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Top quark pair production

Test of the SM at the energy frontier 

Possible signals of new physics 

Major background to many searches 

Precise theoretical and experimental results have already 
enabled us to gain useful information!
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

may be improved upon by more precise determinations of the parton distribution functions

in view of recent and upcoming data from HERA and LHC, the former requires the cal-

culation of perturbative corrections at next-to-next-to-leading order (NNLO) in QCD. By

approximating these corrections with the fixed-order expansion of the NLL prediction, one

finds [17] a projected NNLO scale uncertainty of 3%, which is below the parton distribution

uncertainty, and in line with the anticipated experimental error.

The calculation of the full NNLO corrections to the top quark pair production cross

section requires three types of ingredients: two-loop matrix elements for qq̄ → tt̄ and

gg → tt̄, one-loop matrix elements for hadronic production of tt̄+(1 parton) and tree-level

matrix elements for hadronic production of tt̄+(2 partons). The latter two ingredients

were computed previously in the context of the NLO corrections to tt̄+jet production [10].

They contribute to the tt̄ production cross section through configurations where up to two

final state partons can be unresolved (collinear or soft), and their implementation thus may

require further developments of subtraction techniques at NNLO.

Both two-loop matrix elements were computed analytically in the small-mass expansion

limit s, |t|, |u| ≫ m2 in [20,21], starting from the previously known massless two-loop matrix

elements for qq̄ → q′q̄′ [22] and gg → qq̄ [23]. An exact numerical representation of the

two-loop matrix element qq̄ → tt̄ has been obtained very recently [24]. It is the aim of the

present paper to compute all two-loop contributions to qq̄ → tt̄ arising from closed fermion

loops in a compact analytic form, which provide a first independent validation of the recent

results of [20,24], allow for a fast numerical evaluation, and permit the analytical study of

the behavior of the top quark production cross section at threshold.

This paper is structured as follows. In Section 2, we define our notation and kinematical

conventions. Sections 3 and 4 describe the details of the calculation of the two-loop integrals

and of the renormalization of the amplitudes. The results are presented and discussed

in Section 5. We enclose two appendices describing the special functions used in our

calculation and documenting the newly computed master integrals.

2. Notation and Conventions

We consider the scattering process

q(p1) + q(p2) −→ t(p3) + t(p4) , (2.1)
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

heavy-quark loop were evaluated in [25], while the two-loop diagrams contributing to the

leading color coefficient were evaluated in [26]. In both cases, the results obtained retain the

full dependence on the top-quark mass and on the kinematic invariants; they agree with

the numerical results of [24]. Having analytical results available has several advantages

over a purely numerical representation. Besides their considerably shorter evaluation time,

the analytical results also allow for an expansion in different kinematical limits (threshold,

high energy).

In the present paper, an analytical expression for the two-loop diagrams contribut-

ing to the leading color coefficient in the gluon-fusion channel is derived. We carry out

the calculation by employing the technique based on the Laporta algorithm [27] and the

differential equation method [28], already used in [25, 26]. The calculation of the leading

color coefficient in the gluon fusion does not require the calculation of any new master

integrals beyond the ones obtained in the two previous works, such that we do not discuss

the calculational method in full detail. The interested reader can find in [25,26] a detailed

description of the techniques employed.

The paper is organized as follows: in Section 2, we introduce our notation and conven-

tions; in Section 3, we summarize the most relevant features of our calculational method.

Section 4 describes the UV renormalization of the bare amplitude. The resulting two-loop

amplitude contributions are described in Section 5, where we also provide numerical val-

ues in some benchmark points, and discuss the expansion in the threshold limit. Finally,

Section 6 contains our conclusions.

2. Notation and Conventions

We consider the scattering process

g(p1) + g(p2) −→ t(p3) + t̄(p4) , (2.1)

in Euclidean kinematics, where p2i = 0 for i = 1, 2 and p2j = −m2 for j = 3, 4. The

Mandelstam variables are defined as follows

s = − (p1 + p2)
2 , t = − (p1 − p3)

2 , u = − (p1 − p4)
2 . (2.2)

Conservation of momentum implies that s+ t+ u = 2m2.

The squared matrix element (summed over spin and color), calculated in d = 4 − 2ε

dimensions, can be expanded in powers of the strong coupling constant αS as follows:

∑

|M|2(s, t,m, ε) = 16π2α2
S

[

A0 +
(αs

π

)

A1 +
(αs

π

)2
A2 +O

(

α3
s

)

]

. (2.3)
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A standard candle for the LHC and future colliders



Deviation in pT spectrum?
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Figure 6: The differential tt̄ production cross sections at parton level in full phase space as a
function of pt̄

T are compared to theoretical predictions with beyond NLO precision. The left
and right plots correspond to absolute and normalised measurements, respectively. The lower
panel in each plot shows the ratio of the theoretical prediction to the data.

Persistent shape difference in the 
transverse momentum spectrum

The high precision of the 
theoretical calculations 
and the experimental 

measurements allows to 
see this difference clearly!

CMS PAS TOP-17-014



Deviation in Mtt spectrum?
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What’s going on here?

Top quark mass? 

Threshold effect?

CMS PAS TOP-17-014
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QCD for top-pair production

Baseline is NNLO… 

and beyond NNLO resummation corrections  
(kinematics dependent, analytic resummation) 

Today’s Talk: State-of-the-art for differential Mtt and pT 
distributions: NNLO+NNLL’: Czakon, Ferroglia, Heymes, 
Mitov, BP, Scott, Wang, Yang: 1803.07623 



NNLO QCD for top pair
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Baernreuther, Czakon, Mitov: 1204.5201; 
Czakon, Fiedler, Mitov: 1303.6254 4

too, and a consistent NNLO treatment would require the
analysis of Ref. [35] to be extended to NNLO, which is
now possible with the help of the results derived in this
letter as well as Ref. [12]. Given the numerical effect is
small (a 0.7% shift at LHC 8 TeV and a 0.4% shift at the
Tevatron), in this work we take A = 0.
As can be concluded from table I the precision of the

theoretical prediction at full NNLO+NNLL is very high.
At the Tevatron, the scale uncertainty is as low as 2.2%
and just slightly larger, about 3%, at the LHC. The inclu-
sion of the NNLO correction to the gg-initiated reaction
increases the Tevatron prediction of Ref. [12] by about
1.4%, which agrees well with what was anticipated in
that reference.

Collider σtot [pb] scales [pb] pdf [pb]

Tevatron 7.009 +0.259(3.7%)
−0.374(5.3%)

+0.169(2.4%)
−0.121(1.7%)

LHC 7 TeV 167.0 +6.7(4.0%)
−10.7(6.4%)

+4.6(2.8%)
−4.7(2.8%)

LHC 8 TeV 239.1 +9.2(3.9%)
−14.8(6.2%)

+6.1(2.5%)
−6.2(2.6%)

LHC 14 TeV 933.0 +31.8(3.4%)
−51.0(5.5%)

+16.1(1.7%)
−17.6(1.9%)

TABLE II: Pure NNLO theoretical predictions for various
colliders and c.m. energies.

To assess the numerical impact from soft gluon re-
summation, in table II we present results analogous to
the ones in table I but without soft gluon resummation,
i.e. at pure NNLO. Comparing the results in the two
tables we conclude that the effect of the resummation
is a (2.2, 2.9, 2.7, 2.2)% increase in central values and
(2.4, 2.2, 2.1, 1.5)% decrease in scale dependence for, re-
spectively, (Tevatron, LHC7, LHC8, LHC14).
Next we compare our predictions with the most precise

experimental data available from the Tevatron and LHC.
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FIG. 3: Theoretical prediction for the Tevatron as a function
of the top quark mass, compared to the latest combination of
Tevatron measurements.
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FIG. 4: Theoretical prediction for the LHC as a function of
the collider c.m. energy, compared to available measurement
from ATLAS and/or CMS at 7 and 8 TeV.

