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1. Motivation
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•Push theoretical precision to better constrain nonperturbative Physics 

•Currently: (N)NNLL TMD evolution and NNLO Wilson coefficients for 
various TMDs 

•Several recent theory/pheno improvements regarding QED corrections to 
DGLAP evolution of  integrated PDFs and photon PDF 

•Why not? Formally it’s in any case an interesting issue

Why care about QED corrections?
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From a talk by GFR Sborlini

QED corrections to DGLAP kernels

•They calculated QED corrections up to O(𝛼2) and O(𝛼s𝛼) 

•Several PDF sets already incorporate them
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From a talk by G. Salam

Photon PDF from DIS structure functions (1/3)

•Increasing interest on photon PDF 

•Several groups already included it in their standard fits
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•Main idea: write the cross section for an imaginary BSM heavy-lepton 
production process (which couples to SM electron and photon) in two ways:  
! in terms of DIS structure functions F2 and FL 

! in terms of  a photon PDF in collinear factorization 

•Photon PDF can then be written in terms of  F2 and FL (model independent):

LUXqed approach
[Manohar, Nason, Salam, Zanderighi  
1708.01256 (JHEP), 1607.04266 (PRL)]

Photon PDF from DIS structure functions (2/3)
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From a talk by G. Zanderighi

•Similar comparisons with other sets (e.g. CT14, MRST2004) 

•EIC will potentially better measure F2 and FL, thus better constrain photon PDF

Photon PDF from DIS structure functions (3/3)
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We do it systematically, by considering the operator definition of  TMDs 
and obtaining the new pieces for all (un)polarized quark/gluon TMD PDFs and FFs

[Cieri, Ferrera, Sborlini 1805.11948 (JHEP)]

•They include QED corrections in their approach (corrections and photon PDF) 

•They find a ~ few % impact on Z production at Tevatron/LHC

Z boson pT distribution
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2. TMDs in QCD: summary
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Definition of  TMDs in QCD (1/2)
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[MGE, Idilbi, Scimemi 1111.4996 (JHEP), 1211.1947 (PLB), 1402.0869 (PRD)] 
[MGE, Kasemets, Mulders, Pisano 1502.05354 (JHEP)] 

[Collins’ book (2011)]

Cancel spurious 
rapidity divergences

Same invariant mass!

Different rapidities 
(mixed under boosts)
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Proper definition of  TMDs in QCD (2/2)
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TMDs depend on two scales.  
Evolution universal for all (un)polarized TMDPDFs and TMDFFs

Known at 3-loops. 
Numerical at 4-loops

•Renormalization scale:

Direct 3-loops: 
[Li, Zhu 1604.01404 (PRL)] 

[Vladimirov 1610.05791 (PRL)]

Indirect 2-loops: [Becher, Neubert 1007.4005 (EPJC)] 
Direct 2-loops: [MGE, Scimemi, Vladimirov 1511.05590 (PRD)]

•Rapidity scale:

Cusp does not 
completely determine D j

Known at 3-loops (almost 4-loops)

[Moch, Vermaseren, Vogt hep-ph/0507039 (JHEP), hep-ph/0403192 (NPB)] 
[Moch, Ruijl, Ueda, Vermaseren, Vogt 1707.08315 (JHEP)]
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Evolution of  TMDs in QCD
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•For each TMD we have a different OPE. For example:

•TMDs contain perturbative information when transverse momentum is large:ࣛԉՎݜԬ	ԧ
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 Unpolarized quark/gluon TMD distribution and 
fragmentation functions at NNLO in

[MGE, Scimemi, Vladimirov 1604.07869 (JHEP)]

Transversely polarized TMDs at NNLO in
[Gutiérrez-Reyes, Scimemi, Vladimirov 

1805.07243 (JHEP)]

(more to come…)

Refactorization of  TMDs in QCD
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•General goal: extract from data all the non-perturbative inputs 

•How: only parametrize what cannot be calculated 

•Nonperturbative part of  Dj is universal (for all (un)polarized TMDs) 

•At large and low bT we need cutoffs (qT<Lambda and qT>Q regions) 

•There are subtleties with the evolution path: [Scimemi, Vladimirov 1803.11089 (JHEP)] 

•The determination of  nonperturbative pieces is not easy (Fourier transform 
mixes regions, overlap of  perturbative and non-perturbative) 

•Several schemes/conventions (thus difficult to be included in TMDlib)

The higher the theoretical precision, the better!

TMDs in full glory
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3. QED corrections to TMD evolution
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•New photon Wilson lines introduce rap. divs., which cancel as in QCD 

•All (un)polarized TMDPDFs and TMDFFs defined similarly

•We can now consider Drell-Yan where colliding quarks exchange/emit also photons 

•Factorization follows the same steps as in pure QCD…

Definition of  quark TMDs in QCDxQED



•Evolution equations in QCDxQED are:
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 ԑԿ � ᅫ
 ᅲ
 � ਲӹՎ	ԁ઱� ᅦ՘	ᅲ

 ᅦ	ᅲ



<latexit sha1_base64="LD0CjQ0ey6LdadiCWT+takF3iGw="></latexit><latexit sha1_base64="LD0CjQ0ey6LdadiCWT+takF3iGw="></latexit><latexit sha1_base64="LD0CjQ0ey6LdadiCWT+takF3iGw="></latexit><latexit sha1_base64="SLDnSBZYWoHVCPQ+iquw2LiReR0="></latexit> ԓԓINᅲӹՎ	ԁ઱� ᅦ՘	ᅲ

