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3-neutrino mixing

Lcc = - Z 01,(x) Yo ver,(2) WO (2) + h.c. charged current
\f b=e,u,T weak interactions
3
ver () = Z Uejvir(z) U is the Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) neutrino mixing matrix (3 x 3, unitary)

<
I
[

The standard parametrisation:

1 0 0 C13 0 8136_i(S C12 s19 0 1 0 0
U= 0 C23 S23 0 1 0 —S12 C12 0 0 67’% 0
0 —s23 cC23 —s13€® 0 ci3 0 0 1 0 0 e

Cij = COS Hij y  Sij = sin (97;]'
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3-neutrino mixing

Lcc = e Z 01.(%) Yo ver, () W (2) + h.c. charged current
\f b=e,u,T weak interactions
3
ver () = Z Ugj vir(x) U is the Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) neutrino mixing matrix (3 x 3, unitary)

<
I
[

The standard parametrisation:

1 0 0 C13 0 8136_icS C12 s12 0 1 0 0
U=10 ca3 593 0 1 0 —s19 c2 O] [0 &2 0
0 —s23 23 —s13€® 0 ci3 0 0 1 0 0 e
623 013 012 A21, X371
atmospheric reactor solar Majorana
mixing angle mixing angle mixing angle phases
) (only if neutrinos
Dirac phase are Majorana)
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3-neutrino mixing

1 0 0 C13 0 8136_i5 C12 s12 0

U= 0 Ca23 5923 0 . 1 0 —S12 C12 0

0 —S923 (923 —81367’(S 0 C13 0 0 1
Leptons:

923 ~ 470 (913 ~ 8.50 (912 ~ 33.60

§ ~ 234° (278°) ?

NuFIT 3.2 (January 2018), www.nu-fit.org
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3-neutrino mixing

1 0 0 C13 0 8136_i5 ci2  S12 O 1 O 0
U=[0 o3 593 0 1 0 —s12 c12 0] 10 €2 0
0 —s23 €23 —s13€® 0 ci3 0 0 1/ \0o 0 e3
Leptons:
923 ~ 47° (913 ~ 8.5° (912 ~ 33.6° 21, (31
0~ 234° (278°) P ?
NuFIT 3.2 (January 2018), www.nu-fit.org
Quarks:
O35 ~ 2.4° 01 ~ 0.21° T B9 13° No Majorana
phases
54 ~ 66° (Dirac particles)

Utfit (Summer 2016), www.utfit.org
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3-neutrino mixing

Parameter Best fit 30 range Best fit 3¢ range
sin® 61, 0.307  0.272 — 0.346 0.304  0.265 — 0.346
sin® fy3 (NO) 0.538 0.418 — 0.613 0.551 0.430 — 0.602
sin? fos (I0)  0.554 0.435 — 0.616 0.557 0.444 — 0.603
sin? ;3 (NO) 0.02206 0.01981 — 0.02436 0.0214  0.0190 — 0.0239
sin® 015 (I0)  0.02227 0.02006 — 0.02452 0.0218  0.0195 — 0.0243
0 [°] (NO) 234 144 — 374 238 149 — 358
o [°] (1IO) 278 192 — 354 274 193 — 346

NuFIT 3.2 (January 2018), www.nu-fit.org Capozzi, Lisi, Marrone, Palazzo

arXiv:1804.09678 (April 2018)

NO = normal ordering of the neutrino mass spectrum: m; < m, < m4

IO = inverted ordering of the neutrino mass spectrum: m; < m; < m,
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3-neutrino mixing

Parameter Best fit 30 range Best fit 3¢ range
sin® 61, 0.307  0.272 — 0.346 0.304  0.265 — 0.346
sin® fy3 (NO) /0.538 0.418 — 0.613 0.430 — 0.602
sin? fy3 (I0) \0.554 / 0.435—0.616 0.444 — 0.603
sin? ;3 (NO) 0.02206 0.01981 — 0.02436 0.0214  0.0190 — 0.0239
sin® 015 (I0)  0.02227 0.02006 — 0.02452 0.0218  0.0195 — 0.0243
0 [°] (NO) 234 144 — 374 238 149 — 358
o [°] (1IO) 278 192 — 354 274 193 — 346