The comparison with the latest Tevatron combination
[36] is shown in fig. 3. The measured value σtot = 7.65±
0.42 pb is given, without conversion, at the best top mass
measurement [37] m = 173.18 ± 0.94 GeV. From this
comparison we conclude that theory and experiment are
in good agreement at this very high level of precision.
In fig. 4 we show the theoretical prediction for the

tt̄ total cross-section at the LHC as a function of the
c.m. energy. We compare with the most precise avail-
able data from ATLAS at 7 TeV [38], CMS at 7 [39] and
8 TeV [40] as well as the ATLAS and CMS combination
at 7 TeV [41]. We observe a good agreement between
theory and data. Where conversion is provided [39], the
measurements have been converted to m = 173.3 GeV.
Finally, we make available simplified fits for the top

mass dependence of the NNLO+NNLL cross-section, in-
cluding its scale and pdf uncertainties:

σ(m) = σ(mref )
(mref

m

)4
(16)

×

(

1 + a1
m−mref

mref
+ a2

(

m−mref

mref

)2
)

.

The coefficient a1,2 can be found in table III.

CONCLUSIONS AND OUTLOOK

In this work we compute the NNLO corrections to
gg → tt̄ + X . With this last missing reaction included,
the total inclusive top pair production cross-section at
hadron colliders is now known exactly through NNLO
in QCD. We also derive estimates for the two-loop hard
matching coefficients which allows NNLL soft-gluon re-
summation matched consistently to NNLO. All results
are implemented in the program Top++ (v2.0) [33].

Total cross section Differential distributions

Czakon, Heymes, Mitov: 1511.005493

PP → tt-+X(8TeV)
mt=173.3 GeV
MSTW2008
µF,R/mt∈{0.5,1,2}
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FIG. 3: Top-antitop pT distribution in LO, NLO and NNLO
QCD. Error bands from scale variation only.

variation has not been included in these results (or in any
other results shown in this Letter). For clarity, in Figs. 1
and 2 the scale variation is only shown for the NNLO
correction. When computing various perturbative orders
we always use PDFs of matching order.

No overflow events are included in any of the bins
shown in this Letter. The normalizations of the distri-
butions in Figs. 1 and 2 are derived in such a way that
the integral over the bins shown in these figures yields
unity. Because of a slight di! erence in the bins, we note
a small mismatch with respect to the measurements we
compare to: for the top-quark pT distribution CMS has
one additional bin 400GeV < pT < 500GeV (not shown
in Fig. 1). This bin contributes only around 4 per mil
to the normalization of the data and we neglect it in the
comparison. The yt distribution computed by us extends
to |yt | < 2.6. This last bin di! ers slightly from the cor-
responding CMS bin which extends to |yt | < 2.5. This
mismatch is shown explicitly in Fig. 2.

We observe that the inclusion of NNLO QCD correc-
tions in the pT ,t distribution brings SM predictions closer
to CMS data in all bins. In fact the two agree within er-
rors in all bins but one (recall that the PDF error has not
been included in Fig. 2). The case of the yt distribution
is more intriguing; we observe in Fig. 2 that the NNLO
and NLO central values are essentially identical in the
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FIG. 4: As in Fig. 3 but for the top pair invariant mass.

whole rapidity range (this is partly related to the size of
the bins). Given the size of the data error, it does not
appear that there is any notable tension between NNLO
QCD and data. The apparent stability of this distri-
bution with respect to NNLO radiative corrections will
clearly make comparisons with future high-precision data
very interesting.
We do not compare with the CMS data for the mt øt

and yt øt distributions since the mismatch in binning is
more significant. Instead, in Figs. 4 and 5 we present
the NNLO predictions for the absolute normalizations
of these distributions. We stress that the bin sizes we
present are significantly smaller than the ones in the ex-
isting experimental publications. This should make it
possible to use our results in a variety of future experi-
mental and theoretical analyses. For this reason, in Fig. 3
we also present the absolute prediction for the top-quark
pT distribution with much finer binning compared to the
one in Fig. 1.
In Figs. 3,4, and 5 we show the scale variation for each

computed perturbative order, together with the NLO and
NNLO K factors. In all cases one observes a consistent
reduction in scale variation with successive perturbative
orders. Importantly, we also conclude that our scale vari-
ation procedure is reliable, since NNLO QCD corrections
are typically contained within the NLO error bands (and
to a lesser degree for NLO with respect to LO). We also
notice that the NNLO corrections do not a! ect the shape



Scale choices for distributions
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The difficulty for fixed-order calculations: multiple-
scale process with complicated kinematics!
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

may be improved upon by more precise determinations of the parton distribution functions

in view of recent and upcoming data from HERA and LHC, the former requires the cal-

culation of perturbative corrections at next-to-next-to-leading order (NNLO) in QCD. By

approximating these corrections with the fixed-order expansion of the NLL prediction, one

finds [17] a projected NNLO scale uncertainty of 3%, which is below the parton distribution

uncertainty, and in line with the anticipated experimental error.

The calculation of the full NNLO corrections to the top quark pair production cross

section requires three types of ingredients: two-loop matrix elements for qq̄ → tt̄ and

gg → tt̄, one-loop matrix elements for hadronic production of tt̄+(1 parton) and tree-level

matrix elements for hadronic production of tt̄+(2 partons). The latter two ingredients

were computed previously in the context of the NLO corrections to tt̄+jet production [10].

They contribute to the tt̄ production cross section through configurations where up to two

final state partons can be unresolved (collinear or soft), and their implementation thus may

require further developments of subtraction techniques at NNLO.

Both two-loop matrix elements were computed analytically in the small-mass expansion

limit s, |t|, |u| ≫ m2 in [20,21], starting from the previously known massless two-loop matrix

elements for qq̄ → q′q̄′ [22] and gg → qq̄ [23]. An exact numerical representation of the

two-loop matrix element qq̄ → tt̄ has been obtained very recently [24]. It is the aim of the

present paper to compute all two-loop contributions to qq̄ → tt̄ arising from closed fermion

loops in a compact analytic form, which provide a first independent validation of the recent

results of [20,24], allow for a fast numerical evaluation, and permit the analytical study of

the behavior of the top quark production cross section at threshold.

This paper is structured as follows. In Section 2, we define our notation and kinematical

conventions. Sections 3 and 4 describe the details of the calculation of the two-loop integrals

and of the renormalization of the amplitudes. The results are presented and discussed

in Section 5. We enclose two appendices describing the special functions used in our

calculation and documenting the newly computed master integrals.

2. Notation and Conventions

We consider the scattering process

q(p1) + q(p2) −→ t(p3) + t(p4) , (2.1)

– 2 –

Many kinematic variables: 

pT of top

pT of anti-top

Invariant mass Mtt

rapidity of top

rapidity of anti-top

top quark mass

…

Which (combination) should be used for the 
renormalization/factorization scales?
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Czakon, Heymes, Mitov: 1606.03350

Determine optimal “scale scheme” by 
minimizing higher order corrections

established applicability from fully inclusive observables to exclusive multi-particle final states.

In particular, here we only consider scales which are common to all orders in the strong

coupling expansion. For this reason, in the present work we do not study the implications of

the BLM/PMC procedures. Recent comparison of predictions based on the BLM/PMC and

the usual scale setting approaches can be found in ref. [3].

Alternative approaches for estimating theory errors have been proposed in refs. [70–72].