 ᅦ	ᅲ

 � ကՎऺᅦ՘	ᅲ

 ᅦ	ᅲ
ऻ
<latexit sha1_base64="55cV5ebegGNRliO4R/vyCfSOXQc="></latexit><latexit sha1_base64="55cV5ebegGNRliO4R/vyCfSOXQc="></latexit><latexit sha1_base64="55cV5ebegGNRliO4R/vyCfSOXQc="></latexit><latexit sha1_base64="lFAKXYemmOHiILK40A3vfKjZ4cU="></latexit>

ԁ઱ � IN	ᅲɞԑɞԿ Ԕɞᆒ԰��

<latexit sha1_base64="uNfdJxfzMJGFKMWEeWi9ayGKcRI="></latexit><latexit sha1_base64="uNfdJxfzMJGFKMWEeWi9ayGKcRI="></latexit><latexit sha1_base64="uNfdJxfzMJGFKMWEeWi9ayGKcRI="></latexit><latexit sha1_base64="kdF+et6pa5Fq+/uOWlg2nVSB86k="></latexit>

•QCD & QED scales are not distinguished for simplicity 

•QED corrections break flavor universality of  pure QCD evolution 

•No relation between 𝛼s and 𝛼 holds for all scales (μb integrated over). Either we 
impose a relation, or consider each contribution independently

QCDxQED evolution of  quark TMDs

Will derive now QED corrections to: 
D and anomalous dimensionӶ	ᅦ՘
 ᅦ
 � ௽ՓӱՒ Ӷ	ՓӱՒ
ॼᅦ՘�ᅵ ॽՓॼ ᅦ�ᅵ ॽՒ

<latexit sha1_base64="Bm08FYk4H11G6briDYxWdtASCEA="></latexit><latexit sha1_base64="Bm08FYk4H11G6briDYxWdtASCEA="></latexit><latexit sha1_base64="Bm08FYk4H11G6briDYxWdtASCEA="></latexit><latexit sha1_base64="e9ZdWSBfzQTucbkd4iEHGK7usnE="></latexit>
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ӹ	ɱӱȯ
Վ 	ԁ઱
 � က	ɱӱȯ
Վ� ԁ઱
<latexit sha1_base64="zE2cYhcOqaCT9wm1MvgJgwvZ97I="></latexit><latexit sha1_base64="zE2cYhcOqaCT9wm1MvgJgwvZ97I="></latexit><latexit sha1_base64="zE2cYhcOqaCT9wm1MvgJgwvZ97I="></latexit><latexit sha1_base64="M39Vpc7ehRcvIJ4mwgFIJHwLQRA="></latexit>

က	ɱӱȯ
Վ � �ԆɞՎ
<latexit sha1_base64="JV05A8eCfAtI+zd2TZDhV6lAupM="></latexit><latexit sha1_base64="JV05A8eCfAtI+zd2TZDhV6lAupM="></latexit><latexit sha1_base64="JV05A8eCfAtI+zd2TZDhV6lAupM="></latexit><latexit sha1_base64="UIxCRnj0EuIYRvQdHQQnlcoYIkQ="></latexit>

ࣛԈ 	ԑԿ � ᅲ� ᅩ�
 ᅩਲ
 � � � ᅦԆɞՎ�ᅵ মਲ �ᅾɞՀՁ � �ᅾՀՁ INᅩ�ᅩਲᅲɞ � ԁɞԿ � �ԁԿ INᅩ�ᅩਲᅲɞ � ᅵɞ� য
<latexit sha1_base64="wDyEc6e284bFNzSBOmiA9C/ip3g="></latexit><latexit sha1_base64="wDyEc6e284bFNzSBOmiA9C/ip3g="></latexit><latexit sha1_base64="wDyEc6e284bFNzSBOmiA9C/ip3g="></latexit><latexit sha1_base64="hMHFnzPlZDpSmiCkFokyeuz8USU="></latexit>

ԈՎ	Ԛ՘Կ 
 � ௲ ԓɞԨ઱	�ᅵ
ɞ ԔՎ՞઱਼Ր՘઱ ԉ ԡՈԃՈ ਎�] ६ԈԿ�Փ ԈԿ۽Փ ԈࣣԿ�ՎӱՓԈࣣԿՎӱ Փ७۽ 	��
 �ਲ
 Ԩ઱
 ६ԈԿ۽�Փ ԈԿՓ ԈࣣԿ�Վӱ ՓԈࣣԿՎӱՓ७۽ 	�
 ]�ਏ
<latexit sha1_base64="v7pPIhO3kbUmBt2hVFEYrW/tgxw="></latexit><latexit sha1_base64="v7pPIhO3kbUmBt2hVFEYrW/tgxw="></latexit><latexit sha1_base64="v7pPIhO3kbUmBt2hVFEYrW/tgxw="></latexit><latexit sha1_base64="Pg8u/p5G99voBf6GjObkN2sD/wE="> </latexit>

Double lines:  
gluon Wilson lines 

Double dashed: 
photon Wilson lines

Pure QED corrections to the soft function at LO

က	ȯӱɱ
 � �ӸԱ
<latexit sha1_base64="1EWXG4cXewza2leYxR55sJXhEXg="></latexit><latexit sha1_base64="1EWXG4cXewza2leYxR55sJXhEXg="></latexit><latexit sha1_base64="1EWXG4cXewza2leYxR55sJXhEXg="></latexit><latexit sha1_base64="Rx0Ty7kdk0v5T8i5yhYAoE0L3Q8="></latexit>
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ӹ	ɱӱɞ
Վ 	�
 � ਲ ঒����� ও ԆɞՎ ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु 

