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We just heard from Lorenzo:

•    Interplay between DE approach and direct integration 
of Feynman integrals for MPLs

•    In the elliptic case, we are not quite there yet

•    Elliptic Polylogarithms (eMPLs) on the elliptic curve

•    Several examples of elliptic FIs and their representation 
in terms of eMPLs

Another notion from the MPL world: Purity

This talk: Notion of Purity in the elliptic case
Examples of elliptic FIs didn’t look pure



What do you mean “Pure”? 

•   Definition based on residues

An integral is pure if all of its non-vanishing 
residues are the same up to a sign

— Arkani-Hamed, Bourjaily
Cachazo, Trnka ’12 — 

•   Ex: 4-mass box

“Integrals with unit leading singularity” 
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What do you mean “Pure”? 

•   Definition based on residues

An integral is pure if all of its non-vanishing 
residues are the same up to a sign

— Arkani-Hamed, Bourjaily
Cachazo, Trnka ’12 — 

This paper is organized as follows. In Section 2 we give a short review of ordinary MPLs

and their symbol calculus. In Section 3 we review the class of eMPLs relevant in this paper,

and we present a simple and compact formula for their total differential. The knowledge of

the differential can be turned into the definition of a symbol, similar to the case of ordinary

MPLs. In Section 4 we present Brown’s general construction of symbols and a coaction on

certain classes of periods. We apply this construction to the case of eMPLs in Section 5, and

we discuss some simple examples of how to use our formalism to derive functional relations

among eMPLs in Section 6. In Section 7 we give a short introduction to iterated integrals of

modular forms, and we show how one can apply Brown’s construction to define a coaction

and a symbol map on these integrals. We then use our results in Section 8 to show that

eMPLs evaluated at rational points can always be expressed in terms of iterated integrals

of Eisenstein series for a certain congruence subgroup. In Sections 9 and 10 we present two

applications of our formalism. In particular, we obtain representations for hypergeometric

functions and for the sunrise integral in terms of iterated integrals of Eisenstein series.

In Section 11 we draw our conclusions. We include various appendices where we present

technical details that are omitted throughout the main text.

2 Multiple polylogarithms

Before we discuss how to extend (some of) the algebraic properties of polylogarithms

beyond genus zero, we present in this section a concise review of ordinary multiple polylog-

arithms, as well as their symbols and coaction and how to use them to work out relations

among MPLs. The material in this section is well known, see, e.g., ref. [76] for a pedagogical

review.

2.1 Multiple polylogarithms and their symbols

Multiple polylogarithms (MPLs) are defined by the iterated integral [4, 15, 77]

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t) , (2.1)

and the recursion starts with G(; z) ≡ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1

n!
logn z . (2.2)

The number n of integrations in eq. (2.1), or equivalently the number of ai’s, is called

the weight of the multiple polylogarithm. A product of two MPLs with the same upper

integration limit can be written as a linear combination of MPLs. More precisely, MPLs

form a shuffle algebra,

G(a1, . . . , ak; z)G(ak+1, . . . , ak+l; z) =
∑

σ∈Σ(k,l)

G(aσ(1), . . . , aσ(k+l); z) , (2.3)

where Σ(k, l) denotes the set of all shuffles of (a1, . . . , ak) and (ak+1, . . . , ak+l), i.e., the

set of all permutations of their union that preserve the relative orderings within each set.
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•   Prototypical example: MPLs

“Integrals with unit leading singularity” 



•   Weight of an MPL = number of integrations

G(a1, . . . , an; z)
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i⇡ = log(�1)
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This paper is organized as follows. In Section 2 we give a short review of ordinary MPLs

and their symbol calculus. In Section 3 we review the class of eMPLs relevant in this paper,

and we present a simple and compact formula for their total differential. The knowledge of

the differential can be turned into the definition of a symbol, similar to the case of ordinary

MPLs. In Section 4 we present Brown’s general construction of symbols and a coaction on

certain classes of periods. We apply this construction to the case of eMPLs in Section 5, and

we discuss some simple examples of how to use our formalism to derive functional relations

among eMPLs in Section 6. In Section 7 we give a short introduction to iterated integrals of

modular forms, and we show how one can apply Brown’s construction to define a coaction

and a symbol map on these integrals. We then use our results in Section 8 to show that

eMPLs evaluated at rational points can always be expressed in terms of iterated integrals

of Eisenstein series for a certain congruence subgroup. In Sections 9 and 10 we present two

applications of our formalism. In particular, we obtain representations for hypergeometric

functions and for the sunrise integral in terms of iterated integrals of Eisenstein series.

In Section 11 we draw our conclusions. We include various appendices where we present

technical details that are omitted throughout the main text.

2 Multiple polylogarithms

Before we discuss how to extend (some of) the algebraic properties of polylogarithms

beyond genus zero, we present in this section a concise review of ordinary multiple polylog-

arithms, as well as their symbols and coaction and how to use them to work out relations

among MPLs. The material in this section is well known, see, e.g., ref. [76] for a pedagogical

review.

2.1 Multiple polylogarithms and their symbols

Multiple polylogarithms (MPLs) are defined by the iterated integral [4, 15, 77]

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t) , (2.1)

and the recursion starts with G(; z) ≡ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1

n!
logn z . (2.2)

The number n of integrations in eq. (2.1), or equivalently the number of ai’s, is called

the weight of the multiple polylogarithm. A product of two MPLs with the same upper

integration limit can be written as a linear combination of MPLs. More precisely, MPLs

form a shuffle algebra,

G(a1, . . . , ak; z)G(ak+1, . . . , ak+l; z) =
∑

σ∈Σ(k,l)

G(aσ(1), . . . , aσ(k+l); z) , (2.3)

where Σ(k, l) denotes the set of all shuffles of (a1, . . . , ak) and (ak+1, . . . , ak+l), i.e., the

set of all permutations of their union that preserve the relative orderings within each set.
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What do you mean “Pure”? 

•   Definition based on total differential

A pure function of weight n is a function whose 
total derivative can be expressed in terms of pure 
functions of weight n-1 (times algebraic factors) 

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the
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algebraic

weight

— Henn ’13 — 

# of integrations

n n − 1



What do you mean “Pure”? 

•   We seek to generalise the following to the elliptic case:

A function is called pure if it is unipotent and it 
has at most logarithmic singularities.  
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G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the

– 6 –

Pure

Log singularities

Unipotent

(Unipotent: total diff has no homogeneous term)



Why bother?

•    Meaning not entirely understood even in the MPL case

•    Nevertheless, shows underlying structure
    Eg. N=4 SYM: 

L-loops Weight 2L functions↔

•     Organisational principle:
     functional identities among functions of fixed weight

•     “Maximal transcendentality principle”

“Uniform transcendentality” 

anomalous dimensions, amplitudes,
    certain form factors, etc

— Kotikov, Lipatov, Onishchenko, Velizhanin ’04 — 



Why bother?

Total differential:

Symbol:
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in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the

– 6 –

Length n
<latexit sha1_base64="QiuxuuyEnpxOXeuvQF58cCCPW7s="></latexit><latexit sha1_base64="QiuxuuyEnpxOXeuvQF58cCCPW7s="></latexit><latexit sha1_base64="QiuxuuyEnpxOXeuvQF58cCCPW7s="></latexit><latexit sha1_base64="QiuxuuyEnpxOXeuvQF58cCCPW7s="></latexit>

-fold tensor productn
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•     Taming analytical expressions, functional identities

•     Symbol bootstrap with MPL ansatz in N=4 SYM

— Goncharov, Spradlin, Vergu, Volovich ’10 — 

— Caron-Huot, Dixon, Drummond, Duhr, Harrington, Henn, 
McLeod, Papathanaseou, Pennington, Spradlin, von Hippel — 



Why bother?

Differential equations in canonical form

dF = " dAF
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Vector of master integrals

Matrix of “dlog” forms

For MPLs: natural solution in terms of pure functions G

To-do: develop a general framework also for elliptic integrals
[Weinzierl & Tancredi’s talks]



The real world: N=4 Super Yang-Mills

Conjecturally of uniform (maximal) weight

Elliptic integrals (and beyond) are known to appear:

We’d like to give an elliptic meaning to these statements!