3 Choosing the scale µ0

In order to identify the most appropriate dynamical scale for use in top-pair production at

the LHC, we perform a number of fully differential calculations based on the following set of

functional forms:

µ0 ! mt , (3.1)

µ0 ! mT =
√

m2
t + p2T , (3.2)

µ0 ! HT =
√

m2
t + p2T,t +

√

m2
t + p2T,t̄ , (3.3)

µ0 ! H ′

T =
√

m2
t + p2T,t +

√

m2
t + p2T,t̄ +

∑

i

pT,i , (3.4)

µ0 ! ET =

√

√

m2
t + p2T,t

√

m2
t + p2T,t̄ , (3.5)

µ0 ! HT,int =
√

(mt/2)2 + p2T,t +
√

(mt/2)2 + p2T,t̄ , (3.6)

µ0 ! mtt̄ , (3.7)

where the momentum pT entering the definition of mT in eq. (3.2) is either that of the top

or the antitop, depending on the distribution. The sum in the definition of H ′

T runs over

all massless partons present in the final state (at NNLO there could be up to two partons).

Finally, an important part of the process of choosing the functional form of µ0 involves the

fixing of the proportionality constant, signified by the ! sign in the above equations. While

for brevity we focus our presentation on LHC 8 TeV, we have also verified that our conclu-

sions remain unchanged at LHC 13 TeV. Unless explicitly specified, throughout this work we

combine partonic cross-sections with pdf of the same order (LO with LO, NLO with NLO,

etc). Resummed NNLO partonic cross-sections are convoluted with NNLO pdf. The strong

coupling constant αS is evaluated through the LHAPDF interface [73] as appropriate for the

corresponding pdf set. Throughout this paper scale variation in differential distributions is

performed by independently varying µF and µR (as defined in sec. 1). Only in sec. 3.1 – in

the context of the total inclusive cross-section – we use simultaneous µF = µR scale variation.

3.1 Total cross-section

We begin our investigation with the total inclusive cross-section based on the standard choice

µ0 = mt and computed with two pdf sets: MSTW2008 [74] and NNPDF3.0 [75]. The total

– 5 –

and that the choice of a scale ensuring fastest convergence is a rather clear cut. Moreover,

such scale returns value for σtot which is in nearly perfect agreement with the so-far default

value for σtot evaluated with NNLO+NNLL at the scale µ = mt. From this figure it is

also evident that for the fastest convergence scale eq. (3.8), the scale behaviour of the total

cross-section is very regular and monotonic around the value µ/µ0 = 1/2.

3.2 Differential distributions

In determining the functional form of the scale µ0 one is constrained by the following limiting

cases: at pT → 0 we have µ0 ≈ c0mt, while for very large pT we have µ0 ≈ c∞pT . The two

constants c0 and c∞ are a priori unknown as is the scale’s functional form that interpolates

between these two limits. The limit pT → 0 is, however, strongly correlated with the total

cross-section. We will thus use the scale derived in section 3.1 in the context of the total

inclusive cross-section, to fix the constant c0. From eq. (3.8) we have c0 = 1/2.

The scale µ0 = HT /4 (3.8) implies that c∞ = 1/2. One may wonder, however, if the

constants c∞ and c0 should necessarily be equal. Indeed, the typical value used in the past

for the former constant is c∞ = 1. 6 Since σtot is not sensitive to the large-pT,t limit, one will

need to investigate differential distributions and we turn to them in the following.

We would like to stress that since the limit of large pT has not yet been experimentally

constrained, in this study we cannot rely on data. For this reason, our only guiding principle

will be the principle of fastest perturbative convergence. As it turns out, this principle is

actually quite powerful and quite clear picture of a “good” scale emerges from our analysis.

We will allow for scales with different large-pT behaviour and will nevertheless conclude that

the best scale is µ0 = HT/4. We will also find that for the pT,t distribution (as well as for the

pT,t/t̄ of the average top/antitop) the best scale will be not HT/4 but µ0 = mT /2 as defined

in eq. 3.2. Both scales HT /4 and mT/2 have the same asymptotic behaviour in the limits

pT,t → 0 and pT,t → ∞ thus arriving at the following “best” scale

µ0 =

⎧

⎪

⎨

⎪

⎩

mT

2
for : pT,t, pT,t̄ and pT,t/t̄ ,

HT

4
for : all other distributions .

(3.9)

Eq. (3.9) above is the main result of this work. In the following we present its justification

by the way of analysing differential distributions. We also compare three different pdf sets:

NNPDF3.0 [75], CT14 [78] and MMHT2014 [79].

In fig. 5 we compare predictions for pT,t/t̄ computed with five different dynamic scales:

mT /2, mT , HT/4, HT,int/2 and mtt̄/4. We observe that the scale mT /2 consistently leads

to K-factors that are closest to unity, i.e. it fits best the requirement for fastest perturbative

convergence in the full kinematic range. A K-factor between orders a and b, a ≥ b, is defined:

KNaLO/NbLO(µ) =
dσNaLO(µ)

dσNbLO(µcentral)
. (3.10)

6We point out that the scaleHT,int/2 has been introduced specifically in order to allow interpolation between

c0 = 1/2 and c∞ = 1.

– 10 –

mu ~ HT scale for Mtt distribution!
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Vastly different behaviors with different scales, even at NNLO 
and especially for pT , Mtt >> mt  (boosted regime)
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Figure 5 . Comparison of the average top/antitop pT di! erential cross-section at NNLO evaluated
with Þve di! erent dynamic scales. All plots show ratios with respect to the default scalemT / 2 (3.9):
HT / 4 (top left), HT, int / 2 (top right), mT (bottom left) and mt øt / 4 (bottom right). Error bands are
from scale variation only.

We also notice that the scalemT / 2 leads to cross-section with the smallest scale variation.It
is worth noting that the di ! erence between the central valuesfor the NNLO pT distribution
based on the scalesmT / 2 and HT / 4 never exceeds 2% forpT,t/ øt < 1 TeV, i.e. the e! ect of the
scale choice at NNLO is rather limited.

Similarly, in Þg. 6 we compare predictions formtøt also computed with Þve di! erent
dynamic scales:HT / 4, HT / 2, HT,int / 2, mtøt / 2 and mtøt / 4. We observe that the scaleHT / 4
consistently leads to K-factors that are closest to unity, i.e. it Þts best the requirement for
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Figure 6. Comparison of the mtt̄ differential cross-section at NNLO evaluated with five different
dynamic scales. All plots show ratios with respect to the default scale HT /4 (3.9): HT,int/2 (top left),
HT /2 (top right), mtt̄/4 (bottom left) and mtt̄/2 (bottom right). Error bands are from scale variation
only.

fastest perturbative convergence. We also notice that this scale leads to cross-section with

the smallest scale variation.

The comparison in fig. 6 demonstrates that mtt̄-based scales lead to poor perturbative

convergence. Even for an mtt̄-based scale that is as small as mtt̄/4 the deviation between the

absolute predictions is large and exceeds the size of the scale error. Such scales have been

used in the past [38, 39] as well as recently in the resummation-based work [40, 41]. Our

findings seem to indicate that the large corrections found in refs. [40, 41] are actually due to

– 12 –
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Beyond NNLO: resummation
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Threshold region: 
Mtt ~ 2mt 

soft+Coulomb

Whole region: 
s ~ Mtt2 

soft emissions to all orders
Ahrens, Ferroglia, Neubert, 
BP, Yang: 1003.5827

Boosted region:    
pT, Mtt >>mt 

soft+quasi-collinear 
emissions to all orders

BP, Scott, Wang, Yang: 1601.07020 
Czakon, Ferroglia, Heymes, Mitov, BP, 
Scott, Wang, Yang : 1803.07623
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Governed by 
IR structure
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I

Figure 4: Example of a pair of mixed virtual-real one-particle cuts which adds up to a scaleless
integral.
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D "

8

Figure 5: Examples of non-abelian three-Wilson-line integrals required in the calculation of
the NNLO soft matrix.