က	ɱӱɞ
Վ �က	ɱӱȯ
Վ � ਲ��� ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु

<latexit sha1_base64="yySEHFmWXes98LQdGogBWPGcDo8="></latexit><latexit sha1_base64="yySEHFmWXes98LQdGogBWPGcDo8="></latexit><latexit sha1_base64="yySEHFmWXes98LQdGogBWPGcDo8="></latexit><latexit sha1_base64="NeztABVt1EwMeaseG/6SdWe+x1k="></latexit>

ӹ	ɱӱɞ
Վ 	ԁ઱
 � က	ɱӱȯ
Վ� ࣙᅧ	ɱӱȯ
 ० ࣙᅧ	ɱӱȯ
ԁ઱१ɞ � া က	ɱӱɞ
Վ� ࣙᅧ	ɱӱȯ
 ি ० ࣙᅧ	ɱӱȯ
ԁ઱१ � ӹ	ɱӱɞ
Վ 	�

<latexit sha1_base64="D1FrCDU+tXukESitICJijCFGTvI="></latexit><latexit sha1_base64="D1FrCDU+tXukESitICJijCFGTvI="></latexit><latexit sha1_base64="D1FrCDU+tXukESitICJijCFGTvI="></latexit><latexit sha1_base64="DhyHKTDuOOiR7WsPw7nVJD2cFE0="></latexit>

ӹ	ɞӱɱ
	�
 � ӸԱ ӸԬ ঒����� ਲ ��ᅫɘও ਲ ঒����� ও ӸԱ ԉԱ ԝՋ
<latexit sha1_base64="eY3HIk4Qa7Ghs8ron919pyY/Wrs="></latexit><latexit sha1_base64="eY3HIk4Qa7Ghs8ron919pyY/Wrs="></latexit><latexit sha1_base64="eY3HIk4Qa7Ghs8ron919pyY/Wrs="></latexit><latexit sha1_base64="5ydfconFwj+XlL5lh5OWra+zNTY="></latexit>က	ɞӱɱ
�က	ȯӱɱ
 � ন��� ਲ ᅵɞ� ঩ ӸԬ ਲ ��� ԉԱ ԝՋ

<latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="mkWdLrC6lS978DW7PEgUxfFWScg="></latexit>

Pure QED corrections to the soft function at NLO

Results in pure QCD
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ԓINᅦ՘ԓINᅲɞ ଄ ᅧऺᅦ՘	ᅲ

 ᅦ	ᅲ
ऻ � ਲ ௽ՓӱՒ ᅧ	ՓӱՒ
 ॼᅦ՘�ᅵ ॽՓ ॼ ᅦ�ᅵ ॽՒ
ԓINᅦԓINᅲɞ ଄ ࣙᅧऺᅦ՘	ᅲ

 ᅦ	ᅲ
ऻ � ਲ ௽ՓӱՒ ࣙᅧ	ՓӱՒ
 ॼᅦ՘�ᅵ ॽՓ ॼ ᅦ�ᅵ ॽՒ

<latexit sha1_base64="/HEjodECYhD9pkDcdAKU3GzA/8g="></latexit><latexit sha1_base64="/HEjodECYhD9pkDcdAKU3GzA/8g="></latexit><latexit sha1_base64="/HEjodECYhD9pkDcdAKU3GzA/8g="></latexit><latexit sha1_base64="jcVPn9tfhPX7NaBDfYzhlguj2+A="></latexit>

ᅧ	ȯӱȯ
 � ਲ� ՓՋ௽Տ ԆɞՏࣙᅧ	ɱӱȯ
 � ਲ��ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु
ࣙᅧ	ɱӱɞ
 � ਲ�ीԃՈ ՓՋ௽Տ ԆȃՏ � ԝՑԆȃՑ ु
ࣙᅧ	ȯӱȯ
 � ਲ�ӸԱ ԃՈ ՓՋ௽Տ ԆɞՏ

<latexit sha1_base64="GZAhCp3Ld/PGXPcxjahMzcKSlKM="></latexit><latexit sha1_base64="GZAhCp3Ld/PGXPcxjahMzcKSlKM="></latexit><latexit sha1_base64="GZAhCp3Ld/PGXPcxjahMzcKSlKM="></latexit><latexit sha1_base64="JvPluXIq6lOgOlXLYcLVEeGob/E="></latexit>

Mixed QCDxQED and 
pure QED coefficients

QCD and QED beta functions
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•Soft function can be partially factorized:ԈՎ	Ԛ՘Կ 
 � ௲ ԓɞԨ઱	�ᅵ
ɞ ԔՎ՞઱਼Ր՘઱ ࣛԈԼԮԯ	ԨԿ 
 ࣛԈԼ԰ԯՎ 	ԨԿ 
 � Ԅ	ᅦՓ՘ ᅦՒ
੾Փ਼Ւ�ȯ
<latexit sha1_base64="L73a0X1AT2ashsVvDzqtVapS8+A="></latexit><latexit sha1_base64="L73a0X1AT2ashsVvDzqtVapS8+A="></latexit><latexit sha1_base64="L73a0X1AT2ashsVvDzqtVapS8+A="></latexit><latexit sha1_base64="FgfO8xm/vZe8fojNstAcS8cXtAE="></latexit>

