers
and below scattering threshold. There are 4 Bc vector
and 4 axial-vector states conjectured to be below BD⇤

threshold. Table VIII lists calculations of the vector and
axial vector Bc resonances. The model estimate for the
mass of the heaviest vector state is very close to thresh-
old, so has been left out of several analyses, including
here. The magnitude of the Blaschke factors can be very
sensitive to n, so leaving states out reduces the strength
of unitarity constraints. This is illustrated in Fig. 4 for
the QF (q2) for F = f , F1, and g.

Table IX shows the results of BGL fits to the unfolded
Belle data [16], varying the number of states included in
the Blaschke factor and the number of terms kept in the

z-expansion. Priors for the coe�cients a(F )

k are Gaus-
sians with mean 0 and standard deviation 1. Only the
k = 0 and 1 coe�cients are tabulated; the others are
not constrained by the data and remain statistically con-
sistent with 0. As discussed above, the magnitude of
these coe�cients depends on the number of states in the
Blaschke factor. Nevertheless, the results for I are in-
senstive to this. On the other hand, I does increase by
about 0.001, or approximately 0.7�, when switching from
K = 2 to higher order polynomials in z. (Results remain
the same for K > 4.)

The fits presented in Table IX do not enforce the uni-
tarity bounds (27), but these bounds are not close to be-
ing saturated unless only two resonances are included in
the Blaschke factors. Performing the fits with the bounds
enforced did not significantly a↵ect results.

To the extent that unitarity constraints do not a↵ect
the BGL fits, then a simpler approach would be to repre-
sent Q(F )(t) by a simple pole, as in the simplified series
expansion (BCL) [32]. That is, one can parametrize the
form factors by (25) with

QF (t) =
NF

1 �
t

MB+MD⇤

. (29)

Blaschke 
factor

Unitarity 
bounds

MB +MD⇤ = 7.290 GeV

Predictions for Bc vector & 
axial vector resonances



BCL parametrization

 30

F (t) = QF (t)
KF�1X

k=0

a(F )
k zk(t, t0) QF (t) =

NF

1� t
M2

P

Using BGL as a guide, choose Nf = 300, NF1 = 7000, Ng = 5 

Simple form which uses less theoretical information.

Clean baseline, against which affects of theoretical input (HQET, unitarity 
bounds) can be measured

11

TABLE IX: Results of z-expansion fits (25), either using the BGL (26) or BCL (29) parametrization. Unitarity constraints
are not enforced in the fit, but the sums Sg and SfF (27) are given for reference (see text). The number of 1+

/1� resonances
included in the Blaschke factor is n

+
B/n

�
B . Terms up to O(zK�1) are included in the fits. Coe�cients of higher order terms are

consistent with zero.

fit n
+
B n

�
B K I a

(f)
0 a

(f)
1 a

(F1)
0 a

(F1)
1 a

(g)
0 a

(g)
1 SfF Sg

BGL 2 2 2 0.0366(14) 0.02996(38) �0.119(51) 0.005017(63) �0.0146(40) 0.031(15) 0.88(50) 0.015(12) 0.78(89)

BGL 2 2 3 0.0376(16) 0.02996(38) �0.147(62) 0.005016(63) �0.030(13) 0.029(14) 0.98(50) 0.13(32) 0.97(98)

BGL 2 2 4 0.0376(16) 0.02996(38) �0.147(62) 0.005016(63) �0.030(13) 0.029(14) 0.98(50) 0.13(33) 0.97(98)

BGL 3 3 2 0.0368(15) 0.01908(24) �0.069(36) 0.003195(40) �0.0073(27) 0.0137(85) 0.63(30) 0.0051(49) 0.39(38)

BGL 3 3 3 0.0379(17) 0.01908(24) �0.088(47) 0.003195(40) �0.0180(85) 0.0125(82) 0.68(31) 0.06(21) 0.46(41)

BGL 3 3 4 0.0379(17) 0.01908(24) �0.088(47) 0.003195(40) �0.0180(87) 0.0125(82) 0.68(31) 0.06(21) 0.46(41)

BGL 4 3 2 0.0369(15) 0.01225(15) �0.035(23) 0.002051(26) �0.0032(18) 0.0137(84) 0.62(30) 0.0014(17) 0.39(37)

BGL 4 3 3 0.0380(17) 0.01225(15) �0.049(36) 0.002051(26) �0.0101(57) 0.0129(84) 0.66(32) 0.04(25) 0.43(42)

BGL 4 3 4 0.0380(17) 0.01225(15) �0.049(36) 0.002051(26) �0.0102(59) 0.0129(86) 0.66(33) 0.04(25) 0.43(43)

BCL – – 2 0.0367(15) 0.01496(19) �0.047(27) 0.002935(37) �0.0029(27) 0.027(13) 0.77(44) 0.0025(26) 0.60(69)