NuFIT 3.2 (January 2018), www.nu-fit.org Capozzi, Lisi, Marrone, Palazzo

arXiv:1804.09678 (April 2018)

» Preference for the second octant

« Maximal mixing (sin? 8,5 = 0.5) is compatible with the global data
at 1o (20) for NO (10)
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3-neutrino mixing

Parameter Best fit 30 range Best fit 3¢ range
sin® 61, 0.307  0.272 — 0.346 0.304  0.265 — 0.346
sin® fy3 (NO) 0.538 0.418 — 0.613 0.551 0.430 — 0.602
sin? fos (I0)  0.554 0.435 — 0.616 0.557 0.444 — 0.603
sin? ;3 (NO) 0.02206 0.01981 — 0.02436 0.0214  0.0190 — 0.0239
sin® 015 (I0)  0.02227 0.02006 — 0.02452 0.0218  0.0195 — 0.0243
0 [°] (NO) 144 — 374 149 — 358
o [°] (1IO) 192 — 354 193 — 346

NuFIT 3.2 (January 2018), www.nu-fit.org Capozzi, Lisi, Marrone, Palazzo

arXiv:1804.09678 (April 2018)

* Nearly maximal CP violation: § ~ 270°

« CP-conserving value § = 180° is disfavoured at ~ 20 (30) for NO (10)
and § = 0° is disfavoured at ~ 30

« Significant part of the interval 0° — 180° is disfavoured at > 30
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3-neutrino mixing

Parameter Best fit 30 range Best fit 3¢ range
sin” 615 0.307  0.272 — 0.346 ~1/3 0.304  0.265 — 0.346
sin? s (NO) 0.538 0.418 — 0.613 1/2 0.551 0.430 — 0.602
sin? 03 (I0)  0.554 0.435 — 0.616 / 0.557 0.444 — 0.603
sin® 615 (NO) 0.02206 0.01981 — 0.02436 0 0.0214  0.0190 — 0.0239
sin® 615 (I0)  0.02227 0.02006 — 0.02452 0.0218  0.0195 — 0.0243
0 [°] (NO) 234 144 — 374 ~ 270 238 149 — 358
o [°] (1IO) 278 192 — 354 274 193 — 346

NuFIT 3.2 (January 2018), www.nu-fit.org Capozzi, Lisi, Marrone, Palazzo

arXiv:1804.09678 (April 2018)

Is there any symmetry
behind the observed pattern
of neutrino mixing?
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Lepton masses and mixing

Charged lepton mass term:

by M lr+he., £=(ep1)"
Neutrino Majorana mass term (if neutrinos are Majorana particles):

T —T
(vp)Myvr +he., vp=Ver,Vur,v-1) , (ver)" =Crgg
Neutrino Dirac mass term (if right-nanded neutrinos exist):
— 2D T
vg M, vy +h.c., vg = (V1R, V2R, V3R)
Lepton masses and mixing originate from the mass matrices:
Ul M, V, = diag(me, My, My )

UE MI/ Ul/ — diag(mla ma, m3)

The diagonalising matrices are 3 X 3 unitary matrices
The PMNS matrix:

U=UU,
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Discrete symmetry approach to flavour

(Lepton) flavour symmetry < non-Abelian discrete (finite) group Gy

A theory at high energies is invariant under

o(r) <L pelg) lz), g€ Gy

pr(g) is the unitary representation matrix for g in the irrep r
Usually r = 3 for the left-handed charged lepton and neutrino fields

Residual Abelian
symmetries [Ge C Gy Gy C Gf] subgroups

0n(z) £ p3lge) bn(x), ge € G,
/03<96)Jr MeM;r p3(ge> = MeM;L

vi(x) 5 pa(g,)vi(z), g, €G,
ps(g9,)" M, p3(g,) = M,

" UVT M, U, = diag(my, mg, m3)