Each of the four diagrams in the last two rows of Figure 3, on the other hand, are complicated
functions of two distinct scalar products. However, the sums of the pairs (c)+( d) and (e)+( f )
are proportional to symmetric color structurew (8) :

D (c)+( d)
8 !

!
T b
i T a

i + T a
i T b

i

"
T a
j T b

k

#
[dk] [dl]

ni · nj ni · nk ! (" " n0 · (k + l))
ni · l n i · (k + l) nj · k nk · l

,

D (e)+( f )
8 !

!
T a
i T b

i + T b
i T a

i

"
T a
j T b

k

#
[dk] [dl]

ni · nj ni · nk ! (" " n0 · (k + l))
ni · k ni · (k + l) nj · k nk · l

. (38)

Furthermore, after partial fractioning, the sum of the two integrals yields the factorized integral
(36). Therefore, these abelian diagrams do not introduce any newcalculational complications.
In Appendix B we explain how the non-abelian exponentiation theoremimplies the simple
factorized form of the integral multiplying the symmetric color structure (35). The color
matrices for theqøq channel are

w (8)
123 = w (8)

214 = w (8)
314 = w (8)

423 =
CF

2

$
0 N2! 2

2N
N2 ! 2

2N " N2 ! 2
2N2

%

,

w (8)
124 = w (8)

213 = w (8)
324 = w (8)

413 =
CF

2

$
0 " N2 ! 2

2N

" N2 ! 2
2N " 1

N2

%

,
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Soft function

Ahrens, Ferroglia, Neubert, 
BP, Yang: 1003.5827

Kidonakis, Sterman: hep-ph/9705234Hard function

RG evolution 
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IR anomalous dimension
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2

amplitudes can be removed by a multiplicative renormal-
ization factor Z−1(ϵ, {p}, {m}, µ), which acts as a matrix
on the color indices of the partons. More precisely, the
product Z−1|Mn⟩ is finite for ϵ → 0 after the coupling
constant αQCD

s used in the calculation of the scattering
amplitude is properly matched onto the coupling αs in
the effective theory, in which the heavy partons are inte-
grated out [17]. The relation

Z−1 d

d lnµ
Z(ϵ, {p}, {m}, µ) = −Γ({p}, {m}, µ) (1)

links the renormalization factor to a universal anomalous-
dimension matrix Γ, which governs the scale dependence
of effective-theory operators built out of collinear SCET
fields for the massless partons and soft heavy-quark ef-
fective theory fields for the massive ones. For the case
of massless partons, the anomalous dimension has been
calculated at two-loop order in [8, 9] and was found to
contain only two-parton color-dipole correlations. It has
recently been conjectured that this result may hold to
all orders of perturbation theory [10–12]. On the other
hand, when massive partons are involved in the scattering
process, then starting at two-loop order correlations in-
volving more than two partons appear [16]. At two-loop
order, the general structure of the anomalous-dimension
matrix is [17]

Γ =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs)

−
∑

(I,J)

TI · TJ

2
γcusp(βIJ , αs) +

∑

I

γI(αs)

+
∑

I,j

TI · Tj γcusp(αs) ln
mIµ

−sIj
(2)

+
∑

(I,J,K)

ifabc T a
I T b

J T c
K F1(βIJ , βJK , βKI)

+
∑

(I,J)

∑

k

ifabc T a
I T b

J T c
k f2

(

βIJ , ln
−σJk vJ · pk

−σIk vI · pk

)

.

The one- and two-parton terms depicted in the first three
lines start at one-loop order, while the three-parton terms
in the last two lines appear at O(α2

s). The notation
(i, j, . . . ) etc. means that the corresponding sum extends
over tuples of distinct parton indices. The cusp angles
βIJ are defined via

coshβIJ =
−sIJ

2mImJ
= wIJ . (3)

They are associated with the hyperbolic angles formed
by the time-like Wilson lines of two heavy partons. The
physically allowed values are wIJ ≥ 1 (one parton in-
coming and one outgoing), corresponding to βIJ ≥ 0, or
wIJ ≤ −1 (both partons incoming or outgoing), corre-
sponding to βIJ = iπ − b with real b ≥ 0. These possi-
bilities correspond to space-like and time-like kinematics,
respectively. Since in a three-parton configuration there

v1

v2 v3

FIG. 1: Two-loop Feynman graphs (top row) and one-loop
counterterm diagrams (bottom row) contributing to the two-
loop coefficient of the renormalization factor Zs.

is always at least one pair of partons either incoming or
outgoing, at least one of the wIJ or vI ·pk variables must
be time-like, and hence the functions F1 and f2 have
non-zero imaginary parts.

The anomalous-dimension coefficients γcusp(αs) and
γi(αs) (for i = q, g) in (2) have been determined to three-
loop order in [12] by considering the case of the massless
quark and gluon form factors. Similarly, the coefficients
γI(αs) for massive quarks and color-octet partons such as
gluinos have been extracted at two-loop order in [17] by
analyzing the anomalous dimension of heavy-light cur-
rents in SCET. In addition, the velocity-dependent func-
tion γcusp(β, αs) has been derived from the known two-
loop anomalous dimension of a current composed of two
heavy quarks moving at different velocity [19, 20].

Here we complete the calculation of the two-loop
anomalous-dimension matrix by deriving closed analytic
expressions for the universal functions F1 and f2, which
parameterize the three-parton correlations in (2).

III. CALCULATION OF F1 AND f2

To calculate the function F1 we compute the two-
loop vacuum matrix element of the operator Os =
Sv1

Sv2
Sv3

, which consists of three soft Wilson lines
along the directions of the velocities of three massive par-
tons, without imposing color conservation. The anoma-
lous dimension of this operator contains a three-parton
term given by 6ifabc T a

1 T b
2 T c

3 F1(β12, β23, β31). The
function F1 follows from the coefficient of the 1/ϵ pole
in the bare matrix element of Os. We will then obtain
f2 from a limiting procedure.

The operator Os is renormalized multiplicatively, so
that OsZs is UV finite, where Zs is linked to the anoma-
lous dimension in the same way as shown in (1). In order
to calculate the two-loop Zs factor, we have evaluated
the two-loop non-planar and planar graphs shown in the
first row of Figure 1, as well as the one-loop countert-
erm diagrams depicted in the second row. Contrary to
a statement made in [16], we find that F1 receives con-

Ferroglia, Neubert, BP,  Yang: 
0907.4791; 0908.3676

3

tributions from all five diagrams, not just from the non-
planar graph. The most challenging technical aspect of
the analysis is the calculation of the diagram involving
the triple-gluon vertex. We have computed this diagram
using a Mellin-Barnes representation and checked the an-
swer numerically using sector decomposition [21]. We
have also checked that for Euclidean velocities our re-
sult for the triple-gluon diagram agrees numerically with
a position-space based integral representation derived in
[16]. Combining all contributions, we find

F1(β12, β23, β31) =
α2

s

12π2

∑

i,j,k

ϵijk g(βij) r(βki) , (4)

where we have introduced the functions

r(β) = β coth β ,

g(β) = coth β

[

β2 + 2β ln(1 − e−2β) − Li2(e
−2β) +

π2

6

]

− β2 −
π2

6
. (5)

The function f2 can be obtained from the above result
by writing w23 = −σ23 v2 · p3/m3, w31 = −σ31 v1 · p3/m3

and taking the limit m3 → 0 at fixed vI ·p3. In that way,
we obtain

f2

(

β12, ln
−σ23 v2 · p3

−σ13 v1 · p3

)

= −
α2

s

4π2
g(β12) ln

−σ23 v2 · p3

−σ13 v1 · p3
.