ࣛԈԼԮԯ	ԨԿ 
 �ԉ ԡՈԃՈ ਎�] ६ԈԿ�Փ ԈԿ۽Փ ७ 	��
 �ਲ
 Ԩ઱
 ६ԈԿ۽�Փ ԈԿՓ ७ 	�
 ]�ਏࣛԈԼ԰ԯՎ 	ԨԿ 
 � ਎�] ६ԈࣣԿ�ՎӱՓԈࣣԿՎӱ Փ७۽ 	��
 �ਲ
 Ԩ઱
 ६ԈࣣԿ�Վӱ ՓԈࣣԿՎӱՓ७۽ 	�
 ]�ਏ
<latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="36diFWvsDSYDLgua4EOMi68hTmo="></latexit><latexit sha1_base64="+J6YwUj9Jqo35qrympPrvim16VA="></latexit><latexit sha1_base64="+J6YwUj9Jqo35qrympPrvim16VA="></latexit><latexit sha1_base64="qpnafWgMuvvx/e+Hs/Q1SlH7Yqk="></latexit><latexit sha1_base64="ArKGTDY8Z8LDHxXSmg/OiLQBpVY="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="36diFWvsDSYDLgua4EOMi68hTmo="></latexit><latexit sha1_base64="+J6YwUj9Jqo35qrympPrvim16VA="></latexit><latexit sha1_base64="+J6YwUj9Jqo35qrympPrvim16VA="></latexit><latexit sha1_base64="qpnafWgMuvvx/e+Hs/Q1SlH7Yqk="></latexit><latexit sha1_base64="ArKGTDY8Z8LDHxXSmg/OiLQBpVY="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="awjDcMo/jbLZCwRXUKG6m+aTsw0="></latexit><latexit sha1_base64="ArKGTDY8Z8LDHxXSmg/OiLQBpVY="></latexit>

Mixed QCDxQED corrections to the soft function (1/2)

Sample diagrams
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IN ࣛԈՎ	ԑԿ 
 � ӶՎ	ԁ઱� ᅦ՘
 ᅦ
 � �ӹՎ	ԁ઱� ᅦ՘
 ᅦ
INᅩ�ᅩਲᅲɞ
<latexit sha1_base64="6ucgLA78e0KusmPwJ7IqCu/w2X0="></latexit><latexit sha1_base64="6ucgLA78e0KusmPwJ7IqCu/w2X0="></latexit><latexit sha1_base64="6ucgLA78e0KusmPwJ7IqCu/w2X0="></latexit><latexit sha1_base64="NCIiXtruZNcN6CuTR164/ZsUHBI="></latexit>

•Cancellation of  QCD & QED rapidity divergences only possible if:

ӹ	ȯӱȯ
Վ 	ԁ઱
 � �
<latexit sha1_base64="GiQuvgjYhna7CJaasdMzz2C+ZMc="></latexit><latexit sha1_base64="GiQuvgjYhna7CJaasdMzz2C+ZMc="></latexit><latexit sha1_base64="GiQuvgjYhna7CJaasdMzz2C+ZMc="></latexit><latexit sha1_base64="hAt09BXnrPUqeyHomQ6gBc4eSy0="></latexit>

IN ࣛԈԼԮԯ	ԑԿ 
 � ӶԼԮԯ	ԁ઱� ᅦ՘
 ᅦ
 � �ӹԼԮԯ	ԁ઱� ᅦ՘
 ᅦ
INᅩ�ᅩਲᅲɞ
<latexit sha1_base64="eIOoY/aptqGIDzJd7GI7TB2PQyo="></latexit><latexit sha1_base64="eIOoY/aptqGIDzJd7GI7TB2PQyo="></latexit><latexit sha1_base64="eIOoY/aptqGIDzJd7GI7TB2PQyo="></latexit><latexit sha1_base64="TaZXqUruy4vPV+w4azfIFbqKXQg="></latexit>

