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QCD Phase Diagram

- CEP

Heavy-ion  
collisions

- Neutron stars

Color  
superconductivity

- Early universe

NICA

NICA - Nuclotron-based 
Ion Collider fAcility

FAIR - Facility for Antiproton and  
Ion Research





Lattice Results: Sign Problem
fermion determinant is complex 

no positive weight in path integral 

s tandard la t t i ce methods base on 
importance sampling cannot be used!

[det M(µ)]⇤ = det M(�µ⇤) 2 C

Z =

Z
DU e�SY M det M(µ)



Sign Problem

Taylor Series 

Phase structure at imaginary chemical 
potential 

Complex Langevin dynamics 

… 

It is a open problem!



To make progress

We use Quantum Field Theory (in medium) 

DSE (beyond RL truncation…) 

Lattice (limitations…) 

Effective models (just a few degrees of 
freedom): NJL/PNJL, Linear    model, MIT,…�



The nontrivial nature of the vacuum of non-Abelian gauge 
theories in general, and of QCD in particular, allows for the 
existence of topological solutions like instantons and sphalerons. 

Motivation

G. ’t Hooft, PRD 14, 3432 (1976); F. R. Klinkhamer and N. S. Manton, PRD 30, 2212 (1984).

from the Adler-Bell-Jackiw anomaly& in the context of 
QCD, they can  generate an asymmetry between the 
number of left- and right-handed quarks.

R. W. Jackiw, Int.J.Mod.Phys. A25 (2010) 659-667 



In off-central collisions a 
magnetic field is created and the 
presence of a chiral imbalance 
gives rise to an electric current 
along the magnetic field, whose 
effect is to produce charge 
separation, an effect dubbed 
chiral magnetic effect (CME) 

Motivation
Such a chirality imbalance is expected to occur in  
event-by-event C and CP violating processes in 
heavy-ion collisions



Motivation
CME effect is not restricted to QCD, it extends over 
a wide range of systems, e.g., in  

hydrodynamics and condensed matter systems# 

has been actually observed in recent condensed 
matter experiments 

which makes it of much wider interest in 
physics.

#More references in R.L.S.Farias at all, Phys. Rev. D 94, 074011 (2016)



Motivation

From a BNL webpageCME recently has been observed in  
zirconium pentatelluride  



The effects of a chiral imbalance in the phase 
diagram of QCD can be studied in the grand 
canonical ensemble by the introduction of a 
chiral chemical potential μ5 

Motivation

µ5 ̄�0�5 
in the QCD Lagrangian  
density







Critical temperature decrease with µ5 
Appear a Tricritical point TCP



Tc decrease with µ5   

mapping of CP with CP5



Rank-2 confining  
separable model 
Gluon propagator



gluon propagator



Lattice Results
Contrary to the case of QCD in the presence of a 
baryon chemical potential, which has a sign 
problem.  

QCD in the presence of a chiral chemical potential is 
free from the sign problem and, therefore, amenable 
to Monte Carlo sampling in lattice simulations 

There is hope that lattice simulations of QCD with μ5 

can be used as a benchmark platform for comparing 
different effective models used in the literature.  



Lattice Results: Nc=2 and Nf=4

JHEP 1506, 094 (2015)  



Lattice Results: Nc=2 and Nf=4

JHEP 1506, 094 (2015)  

 No CP 

 Always crossover transition!

Tpc increase with 
µ5



Lattice Results: Nc=3 and Nf=2
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Interpolation of Lattice results
Lattice Data Nc=3 Nf=2

Lattice Results: Nc=3 and Nf=2

 Thanks Prof. Andrey Kotov for lattice unpublished data and comments!

PRD 93, 034509 (2016) 

Tpc increase with 
µ5

 No CP 
 Always crossover transition!



Quark Meson Model

e-Print: arXiv:1602.03651 [hep-ph] 

Expansion for small chiral chemical potential 

nonstandard renormalisation



Quark Meson Model

e-Print: arXiv:1602.03651 [hep-ph] 



Non Local NJL model

e-Print: arXiv:1602.05250 [hep-ph]



Non Local NJL model

e-Print: arXiv:1602.05250 [hep-ph]

They conclude that the 
local NJL model is not 
capable to capture the 

correct behaviour Tc(μ5), 
because of the lack of the 

asymptotic behavior of 
the constituent quark 

mass!



What's wrong with local 
NJL?

 Our work identifies the source of the failure of such 
models and offers a way to cure the problem.