(6)
Whether a factorization of the three-parton terms into
two functions depending on only a single cusp angle per-
sists at higher orders in αs is an open question.

It is interesting to expand the two functions r(β) and
g(β) about the threshold point β = iπ − b with b → 0+.
We find

r(β) = −
iπ

b
+ 1 + O(b) ,

g(β) = −
π2 + 2iπ ln(2b)

b
+

(

2 +
5π2

6

)

+ O(b) .
(7)

Based on the symmetry properties of F1 and f2, it was
concluded in [16, 17] that these functions vanish when-
ever two of the velocities of the massive partons coin-
cide. Indeed, this seems to be an obvious consequence
of the fact that F1 is totally anti-symmetric in its ar-
guments, while f2 is odd in its second argument. This
reasoning implicitly assumes that the limit of equal ve-
locities is non-singular, but is invalidated by the presence
of Coulomb singularities in r(β) and g(β) near threshold.
Consider the limit where two massive partons 1 and 2 are
produced near threshold, with a small relative 3-velocity
v⃗12 ≡ v⃗1 − v⃗2 defined in their rest frame. It is then
straightforward to derive that

lim
v2→v1

f2 =
α2

s

4π2

[

π2 + 2iπ ln(2|v⃗12|)
]

cos θ , (8)

where θ is the scattering angle formed by the 3-momenta
of particles 1 and 3. A similar formula holds for F1. This
result is anti-symmetric in the parton indices 1 and 2 as
required, but it does not vanish at threshold.

Another interesting limit is that of large recoil, where
all the scalar products wIJ become large in magnitude.
In that case, both F1 and f2 are suppressed like O(1/w2),
because for large β

g(β) =
1

2w2

[

ln2(2w) − ln(2w) +
π2

6
−

1

2

]

+ O
( 1

w3

)

.

(9)
Note that the non-planar contribution from the first
graph in Figure 1, which was studied in the Euclidean
region in [16], contains the leading-power term

F non−planar
1 = −

α2
s

12π2
ln

w12

w23
ln

w23

w31
ln

w31

w12
+ O

( 1

w2

)

(10)
and is unsuppressed in this limit. However, this contri-
bution cancels against a leading-power term in the planar
and counterterm contributions.

Using that wIJ = −sIJ/(2mImJ), we see that the
large-recoil limit corresponds to mImJ → 0 at fixed
sIJ . It follows that the three-parton correlation terms
described by F1 and f2 vanish like (mImJ/sIJ)2 in the
small-mass limit. This observation is in accordance with
a factorization theorem proposed in [14, 15], which states
that massive amplitudes in the small-mass limit can be
obtained from massless ones by a simple rescaling pre-
scription for the massive external legs.

IV. ANOMALOUS DIMENSION FOR qq̄ ! tt̄
NEAR THRESHOLD

As a sample application, we apply our formalism to the
calculation of the two-loop anomalous-dimension matri-
ces for top-quark pair production near threshold in the
qq̄ → tt̄ channel. This matrix (along with the correspond-
ing one in the gg → tt̄ channel) forms the basis for soft-
gluon resummation at the next-to-next-to-leading loga-
rithmic (NNLL) order. We adopt the s-channel singlet-
octet basis, in which the tt̄ pair is either in a color-singlet
or color-octet state. For the quark-antiquark annihilation
process ql(p1) + q̄k(p2) → ti(p3) + t̄j(p4), we thus choose
the independent color structures as c1 = δij δkl and c2 =
(ta)ij (ta)kl. In the threshold limit s = 2p1 · p2 → 4m2

t

it is convenient to define the quantity βt =
√

1 − 4m2
t /s,

which is related to the relative 3-velocity v⃗tt̄ between the
top-quark pair in the center-of-mass frame by |v⃗tt̄| = 2βt.
We find that in the limit βt → 0 the two-loop anomalous-
dimension matrices reduces to

! qq̄ =

[

CF γcusp(αs)

(

ln
s

µ2
−

iπ

2βt
− iπ + 1

)

+ CF γ(2)
cusp(βt) + 2γq(αs) + 2γQ(αs)

] (

1 0
0 1

)

3

tributions from all Þve diagrams, not just from the non-
planar graph. The most challenging technical aspect of
the analysis is the calculation of the diagram involving
the triple-gluon vertex. We have computed this diagram
using a Mellin-Barnes representation and checked the an-
swer numerically using sector decomposition [21]. We
have also checked that for Euclidean velocities our re-
sult for the triple-gluon diagram agrees numerically with
a position-space based integral representation derived in
[16]. Combining all contributions, we Þnd

F1(β12, β23, β31) =
α2

s

12π2

!

i,j,k

ϵijk g(βij ) r (βki ) , (4)

where we have introduced the functions

r (β) = β coth β ,

g(β) = coth β

"
β2 + 2β ln(1 ! e! 2! ) ! Li 2(e! 2! ) +

π2

6

#

! β2 !
π2

6
. (5)

The function f 2 can be obtained from the above result
by writing w23 = ! σ23 v2 áp3/m 3, w31 = ! σ31 v1 áp3/m 3

and taking the limit m3 " 0 at ÞxedvI áp3. In that way,
we obtain

f 2

$
β12, ln

! σ23 v2 áp3

! σ13 v1 áp3

%
= !

α2
s

4π2 g(β12) ln
! σ23 v2 áp3

! σ13 v1 áp3
.

(6)
Whether a factorization of the three-parton terms into
two functions depending on only a single cusp angle per-
sists at higher orders inαs is an open question.

It is interesting to expand the two functions r (β) and
g(β) about the threshold point β = iπ ! b with b " 0+ .
We Þnd

r (β) = !
iπ
b

+ 1 + O(b) ,

g(β) = !
π2 + 2 iπ ln(2b)

b
+

&
2 +

5π2

6

'
+ O(b) .

(7)

Based on the symmetry properties ofF1 and f 2, it was
concluded in [16, 17] that these functions vanish when-
ever two of the velocities of the massive partons coin-
cide. Indeed, this seems to be an obvious consequence
of the fact that F1 is totally anti-symmetric in its ar-
guments, while f 2 is odd in its second argument. This
reasoning implicitly assumes that the limit of equal ve-
locities is non-singular, but is invalidated by the presence
of Coulomb singularities in r (β) and g(β) near threshold.
Consider the limit where two massive partons 1 and 2 are
produced near threshold, with a small relative 3-velocity
v⃗12 # v⃗1 ! v⃗2 deÞned in their rest frame. It is then
straightforward to derive that

lim
v2" v1

f 2 =
α2

s

4π2

(
π2 + 2 iπ ln(2|v⃗12|)

)
cosθ , (8)

whereθ is the scattering angle formed by the 3-momenta
of particles 1 and 3. A similar formula holds forF1. This
result is anti-symmetric in the parton indices 1 and 2 as
required, but it does not vanish at threshold.

Another interesting limit is that of large recoil, where
all the scalar products wIJ become large in magnitude.
In that case, both F1 and f 2 are suppressed likeO(1/w 2),
because for largeβ

g(β) =
1

2w2

"
ln2(2w) ! ln(2w) +

π2

6
!

1
2

#
+ O

$ 1
w3

%
.

(9)
Note that the non-planar contribution from the Þrst
graph in Figure 1, which was studied in the Euclidean
region in [16], contains the leading-power term

F non ! planar
1 = !