2

These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. Notice
that (ai, ai+1) = (bi, bi+1) = 0 for i = 1, . . . , L�1, corre-
sponding to the requirement that the external particles
are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L)
⌘

Z
d4L~̀

QL
j=0(aj , bj)

(`1, a0)
hQL

j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The factor
in the numerator of (4) has been introduced to ensure
that the result is dual-conformally invariant (that is, con-
formally invariant in dual-momentum x-space). As such,
the integral should depend exclusively on dual-conformal
cross-ratios

(ab;cd)⌘
(a, b)(c, d)

(a, c)(b, d)
. (5)

Following the methods described in ref. [25], we
Feynman-parameterize the integral (4) within the em-
bedding formalism one loop at a time to obtain

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

QL
j=0(aj , bj)⇥

(R1, R1) · · · (RL, RL)
⇤
(RL, b0)

, (6)

where

R0⌘↵0(a0), Rk⌘(Rk�1)+↵k(ak)+�k(bk), (7)

and
⇥
dL~↵

⇤
represents the projective integration measure

over the L+1 Feynman parameters {↵0, . . . ,↵L}. Note

that the ~� integration is not projective here (but could
be projectivized using the Cheng-Wu theorem [26, 27]).
Rescaling these parameters,

↵k 7!↵k
(a0, bk)

(ak, bk)
, �k 7!�k

(a0, ak)

(ak, bk)
, (8)

and defining

fk⌘
1

2
(Rk, Rk)

(ak, bk)

(a0, ak)(a0, bk)
, gL⌘

(RL, b0)

(a0, b0)
, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

1�
f1 · · · fL

�
gL

, (10)

where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1

+↵0(↵k+�k)+↵k�k +

k�1X

j=1

h
↵j↵k(bja0;ajak)

+↵j�k(bja0;ajbk)+↵k�j(a0aj ;akbj)+�j�k(a0aj ;bkbj)
i
,

gL⌘↵0 +

LX

j=1

h
↵j(bja0;ajb0)+�j(a0aj ;b0bj)

i
. (11)

For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [15] for L=2 exactly.
Although the collection of cross-ratios arising in (11)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denomina-
tor immediately implies that it has residues of codimen-
sion (at least) (L+1)—signaling at least this degree of
‘polylogarithmicity’. To see that no further residues ex-
ist (without restricting kinematics), it su�ces to take the
codimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(12)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7!
1p

4x3�xg2(~z)�g3(~z)
, (13)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (12) results in an integral
over an elliptically fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (14)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3
�g2(~z)x�g3(~z), x, y2C , (15)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2, so that the geometry of the space
S defined by (15) is that of a complex algebraic variety
elliptically fibered over PL�2.
Let us first consider the three-loop instance of (15); we

would like to show that the surface S is in fact a K3.

The elliptic double box, 
and more generally traintracks

— Bourjaily, He, McLeod, von Hippel, Wilhelm ’18 — 

— Caron-Huot, Larsen ’12 / Nandan, Paulos, Spradlin, Volovich ’14 /  
Bourjaily, McLeod, Spradlin, von Hippel, Wilhelm ’17— 



Elliptic Polylogarithms
Feynman integrals which evaluate to elliptic integrals 
can be represented as eMPLs on the complex torus:

This implies the following transformation for the functions h(n)N,r,s(⌧),
12

h(n)N,r,s

✓
a⌧ + b

c⌧ + d

◆
= (c⌧ + d)n h(n)N,rd+sb,rc+sa(⌧) . (8.7)

Comparing eq. (8.7) to the transformation property of modular forms in eq. (7.1), we

see that the h(n)N,r,s transform like modular forms of weight n for a certain subgroup � ✓

SL(2,Z), provided that for every matrix
�
a b
c d

�
2 � we have

(s, r)

 
a b

c d

!
= (s, r) mod N . (8.8)

In the following we will not attempt to solve these constraints in full generality, but we

focus on a special class of solutions with interesting properties. If we choose � = �(N),

then we have
�
a b
c d

�
= ( 1 0

0 1 ) mod N (cf. eq. (7.2)), and so eq. (8.8) is trivially satisfied.

Hence, we see that the functions h(n)N,r,s always transform like modular forms of weight n for

�(N). It is possible to make this statement more precise, and one can show that, for n > 1,

the functions h(n)N,r,s are always Eisenstein series for �(N), and they can be represented by

a double sum very similar to eq. (3.16) [86],

h(n)N,r,s(⌧) = �

X

(↵,�)2Z2

(↵,�) 6=(0,0)

e2⇡i(s↵�r�)/N

(↵+ �⌧)2n
. (8.9)

The previous equation does not hold for n = 1. Indeed, seen as a function of z, the function

f (1)(z, ⌧) has a simple pole at every point of the lattice Z + ⌧Z. As a consequence, the

functions h(1)N,r,s may have poles, in which case they do not define valid modular forms.

The poles, however, always lie on the real axis, and so the functions h(1)N,r,s define weakly

holomorphic modular forms. We conclude that the symbol alphabet of eMPLs evaluated at

rational points zi =
ri
Ni

+⌧ si
Ni

are Eisenstein series of weight n > 1 and weakly holomorphic

modular forms of weight one for �(N), where N is the least common multiple of the Ni.

This is equivalent to saying that eMPLs evaluated at these rational points can always be

written as iterated integrals of Eisenstein series of weight n > 1 and weakly holomorphic

modular forms of weight one for �(N). This result generalizes and extends in a precise

and natural way the fact that eMZVs, which are eMPLs evaluated at the rational points

zi = 0 and zk+1 = 1, can always be expressed as iterated integrals of the Eisenstein series

Gn(⌧) [70, 81]. We find it convenient to introduce the following notation for iterated

integrals of the functions h(n)N,r,s,

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
⌘ I(h(n1)

N1,r1,s1
, . . . , h(nk)

Nk,rk,sk
; ⌧)

=

Z ⌧

i1
d⌧ 0 h(n1)

N1,r1,s1
(⌧ 0) I

�
n2 N2
r2 s2

�� . . .
�� nk Nk
rk sk ; ⌧ 0

�
,

(8.10)

12
There is an exception to this rule, because h

(2)
N,0,0(⌧) = �G2(⌧) is the Eisenstein series of weight two,

which is only quasi-modular.
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There is an exception to this rule, because h
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rational points zr,s =
r

N
+

s

N
⌧
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Or sometimes as iterated integrals over modular forms

More generally, at the level of the generating function, we have

F (z + 1,α, τ) = F (z,α, τ) and F (z + τ,α, τ) = e−2πiα F (z,α, τ) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

Γ( n1 ... nk
z1 ... zk ; z, τ) =

∫ z

0
dz′ f (n1)(z′ − z1, τ)Γ

( n2 ... nk
z2 ... zk ; z

′, τ
)
, (3.11)

where the functions f (n) are defined by the generating series

Ω(z,α, τ) =
1

α

∑

n≥0

f (n)(z, τ)αn = exp

[
2πiα

Im z

Im τ

]
F (z,α, τ) . (3.12)

The functions f (n)(z, τ) are periodic with respect to translations in both the real and

τ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total differential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total differential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total differential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ≡

(
ni+r
zi

)
and A[0]

i ≡ Ai , (3.13)

the total differential of an eMPL takes the form

dΓ̃ (A1 · · ·Ak; z, τ) =
k−1∑

p=1

(−1)np+1 Γ̃
(
A1 · · ·Ap−1

0
0 Ap+2 · · ·Ak; z, τ

)
ω
(np+np+1)
p,p+1

+
k∑

p=1

np+1∑

r=0

[(
np−1 + r − 1

np−1 − 1

)
Γ̃
(
A1 · · ·A[r]

p−1 Âp Ap+1 · · ·Ak; z, τ
)
ω
(np−r)
p,p−1

−
(
np+1 + r − 1

np+1 − 1

)
Γ̃
(
A1 · · ·Ap−1 Âp A

[r]
p+1 · · ·Ak; z, τ

)
ω
(np−r)
p,p+1

]

,

(3.14)
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�̃( n1 ... nk
z1 ... zk ; z) =

Z z

0
dz0g(n1)(z0 � z1)�̃(

n2 ... nk
z2 ... zk ; z)
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Elliptic Polylogarithms

Feynman integrals can equivalently be represented
as eMPLs defined on the elliptic curve

The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find

x dx

y
=

dz

c4
(z) =

a1 dz

c4
+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc
y(x � c)

,

 1(1, x) =
c4
y

Z4(x) ,  �1(1, x) =
x

y
,

 �n(1, x) =
x

y
Z(n�1)
4 (x) �

�n2
c4

,

 n(c, x) =
1

x � c
Z(n�1)
4 (x) � �n2 �4(x) ,

 n(1, x) =
c4
y

Z(n)
4 (x) ,  �n(c, x) =

yc
y(x � c)

Z(n�1)
4 (x) ,

(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is
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Roots: 

ni 2 N
ci 2 C [ {1}
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Where does each description stand when it comes to purity?