U;r p3(ge) Ue = p3(96>diag Uj p3(g9.) U, = p3<9u>diag

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 12
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Discrete symmetry approach to flavour

* G, and G,, are both > Z, = U is fixed
(up to Majorana phases and permutations of rows and columns)

Example: tri-bimaximal (TBM) mixing from the S, group

(Vi W 0
3 3 SiIl2 (912 = 1/3 912 ~ 35°
Ursm = | /5 /3 \/7 sin? fg3 = 1/2 O23 = 45°

SV Ve YR e et

* G,, G, or both = Z, = U contains free parameters (angles and phases)

I 0 0
3 (Gew)) = (O -1 0 ) 9oy =E  Eisthe identity of Gf
0o 0 -1

This freedom leads to correlations between the mixing angles
and/or the mixing angles and the Dirac phase,
which are called neutrino mixing sum rules

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 13



Neutrino mixing sum rules

(A) Ge=Zyand G, = Zy, k>2o0r Zy, X Z,, myn >2  Girardi Petcov,
Stuart, AVT
U= Uij(eie'a 57,6) UO( T27 537 0837 l(;l) QO NPB 902 (2016) 1

Free complex rotation U° = (US)TU;’ is fixed by Contains 2 free phases
in the i-j plane symmetries contributing to
the Majorana phases

« Case A1: (ij) = (12)

2 no 2 no
, cos® 0%, cos“ 6
sin? a3 = 1 — 13 23

1— Sin2 913

5 cos? 913(Sin2 055 — cos? 012) + cos? 035 cos? 095 (cos? O — sin? 615 sin? 613)
cosd =

sin 26012 sin 013 cos 5 cos 055|(cos? 013 — cos? 034 cos? 933)%
« Case A2: (ij) = (13)
Analogous sum rules for sin? 8,5 and cos 8

« Case A3: (ij) = (23)
sin® 13 = sin” 03, sin® 615 = sin” 67,

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 14



Neutrino mixing sum rules

(B) Ge =Zg, k>2o0r Zy, X Zp, myn>2and G, = Z; Girardi, Petcov,

U= UO( 12> 1379237 )U <‘9V 07
/

./

177 V1]

Stuart, AVT
) Q NPB 902 (2016) 1

\

UO

= (U2)TU? is fixed by

symmetries

Free complex rotation
in the i-j plane

» Case B1: (ij) = (13)

cosd = —

sin2 912 =

-2 po
sin” 07,

1— sin2 913

Contains 2 free phases
contributing to
the Majorana phases

cos? f13(cos? 02, cos? 095 — cos? fa3) + sin? 09, (cos? fag — sin? f;3 sin? fa3)

. : : : 1
sin 2643 sin 013 sin 62, (cos? O3 — sin? 62,) 2

« Case B2: (ij) = (23)
Analogous sum rules for sin? 6;, and cos §

« Case B3: (ij) = (12)

Sin2 013 = SiIl2 (95)3

Arsenii Titov (IPPP, Durham)

FLASY 2018, Basel, 5 July 2018

Siﬂ2 023 = Sin2 053
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Neutrino mixing sum rules

(C) Ge — Z2 and GV = Z2
U = Uij(05;,05;) U015, 073, 053, 0%;) Urs (075, 075) Qo
— AN ~N

179

Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1

2 free phases

\| contributing to
Free complex rotation | [U° = (U2)TU? Free complex rotation | | the Majorana
in the i-j plane is fixed by symmetries | | In the r-s plane phases
« C1: (ij,rs) = (12,13)
* C3: (ij,rs) = (12,23)
. C4: (ij,rs) = (13,23) g sum rules for cos §
- C8: (ij,rs) = (13,13) |
« C5: (ij,rs) = (23,13) 5
. C9: (ij,rs) = (23,23) sum rules for sin“ 6,
« C2: (ij,rs) = (13,12) . 9
. C7: (ij,rs) = (12,12) sum rules for sin“ 6,5
* C6: (ij,rs) = (23,12) sin? ;3 = sin” 63,
Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 16