α2
s

12π2 ln
w12

w23
ln

w23

w31
ln

w31

w12
+ O

$ 1
w2

%

(10)
and is unsuppressed in this limit. However, this contri-
bution cancels against a leading-power term in the planar
and counterterm contributions.

Using that wIJ = ! sIJ / (2mI mJ ), we see that the
large-recoil limit corresponds to mI mJ " 0 at Þxed
sIJ . It follows that the three-parton correlation terms
described byF1 and f 2 vanish like (mI mJ /s IJ )2 in the
small-mass limit. This observation is in accordance with
a factorization theorem proposed in [14, 15], which states
that massive amplitudes in the small-mass limit can be
obtained from massless ones by a simple rescaling pre-
scription for the massive external legs.

IV. ANOMALOUS DIMENSION FOR q øq → t øt
NEAR THRESHOLD

As a sample application, we apply our formalism to the
calculation of the two-loop anomalous-dimension matri-
ces for top-quark pair production near threshold in the
qøq " tøt channel. This matrix (along with the correspond-
ing one in the gg " tøt channel) forms the basis for soft-
gluon resummation at the next-to-next-to-leading loga-
rithmic (NNLL) order. We adopt the s-channel singlet-
octet basis, in which the tøt pair is either in a color-singlet
or color-octet state. For the quark-antiquark annihilatio n
processql (p1) + øqk (p2) " t i (p3) + øtj (p4), we thus choose
the independent color structures asc1 = δij δkl and c2 =
(ta)ij (ta)kl . In the threshold limit s = 2 p1 áp2 " 4m2

t

it is convenient to deÞne the quantity βt =
*

1 ! 4m2
t /s ,

which is related to the relative 3-velocity v⃗t øt between the
top-quark pair in the center-of-mass frame by|v⃗t øt | = 2βt .
We Þnd that in the limit βt " 0 the two-loop anomalous-
dimension matrices reduces to

Γqøq =
"
CF γcusp (αs)

&
ln

s
µ2 !

iπ
2βt

! iπ + 1
'

+ CF γ(2)
cusp (βt ) + 2 γq(αs) + 2 γQ (αs)

# &
1 0
0 1

'

3-parton correlations

Becher, Neubert: 0904.1021
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i

j

k
cJ c!

I

(a)

i

j

k

(b)

cJ c!
I

Figure 4: Example of a pair of mixed virtual-real one-particle cuts which adds up to a scaleless
integral.

i

j

k

cJ c!
I

(a)

i

j

k

cJ c!
I

(b)
D "

8

Figure 5: Examples of non-abelian three-Wilson-line integrals required in the calculation of
the NNLO soft matrix.

Each of the four diagrams in the last two rows of Figure 3, on the other hand, are complicated
functions of two distinct scalar products. However, the sums of the pairs (c)+( d) and (e)+( f )
are proportional to symmetric color structurew (8) :

D (c)+( d)
8 !

!
T b
i T a

i + T a
i T b

i

"
T a
j T b

k

#
[dk] [dl]

ni · nj ni · nk ! (" " n0 · (k + l))
ni · l n i · (k + l) nj · k nk · l

,

D (e)+( f )
8 !

!
T a
i T b

i + T b
i T a

i

"
T a
j T b

k

#
[dk] [dl]

ni · nj ni · nk ! (" " n0 · (k + l))
ni · k ni · (k + l) nj · k nk · l

. (38)

Furthermore, after partial fractioning, the sum of the two integrals yields the factorized integral
(36). Therefore, these abelian diagrams do not introduce any newcalculational complications.
In Appendix B we explain how the non-abelian exponentiation theoremimplies the simple
factorized form of the integral multiplying the symmetric color structure (35). The color
matrices for theqøq channel are

w (8)
123 = w (8)

214 = w (8)
314 = w (8)

423 =
CF

2

$
0 N2! 2

2N
N2 ! 2

2N " N2 ! 2
2N2

%

,

w (8)
124 = w (8)

213 = w (8)
324 = w (8)

413 =
CF

2

$
0 " N2 ! 2

2N

" N2 ! 2
2N " 1

N2

%

,
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Known at NNLO in the massless limit 
(except an off-diagonal 3-parton piece)

Ferroglia, BP, Yang: 1207.4798

Known at NLO
Ahrens, Ferroglia, Neubert, 
BP, Yang: 1003.5827

Recent calculation at NNLO with massive tops
Wang, Xu, Yang , Zhu: 1804.05218

where the various functions were given in Section 2. It should be noted that starting from the
NNLO one also needs to renormalize the strong coupling αs.

Inserting the renormalization matrices and the bare soft functions into Eq. (81), we find
that all the poles in ϵ cancel for both the qq̄ channel and the gg channel. This provides a
strong check on the correctness of our calculation. We can then safely take the limit ϵ → 0
and obtain finite soft function matrices s̃

qq̄
IJ(L, β, cos θ, µ) and s̃

gg
IJ(L, β, cos θ, µ). These are

the main results of our paper. Since the expressions are rather lengthy, we do not give them
here and provide instead an electronic file included in the arXiv submission. For illustration
purposes, in the following we list the µ-independent terms proportional to the number of light
quarks Nl in the octet-octet entry for the qq̄ channel:

s̃
qq̄,(2)
22 (0, β, y)

∣

∣

∣

∣

TFNl

=
16(7β2 − 126β + 127)

243β
G1 +

8(5β2 + 90β + 53)

81β

(

G−1,−1 −G−1,1 − 2G0,−1

)

−
16(7β2 + 126β + 127)

243β
G−1 +

8(5β2 − 90β + 53)

81β

(

G1,−1 −G1,1 + 2G0,1

)

+
8(β2 + 18β + 1)

27β

(

−G−1,−1,−1 +G−1,−1,1 + 2G−1,0,−1 − 2G−1,0,1 −G−1,1,−1 +G−1,1,1

+ 2G0,−1,−1 − 2G0,−1,1 − 4G0,0,−1

)

+
8(β2 − 18β + 1)

27β

(

4G0,0,1 + 2G0,1,−1 − 2G0,1,1

−G1,−1,−1 +G1,−1,1 + 2G1,0,−1 − 2G1,0,1 −G1,1,−1 +G1,1,1

)

+
32

243

[

28G−1/y + 98G1/y + 30
(

2G0,−1/y +G−1/y,−1 +G−1/y,1 − 2G−1/y,−1/y

)

+ 105
(

2G0,1/y + G1/y,−1 +G1/y,1 − 2G1/y,1/y

)

+ 18
(

4G0,0,−1/y + 2G0,−1/y,−1 + 2G0,−1/y,1

− 4G0,−1/y,−1/y −G−1/y,−1,−1 +G−1/y,−1,1 + 2G−1/y,0,−1 + 2G−1/y,0,1 − 4G−1/y,0,−1/y

+G−1/y,1,−1 −G−1/y,1,1 − 2G−1/y,−1/y,−1 − 2G−1/y,−1/y,1 + 4G−1/y,−1/y,−1/y

)

+ 63
(

4G0,0,1/y + 2G0,1/y,−1 + 2G0,1/y,1 − 4G0,1/y,1/y −G1/y,−1,−1 +G1/y,−1,1 + 2G1/y,0,−1

+ 2G1/y,0,1 − 4G1/y,0,1/y +G1/y,1,−1 −G1/y,1,1 − 2G1/y,1/y,−1 − 2G1/y,1/y,1 + 4G1/y,1/y,1/y

)

−
332

3
−

5π2

2
+ 6ζ3

]

, (84)

where we have set the number of colors Nc = 3 in order to shorten the expression, and defined
the abbreviations Ga1,...,an ≡ G(a1, . . . , an; β).