— Broedel, Duhr, Dulat, Tancredi ’17 — 



1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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Ex: The sunrise

•    If one internal mass vanishes: pure combination of MPLs

•    Expressed as iterated integrals over modular forms: pure

We have several reasons to believe it should be somehow pure:

•    Also, pure in terms of       if all masses are different

4.1 Motivation

A priori, it is not entirely clear how to extend the definition of pure functions to the elliptic

case, thus we approach the issue by analysing available results for Feynman integrals that

evaluate to eMPLs. A naive definition of a pure elliptic Feynman integral could consist

in considering Q-linear combinations of elliptic polylogarithms E4 of the same length or

weight. Such a naive definition, however, soon reaches its limits, as we now demonstrate.

In ref. [114] the two-loop sunrise integral in D = 2 � 2✏ with three equal masses was

computed in terms of the eMPLs E4. More precisely, consider the family of integrals

Sn1n2n3(p
2
,m

2) = �
e
2�E✏

⇡D

Z
d
D
k d

D
l

(k2 �m2)n1(l2 �m2)n2((k + l + p)2 �m2)n3
, (4.1)

with ni 2 N. Using IBP identities, every integral in the family can be written as a linear

combination of the following three master integrals,

S0(p
2
,m

2) = S110(p
2
,m

2) ,

S1(p
2
,m

2) = S111(p
2
,m

2) ,

S2(p
2
,m

2) = S112(p
2
,m

2) .

(4.2) {eq:sunrise_masters}

S0 is the product of two one-loop tadpole integrals and will not be discussed any further.

For now, we focus only on the master integral S1, and we return to S2 in Section 5. The

result for S1 reads [114]

S1(p
2
,m

2) =
1

(m2 + p2)c4

"
1

c4
E4( 0 0

0 0 ; 1,~a)� 2E4
�

0 �1
0 1 ; 1,~a

�
� E4

�
0 �1
0 0 ; 1,~a

�

� E4
�

0 �1
0 1 ; 1,~a

�
� E4( 0 1

0 0 ; 1,~a)

#
+O(✏) ,

(4.3) {eqn:S111_result}

where the vector of branch points ~a is

~a =

✓
1

2
(1 +

p
1 + ⇢),

1

2
(1 +

p
1 + ⇢),

1

2
(1�

p
1 + ⇢),

1

2
(1�

p
1 + ⇢)

◆
. (4.4) {eqn:roots}

with

⇢ = �
4m2

(m+
p
�p2)2

and ⇢ = �
4m2

(m�

p
�p2)2

. (4.5)

The result for S1 in eq. (4.3) is not pure (not even up to an overall algebraic factor),

because not all the E4 functions are multiplied by rational numbers, but the first term in

square brackets is multiplied by the algebraic function 1/c4. There are, however, strong

motivations to believe that the two-loop sunrise integral in D = 2� 2✏ dimensions should

define a pure function of some sort: First, the corresponding result in the case of three

di↵erent masses can be written as a Q-linear combination of E4 functions, and no additional

algebraic prefactor is needed [114]. Second, in the case where at least one propagator is

massless, the integral can be evaluated in terms of pure linear combination of ordinary

MPLs. Third, the equal-mass sunrise integral S1(p2
,m

2) can also be written in terms of
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First master:

E4
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(pure = sum of uniform weight function with 
rational numbers as coefficients)

— Adams, Weinzierl ’17 — 

— Broedel, Duhr, Dulat, Tancredi ’17 — c4 =
1

2

p
(a1 � a3)(a2 � a4)

<latexit sha1_base64="It9BduptVT6hTRiKJSo/+sX/u/4="></latexit><latexit sha1_base64="It9BduptVT6hTRiKJSo/+sX/u/4="></latexit><latexit sha1_base64="It9BduptVT6hTRiKJSo/+sX/u/4="></latexit><latexit sha1_base64="It9BduptVT6hTRiKJSo/+sX/u/4="></latexit>

Roots
(functions of
                 )p2, m2
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1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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Ex: The sunrise

•    If one internal mass vanishes: pure combination of MPLs

•    Expressed as iterated integrals over modular forms: pure

We have several reasons to believe it should be somehow pure:

•    Also, pure in terms of       if all masses are different

4.1 Motivation

A priori, it is not entirely clear how to extend the definition of pure functions to the elliptic

case, thus we approach the issue by analysing available results for Feynman integrals that

evaluate to eMPLs. A naive definition of a pure elliptic Feynman integral could consist

in considering Q-linear combinations of elliptic polylogarithms E4 of the same length or

weight. Such a naive definition, however, soon reaches its limits, as we now demonstrate.

In ref. [114] the two-loop sunrise integral in D = 2 � 2✏ with three equal masses was

computed in terms of the eMPLs E4. More precisely, consider the family of integrals

Sn1n2n3(p
2
,m

2) = �
e
2�E✏

⇡D

Z
d
D
k d

D
l

(k2 �m2)n1(l2 �m2)n2((k + l + p)2 �m2)n3
, (4.1)

with ni 2 N. Using IBP identities, every integral in the family can be written as a linear

combination of the following three master integrals,

S0(p
2
,m

2) = S110(p
2
,m

2) ,

S1(p
2
,m

2) = S111(p
2
,m

2) ,

S2(p
2
,m

2) = S112(p
2
,m

2) .

(4.2) {eq:sunrise_masters}

S0 is the product of two one-loop tadpole integrals and will not be discussed any further.

For now, we focus only on the master integral S1, and we return to S2 in Section 5. The

result for S1 reads [114]

S1(p
2
,m

2) =
1

(m2 + p2)c4

"
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c4
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0 0 ; 1,~a)� 2E4
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#
+O(✏) ,

(4.3) {eqn:S111_result}

where the vector of branch points ~a is

~a =
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1
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1
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. (4.4) {eqn:roots}

with

⇢ = �
4m2

(m+
p
�p2)2

and ⇢ = �
4m2

(m�

p
�p2)2

. (4.5)

The result for S1 in eq. (4.3) is not pure (not even up to an overall algebraic factor),

because not all the E4 functions are multiplied by rational numbers, but the first term in

square brackets is multiplied by the algebraic function 1/c4. There are, however, strong

motivations to believe that the two-loop sunrise integral in D = 2� 2✏ dimensions should

define a pure function of some sort: First, the corresponding result in the case of three

di↵erent masses can be written as a Q-linear combination of E4 functions, and no additional

algebraic prefactor is needed [114]. Second, in the case where at least one propagator is

massless, the integral can be evaluated in terms of pure linear combination of ordinary

MPLs. Third, the equal-mass sunrise integral S1(p2
,m

2) can also be written in terms of
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First master:

E4
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(pure = sum of uniform weight function with 
rational numbers as coefficients)

— Adams, Weinzierl ’17 — 

— Broedel, Duhr, Dulat, Tancredi ’17 — c4 =
1

2

p
(a1 � a3)(a2 � a4)
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(functions of
                 )p2, m2
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So, we can use as guiding principle

An elliptic integral is pure if it is pure when 
expressed in terms of  

Linear combination of       with coefficients being 
rational numbers

�̃
<latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit>

�̃
<latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit>

=

What’s wrong with the        functions? E4
<latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit>

Why bother defining yet another version of eMPLs?