Groups A4, S; and As

A, is the group of even permutations on 4 objects
= the group of rotational symmetries
of a regular tetrahedron (12 elements)

§*=T°= (ST’ =E

S, is the group of permutations on 4 objects
= the group of rotational symmetries
of a cube (24 elements)

S*=T°=U%= (ST)°
= (SU)* = (TU)* = (STU)*=E

A is the group of even permutations on 5 objects
= the group of rotational symmetries
of a regular icosahedron (60 elements)

S =T"=(ST)°=E
Figures are adapted from Ishimori et al., PTPS 183 (2010) 1

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 17



Groups A4, S; and As

Abelian subgroups
cAy. 37Z,, 4Z3;, 1K, =7, xXZ, (Klein)
« S, 9Z, 4Zy, 3Z, 47Z,%xZ,

e A2 15 7,, 10 Z5, 57, X Zy, 6 Zs

For each pair of the residual symmetries (G,, G,))

(U2) palge) U = palge) ™ (U2) paln) US = palgn) o
Ue = (U1

Suitable parametrisation of U° = values of the fixed parameters sin? HL-OJ-

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018
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Results for A,;, S, and As

» A, only 1 phenomenologically viable case Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1
using NUFIT 3.2 (January 2018) data for NO  Petcov, AVT, PRD 97 (2018) 115045

(Ge,G,) Case sin? 05; cos d sin” 6;;

(Z3,Zy) Bl (sin®6%,,sin?63;) = (1/3,1/2) —0.353 sin® @15 = 0.341

» S,: 6 more phenomenologically viable cases

(G.,G,) Case sin? 05; cos 0 sin? 0
(s, 7) Bl (sin® 6%y, sin” 635) = (1/3,1/2)  —0.353  sin? 15 = 0.341
2720 Bas,  (sin?69,,sin?60%) = (1/6,1/5)  0.167 sin 615 = 0.318
C1 sin? 09, = 1/4 —1* not fixed
0284 sin?639; = 1/2 not fixed sin? fp3 = 0.511
(Z2,Z2) C3  sin®69, =1/4 —1* not fixed
C7S4 sin?63; = 1/2 not fixed sin? fo3 = 0.489
C8  sin?63; = 3/4 1* not fixed

» A:: 7 more phenomenologically viable cases
Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 19



Cases predicting sin? 0,: present
Petcov, AVT, PRD 97 (2018) 115045

1.0 T T [ T T T [ A&7 T [ 7 71 | g — | g — T T [ Ao T [ T+~ T T ]
- Fort - - FAH] .
rl ::. % . . Fi .r: L1
B ,;' Pi 1'1,_ NO 9 F — Predictions ;;' "m‘ 10 -
L F HEEN 1T / P ]
0.8 / \ — | -- Global fit ; i \ -
- " .lq_ - |- ; ‘\ -
. ! \ 4 F Future ! B2S., -
L H \ 4 | ! [ -
i 1 T i T
-g 0;6_ ;f \. I "' ‘1. =
=] - i \ 4 | i \ -
= L i i 4 | { i -
7 ! ; f X
ER" / B2S.. 1t / ‘ 1
;:i []4_ ;’ II"' -1 l; ‘I"' =
R ' k 4 F i ' 4
] \ ; : \
! L ' : : '
- , \ 41 F / I \ -
- ! H I 11- - - f, ': : ‘\' m
C / P C9A . 1L ; P COA 5 N
0.2F BIA; Pl i - ! P i -
' ." : \ ““1r ; : : “ -
. / j B2Asf| 1 F BIAs P \ -
i A -' IR e Fooy lBaag) Bl
e i N | P T R I PR |l TR T £ P | ll ' LR BN L L Be=—ay 7
0.28 0.30 0.32 0.34 0.28 0.30 0.32 0.34 0.36
. ¥
sin~ f7