IN ࣛԈԼ԰ԯՎ 	ԑԿ 
 � ӶԼ԰ԯՎ 	ԁ઱� ᅦ՘
 ᅦ
 � �ӹԼ԰ԯՎ 	ԁ઱� ᅦ՘
 ᅦ
INᅩ�ᅩਲᅲɞ
<latexit sha1_base64="d6yLXx2VoW27X9p+GemU+i7GZoE=">AAAboXiclVltb9w2Et703nq+t/TaT2fgoJ6dg41uXK+b4gpcU8TJurkA62Qdr+201npBSVxJWL3QJLW2o+r+4328X3Jfb0jqlZQD1EFkzjwPh8MhNRzKDolCxvf3//vgo1/88le//s3Hv9343e//8Mc/Pfzkz+cszaiLz9w0Suk7BzEchQk+4yGP8DtCMYqdCF84qxcCv1hjysI0mfE7gucx8pNwGbqIg2rxcGVHiWXzMPKwdboIr/KTo3Gx4yxmu9bfn24c1prJwiaYkn/aiA1ttGt9YR2M7wPBpL2kyM1t7+oL+P+4yO346qBYPNza39uXP5bZGJWNrWefDeTPdPHJX/5qe6mbxTjhboQYuxztEz7PEeWhG+Fiw84YJshdIR/nKGYx4sHQp4gEoXs7hGk7MMt4iAmzlqE/BAa7i52hx5Zpwru9gcNT4i0/bLOLsjAmEb4J3 </latexit><latexit sha1_base64="d6yLXx2VoW27X9p+GemU+i7GZoE=">AAAboXiclVltb9w2Et703nq+t/TaT2fgoJ6dg41uXK+b4gpcU8TJurkA62Qdr+201npBSVxJWL3QJLW2o+r+4328X3Jfb0jqlZQD1EFkzjwPh8MhNRzKDolCxvf3//vgo1/88le//s3Hv9343e//8Mc/Pfzkz+cszaiLz9w0Suk7BzEchQk+4yGP8DtCMYqdCF84qxcCv1hjysI0mfE7gucx8pNwGbqIg2rxcGVHiWXzMPKwdboIr/KTo3Gx4yxmu9bfn24c1prJwiaYkn/aiA1ttGt9YR2M7wPBpL2kyM1t7+oL+P+4yO346qBYPNza39uXP5bZGJWNrWefDeTPdPHJX/5qe6mbxTjhboQYuxztEz7PEeWhG+Fiw84YJshdIR/nKGYx4sHQp4gEoXs7hGk7MMt4iAmzlqE/BAa7i52hx5Zpwru9gcNT4i0/bLOLsjAmEb4J3 </latexit><latexit sha1_base64="d6yLXx2VoW27X9p+GemU+i7GZoE=">AAAboXiclVltb9w2Et703nq+t/TaT2fgoJ6dg41uXK+b4gpcU8TJurkA62Qdr+201npBSVxJWL3QJLW2o+r+4328X3Jfb0jqlZQD1EFkzjwPh8MhNRzKDolCxvf3//vgo1/88le//s3Hv9343e//8Mc/Pfzkz+cszaiLz9w0Suk7BzEchQk+4yGP8DtCMYqdCF84qxcCv1hjysI0mfE7gucx8pNwGbqIg2rxcGVHiWXzMPKwdboIr/KTo3Gx4yxmu9bfn24c1prJwiaYkn/aiA1ttGt9YR2M7wPBpL2kyM1t7+oL+P+4yO346qBYPNza39uXP5bZGJWNrWefDeTPdPHJX/5qe6mbxTjhboQYuxztEz7PEeWhG+Fiw84YJshdIR/nKGYx4sHQp4gEoXs7hGk7MMt4iAmzlqE/BAa7i52hx5Zpwru9gcNT4i0/bLOLsjAmEb4J3 </latexit><latexit sha1_base64="I9uxGQyTJznvUmrTxl2UaJ+Um4Q="></latexit>

Mixed QCDxQED corrections to the soft function (2/2)

•And we already know that for each soft function we can write:

Then we have:
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ᅨ	ɱӱȯ
Վ � ਲ�ԆɞՎက	ɱӱȯ
Վ � �ԆɞՎ
<latexit sha1_base64="CCQaORAQg0nuRLNho4DutHauWTo="></latexit><latexit sha1_base64="CCQaORAQg0nuRLNho4DutHauWTo="></latexit><latexit sha1_base64="CCQaORAQg0nuRLNho4DutHauWTo="></latexit><latexit sha1_base64="Bz7tHN1Sew/QfA2VO/JFp9tlOgg="></latexit>

ᅨ	ȯӱɱ
 � ਲ�ӸԱ
<latexit sha1_base64="uZ7HOYa6bvKRXRG+3jdOmCTbziE="></latexit><latexit sha1_base64="uZ7HOYa6bvKRXRG+3jdOmCTbziE="></latexit><latexit sha1_base64="uZ7HOYa6bvKRXRG+3jdOmCTbziE="></latexit><latexit sha1_base64="7qf3KgFWbj4xJOkOF2ai+JJord8="></latexit>

က	ȯӱɱ
 � �ӸԱ
<latexit sha1_base64="1EWXG4cXewza2leYxR55sJXhEXg="></latexit><latexit sha1_base64="1EWXG4cXewza2leYxR55sJXhEXg="></latexit><latexit sha1_base64="1EWXG4cXewza2leYxR55sJXhEXg="></latexit><latexit sha1_base64="Rx0Ty7kdk0v5T8i5yhYAoE0L3Q8="></latexit>

Calculation is analogous 
to the one in pure QCD

Pure QED corrections to the anomalous dimension at LO
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ᅨ	ɱӱɞ
Վ � ԆȃՎ ऺਲ� � �ᅵɞ ਲ ��ᅫɘऻ � ԆɞՎ ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु ন����� � �ᅵɞ� ঩
<latexit sha1_base64="6jYumfhVz04EQlkQRp0Ae1uWlNk="></latexit><latexit sha1_base64="6jYumfhVz04EQlkQRp0Ae1uWlNk="></latexit><latexit sha1_base64="6jYumfhVz04EQlkQRp0Ae1uWlNk="></latexit><latexit sha1_base64="SJUCjdjPcmyzeeWE7xAYSFGp0YE="></latexit>

က	ɱӱɞ
Վ �က	ɱӱȯ
Վ � ਲ��� ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु
<latexit sha1_base64="DPibatURv/GoCtLNJE36HWgxJgU="></latexit><latexit sha1_base64="DPibatURv/GoCtLNJE36HWgxJgU="></latexit><latexit sha1_base64="DPibatURv/GoCtLNJE36HWgxJgU="></latexit><latexit sha1_base64="Us/iSsP5G55lay0HOxB90xMiZXA="></latexit>

ᅨ	ɞӱɱ
 � ӸɞԱ ऺਲ� � �ᅵɞ ਲ ��ᅫɘऻ � ӸԱ ӸԬ নਲ����� ਲ ��ᅵɞ� � ��ᅫɘ঩� ӸԱ ԉԱ ԝՋ ন����� � �ᅵɞ� ঩
<latexit sha1_base64="WWbHhPxXKcZeCu4pjEfMH9os2WQ="></latexit><latexit sha1_base64="WWbHhPxXKcZeCu4pjEfMH9os2WQ="></latexit><latexit sha1_base64="WWbHhPxXKcZeCu4pjEfMH9os2WQ="></latexit><latexit sha1_base64="I3uQUA4x2uVc+V2kviZ1l5y1g9U="> </latexit>