Desired properties:

Feynman integrals are more naturally studied on the elliptic curve
(simpler functions of kinematic dof)

1. Pure eMPLs on the elliptic curve

Integrands are rational functions, result should not depend on
choice of branch for the square root

2. Definite Parity

(x, y) ! (x,�y)
<latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit><latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit><latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit><latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit>

z ! �z
<latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit><latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit><latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit><latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit>↔

Basis of        does not have definite parity�̃
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y2 = P4(x)
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�̃( n1 ... nk
z1 ... zk ; z) =

Z z

0
dz0g(n1)(z0 � z1)�̃(

n2 ... nk
z2 ... zk ; z)
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g(n)(�z, ⌧) = (�1)ng(n)(z, ⌧)
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So, what is wrong with the definition of       ? E4
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The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find

x dx

y
=

dz

c4
(z) =

a1 dz

c4
+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc
y(x � c)

,

 1(1, x) =
c4
y

Z4(x) ,  �1(1, x) =
x

y
,

 �n(1, x) =
x

y
Z(n�1)
4 (x) �

�n2
c4

,

 n(c, x) =
1

x � c
Z(n�1)
4 (x) � �n2 �4(x) ,

 n(1, x) =
c4
y

Z(n)
4 (x) ,  �n(c, x) =

yc
y(x � c)

Z(n�1)
4 (x) ,

(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is
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The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find
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+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc
y(x � c)

,

 1(1, x) =
c4
y

Z4(x) ,  �1(1, x) =
x

y
,

 �n(1, x) =
x

y
Z(n�1)
4 (x) �

�n2
c4

,

 n(c, x) =
1

x � c
Z(n�1)
4 (x) � �n2 �4(x) ,

 n(1, x) =
c4
y

Z(n)
4 (x) ,  �n(c, x) =

yc
y(x � c)

Z(n�1)
4 (x) ,

(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is

– 31 –

Regular polylogarithms:
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We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement
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regular everywhere else. The functions Z(n)
4 for n > 1 are defined via the polynomials Gn

introduced in eq. (4.20),

Z(n)
4 (x) ⌘ Gn

✓
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2

✓
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y

c4(x � a1)

◆
; p1(x), p2(x, y)

◆
, (7.26)

with

p1(x) =
a21 s̄1 � 2a1 s̄2 + 3s̄3 � (3a21 � 2a1 s̄1 + s̄2) x

3 a13 a24 (x � a1)
,

p2(x, y) = �
a12 a14
a24 c4

y

(x � a1)2
.

(7.27)

The form of the arguments of Gn in eq. (7.26) will be motivated in the next section.

As in the cubic case, we can rewrite the integrals over some of the di↵erential forms

above in terms of incomplete elliptic integrals of first, second and third kind defined in

eq. (3.8). Assuming the ordering 0 < x < a1 < a2 < a3 < a4 < c, it is easy to see that

E4( 0
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� (x $ 0) ,
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⌘
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p
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� (x $ 0) ,

where the cross ratio function cr is defined in eq. (7.4). Similarly, we find, for a1 < x < a2,

Z4(x) = 2 i
h
E
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cr(x, a1, a4, a2)
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⌘
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Similar relations exist for other regions. The signs in the previous relations are related to

our convention for the branches of the square root in eq. (7.2).

Before we discuss in more detail the relationship between the iterated integrals E4

and the elliptic polylogarithms e� in eq. (4.13), let us compare the integration kernels in

eq. (7.23) to their cubic analogues in eq. (3.31). First, just like in the cubic case, eq. (7.22)

contains ordinary MPLs as a special case,

E4
�

1 ... 1
c1 ... ck ; x

�
= G(c1, . . . , ck; x) , ci 6= 1 . (7.30)

Second, we see that a main di↵erence between the cubic case in eq. (3.31) and the quartic

case in eq. (7.23) is the appearance of the integration kernel  �n(1, x), which is absent in

the cubic case. This is due to the fact that the point at infinity is a branch point in the

cubic case, while it is not for a quartic polynomial. Conversely, we do not need to consider
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our convention for the branches of the square root in eq. (7.2).

Before we discuss in more detail the relationship between the iterated integrals E4
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eq. (7.23) to their cubic analogues in eq. (3.31). First, just like in the cubic case, eq. (7.22)
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Second, we see that a main di↵erence between the cubic case in eq. (3.31) and the quartic

case in eq. (7.23) is the appearance of the integration kernel  �n(1, x), which is absent in

the cubic case. This is due to the fact that the point at infinity is a branch point in the

cubic case, while it is not for a quartic polynomial. Conversely, we do not need to consider
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Requirement of kernels with at most simple poles 
imposes an infinite tower of transcendental kernels:

The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find

x dx

y
=

dz

c4
(z) =

a1 dz

c4
+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =
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,
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(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is
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regular everywhere else. The functions Z(n)
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The form of the arguments of Gn in eq. (7.26) will be motivated in the next section.

As in the cubic case, we can rewrite the integrals over some of the di↵erential forms

above in terms of incomplete elliptic integrals of first, second and third kind defined in

eq. (3.8). Assuming the ordering 0 < x < a1 < a2 < a3 < a4 < c, it is easy to see that
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where the cross ratio function cr is defined in eq. (7.4). Similarly, we find, for a1 < x < a2,
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Similar relations exist for other regions. The signs in the previous relations are related to

our convention for the branches of the square root in eq. (7.2).

Before we discuss in more detail the relationship between the iterated integrals E4

and the elliptic polylogarithms e� in eq. (4.13), let us compare the integration kernels in

eq. (7.23) to their cubic analogues in eq. (3.31). First, just like in the cubic case, eq. (7.22)

contains ordinary MPLs as a special case,

E4
�

1 ... 1
c1 ... ck ; x

�
= G(c1, . . . , ck; x) , ci 6= 1 . (7.30)

Second, we see that a main di↵erence between the cubic case in eq. (3.31) and the quartic

case in eq. (7.23) is the appearance of the integration kernel  �n(1, x), which is absent in

the cubic case. This is due to the fact that the point at infinity is a branch point in the

cubic case, while it is not for a quartic polynomial. Conversely, we do not need to consider
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polynomial in Z4
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We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to

prefer !1 over !2, we can often appeal to physics to motivate the choice (e.g., because it

is often possible to choose !1 to be real and !2 to be purely imaginary, at least in some

region of kinematic space). It is easy to check that the matrix U satisfies a di↵erential

equation without homogeneous term, and so ⌧ is unipotent. The elements of S instead are

not unipotent and referred to as semi-simple, i.e., in our case the quantities i⇡, !1 and ⌘1

are not unipotent, but semi-simple.

So far we have described eMPLs as iterated integrals on a complex torus. Since we can

map the torus to the elliptic curve defined by the polynomial equation y
2 = P4(x), one can

obtain an alternative description of eMPLs as iterated integrals directly in the coordinates

(x, y). This was worked out explicitly for the first time in ref. [121], where the following

class of iterated integrals was defined,

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (3.24) {eq:E4_def}{eq:E4_def}

with ni 2 Z and ci 2 bC = C [ {1}, and the recursion starts with E4(;x,~a) = 1. The

integration kernels  n are obtained by explicitly constructing a basis of integration kernels

with at most simple poles in x on an elliptic curve. We refer to ref. [121] for the details, and

we content ourselves here to present the subset corresponding to |n|  2, which (empiri-

cally) is the one most relevant to the computation of two-loop Feynman integrals evaluating

to eMPLs. The simplest integration kernel  0 defines the holomorphic di↵erential on the

elliptic curve,

 0(0, x,~a) =
c4

y
. (3.25)

In particular, the one-form dx 0 has no pole anywhere on the elliptic curve. For n = ±1

instead, the kernels have a simple pole at the location specified by the first argument in

 ±1. They are given by

 1(c, x,~a) =
1

x� c
,  �1(c, x,~a) =

yc

y(x� c)
, c 6= 1 ,

 1(1, x,~a) =
c4

y
Z4(x,~a) ,  �1(1, x,~a) =

x

y
,

(3.26) {eq:psi_1}{eq:psi_1}

where we introduced the shorthand yc =
p
P4(c). The kernel  1(c, x,~a) is identical to

the kernel that defines ordinary MPLs, and so ordinary MPLs are a subset of eMPLs. In

eq. (3.26) the function Z4 is defined by the integral

Z4(x,~a) ⌘

Z x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (3.27)

and e�4 was defined in eq. (3.7). Since dx e�4 has a double pole without residue at infinity,

the function Z4 has a simple pole there. Similarly, for |n| > 1 the kernels  n(c, x,~a) have

at most a simple pole at x = c. In addition, they involve higher powers of Z4(x,~a) (while
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and K denotes the complete elliptic integral of the first kind,

K(�) =

Z 1

0

dtp
(1� t2)(1� �t2)

. (3.3)

In eq. (3.1) we use the following convention for the branches of the square root in the

integrand (val when the branch points are real),

p
P4(x) ⌘

p
|P4(x)|⇥

8
>>><

>>>:

�1 , x  a1 or x > a4 ,

�i , a1 < x  a2 ,

1 , a2 < x  a3 ,

i , a3 < x  a4 .