Siﬂlﬁ']l
= 0.307 (current best fit value)
o(sin? 6;,) = 0.007 X sin? 81*¢ (medium-baseline JUNO experiment)
20

=
S
[
[

Future: sin? gitWe =
FLASY 2018, Basel, 5 July 2018
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Likelihood

Cases predicting sin? 0,3: present

Petcov, AVT, PRD 97 (2018) 115045

I L B I B B I B L B B B IC'}SI _,.l-‘ 1;\! T T T [T 1 1 T [ T T T T [T T T T [T T 11 ‘Fq LB B B ]
' ".

- LA NO 1 F — Predictions AR\ 10 A
" C7S: Vo 1L Ji ‘1.1 _
_ y \ d L -- Global fit S _
= J ' 4 E Lo ! i
- / 5 4 F - Future I ' ]
! 1 d L P 1 i

-_ r ' !‘l T r: \
i' i 10 F: I:l ]
L F \ -4 kL N \ -
B : 1 - | C...S._t Il' i
- f“ "i - - 1 :. .: 1'. -
B :; 1.‘ AL / AlAs ". —
I / \ 1 [ C7S4 \ i
| A2A L 1L A A i
- -AL“-.EL i .-'!'L I .-'ﬂ'L 5 ] - L lr|l' 1‘ |

i % r \
- =T i'r l.. :n- !:i 1 F =7 P 1 7
i I'J. -: -‘1 \‘ 4L / .: *.: 'l‘ i
i r.: " .1’,: | .u"'i'l Il e | ‘1|'~=| |“1~.| 1L |.: Ll a J--""I’ L1 1 |.1j L1 1 ||J| L1 |“|~.‘|‘~.1 ]
0.40 0.45 0.50 0.55 0.60 0.40 0.45 0.50 0.55 0.60
Siﬂzt"}ﬂ Siﬂlﬂlj

Future: sin? 935"¢ = 0.538 (0.554) for NO (10) (current best fit value)
o(sin? 6,3) = 0.03 x sin? A5 (long-baseline T2HK and DUNE)

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 21



Likelihood

Cases predicting cos §: present

Petcov, AVT, PRD 97 (2018) 115045

T — 1 r 1 1 r rr1 ,,];.:-'!r\.l-‘kl — 1 T 1
Tt Vol

— Predictions :-* .'~.. Lo [0

-=- (Global fit

-=-  Future 1 K

- Future 2 /

+

A B B R T B T B

-
1
4 1 1

~1.0 —0.5 0.0 0.5
cos O

Future 1: §4e = 234° (278°) for NO (10) (current b.f.v.), o(8) = 10°
Future 2: §'U® = 270°, o(§) = 10°
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Likelihood

Cases predicting cos §: present

Petcov, AVT, PRD 97 (2018) 115045

| 1 1 .‘I“ 1 1 | 1 I | 1 1 1 1 1 1 | I 1 1 I I ,];..#V\l.\l | I 1 | 1 1
FA 4 L SO N T -
— Predictions LA B
\.\ J‘ ND = B }‘.1‘: ;‘r‘|. -
\ : - - I.‘ r .| -
S 1 L --- Global fit A —
A Ji
AN -=- Future 1 ’ :
% 4 ! I -
* .*" 4 } -
A 1T - Future 2 /7 ;i }
vh - = i T —
% [
"l" - - ’1" ] -
1‘-\'\ - - -‘I |r -
1 i !
) “ -1 = [ i T
LY f ¥
b — e 7 I —
5 h |
%
% - - F I -
\\ j’ h
Y - = Fi -
: \'\ i |I
- .'_ \'\ 7 B Cq'.-'ﬂ'L:-, _" 7
ap % ‘\_ — — Ii' —
N - 1 *‘-‘.\ d L ! r i
'u 'I.‘ — L CS \\ i al
g Y ' - - i -
c Lo ey o Bﬁ"jl el LI T T S
—1.0 0.5 0.0 0.5 0.5 0.0
cos O cos O