22

Fully analytic in terms of 
MPLs; fast numerics
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Threshold region: 
Mtt ~ 2mt 

soft+Coulomb?

Whole region: 
soft emissions to all orders

Ahrens, Ferroglia, Neubert, 
BP, Yang: 1003.5827

Boosted region:    
pT, Mtt >>mt 

soft+quasi-collinear 
emissions to all orders

BP, Scott, Wang, Yang: 1601.07020 
Czakon, Ferroglia, Heymes, Mitov, BP, 
Scott, Wang, Yang : 1803.07623



 Boosted top production
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Hard extra emissions 
suppressed

soft gluons

ln
ŝ�M2

tt̄

M2
tt̄

ln
m2

t

M2
tt̄

quasi-collinear gluons

Top quark nearly massless

Ferroglia, BP, Yang : 1205.3662

Need to resum both!
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�̂(N,µf ) ⇠ Tr
⇥
H(Lh, µf )S(Ls, µf )

⇤
C2

D(Lc, µf )S
2
D(Lsc, µf )

Ferroglia, BP, Yang: 1205.3662

ln
Q2

µ2
f

hard log
ln

Q2

N̄2µ2
f
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soft log
ln

m2
t

µ2
f

collinear log 
(small-mass)

ln
m2

t

N̄2µ2
f

soft-collinear log 
(emergent)

Q ⇠
p
s,
p
�t � Q/N � mt � mt/N
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In Mellin space:
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CD (L c, µc ! mt ) SD(L sc, µsc ! mt/ øN )

µf RG flow

H(Lh, µh ⇠ Q)
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

heavy-quark loop were evaluated in [25], while the two-loop diagrams contributing to the

leading color coefficient were evaluated in [26]. In both cases, the results obtained retain the

full dependence on the top-quark mass and on the kinematic invariants; they agree with

the numerical results of [24]. Having analytical results available has several advantages

over a purely numerical representation. Besides their considerably shorter evaluation time,

the analytical results also allow for an expansion in different kinematical limits (threshold,

high energy).

In the present paper, an analytical expression for the two-loop diagrams contribut-

ing to the leading color coefficient in the gluon-fusion channel is derived. We carry out

the calculation by employing the technique based on the Laporta algorithm [27] and the

differential equation method [28], already used in [25, 26]. The calculation of the leading

color coefficient in the gluon fusion does not require the calculation of any new master

integrals beyond the ones obtained in the two previous works, such that we do not discuss

the calculational method in full detail. The interested reader can find in [25,26] a detailed

description of the techniques employed.

The paper is organized as follows: in Section 2, we introduce our notation and conven-

tions; in Section 3, we summarize the most relevant features of our calculational method.

Section 4 describes the UV renormalization of the bare amplitude. The resulting two-loop

amplitude contributions are described in Section 5, where we also provide numerical val-

ues in some benchmark points, and discuss the expansion in the threshold limit. Finally,

Section 6 contains our conclusions.

2. Notation and Conventions

We consider the scattering process

g(p1) + g(p2) −→ t(p3) + t̄(p4) , (2.1)

in Euclidean kinematics, where p2i = 0 for i = 1, 2 and p2j = −m2 for j = 3, 4. The

Mandelstam variables are defined as follows

s = − (p1 + p2)
2 , t = − (p1 − p3)

2 , u = − (p1 − p4)
2 . (2.2)

Conservation of momentum implies that s+ t+ u = 2m2.

The squared matrix element (summed over spin and color), calculated in d = 4 − 2ε

dimensions, can be expanded in powers of the strong coupling constant αS as follows:

∑

|M|2(s, t,m, ε) = 16π2α2
S

[

A0 +
(αs

π

)

A1 +
(αs

π

)2
A2 +O

(

α3
s

)

]

. (2.3)

– 2 –

In the boosted limit, t- and u-channel 
propagators push the effective hard 

scale to

can only constrain the combined pT of the anti-top-quark and the extra parton, but

puts no constraints on their separate transverse momenta. It is therefore kinematically

allowed to have the tt̄ pair recoiled against a separate hard parton, such that one ends

up with a large HT and a small Mtt̄. This explains the long tail at the NLO towards

RT > 1, particularly in the high pT bin. In fact, at µf = mT/2, one finds that 47%

of the distribution lies at RT > 1. From these facts, we expect that it is important

to incorporate the e↵ects of hard emissions for the pT distribution, especially in the

high-pT region.

4.2 Scales for the Mtt̄ distribution

The main goal of this and the next subsection is to identify the optimal choices of the

hard scale µh and the soft scale µs, based on the kinematic features of the hard and

soft functions. Since the hard and soft functions may be evaluated analytically, this

will also help to understand the kinematic features of the RT distribution given in the

previous subsection.

The philosophy of RG-improved perturbation theory is to choose the matching

scales such that the fixed-order expansion of the hard and soft functions is well behaved.

The massless hard and soft functions depend on the kinematic invariants M2
tt̄, t1 and

u1. As long as all of these scales are of the same size numerically, the choices µh ⇠ Mtt̄

and µs ⇠ Mtt̄/N̄ free these functions of potentially large logarithmic corrections and

thus ensure good perturbative convergence. The situation becomes more subtle in

the boosted regime, where mt ⌧ Mtt̄. In that case, when the top quark is produced

in the very forward region, cos ✓ ! 1, the kinematic invariants develop a hierarchy

|t1| ⌧ M2
tt̄ ⇠ |u1|. An analogous hierarchy develops for very backward production,

with |t1| $ |u1|. Both of these situations correspond to the region HT ⌧ Mtt̄, since for

Born kinematics

�t1
��
mt!0

⇡ M2
tt̄

2
(1 � cos ✓) + m2

t cos ✓
cos ✓!1����! p2T + m2

t ⌘ m2
T = H2

T/4 , (4.4)

�u1

��
mt!0

⇡ M2
tt̄

2
(1 + cos ✓) � m2

t cos ✓
cos ✓!�1�����! m2

T = H2
T/4 . (4.5)

On the other hand, the region where mt ⇠ Mtt̄ corresponds to HT ⇠ Mtt̄, irrespective

of the value of cos ✓.

The top-pair invariant mass distribution is calculated from the double di↵erential

cross section in eq. (3.6) by integrating over the scattering angle in the region �1 <

cos ✓ < 1. At large Mtt̄, the results for the RT distribution shown in the bottom-left

panel of figure 1 and discussed in the previous subsection make clear that the integral

is dominated by the region where | cos ✓| ⇠ 1 and RT is significantly smaller than unity.