(3.4) {eq:rsigns}{eq:rsigns}

There are also two quasi-periods attached to every elliptic curve. We choose them as

⌘1 = �
1

2

Z a3

a2

dx e�4(x,~a) = E(�)�
2� �

3
K(�) ,

⌘2 = �
1

2

Z a2

a1

dx e�4(x,~a) = �iE(1� �) + i
1 + �

3
K(1� �) ,

(3.5) {eq:quasi-periods4}{eq:quasi-periods4}

where E denotes the complete elliptic integral of the second kind,

E(�) =

Z 1

0
dt

r
1� �t2

1� t2
, (3.6)

and e�4(x,~a) is defined by

e�4(x,~a) ⌘
1

c4 y

⇣
x

2
�

s1

2
x+

s2

6

⌘
. (3.7) {eq:tilde_Phi_4_def}{eq:tilde_Phi_4_def}

Here ~a ⌘ (a1, a2, a3, a4) and sn ⌘ sn(~a) denotes the symmetric polynomial of degree n

in the branch points. The periods and quasi-periods are not independent, but they are

related by the Legendre relation,

⌘2 !1 � ⌘1!2 = �i⇡ . (3.8) {eq:Legendre}{eq:Legendre}

The function e�4 has the property that the di↵erential one-form dx e�4(x,~a) has a double-

pole with vanishing residue at x = 1.

The periods and quasi-periods are not genuine invariants of an elliptic curve, in the

sense that isomorphic elliptic curves may give rise to di↵erent (quasi-)periods. A true

invariant that uniquely characterises every elliptic curve is the so-called j-invariant. Since

the j-invariant will not play any role in this paper, we do not define it here and refer to the

literature. Conversely, we see that there is a redundancy in the definition of the periods

and quasi-periods, because they only depend on the cross-ratio � of the four branch points.

Hence, di↵erent polynomials may describe the same elliptic curve. In order to resolve this

redundancy it is convenient to look at an alternative way to classify elliptic curves.

It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))
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We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to

prefer !1 over !2, we can often appeal to physics to motivate the choice (e.g., because it

is often possible to choose !1 to be real and !2 to be purely imaginary, at least in some

region of kinematic space). It is easy to check that the matrix U satisfies a di↵erential

equation without homogeneous term, and so ⌧ is unipotent. The elements of S instead are

not unipotent and referred to as semi-simple, i.e., in our case the quantities i⇡, !1 and ⌘1

are not unipotent, but semi-simple.

So far we have described eMPLs as iterated integrals on a complex torus. Since we can

map the torus to the elliptic curve defined by the polynomial equation y
2 = P4(x), one can

obtain an alternative description of eMPLs as iterated integrals directly in the coordinates

(x, y). This was worked out explicitly for the first time in ref. [121], where the following

class of iterated integrals was defined,

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (3.24) {eq:E4_def}{eq:E4_def}

with ni 2 Z and ci 2 bC = C [ {1}, and the recursion starts with E4(;x,~a) = 1. The

integration kernels  n are obtained by explicitly constructing a basis of integration kernels

with at most simple poles in x on an elliptic curve. We refer to ref. [121] for the details, and

we content ourselves here to present the subset corresponding to |n|  2, which (empiri-

cally) is the one most relevant to the computation of two-loop Feynman integrals evaluating

to eMPLs. The simplest integration kernel  0 defines the holomorphic di↵erential on the

elliptic curve,

 0(0, x,~a) =
c4

y
. (3.25)

In particular, the one-form dx 0 has no pole anywhere on the elliptic curve. For n = ±1

instead, the kernels have a simple pole at the location specified by the first argument in

 ±1. They are given by

 1(c, x,~a) =
1

x� c
,  �1(c, x,~a) =

yc

y(x� c)
, c 6= 1 ,

 1(1, x,~a) =
c4

y
Z4(x,~a) ,  �1(1, x,~a) =

x

y
,

(3.26) {eq:psi_1}{eq:psi_1}

where we introduced the shorthand yc =
p
P4(c). The kernel  1(c, x,~a) is identical to

the kernel that defines ordinary MPLs, and so ordinary MPLs are a subset of eMPLs. In

eq. (3.26) the function Z4 is defined by the integral

Z4(x,~a) ⌘

Z x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (3.27)

and e�4 was defined in eq. (3.7). Since dx e�4 has a double pole without residue at infinity,

the function Z4 has a simple pole there. Similarly, for |n| > 1 the kernels  n(c, x,~a) have

at most a simple pole at x = c. In addition, they involve higher powers of Z4(x,~a) (while
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Regular everywhere

Double pole at x = 1
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The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find

x dx

y
=

dz

c4
(z) =

a1 dz

c4
+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc
y(x � c)

,

 1(1, x) =
c4
y

Z4(x) ,  �1(1, x) =
x

y
,

 �n(1, x) =
x

y
Z(n�1)
4 (x) �

�n2
c4

,

 n(c, x) =
1

x � c
Z(n�1)
4 (x) � �n2 �4(x) ,

 n(1, x) =
c4
y

Z(n)
4 (x) ,  �n(c, x) =

yc
y(x � c)

Z(n�1)
4 (x) ,

(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is
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The previous formula makes explicit the fact that dx e�4 has a double pole at infinity on E ,

and thus double poles at z = ±z⇤ on the torus. We can apply exactly the same reasoning

to the di↵erential of the third kind with a simple pole at infinity, and we find

x dx
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=

dz

c4
(z) =
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c4
+ dz

h
g(1)(z � z⇤) � g(1)(z + z⇤) + 2g(1)(z⇤)

i
. (7.21)

We see that the right hand side has simple poles both at z = z⇤ and z = �z⇤, in agreement

with the fact that an elliptic function cannot have a single simple pole.

7.2 Elliptic polylogarithms associated to curves defined by a quartic equation

The elliptic polylogarithms attached to an elliptic curve defined by a quartic equation are

defined in complete analogy to the cubic case in eq. (3.16),

E4(
n1 ... nk
c1 ... ck ; x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (7.22)

with ni 2 Z and ci 2 bC, and the recursion starts with E4(; x,~a) = 1. The branch points are

encoded in the vector ~a = (a1, a2, a3, a4). We will keep the dependence of all quantities on

~a implicit from now on. The integration kernels  n take a form very similar to the kernels

that appear in the cubic case, cf. eq. (3.31). We can write for n � 2

 0(0, x) =
c4
y

,

 1(c, x) =
1

x � c
,  �1(c, x) =

yc
y(x � c)

,

 1(1, x) =
c4
y

Z4(x) ,  �1(1, x) =
x

y
,

 �n(1, x) =
x

y
Z(n�1)
4 (x) �

�n2
c4

,

 n(c, x) =
1

x � c
Z(n�1)
4 (x) � �n2 �4(x) ,

 n(1, x) =
c4
y

Z(n)
4 (x) ,  �n(c, x) =

yc
y(x � c)

Z(n�1)
4 (x) ,

(7.23)

where we have defined Z(0)
4 (x) ⌘ 1,

�4(x) ⌘ e�4(x) + 4c4
⌘1
!1

1

y
, (7.24)

and Z4(x) = Z(1)
4 (x) is a primitive of �4(x),

Z4(x) ⌘

Z x

a1

dx0 �4(x
0) . (7.25)