Future 1: §4e = 234° (278°) for NO (10) (current b.f.v.), o(8) = 10°
Future 2: §'U® = 270°, o(§) = 10°
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Likelihood

1.0

0.8

0.6

0.4

0.0

Cases predicting sin? 0,5: future

Petcov, AVT, PRD 97 (2018) 115045

i 1 I I I I 1 1 I I I I I I 1 I I‘-""-'.. I I 1 1 I I I I ] i I I I I 1 1 | I | I I 1 I I I 1 1 ‘la 1-:I 1 I I I | 1 ]
- NO d F — Predictions AlAs 10 A
[ - - - Future —
- AlAs 1F . .
- €28, 1t -
. . 1 [ C25,4 S
RIS TR B L1 1 |L| RN RS BT B |.-i- A || PR
0.40 0.45 0.50 0.55 0.60 0.40 0.45 0.50 0.55 0.60
. 2 .
sin” 53 sin”~ 73
- current best fit values of s%,, s%;, s25
* 0.7% on s%, (JUNO), 3% on s, (Daya Bay), 3% on s, (T2HK/DUNE)
* no experimental information on &
Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 24



Likelihood

Cases predicting cos é: future

Petcov, AVT, PRD 97 (2018) 115045

]..U 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1

0.8

AlAs
0.6

0.4

0.0 |||JL

NO A

AlAs

10

Ll

L

~1.0 —0.5 0.0 0.5
cos O

current best fit values of s,, s%;, s%;

no experimental information on &
Arsenii Titov (IPPP, Durham)

—0.5 0.0
cos O

FLASY 2018, Basel, 5 July 2018

0.5

0.7% on s%, (JUNO), 3% on sZ; (Daya Bay), 3% on s%; (T2HK/DUNE)

25

=)



Likelihood

Cases predicting cos é: future

Petcov, AVT, PRD 97 (2018) 115045

1.0

0.8 N
C4A; C4A; |
0.6 : : =
0.4 i
0.2 )
0.0 1 | |-' T 1 |-.' T 3 4 L1 {l:gifh?:’
~1.0 ~0.5 0.0 ~0.5 0.0 0.5 1.0
cos o0 cos o0

- current best fit values of s%,, s%;, s25

* 0.7% on s%, (JUNO), 3% on s, (Daya Bay), 3% on s, (T2HK/DUNE)

* no experimental information on &
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Conclusions

» A,, S, and Ac discrete flavour symmetries broken down
to non-trivial residual symmetries in such a way that
at least one of them is a Z, represent a viable possibility

»» 14 cases in total are compatible at 3o
with the present global neutrino oscillation data

% 6 cases survive the prospective constraints
on the neutrino mixing angles

»» The number of viable cases is likely to be further reduced
by a high precision measurement of §

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018
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Backup slides
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Summary of sum rules for sin? 0;;

Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1

Case Parametrisation of the PMNS matrix U Sum rule for sin? 6;

. 2 -2 e
sin” 073 — sin” 03 + cos” 075 sin” 05,

Al Ura(655,05) Uiz (65, 675) Raa(055) Ri3(053) Qo sin® O3 = —5
1 —sin” 643

. sin? 62
A2 Uis(055,6%5) Uis(6055, 0%5) Ros(033) Ri2(05,) Qo sin® fa3 = ﬁ
- 13

A3 U23(8§3, 553) U23 (8(2)3, 533) R13(9T3) R12 (8%2) QQ SiIl2 913 = SiIl2 8(1)3 s sin2 912 = sin2 9(1)2
sin? 05,

Bl Ry3(033) Ri2(655) Uis(653, 655) Urs (65, 0%3) Qo sin® Oy = ———2—
1 —sin 313

) cos? 015 — cos? 02, cos? 609
B2 R13(073) R12(075) Uas (033, 653) Uas (053, d53) Qo sin? 015 = 13 12 13