က	ɞӱɱ
�က	ȯӱɱ
 � ন��� ਲ ᅵɞ� ঩ ӸԬ ਲ ��� ԉԱ ԝՋ
<latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="mkWdLrC6lS978DW7PEgUxfFWScg="></latexit>

Pure QED corrections to the anomalous dimension at NLO
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ᅨ	ɞӱɱ
 � ӸɞԱ ऺਲ� � �ᅵɞ ਲ ��ᅫɘऻ � ӸԱ ӸԬ নਲ����� ਲ ��ᅵɞ� � ��ᅫɘ঩� ӸԱ ԉԱ ԝՋ ন����� � �ᅵɞ� ঩
<latexit sha1_base64="WWbHhPxXKcZeCu4pjEfMH9os2WQ="></latexit><latexit sha1_base64="WWbHhPxXKcZeCu4pjEfMH9os2WQ="></latexit><latexit sha1_base64="WWbHhPxXKcZeCu4pjEfMH9os2WQ="></latexit><latexit sha1_base64="I3uQUA4x2uVc+V2kviZ1l5y1g9U="></latexit>

•Mixed QCD-QED virtual corrections for non-cusp:

factor 2 needed because of  2 
ways of  replacing internal g-g 

with g-ɣ and ɣ-g
ᅨ	ȯӱȯ
Վ � �ӸԱ ԆɞՎ ऺਲ� � �ᅵɞ ਲ ��ᅫɘऻ

<latexit sha1_base64="mCW8CM2XPHj7tNTc1VVesrkSElo="></latexit><latexit sha1_base64="mCW8CM2XPHj7tNTc1VVesrkSElo="></latexit><latexit sha1_base64="mCW8CM2XPHj7tNTc1VVesrkSElo="></latexit><latexit sha1_base64="/yA0swZOqZJl3gJZZBfYKcj8nCY="></latexit>

no fermion loops 
possible at this order

Mixed QCDxQED corrections to the anomalous dimension
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က	ɞӱɱ
�က	ȯӱɱ
 � ন��� ਲ ᅵɞ� ঩ ӸԬ ਲ ��� ԉԱ ԝՋ
<latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="yi0IwoIjsd447SVcaXe8ttiufq8="></latexit><latexit sha1_base64="mkWdLrC6lS978DW7PEgUxfFWScg="></latexit>

Consistent with
[Kilgore, Sturm 1107.4798 (PRD)] 

[Kilgore 1308.1055 (EPJC)]

က	ȯӱȯ
Վ � �
<latexit sha1_base64="eQ8UD61nGywKHIe/e21Hr/f1/SQ="></latexit><latexit sha1_base64="eQ8UD61nGywKHIe/e21Hr/f1/SQ="></latexit><latexit sha1_base64="eQ8UD61nGywKHIe/e21Hr/f1/SQ="></latexit><latexit sha1_base64="FmpZAgx0xRuuhLHHfFiNgHt93Rw="></latexit>

•Mixed QCD-QED virtual corrections for cusp:

no fermion loops 
possible at this order

Mixed QCDxQED corrections to the anomalous dimension
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ӹ	ɱӱȯ
Վ 	ԁ઱
 � က	ɱӱȯ
Վ� ԁ઱
<latexit sha1_base64="zE2cYhcOqaCT9wm1MvgJgwvZ97I="></latexit><latexit sha1_base64="zE2cYhcOqaCT9wm1MvgJgwvZ97I="></latexit><latexit sha1_base64="zE2cYhcOqaCT9wm1MvgJgwvZ97I="></latexit><latexit sha1_base64="M39Vpc7ehRcvIJ4mwgFIJHwLQRA="></latexit> က	ȯӱȯ
Վ � �

<latexit sha1_base64="eQ8UD61nGywKHIe/e21Hr/f1/SQ="></latexit><latexit sha1_base64="eQ8UD61nGywKHIe/e21Hr/f1/SQ="></latexit><latexit sha1_base64="eQ8UD61nGywKHIe/e21Hr/f1/SQ="></latexit><latexit sha1_base64="FmpZAgx0xRuuhLHHfFiNgHt93Rw="></latexit>

ᅨ	ȯӱȯ
Վ � �ӸԱ ԆɞՎ ऺਲ� � �ᅵɞ ਲ ��ᅫɘऻ
<latexit sha1_base64="mCW8CM2XPHj7tNTc1VVesrkSElo="></latexit><latexit sha1_base64="mCW8CM2XPHj7tNTc1VVesrkSElo="></latexit><latexit sha1_base64="mCW8CM2XPHj7tNTc1VVesrkSElo="></latexit><latexit sha1_base64="/yA0swZOqZJl3gJZZBfYKcj8nCY="></latexit>ᅨ	ɱӱȯ
Վ � ਲ�ԆɞՎက	ɱӱȯ
Վ � �ԆɞՎ

<latexit sha1_base64="CCQaORAQg0nuRLNho4DutHauWTo="></latexit><latexit sha1_base64="CCQaORAQg0nuRLNho4DutHauWTo="></latexit><latexit sha1_base64="CCQaORAQg0nuRLNho4DutHauWTo="></latexit><latexit sha1_base64="Bz7tHN1Sew/QfA2VO/JFp9tlOgg="></latexit>

ӹ	ɱӱɞ
Վ 	�
 � ਲ ঒����� ও ԆɞՎ ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु 