BCL – – 3 0.0378(17) 0.01496(19) �0.065(40) 0.002935(37) �0.0135(82) 0.026(13) 0.82(46) 0.08(38) 0.67(75)

BCL – – 4 0.0382(18) 0.01497(19) �0.310(42) 0.002936(37) �0.0151(83) 0.109(16) �0.29(37) 0.143(67) 0.10(22)

BCL – – 5 0.0382(18) 0.01497(19) �0.310(42) 0.002936(37) �0.0151(83) 0.109(16) �0.29(37) 0.143(67) 0.10(22)

The normalization NF can be chosen so that the series
coe�cients are of the same order of magnitude as in a
particular BGL expansion. We take Nf = 300, NF1

=

7000, and Ng = 5. Once again we fit with priors for a(F )

k
equal to 0±1. The results for I show the same behaviour
for the BCL fits as for the BGL fits.

The virtue of the BCL fit is in its simplicity. The BGL
fit requires theory input for the outer functions �F : per-
tubatively calculated derivatives of two-point functions
at q2 = 0 and nI , the number of spectator quarks ad-
justed to account for SU(3)F breaking. (In the BGL fits
here We take the values given in Table 2 of Ref. [23].)
The Blaschke factor requires as input model estimates
for the excited Bc resonances to include in the Blaschke
factor. If unitarity bounds become tight enough to have
an e↵ect on the fits to data, then the e↵ects of theoretical
assumptions needs to be carefully included in the error
analysis. On the other hand, the BCL fits only take as
additional input the mass of a single resonance, available
to very good precision from lattice QCD. In the future,
fits to the BCL simplified z-expansion could provide a
clean benchmark fit.

Naturally one may obtain a more precise determina-
tion of |Vcb| by including all relevant information, from
HQET, by imposing stronger unitarity bounds [25], and
including light cone sum rule calculations of form fac-
tors at large recoil [82]. Comparison of the di↵erent ap-
proaches would be helpful to highlight the impact of in-
cluding di↵erent ingredients.

In Fig. 5 we compare the results of the tightly con-
strainted CLN fit, the BGL and BCL fits with K = 4,
and the Belle data [16]. For the time being, with only
one experimental data set available to carry out these

investigations, determinations of |Vcb| from B ! D⇤`⌫
are less certain than has been thought. The BGL and
BCL fits to Belle data indicate I = 0.038(2). Ref. [18]
cites a private communication with C. Schwanda giving
⌘̄EW = ⌘EW ⌘Coulomb = 1.0182(16) as the product of the
electroweak factor ⌘EW = 1.0066 and a term accounting
for electromagnetic interactions between the charged D⇤

and lepton in the final state. Combining this with the
weighted average for hA1

(1) from Fermilab/MILC [18]
and this work, we arrive at

|Vcb| = (41.4 ± 2.2) ⇥ 10�3 (30)

where the error is dominated by the experimental and
related fitting uncertainty.

VIII. CONCLUSIONS

We present new unquenched lattice QCD determina-
tions of the zero-recoil form factors hA1

(1) and hs
A1

(1),

sometimes denoted F
B!D⇤

(1) and F
Bs!D⇤

s (1), respec-
tively. This is a valuable, independent check of the Fer-
milab/MILC result for hA1

(1) [18]. More experimental
data about the fully di↵erential decay rate would help
settle uncertainties associated with fitting to form fac-
tor parametrizations. Lattice QCD data away from zero
recoil could also help reduce these uncertainties. Prelimi-
nary results from the Fermilab/MILC collaboration were
presented at the Lattice 2017 conference.
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TABLE IX: Results of z-expansion fits (25), either using the BGL (26) or BCL (29) parametrization. Unitarity constraints
are not enforced in the fit, but the sums Sg and SfF (27) are given for reference (see text). The number of 1+

/1� resonances
included in the Blaschke factor is n

+
B/n

�
B . Terms up to O(zK�1) are included in the fits. Coe�cients of higher order terms are

consistent with zero.

fit n
+
B n

�
B K I a

(f)
0 a

(f)
1 a

(F1)
0 a

(F1)
1 a

(g)
0 a

(g)
1 SfF Sg

BGL 2 2 2 0.0366(14) 0.02996(38) �0.119(51) 0.005017(63) �0.0146(40) 0.031(15) 0.88(50) 0.015(12) 0.78(89)

BGL 2 2 3 0.0376(16) 0.02996(38) �0.147(62) 0.005016(63) �0.030(13) 0.029(14) 0.98(50) 0.13(32) 0.97(98)

BGL 2 2 4 0.0376(16) 0.02996(38) �0.147(62) 0.005016(63) �0.030(13) 0.029(14) 0.98(50) 0.13(33) 0.97(98)

BGL 3 3 2 0.0368(15) 0.01908(24) �0.069(36) 0.003195(40) �0.0073(27) 0.0137(85) 0.63(30) 0.0051(49) 0.39(38)