1-— sin2 913

B3 Ry3(033) Ri3(0%5) Ur2(05,, 6%) Ura(0Y,,6%,) Qo sin® 613 = sin? 095,  sin? Ay = sin? 3,

(A) Ge=Zyand G, = Z,,n>20r Zp X Ly nym > 2
B) Ge=Zp,n>20r Zy X Zy,n,m >2and G, = Zs

Arsenii Titov (IPPP, Durham) FLASY 2018, Basel, 5 July 2018 29



Summary of sum rules for cos é

Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1

Case Sum rule for cosd

A1 cos? 013(sin? 035 — cos? 012) + cos? 035 cos? 055 (cos? 015 — sin? 15 sin® 0;3)

: : o o 2 2 No 2 NHo i
sin 2612 sin 0y 3] cos 655 cos 05| (cos? 613 — cos? 075 cos? 035) 2

A2 cos? 013(cos? 02, cos® 035 — cos? 1) + sin? B35(cos? 15 — sin® B9 sin® 6;3)

. . . o 2 ol 2 no 1
sin 2601 sin 03] sin 05| (cos? 013 — sin” 63,) 2

A3 + 08 da3

B1 cos? 013(cos? 02, cos? 095 — cos? fa3) 4 sin? 62, (cos? fy3 — sin? O3 sin? fy3)

o o . o 2 - 2 o 1
sin 26053 sin 03] sin 07, |(cos? 013 — sin” 09,) 2

B2 cos? 013(sin? 05, — cos? fa3) + cos? 095 cos? 095 (cos? a3 — sin? 03 sin? f3)

, : T
sin 263 sin 03| cos 09, cos 093] (cos? 013 — cos? 05, cos? 073)2

B3 + cos 512

(A) Ge=Zyand G, = Z,,n>20r Zp X Ly nym > 2
B) Ge=Zp,n>20r Zy X Zy,n,m >2and G, = Zs
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Summary of sum rules for sin? 0;;

Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1

Case Parametrisation of the PMNS matrix U Sum rule for sin? 0;;

Cl  Ui2(013,072) Ur2(075, 075) Ra3(053) U1 (073, 75) Ur3(673, 073) Qo not fixed

.2
. sin” 65
C2 U13(9’f3, 5?3) U13(‘9§3> 51’3) R23(9§3) U12(952> 5(1)2) U12(911/2> 511/2) Qo sin® 023 = ﬁ
— 13
C3  Ur2(01z,072) U12(092, 072) R13(073) Uas (053, 655) U2z (053, 053) Qo not fixed
C4  Uiz(013,073) U3 (073, 73) R12(075) U2z (053, 633) Uas (03, 053) Qo not fixed
e e o o o o o v v 2 Sin2 652
G5 U23(923,523) U23(9237523) R12(912) U13( 13> 13) U13(913,613) Qo sin“f12 = m
— 13

C6  Uss(055,0%3) Uaz (035, 653) Ris(053) Ur2(05y, 655) Ur2(0%,, 0%,) Qo sin® 015 = sin® 654

sin® 055 — sin® 6,3

CT  Una(65y,655) Ura (655, 655) Ras(053) Ur2 (654, 555) Ur2 (6%, 0%,) Qo sin® a3 = T aZg
- 13

C8  Uis(055,055) Ur3 (053, 0%3) Raz(053) Urs (055, 035) Ur3(0Y5,0%) Qo ot fixed

sin2 9?2 — SiIl2 913

CO9  Uss(053,055) Uz (033, 055) Ri2(655) Uzs (035, 635) Unz (055, 0%3) Qo sin® 12 = a2y
- 13

(C) Ge=Zy and G, = Z
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Summary of sum rules for cos é

Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1

Case Sum rule for cosd

sin? 055 — cos? 012 sin? fa3 — cos? fag sin” 015 sin® 6,3

C1 . - -
sin 613 sin 2653 sin 615 cos 015
2 200 <2 v : 2 : 2 no 2 2 22
09 cos” 013(cos” 654 sin” 67y — sin” f12) + sin” 654(sin” 12 — cos® 612 sin” 613)
) ) ) : 1
sin 26019 sin 03| sin 695 |(cos? 615 — sin? 055)2
o3 sin? 05 sin® fy3 — sin? 075 + c0s? 015 cos? O3 sin® O3
sin 613 sin 2923 sin 612 COS 912
4 Sin2 9?2 — COS2 923 SiIl2 912 — COS2 912 Siﬂ2 913 Sin2 923
sin 913 sin 2923 sin 912 COS 912
2 2 no 2 Ne c 2 : 2 no 2 2 i 2
o5 cos” f13(cos” 67, sin” 055 — sin” fa3) + sin” 67, (sin” oz — cos” Ha3 sin” 613)
: : . : 1
sin 20,3 sin 03| sin 6%, (cos? 15 — sin® 65,)
C6 +cosd
2 2 2 no : 2 :2 no 22 2 c 2 Qv
o7 sin” 613(cos” 612 cos” 095 — sin” 612) + sin” 655 (sin” 612 — cos” 013 sin” 67,)
) : . : 1
sin 2015 sin ;3] cos 0§3|(sm2 055 — sin? 0,3)=
o8 cos? 012 cos? fa3 — cos? 095 + sin? 05 sin” O3 sin® 6,3
sin 613 sin 2923 sin (912 COS 912
-26 29 200_-20 -200 -26 o 29 '2ée
9 sin® 013(cos? fa3 cos” 07, — sin” Oa3) + sin® 67, (sin” a3 — cos® 013 sin” 055)

. . o -2 no . 9 1
sin 26053 sin 03] cos 0%, |(sin” 69, — sin” 613)2
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Results for As

Girardi, Petcov, Stuart, AVT, NPB 902 (2016) 1

Using NUFIT 3.2 (January 2018) data for NO Petcov, AVT, PRD 97 (2018) 115045
(Ge, Gy) Case  sin” 0 cos 0 sin® 0,
(. 73) AlAs  (sin® #3,,sin” 05,) = (0.226,0.436)  0.727 sin? fa3 = 0.554
S A2A5  (sin?62,,sin?63,) = (0.226,0.436) —0.727  sin? 6oy = 0.446

(Z3, Z2) Bl (sin® #3,,sin? 09,) = (1/3,1/2) —0.353  sin®fo = 0.341
(Zs, Z5) B1As (sin?6S,,sin?609;) = (0.276,1/2)  —0.405  sin® @5 = 0.283
(Zy x Z3,Z3) B2As  (sin?62,,sin? 62;) = (0.095,0.276) —0.936  sin® 65 = 0.331

C1 sin? 09, = 1/4 —1* not fixed

C3A5  sin® 69, = 0.095 1* not fixed

C3 sin? 69, = 1/4 —1* not fixed
(227 ZZ) - 2 1o

C4A5 sin” 07, = 0.095 —0.799 not fixed

C8 sin? 09, = 3/4 1* not fixed

C9A5  sin® 6%, = 0.345 not fixed sin?#;5 = 0.331
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Details of statistical analysis

4
Total ¥2 function (present): x*() =Y _ xi(z:)
=1
T = (sin2 912, SiIl2 913, SiIl2 923, (S)
x? are the 1-dimensional projections from a global analysis

3 —\2
. - Yi = Y;
Total y? function (future): Xtature (9) = Z e B)° 0 )
1=1 Yi
i = (sin® f19, sin” 13, sin” faz), y; are the potential best fit values
oy, are the prospective 1o uncertainties

7

Minimisation of total y? for a fixed value of a (a = sin? 0,5, sin? 8,3

or cos 6): ) gl
X~ () = min | X*(Z)|gum rules
o = const
L _ 5
Likelihood: L(a) = exp (_X éa)>
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