က	ɱӱɞ
Վ �က	ɱӱȯ
Վ � ਲ��� ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु

<latexit sha1_base64="yySEHFmWXes98LQdGogBWPGcDo8="></latexit><latexit sha1_base64="yySEHFmWXes98LQdGogBWPGcDo8="></latexit><latexit sha1_base64="yySEHFmWXes98LQdGogBWPGcDo8="></latexit><latexit sha1_base64="NeztABVt1EwMeaseG/6SdWe+x1k="></latexit>

ӹ	ɱӱɞ
Վ 	ԁ઱
 � က	ɱӱȯ
Վ� ࣙᅧ	ɱӱȯ
 ० ࣙᅧ	ɱӱȯ
ԁ઱१ɞ � া က	ɱӱɞ
Վ� ࣙᅧ	ɱӱȯ
 ি ० ࣙᅧ	ɱӱȯ
ԁ઱१ � ӹ	ɱӱɞ
Վ 	�

<latexit sha1_base64="D1FrCDU+tXukESitICJijCFGTvI="></latexit><latexit sha1_base64="D1FrCDU+tXukESitICJijCFGTvI="></latexit><latexit sha1_base64="D1FrCDU+tXukESitICJijCFGTvI="></latexit><latexit sha1_base64="DhyHKTDuOOiR7WsPw7nVJD2cFE0="></latexit>

ӹ	ȯӱȯ
Վ 	ԁ઱
 � �
<latexit sha1_base64="GiQuvgjYhna7CJaasdMzz2C+ZMc="></latexit><latexit sha1_base64="GiQuvgjYhna7CJaasdMzz2C+ZMc="></latexit><latexit sha1_base64="GiQuvgjYhna7CJaasdMzz2C+ZMc="></latexit><latexit sha1_base64="hAt09BXnrPUqeyHomQ6gBc4eSy0="></latexit>

ᅨ	ɱӱɞ
Վ � ԆȃՎ ऺਲ� � �ᅵɞ ਲ ��ᅫɘऻ � ԆɞՎ ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु ন����� � �ᅵɞ� ঩
<latexit sha1_base64="6jYumfhVz04EQlkQRp0Ae1uWlNk="></latexit><latexit sha1_base64="6jYumfhVz04EQlkQRp0Ae1uWlNk="></latexit><latexit sha1_base64="6jYumfhVz04EQlkQRp0Ae1uWlNk="></latexit><latexit sha1_base64="SJUCjdjPcmyzeeWE7xAYSFGp0YE="></latexit> က	ɱӱɞ
Վ �က	ɱӱȯ
Վ � ਲ��� ीԃՈ ՓՋ௽Տ ԆɞՏ � ԝՑԆɞՑ ु

<latexit sha1_base64="DPibatURv/GoCtLNJE36HWgxJgU="></latexit><latexit sha1_base64="DPibatURv/GoCtLNJE36HWgxJgU="></latexit><latexit sha1_base64="DPibatURv/GoCtLNJE36HWgxJgU="></latexit><latexit sha1_base64="Us/iSsP5G55lay0HOxB90xMiZXA="></latexit>

෩	ᅦɞ

<latexit sha1_base64="wtLJ359jMFz4IFDHp2NGp7tUFn0="></latexit><latexit sha1_base64="wtLJ359jMFz4IFDHp2NGp7tUFn0="></latexit><latexit sha1_base64="wtLJ359jMFz4IFDHp2NGp7tUFn0="></latexit><latexit sha1_base64="1qKN2P222M7jy+Qd0N3h8TbKAfM="></latexit>

෩	ᅦ՘ᅦ

<latexit sha1_base64="BEl+uarjHbcdiuDiUdc3o/mZeeQ="></latexit><latexit sha1_base64="BEl+uarjHbcdiuDiUdc3o/mZeeQ="></latexit><latexit sha1_base64="BEl+uarjHbcdiuDiUdc3o/mZeeQ="></latexit><latexit sha1_base64="edrFUqoCicTifL5mAfloFeUxyc0="></latexit>

෩	ᅦ

<latexit sha1_base64="pvVdr00wRg+NM73/C57aNvAhTF0="> ePNp8+Vj8tDT4cPBj8ZbA9GA++GTwd/G0wHZwN3ME/Bv8c/Gvw78/+++Deg48efKyo9z4o+/xp0Pp78On/ADh/Vrk=</latexit><latexit sha1_base64="pvVdr00wRg+NM73/C57aNvAhTF0="> ePNp8+Vj8tDT4cPBj8ZbA9GA++GTwd/G0wHZwN3ME/Bv8c/Gvw78/+++Deg48efKyo9z4o+/xp0Pp78On/ADh/Vrk=</latexit><latexit sha1_base64="pvVdr00wRg+NM73/C57aNvAhTF0="> </latexit><latexit sha1_base64="K5mEu7IpWqRZ5D0ICQnPCEI2cdM="></latexit>

QCDxQED evolution of  quark TMDs: summary



•Gluon TMDs are defined as in pure QCD: no photon Wilson lines! 