Note that the choice of the lower integration boundary again breaks the symmetry among

the branch points ai. It is easy to check that Z4 has a simple pole at infinity, and it is
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More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11)

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12)

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)
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similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs
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and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form
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r=0

"✓
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p,p�1
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!
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(3.14)
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one-forms w/
 log singularities

eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1
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e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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eq. (2.5). The formula for the total di↵erential reads [125],
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,
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eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
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(3.19) {eq:gamma_differential}
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absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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Important:                   have at most simple poles forg(n)(z, ⌧)
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z = m+ n⌧, m, n 2 Z
<latexit sha1_base64="PFrzmX5tknkrGs8FV9v4EROobvA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBsJREBN0IRTcuK9gHNqFMppN26MwkzEyEGrpx46+4caGIW//BnX/jpM1CWw9cOJxzL/feE8SMKu0431ZhYXFpeaW4Wlpb39jcsrd3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw6vMb90TqWgkbvUoJj5HfUFDipE2Utfef7jgx8LTKKl4FV4RHhUeR3oQBOnduGuXnaozAZwnbk7KIEe9a395vQgnnAiNGVKq4zqx9lMkNcWMjEteokiM8BD1ScdQgThRfjr5YgwPjdKDYSRNCQ0n6u+JFHGlRjwwndmFatbLxP+8TqLDcz+lIk40EXi6KEwY1BHMIoE9KgnWbGQIwpKaWyEeIImwNsGVTAju7MvzpHlSdZ2qe3Narl3mcRTBHjgAR8AFZ6AGrkEdNAAGj+AZvII368l6sd6tj2lrwcpndsEfWJ8/5ZaYMA==</latexit><latexit sha1_base64="PFrzmX5tknkrGs8FV9v4EROobvA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBsJREBN0IRTcuK9gHNqFMppN26MwkzEyEGrpx46+4caGIW//BnX/jpM1CWw9cOJxzL/feE8SMKu0431ZhYXFpeaW4Wlpb39jcsrd3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw6vMb90TqWgkbvUoJj5HfUFDipE2Utfef7jgx8LTKKl4FV4RHhUeR3oQBOnduGuXnaozAZwnbk7KIEe9a395vQgnnAiNGVKq4zqx9lMkNcWMjEteokiM8BD1ScdQgThRfjr5YgwPjdKDYSRNCQ0n6u+JFHGlRjwwndmFatbLxP+8TqLDcz+lIk40EXi6KEwY1BHMIoE9KgnWbGQIwpKaWyEeIImwNsGVTAju7MvzpHlSdZ2qe3Narl3mcRTBHjgAR8AFZ6AGrkEdNAAGj+AZvII368l6sd6tj2lrwcpndsEfWJ8/5ZaYMA==</latexit><latexit sha1_base64="PFrzmX5tknkrGs8FV9v4EROobvA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBsJREBN0IRTcuK9gHNqFMppN26MwkzEyEGrpx46+4caGIW//BnX/jpM1CWw9cOJxzL/feE8SMKu0431ZhYXFpeaW4Wlpb39jcsrd3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw6vMb90TqWgkbvUoJj5HfUFDipE2Utfef7jgx8LTKKl4FV4RHhUeR3oQBOnduGuXnaozAZwnbk7KIEe9a395vQgnnAiNGVKq4zqx9lMkNcWMjEteokiM8BD1ScdQgThRfjr5YgwPjdKDYSRNCQ0n6u+JFHGlRjwwndmFatbLxP+8TqLDcz+lIk40EXi6KEwY1BHMIoE9KgnWbGQIwpKaWyEeIImwNsGVTAju7MvzpHlSdZ2qe3Narl3mcRTBHjgAR8AFZ6AGrkEdNAAGj+AZvII368l6sd6tj2lrwcpndsEfWJ8/5ZaYMA==</latexit><latexit sha1_base64="PFrzmX5tknkrGs8FV9v4EROobvA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBsJREBN0IRTcuK9gHNqFMppN26MwkzEyEGrpx46+4caGIW//BnX/jpM1CWw9cOJxzL/feE8SMKu0431ZhYXFpeaW4Wlpb39jcsrd3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw6vMb90TqWgkbvUoJj5HfUFDipE2Utfef7jgx8LTKKl4FV4RHhUeR3oQBOnduGuXnaozAZwnbk7KIEe9a395vQgnnAiNGVKq4zqx9lMkNcWMjEteokiM8BD1ScdQgThRfjr5YgwPjdKDYSRNCQ0n6u+JFHGlRjwwndmFatbLxP+8TqLDcz+lIk40EXi6KEwY1BHMIoE9KgnWbGQIwpKaWyEeIImwNsGVTAju7MvzpHlSdZ2qe3Narl3mcRTBHjgAR8AFZ6AGrkEdNAAGj+AZvII368l6sd6tj2lrwcpndsEfWJ8/5ZaYMA==</latexit>



Unipotent?
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More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11)

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12)

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)
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In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic
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If we introduce the following shorthand for the arguments of eMPLs
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[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)

– 11 –

one-forms w/
 log singularities

A function is called pure if it is unipotent and it 
has at most logarithmic singularities.  

In order to define a pure version of 
we draw inspiration from their relations with

E4
<latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit>

�̃
<latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit>



Relation between        and  E4
<latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit>

�̃
<latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit>

z
<latexit sha1_base64="4KuTwKxbl96CQCxFiAo8seQo47k=">AAACCHicbVDLSsNAFL3xWeur6tJNsAiuSiKCrqTgxmUL9gFtKJPJTTt0Mgkzk2IN/QHd6n+4E7f+hb/hFzhts7CtBwYO59w7c+b4CWdKO863tba+sbm1Xdgp7u7tHxyWjo6bKk4lxQaNeSzbPlHImcCGZppjO5FIIp9jyx/eTf3WCKVisXjQ4wS9iPQFCxkl2kj1p16p7FScGexV4uakDDlqvdJPN4hpGqHQlBOlOq6TaC8jUjPKcVLspgoTQoekjx1DBYlQedks6MQ+N0pgh7E0R2h7pv7dyEik1DjyzWRE9EAte1PxP6+T6vDGy5hIUo2Czh8KU27r2J7+2g6YRKr52BBCJTNZbTogklBtulm4KRixROWpH+exi6Ykd7mSVdK8rLhOxa1flau3eV0FOIUzuAAXrqEK91CDBlBAeIFXeLOerXfrw/qcj65Z+c4JLMD6+gXp1pq6</latexit><latexit sha1_base64="4KuTwKxbl96CQCxFiAo8seQo47k=">AAACCHicbVDLSsNAFL3xWeur6tJNsAiuSiKCrqTgxmUL9gFtKJPJTTt0Mgkzk2IN/QHd6n+4E7f+hb/hFzhts7CtBwYO59w7c+b4CWdKO863tba+sbm1Xdgp7u7tHxyWjo6bKk4lxQaNeSzbPlHImcCGZppjO5FIIp9jyx/eTf3WCKVisXjQ4wS9iPQFCxkl2kj1p16p7FScGexV4uakDDlqvdJPN4hpGqHQlBOlOq6TaC8jUjPKcVLspgoTQoekjx1DBYlQedks6MQ+N0pgh7E0R2h7pv7dyEik1DjyzWRE9EAte1PxP6+T6vDGy5hIUo2Czh8KU27r2J7+2g6YRKr52BBCJTNZbTogklBtulm4KRixROWpH+exi6Ykd7mSVdK8rLhOxa1flau3eV0FOIUzuAAXrqEK91CDBlBAeIFXeLOerXfrw/qcj65Z+c4JLMD6+gXp1pq6</latexit><latexit sha1_base64="4KuTwKxbl96CQCxFiAo8seQo47k=">AAACCHicbVDLSsNAFL3xWeur6tJNsAiuSiKCrqTgxmUL9gFtKJPJTTt0Mgkzk2IN/QHd6n+4E7f+hb/hFzhts7CtBwYO59w7c+b4CWdKO863tba+sbm1Xdgp7u7tHxyWjo6bKk4lxQaNeSzbPlHImcCGZppjO5FIIp9jyx/eTf3WCKVisXjQ4wS9iPQFCxkl2kj1p16p7FScGexV4uakDDlqvdJPN4hpGqHQlBOlOq6TaC8jUjPKcVLspgoTQoekjx1DBYlQedks6MQ+N0pgh7E0R2h7pv7dyEik1DjyzWRE9EAte1PxP6+T6vDGy5hIUo2Czh8KU27r2J7+2g6YRKr52BBCJTNZbTogklBtulm4KRixROWpH+exi6Ykd7mSVdK8rLhOxa1flau3eV0FOIUzuAAXrqEK91CDBlBAeIFXeLOerXfrw/qcj65Z+c4JLMD6+gXp1pq6</latexit><latexit sha1_base64="4KuTwKxbl96CQCxFiAo8seQo47k=">AAACCHicbVDLSsNAFL3xWeur6tJNsAiuSiKCrqTgxmUL9gFtKJPJTTt0Mgkzk2IN/QHd6n+4E7f+hb/hFzhts7CtBwYO59w7c+b4CWdKO863tba+sbm1Xdgp7u7tHxyWjo6bKk4lxQaNeSzbPlHImcCGZppjO5FIIp9jyx/eTf3WCKVisXjQ4wS9iPQFCxkl2kj1p16p7FScGexV4uakDDlqvdJPN4hpGqHQlBOlOq6TaC8jUjPKcVLspgoTQoekjx1DBYlQedks6MQ+N0pgh7E0R2h7pv7dyEik1DjyzWRE9EAte1PxP6+T6vDGy5hIUo2Czh8KU27r2J7+2g6YRKr52BBCJTNZbTogklBtulm4KRixROWpH+exi6Ykd7mSVdK8rLhOxa1flau3eV0FOIUzuAAXrqEK91CDBlBAeIFXeLOerXfrw/qcj65Z+c4JLMD6+gXp1pq6</latexit>