BGL 3 3 3 0.0379(17) 0.01908(24) �0.088(47) 0.003195(40) �0.0180(85) 0.0125(82) 0.68(31) 0.06(21) 0.46(41)

BGL 3 3 4 0.0379(17) 0.01908(24) �0.088(47) 0.003195(40) �0.0180(87) 0.0125(82) 0.68(31) 0.06(21) 0.46(41)

BGL 4 3 2 0.0369(15) 0.01225(15) �0.035(23) 0.002051(26) �0.0032(18) 0.0137(84) 0.62(30) 0.0014(17) 0.39(37)

BGL 4 3 3 0.0380(17) 0.01225(15) �0.049(36) 0.002051(26) �0.0101(57) 0.0129(84) 0.66(32) 0.04(25) 0.43(42)

BGL 4 3 4 0.0380(17) 0.01225(15) �0.049(36) 0.002051(26) �0.0102(59) 0.0129(86) 0.66(33) 0.04(25) 0.43(43)

BCL – – 2 0.0367(15) 0.01496(19) �0.047(27) 0.002935(37) �0.0029(27) 0.027(13) 0.77(44) 0.0025(26) 0.60(69)

BCL – – 3 0.0378(17) 0.01496(19) �0.065(40) 0.002935(37) �0.0135(82) 0.026(13) 0.82(46) 0.08(38) 0.67(75)

BCL – – 4 0.0382(18) 0.01497(19) �0.310(42) 0.002936(37) �0.0151(83) 0.109(16) �0.29(37) 0.143(67) 0.10(22)

BCL – – 5 0.0382(18) 0.01497(19) �0.310(42) 0.002936(37) �0.0151(83) 0.109(16) �0.29(37) 0.143(67) 0.10(22)

The normalization NF can be chosen so that the series
coe�cients are of the same order of magnitude as in a
particular BGL expansion. We take Nf = 300, NF1

=

7000, and Ng = 5. Once again we fit with priors for a(F )

k
equal to 0±1. The results for I show the same behaviour
for the BCL fits as for the BGL fits.

The virtue of the BCL fit is in its simplicity. The BGL
fit requires theory input for the outer functions �F : per-
tubatively calculated derivatives of two-point functions
at q2 = 0 and nI , the number of spectator quarks ad-
justed to account for SU(3)F breaking. (In the BGL fits
here We take the values given in Table 2 of Ref. [23].)
The Blaschke factor requires as input model estimates
for the excited Bc resonances to include in the Blaschke
factor. If unitarity bounds become tight enough to have
an e↵ect on the fits to data, then the e↵ects of theoretical
assumptions needs to be carefully included in the error
analysis. On the other hand, the BCL fits only take as
additional input the mass of a single resonance, available
to very good precision from lattice QCD. In the future,
fits to the BCL simplified z-expansion could provide a
clean benchmark fit.

Naturally one may obtain a more precise determina-
tion of |Vcb| by including all relevant information, from
HQET, by imposing stronger unitarity bounds [25], and
including light cone sum rule calculations of form fac-
tors at large recoil [82]. Comparison of the di↵erent ap-
proaches would be helpful to highlight the impact of in-
cluding di↵erent ingredients.

In Fig. 5 we compare the results of the tightly con-
strainted CLN fit, the BGL and BCL fits with K = 4,
and the Belle data [16]. For the time being, with only
one experimental data set available to carry out these

investigations, determinations of |Vcb| from B ! D⇤`⌫
are less certain than has been thought. The BGL and
BCL fits to Belle data indicate I = 0.038(2). Ref. [18]
cites a private communication with C. Schwanda giving
⌘̄EW = ⌘EW ⌘Coulomb = 1.0182(16) as the product of the
electroweak factor ⌘EW = 1.0066 and a term accounting
for electromagnetic interactions between the charged D⇤

and lepton in the final state. Combining this with the
weighted average for hA1

(1) from Fermilab/MILC [18]
and this work, we arrive at

|Vcb| = (41.4 ± 2.2) ⇥ 10�3 (30)

where the error is dominated by the experimental and
related fitting uncertainty.

VIII. CONCLUSIONS

We present new unquenched lattice QCD determina-
tions of the zero-recoil form factors hA1

(1) and hs
A1

(1),

sometimes denoted F
B!D⇤

(1) and F
Bs!D⇤

s (1), respec-
tively. This is a valuable, independent check of the Fer-
milab/MILC result for hA1

(1) [18]. More experimental
data about the fully di↵erential decay rate would help
settle uncertainties associated with fitting to form fac-
tor parametrizations. Lattice QCD data away from zero
recoil could also help reduce these uncertainties. Prelimi-
nary results from the Fermilab/MILC collaboration were
presented at the Lattice 2017 conference.
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