– 24 –

HT is emergent scale in large Mtt region!
Czakon, Heymes, Mitov: 1606.03350

as

HNLO
gg (µh)

HLO
gg (µh)

����
t1!0

= 1+
↵s(µh)

36⇡


�78 ln2

✓
�t1
µ2
h

◆
+24 ln

✓
�t1
µ2
h

◆
(3+2 ln xt)+37⇡2 � 168

�
,

SNLO
gg (µs)

SLO
gg

����
t1!0

= 1+
↵s(µs)

36⇡


78 ln2

✓
�t1

µ2
sN̄

2

◆
� 48 ln

✓
�t1

µ2
sN̄

2

◆
ln xt + 24 ln2 xt+31⇡2

�
,

(4.9)

and those for the NNLO corrections as

HNNLO
gg (µh)

HNLO
gg (µh)

����
t1!0

= 1+

✓
↵s(µh)

4⇡

◆2 
37.6 ln4

✓
�t1
µ2
h

◆
�
�
46.2 ln xt + 47.2

�
ln3

✓
�t1
µ2
h

◆

+
�
14.2 ln2 xt + 22.2 ln xt � 248

�
ln2

✓
�t1
µ2
h

◆

+
�
154 ln xt + 102

�
ln

✓
�t1
µ2
h

◆
+ 12.7 ln xt + 577

�
+ O(↵3

s) ,

SNNLO
gg (µs)

SNLO
gg

����
t1!0

= 1+

✓
↵s(µs)

4⇡

◆2 
37.6 ln4

✓
�t1

µ2
sN̄

2

◆
�
�
46.2 ln xt + 22.1

�
ln3

✓
�t1

µ2
sN̄

2

◆

+
�
37.3 ln2 xt + 20.4 ln xt + 354

�
ln2

✓
�t1

µ2
sN̄

2

◆

�
�
14.2 ln3 xt + 20.4 ln2 xt + 218 ln xt + 12.9

�
ln

✓
�t1

µ2
sN̄

2

◆

+ 3.56 ln4 xt + 6.81 ln3 xt + 109 ln2 xt � 42.6 ln xt + 356

�
+ O(↵3

s) ,

(4.10)

where we have set Nc = 3 and the number of light quarks to Nl = 5 in the above

equations.4

An important feature of eqs. (4.9) and (4.10) is that both the NLO and the NNLO

corrections depend on the two physical scales �t1 and Mtt̄ (through the ratio xt).

Therefore, any choice of µh and µs will lead to corrections of the form ↵n
s lnm(xt)/xt

in the xt ! 0 limit. However, the structure of such corrections is rather di↵erent for

the hard and soft functions. For the hard function, the choice µ2
h = �t1 frees the NLO

corrections of such logarithmic corrections in xt ! 0 limit, and reduces the logarithmic

terms in the NNLO corrections to a single power of ln xt. On the other hand, the

choice µh = Mtt̄ generates a double logarithmic series whose corrections have the form

4Although not immediately apparent from the results above, one finds that the real parts of H(1,2)
gg

are proportional to H
(0)
gg in the xt ! 0 limit.
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We have 3 different calculations

↵n
s (n  2)
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Figure 4. Results for the absolute (left) and normalized (right) top-pair invariant mass

distribution at the LHC with
p

s = 13 TeV. In all cases the ratio is to the NNLO result with

µf = HT /4. The uncertainty bands are obtained through scale variations as described at the

beginning of section 5 and in eqs. (5.1) and (5.2).

5 Results and discussion

In this section we give our main results for the top-pair invariant mass and (anti) top-

quark pT distributions, as well as the total cross section, with a focus on comparing

NNLO results with NNLO+NNLL0 ones. Some further comparisons across di↵erent

perturbative orders are presented in appendix A. Although we present only a limited

set of results for the LHC operating at a center-of-mass energy of 13 TeV, distributions

with alternate binning and at di↵erent collider energies can be produced on request

from the authors.

Results for the absolute (normalized) Mtt̄ distribution are shown in left (right)

panel of figure 4. The NNLO results use µf = HT/4 by default (we shall always set the

renormalization scale appearing in the NNLO calculation to µr = µf unless otherwise

specified), which is the scale favored by the analysis of perturbative convergence of

the fixed-order series performed in [24]. The NNLO+NNLL0 results are obtained from

the matching relation eq. (2.5). All pieces of that equation must be evaluated at a

common µf , which is also chosen as µf = HT/4 by default. In addition, we draw on

the analysis of the previous section and use µh = HT/2 and µs = HT/N̄ by default, as

well as µdh = mt and µds = mt/N̄ . In both the NNLO and the NNLO+NNLL0 results,

the bands in figure 4 represent perturbative uncertainties estimated through scale vari-

ations. For the NNLO calculation, we obtain the bands by keeping the factorization

– 31 –

NNLL’ slightly reduces 
scale uncertainty for 

mu ~ HT

Czakon, Ferroglia, Heymes, Mitov, BP, 
Scott, Wang, Yang: 1803.07623
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Figure 5: Results for the absolute (left) and normalized (right) top-pair invariant mass
distribution at the LHC with

!
s = 13 TeV as a ratio to the NNLO result evaluated using

µf = HT / 4. The uncertainty bands are obtained through scale variations as described in the
text.

section. The bands refer to perturbative uncertainties estimated through scale variations using
the same procedure as for theMtøt distribution above. At low pT , resummation changes the
NNLO results rather minimally at this choice ofµf , whereas at higherpT the NNLO+NNLL !

results tend to come out slightly lower than the NNLO ones alone, the e↵ect being noticeable in
the normalized distribution already atpT " 300 GeV. As studied in more detail in Appendix A,
upgrading matching with Þxed-order from NLO+NNLL! to NNLO+NNLL ! is an important
e↵ect, especially in reducing the theoretical uncertainties estimated through scale variations.
This is something to keep in mind when using NLO-based resummation results (also based on
Monte Carlo event generators) in describing the highpT region of the distribution.

Finally, in Figure 7 we show results for the total cross section, obtained in several di↵erent
ways. The NNLO and NNLO+NNLL ! results with µf = HT / 4 are obtained by integrating the
top-pair invariant mass distribution in Figure 4, while those withµf = mT / 2 are obtained by
integrating the pT distribution in Figure 6. Perturbative uncertainties are displayed as error
bars and estimated through the same procedure of scale variations used for the distributions.
The results with µf = mt , on the other hand, are obtained from theTop++program [53], which
uses soft-gluon resummation in the absolute threshold production limit! t # 0 [54] instead
of that considered in the current work. In both the NNLO and NNLO+NNLL! results, the
µf = µr is used by default, and perturbative uncertainties are estimated by varying these up
and down by a factor of two using the seven-point method. We see that the NNLO+NNLL!

results obtained from integrating theMtøt distribution with µf = HT / 4 and thepT distribution
with µf = mT / 2 agree rather closely with the widely quoted results from resummation in the
! t # 0 limit with µf = mt . Therefore, the resummed results in this work can be used across
phase space and are useful for normalized distributions as well as absolute ones.
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NNLO+NNLL’ for pT spectrum
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NNLL’ softens 
normalised pT 

spectrum 
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Figure 6: Results for the absolute (left) and normalized (right) top-quark pT distribution at
the LHC with

p
s = 13 TeV. In all cases the ratio is to the NNLO result with µf = mT/2.

The uncertainty bands are obtained through scale variations as described in the text.

Figure 7: Predictions for the total top-pair production cross section at the LHC withp
s = 13 TeV, where the error bars represent perturbative uncertainty estimates through

scale variations. The method for obtaining results and the uncertainty estimates at di↵erent
values of µf is described in the text.

6 Conclusions

In this paper we combined state-of-the-art results from soft-gluon resummation (NNLL0) and
fixed-order perturbation theory (NNLO) in order to produce NNLO+NNLL0 predictions for
the top-pair invariant mass and the top-quark pT distributions at hadron colliders. These
results represent the most complete QCD calculations of these observables to date. They are
also the first instance where an NNLO calculation has been supplemented with resummation
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Figure 6: The differential tt̄ production cross sections at parton level in full phase space as a
function of pt̄

T are compared to theoretical predictions with beyond NLO precision. The left
and right plots correspond to absolute and normalised measurements, respectively. The lower
panel in each plot shows the ratio of the theoretical prediction to the data.
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Summary and outlook
Top quark pair production is important 

The most precise QCD calculation: NNLO+NNLL’ 

Ongoing:  

Rapidity distributions 

Combination with NLO electroweak corrections 

Outlook: 

Combination with Coulomb resummation (first bin) 

Top quark decays
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