y2 = (x� a1)(x� a2)(x� a3)(x� a4) ⌘ P4(x)
<latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit><latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit><latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit><latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit>

vs.

It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))

is isomorphic to a complex torus, i.e., the quotient of the complex plane C by a two-

dimensional lattice ⇤. In our case the relevant lattice is the lattice !1Z + !2Z spanned

by the two periods. We can perform a rescaling without changing the geometry, and from

now on we will always be working with the torus defined by the lattice ⇤⌧ = Z+ ⌧Z, where

⌧ = !2/!1 denotes the ratio of the two periods, with Im ⌧ > 0. In other words, every ⌧ in

the upper half-plane H = {⌧ 2 C : Im ⌧ > 0} defines a two-dimensional lattice, and thus an

elliptic curve. Di↵erent values of ⌧ may still define the same elliptic curve. One can show

that ⌧, ⌧
0
2 H define the same elliptic curve if and only if they are related by a modular

transformation, i.e., a Möbius transformation for SL(2,Z). The space of geometrically-

distinct tori (the so-called moduli space) can then be identified with the quotient of the

upper half-plane H by the modular group SL(2,Z).

The map from the torus C/⇤⌧ to the curve defined by the polynomial equation y
2 =

P4(x) can be explicitly realised. One can show that there is a function (.,~a) : C/⇤⌧ ! C

which satisfies the di↵erential equation (c40(z,~a))2 = P4((z,~a)), and the image of the

torus under  can be identified with the elliptic curve y
2 = P4(x). The explicit form of

 is not important in the following, and we refer to ref. [121] for its explicit definition.

Here we only mention that  is a meromorphic function of z and it is doubly-periodic, that

is (z + 1,~a) = (z + ⌧,~a) = (z,~a). A function satisfying these properties is called an

elliptic function. Moreover,  is an even function of z, and it maps the half-periods to the

branch-points ai,

(0,~a) = a1 , (⌧/2,~a) = a2 , (1/2 + ⌧/2,~a) = a3 , (1/2,~a) = a4 . (3.9) {eq:kappa_half_periods}

The inverse map to  is called Abel’s map and is defined in the following way. If [X,Y, 1] 2

CP
2 is a point satisfying Y

2 = P4(X), then its image on the torus is

zX =
c4

!1

Z X

a1

dx

y
=

p
a13a24

4K(�)

Z X

a1

dx

y
. (3.10) {eq:Abel}

In the following an important role will be played by the image z⇤ on the torus of the point

x = �1, defined by

z⇤ =
c4

!1

Z �1

a1

dx

y
=

p
a13a24

4K(�)

Z �1

a1

dx

y
. (3.11) {eq:zstar_int}

It is possible to obtain a closed analytic expression for z⇤ in terms of elliptic integrals of

the first kind. In the case where the branch points a1 < a2 < a3 < a4 are all real and the

branches of the square root are chosen according to eq. (3.4), we can evaluate the integral

in terms of elliptic integrals of the first kind (see Appendix A). We find

z⇤ = Z⇤(↵,�) ⌘
1

2
�

F(
p
↵|�)

2K(�)
, ↵ =

a13

a14
, (3.12) {eq:zstar}

where F denotes the incomplete elliptic integral of the first kind,

F(x|�) =

Z x

0

dtp
(1� t2)(1� �t2)

. (3.13) {eq:F_def}
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Kappa function

(x, y) = ((z), c4
0(z))
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Abel’s map

(x, y) 7! z ⌘ c4
!1

Z x

a1

dx

y
mod ⇤
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⌧ =
!2

!1
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and

still only having at most simple poles at infinity). For example, we have [121]
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1
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Z4(x,~a)� �4(x,~a) , c 6= 1 ,
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(2)
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x

y
Z4(x,~a)�

1

c4
,

(3.28)

where Z
(2)
4 (x,~a) is a polynomial of degree two in Z4(x,~a). The concrete form this polyno-

mial can be found in ref. [121], but we do not present it here because its concrete form is

irrelevant for the discussion that follows.

We have now two di↵erent descriptions of eMPLs, either in terms of the functions e�
or the functions E4. These two classes of functions are in fact just two di↵erent bases for

the same space of functions. Indeed, it was shown in ref. [121] that one can always write

the kernels  n as linear combinations of the coe�cients g
(n) of the Eisenstein-Kronecker

series. For example, the holomorphic di↵erential can be written as1 dx 0(0, x,~a) = !1 dz,

where z denotes the image of x under Abel’s map in eq. (3.10). The kernels in eq. (3.26)

can be related to the kernels defined on the torus as [121]

dx 1(c, x,~a) = dz

h
g
(1)(z � zc, ⌧) + g

(1)(z + zc, ⌧)� g
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i
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i
,

dx 1(1, x,~a) = dz

h
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i
, (3.29) {eq:psi_to_g}

dx �1(1, x,~a) =
a1 !1 dz

c4
+ dz

h
g
(1)(z � z⇤, ⌧)� g

(1)(z + z⇤, ⌧) + 2g(1)(z⇤, ⌧)
i
,

where z⇤ is defined in eq. (3.12). Similar formulas can be derived for all other kernels. We

refer to ref. [121] for the details. Using these relations, one can easily check that there is a

one-to-one map between the functions e� and the functions E4, and we can always express

a function from one class as a linear combination of functions from the other class. Finally,

we note that we can write the function Z4 in terms of the coe�cients of the Eisenstein-