SU(2) Nambu—Jona-Lasinio model (NJL)

Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961)

G,⇤ and mc m⇡, f⇡ and h ̄ i

good chiral physics, pions,… 
BUT no confinement and no AF

L=  ̄
�
i/@�mc+µ5�

0�5
�
 +G

h�
 ̄ 

�2
+
�
 ̄i�5~⌧ 

�2i

M = mc � 2G h ̄ i

⌦(M,T, µ5) = ⌦0(M,µ5)

�2NfNcT
X

s=±1

Z
d3k

(2⇡)3
ln
h
1+e�!s(k)/T

i



SU(2) Nambu—Jona-Lasinio model (NJL)

⌦0(M,µ5)=
(M�mc)2

4G
�NfNc

X

s=±1

Z
d3k

(2⇡)3
!s(k)

!s(k) =
p
(|k|+ sµ5)2 +M2

are the eigenstates of the Dirac operator with  
helicity s = ±1

UV divergent!  
Needs regularization!

@⌦

@M
= 0Gap equation



Medium Separation Scheme

1

k24 + !2
s(k)

=
1

k24 + k2 +M2
0

+
k2 +M2
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s(k)

(k24 + k2 +M2
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M0 is the vacuum quark mass

!s(k) =
p
(|k|+ sµ5)2 +M2



In order to make explicit the vacuum contribution to 
the integral, we use three times in sequence the 
identity

1

k24 + !2
s(k)

=
1

k24 + k2 +M2
0

� As(k)

(k24 + k2 +M2
0 )

2

+
A2

s(k)

(k24+k2+M2
0 )

3 �
A3

s(k)

(k24+k2+M2
0 )

3
[k24+!2

s(k)]

As(k) = µ2
5 + 2skµ5 +M2 �M2

0

M0 is the quark mass in the vacuum



finite integrals 
no cutoff
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Phys. Rev. D 90, 074009 (2014) 
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T=0 term
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medium
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Stefan–Boltzmann Limit
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Some Remarks…

Tc and Tpc increase with µ5 

No Tricritical (critical) point 

we purpose a way to conciliate results for the chiral 
critical transition line obtained with NJL models and 
recent lattice results!  

We eliminated this discrepancy by a proper separation 
of medium effects from divergent integrals  

All resulting divergent integrals are the same as those 
that appear in the vacuum



Color Superconductivity 
Nc2JL
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UV divergent!

In mean Field approximation:



Gap equations - usual cutoff 
3D
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Nc=2 Color Superconductivity T=0
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SU(2) NJL (Nc=3)
RLSF, Phys.Rev. C73  

(2006), 018201 
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Nc=2 no signal problem!

This behavior 
might be 

connected with 
a saturation 
effect and 

therefore can be 
considered as a 
lattice artifact.



usual cutoff 

SU(2) NJL (Nc=3)

RLSF, Phys.Rev. C73 (2006) 018201 
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gapless 2SC



SU(2) NJL

In �� equilibrium,the diagonal matrix of quark chemical potentials is given
in terms of quark, electrical and color chemical potentials,

µij,↵,� = (µ�ij � µeQij) �↵� +
2p
3
µ8�ij (T8)↵�

The explicit expressions for the quark chemical potentials read

µur = µug = µ� 2

3
µe +

1

3
µ8

µdr = µdg = µ+
1

3
µe +

1

3
µ8

µub = µ� 2

3
µe �

2

3
µ8

µdb = µ+
1

3
µe �

2

3
µ8

L =  ̄ (i�µ@µ �mc) +Gs

h�
 ̄ 

�2
+
�
 ̄i�5~⌧ 

�2i

+Gd

⇥�
i ̄C"✏b�5 

� �
i ̄"✏b�5 

C
�⇤



NJL + neutralities

� Gap equation: To obtain � Gap equation we make
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Quasiparticle dispersion relations  

2SC g2SC



g2SC X 2SC
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SU(3) + CFL + GR

Gaussian Form Factor



SU(3) + CFL + GR

GR = e
�p2

⇤2 , ⇤ = 1GeV

These parameters do not describe

SU(3) NJL model in the vacuum!



SU(3) + CFL + GR



SU(3) + CFL + MSS
GD = 1.25Gs �(TRS) = 10MeV



SU(3) + CFL + MSS



MSS prediction for Msun X 
Radio

Small radii!!!



Other applications…



Medium Separation Scheme
Our results and methodology used in this work will certainly also 
interest researchers  working not only with QCD (and RHIC type 
of experiments), but also in other contexts:

non-relativistic versions of the type of models 

study of systems like superconducting and 
fermionic gases in condensed matter and atomic 
physics



Color superconductivity at finite T and B 

Quark Matter under compact s tars 
conditions 

gapless CFL (gCFL) 

NJL + mesonic fluctuations + T + B

Perspectives
Medium Separation Scheme in:



Thank you for your attention!

          

 Thank you for your attention!