•Glue-Glue bi-local operator is already QED gauge invariant 

•QED effects appear only as higher-order corrections 

•No pure QED corrections for anomalous dimension nor D term 

•Mixed QCD-QED corrections for anomalous dimension:

!28

No contribution of  soft 
function at this order

ᅨ	ɞӱɱ
Ռ � �ӸɞԬ নਲ����� � ��ᅵɞ�� � �ᅫɘ঩ � �ӸԬԉԱ ԝՋ ন����� ਲ �ᅵɞ� ঩ � �ӸԱ ԉԱ ԝՋ
<latexit sha1_base64="w3yIggApwBTl9nTY+SaToRmfw64="> </latexit><latexit sha1_base64="w3yIggApwBTl9nTY+SaToRmfw64="> +sbLx9eV63cYeJj/evz6T5/QAad04EjFxsDmfSzP7R4eHLt9O6K9qBdiUMvbza+Qe0GVkID+b3Nof634/ajbPRzhDax483nz+Vf1rqfdrb6P21t90b9r7pPe/9vTfpnfastc/WHq09W9vdmG/8c+NfG/+W1E/Wij5/7DV+G//5PyDcfL0=</latexit><latexit sha1_base64="w3yIggApwBTl9nTY+SaToRmfw64="> +sbLx9eV63cYeJj/evz6T5/QAad04EjFxsDmfSzP7R4eHLt9O6K9qBdiUMvbza+Qe0GVkID+b3Nof634/ajbPRzhDax483nz+Vf1rqfdrb6P21t90b9r7pPe/9vTfpnfastc/WHq09W9vdmG/8c+NfG/+W1E/Wij5/7DV+G//5PyDcfL0=</latexit><latexit sha1_base64="yS3Xzfpz/GIFl2F66oAJiiBkFKI="> xp4w4TH+/fnEn7+wE07pwIGLnYGE6Vmf23h4cv3pw0XTEOtCtp6MXV9t+hzchcejC7tzE0/37UbZyNtofQPnq88f3T8m9Ln66sr/xlZWtluPLNyvcrf1uZrJyuOKufrT5afba6uz5b/8f6P9f/paifrJZ9/rjS+q3/+39g9Xxp</latexit> ᅨ	ȯӱȯ
Ռ � �ԉԱ ՓՋ௽Տ ԆɞՏ

<latexit sha1_base64="H0VJL/qzEbg4EkJ+gK3cAOTNs/o="></latexit><latexit sha1_base64="H0VJL/qzEbg4EkJ+gK3cAOTNs/o="></latexit><latexit sha1_base64="H0VJL/qzEbg4EkJ+gK3cAOTNs/o="></latexit><latexit sha1_base64="Ga9cv5wQ+fO1oFWKxLqHsjcfPPs="></latexit>

•No mixed corrections for cusp nor D (soft function zero at this order)

(No factor Nc here)

Definition & Evolution of  gluon TMDs in QCDxQED
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ࣛӸ	ɱӱȯ
Վ�Վ 	ԧ
 ԑԿ � ᅲ
 � ԆɞՎ মᅩ	� ਲ ԧ
 নਲԁɞԿ � �ԁԿ � �ԁԿ IN ᅲɞԆɞ ਲ ᅵɞ� ঩ ਲ �ԁԿ ԅ ՎܼՎ � �	� ਲ ԧ
য
<latexit sha1_base64="Y6Tr44ZmW+2D051iW/oWIwRLUSo="></latexit><latexit sha1_base64="Y6Tr44ZmW+2D051iW/oWIwRLUSo="></latexit><latexit sha1_base64="Y6Tr44ZmW+2D051iW/oWIwRLUSo="></latexit><latexit sha1_base64="pwSSZPlBBZlk5iIKnOF5FuaATBE="></latexit>

ࣛԕՎ�Ԭ	ԧ
 ԑԿ � ᅫ
 ᅲ
 � ௽Տ�Ֆӱ ՖӱՌӱᆒ۽ ࣛӸՎ�Տ	ԧ
 ԑԿ � ᅫ
 ᅲ
 ૵ ԕՏ�Ԭ	ԧ� ᅲ
 � ԄॼԑԿ ခԼԮԯॽ
<latexit sha1_base64="MhDJqB5EIuiDDqcRxsBOo343MgU="></latexit><latexit sha1_base64="MhDJqB5EIuiDDqcRxsBOo343MgU="></latexit><latexit sha1_base64="MhDJqB5EIuiDDqcRxsBOo343MgU="></latexit><latexit sha1_base64="92cP0Ee/Om0gRItP1L+QM8eLpss="></latexit>

QED rapidity divergences cancel in the properly defined TMDs

QED corrections to f1 at large pT

ࣛӸ	ɱӱȯ
Վ�ᆒ 	ԧ
 ԑԿ � ᅲ
 � ԃՈԆɞՎ ং ਲ �ԁԿ ऺԧɞ � 	� ਲ ԧ
ɞऻ � �ԧ	� ਲ ԧ
ঃ
<latexit sha1_base64="5Izc2ZNHTZRbOQV5IK7TygO9+VI="></latexit><latexit sha1_base64="5Izc2ZNHTZRbOQV5IK7TygO9+VI="></latexit><latexit sha1_base64="5Izc2ZNHTZRbOQV5IK7TygO9+VI="></latexit><latexit sha1_base64="MDe8AAsAiMQV4VVYGhUCdXzHUzI="></latexit>

(Factor Nc due to 
color multiplicity)



•Theoretical precision is needed to extract nonperturbative Physics 

•New: QED corrections to TMD evolution obtained at O(𝛼s𝛼) and up to O(𝛼2) 
(universal but flavor-dependent)          

•QED corrections to f1 at large pT obtained at O(𝛼). Similarly for other TMDs. 

•“TMD community” is catching up with the “PDF community”! 

•ToDo: phenomenology (study numerical impact of  higher-orders and QED) 

•Need more experimental data! (JLab, RHIC, EIC, Fixed-target@LHC,…)

!30

Conclusions & Outlook