Kronecker series [121],

Z4(x,~a) = �
1

!1

h
g
(1)(z � zx, ⌧) + g

(1)(z + zx, ⌧)
i
. (3.30) {eq:Z4_to_g1}

4 Elliptic polylogarithms and pure functions
{sec:pure_empls}

In the previous sections we have reviewed multiple polylogarithms, both ordinary and

elliptic. We have seen that the elliptic and non-elliptic cases share many properties. In

this section we argue how the concept of pure functions can be extended from ordinary

to elliptic MPLs. Before we present the definition of pure eMPLs, we discuss in the next

subsection the motivation for that definition.
1The additional factor of !1 compared to ref. [121] comes from the fact that here we work with the torus

defined by the lattice Z+ ⌧Z instead of !1Z+ !2Z.
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can be related to the kernels defined on the torus as [121]

dx 1(c, x,~a) = dz

h
g
(1)(z � zc, ⌧) + g

(1)(z + zc, ⌧)� g
(1)(z � z⇤, ⌧)� g

(1)(z + z⇤, ⌧)
i
,

dx �1(c, x,~a) = dz

h
g
(1)(z � zc, ⌧)� g

(1)(z + zc, ⌧) + g
(1)(zc � z⇤, ⌧) + g

(1)(zc + z⇤, ⌧)
i
,

dx 1(1, x,~a) = dz

h
�g

(1)(z � z⇤, ⌧)� g
(1)(z + z⇤, ⌧)

i
, (3.29) {eq:psi_to_g}{eq:psi_to_g}

dx �1(1, x,~a) =
a1 !1 dz

c4
+ dz

h
g
(1)(z � z⇤, ⌧)� g

(1)(z + z⇤, ⌧) + 2g(1)(z⇤, ⌧)
i
,

where z⇤ is defined in eq. (3.12). Similar formulas can be derived for all other kernels. We

refer to ref. [121] for the details. Using these relations, one can easily check that there is a

one-to-one map between the functions e� and the functions E4, and we can always express

a function from one class as a linear combination of functions from the other class. Finally,

we note that we can write the function Z4 in terms of the coe�cients of the Eisenstein-

Kronecker series [121],

Z4(x,~a) = �
1

!1

h
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
i
. (3.30) {eq:Z4_to_g1}{eq:Z4_to_g1}

4 Elliptic polylogarithms and pure functions
{sec:pure_empls}

In the previous sections we have reviewed multiple polylogarithms, both ordinary and

elliptic. We have seen that the elliptic and non-elliptic cases share many properties. In

this section we argue how the concept of pure functions can be extended from ordinary

to elliptic MPLs. Before we present the definition of pure eMPLs, we discuss in the next

subsection the motivation for that definition.
1The additional factor of !1 compared to ref. [121] comes from the fact that here we work with the torus

defined by the lattice Z+ ⌧Z instead of !1Z+ !2Z.

– 12 –

Also:
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image of �1
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Relation between        and  E4
<latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit><latexit sha1_base64="PKoV+MRt70kaoLqC5gBqs8whMqU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbG6x3HC/YgOlAgFo2ilhy7yJ8xuJr3zXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7OLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AYkZkM8=</latexit>

�̃
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F (z,↵, ⌧) =
1

↵

X

n�0

g(n)(z, ⌧)↵n =
✓01(0, ⌧)✓1(z + ↵, ⌧)

✓1(z, ⌧)✓1(↵, ⌧)
<latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit>

kernels given via Eisenstein-Kronecker series:�̃
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and

still only having at most simple poles at infinity). For example, we have [121]

 �2(c, x,~a) =
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y(x� c)
Z4(x,~a) ,  2(c, x,~a) =

1

x� c
Z4(x,~a)� �4(x,~a) , c 6= 1 ,

 2(1, x,~a) =
c4

y
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(2)
4 (x,~a) ,  �2(1, x,~a) =

x

y
Z4(x,~a)�

1

c4
,

(3.28)

where Z
(2)
4 (x,~a) is a polynomial of degree two in Z4(x,~a). The concrete form this polyno-

mial can be found in ref. [121], but we do not present it here because its concrete form is

irrelevant for the discussion that follows.

We have now two di↵erent descriptions of eMPLs, either in terms of the functions e�
or the functions E4. These two classes of functions are in fact just two di↵erent bases for

the same space of functions. Indeed, it was shown in ref. [121] that one can always write

the kernels  n as linear combinations of the coe�cients g
(n) of the Eisenstein-Kronecker

series. For example, the holomorphic di↵erential can be written as1 dx 0(0, x,~a) = !1 dz,

where z denotes the image of x under Abel’s map in eq. (3.10). The kernels in eq. (3.26)

can be related to the kernels defined on the torus as [121]

dx 1(c, x,~a) = dz

h
g
(1)(z � zc, ⌧) + g

(1)(z + zc, ⌧)� g
(1)(z � z⇤, ⌧)� g

(1)(z + z⇤, ⌧)
i
,

dx �1(c, x,~a) = dz
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g
(1)(z � zc, ⌧)� g

(1)(z + zc, ⌧) + g
(1)(zc � z⇤, ⌧) + g

(1)(zc + z⇤, ⌧)
i
,

dx 1(1, x,~a) = dz

h
�g

(1)(z � z⇤, ⌧)� g
(1)(z + z⇤, ⌧)

i
, (3.29) {eq:psi_to_g}

dx �1(1, x,~a) =
a1 !1 dz

c4
+ dz

h
g
(1)(z � z⇤, ⌧)� g

(1)(z + z⇤, ⌧) + 2g(1)(z⇤, ⌧)
i
,

where z⇤ is defined in eq. (3.12). Similar formulas can be derived for all other kernels. We

refer to ref. [121] for the details. Using these relations, one can easily check that there is a

one-to-one map between the functions e� and the functions E4, and we can always express

a function from one class as a linear combination of functions from the other class. Finally,

we note that we can write the function Z4 in terms of the coe�cients of the Eisenstein-

Kronecker series [121],

Z4(x,~a) = �
1

!1

h
g
(1)(z � zx, ⌧) + g

(1)(z + zx, ⌧)
i
. (3.30) {eq:Z4_to_g1}

4 Elliptic polylogarithms and pure functions
{sec:pure_empls}

In the previous sections we have reviewed multiple polylogarithms, both ordinary and

elliptic. We have seen that the elliptic and non-elliptic cases share many properties. In

this section we argue how the concept of pure functions can be extended from ordinary

to elliptic MPLs. Before we present the definition of pure eMPLs, we discuss in the next

subsection the motivation for that definition.
1The additional factor of !1 compared to ref. [121] comes from the fact that here we work with the torus

defined by the lattice Z+ ⌧Z instead of !1Z+ !2Z.
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And similarly for all kernels  — E4
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and     span the same class of functions�̃
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iterated integrals of Eisenstein series [125, 144], and also in this representation no additional

algebraic prefactor is needed.

Based on this example, we see that a naive definition of ‘elliptic purity’ via the basis

of eMPLs E4 does not have the desired properties. Instead of working with the basis of E4

functions, we can change basis and consider the basis of eMPLs e� on the complex torus.

We observe that when expressed in terms of this basis, the equal-mass sunrise integral is

a Q-linear combination of e� functions (up to an overall factor), i.e., it is a function that

can be qualified as pure. The final expression for S1 in terms of pure functions will be

given in Section 5. We therefore propose that the functions e� are pure functions, and a

Feynman integral is pure if it can be expressed as a Q-linear combination of such functions

(up to overall normalisation). As a motivation for this proposal, we point out that, just

like ordinary MPLs, the functions e� have at most logarithmic singularities in all variables.

Indeed, we have seen in Section 3 that the integration kernels g(n)(z, ⌧) have at most simple

poles, and so the one-forms !(n)
ij that appear in the total di↵erential of e�( n1 ... nk

z1 ... zk ; z, ⌧) have

at most logarithmic singularities (see eqs. (3.19) and (3.21)). Hence, seen as a function in

many variables, e�( n1 ... nk
z1 ... zk ; z, ⌧) has only logarithmic singularities in each variable, but no

poles (because the di↵erential of a pole is a pole of order at least two). This property is

identical to the corresponding property for ordinary MPLs, as can easily be seen from the

fact that the total di↵erential of an ordinary MPL in eq. (2.5) only involves logarithmic

one-forms. The E4 functions, instead, do not only have logarithmic singularities when seen

as a function of many variables, but also poles. Indeed, consider the function E4(�1
c ;x,~a),

with c 6= 1. Using eqs. (3.29) and (3.30) (and assuming for simplicity that z0 = 0), we

find

E4(�1
c ;x,~a) = e�

�
1
zc ; zx, ⌧

�
� e�

�
1

�zc ; zx, ⌧
�
+

h
g
(1)(zc � z⇤, ⌧) + g

(1)(zc + z⇤, ⌧)
i
e�( 0

0 ; zx, ⌧)

= e�
�

1
zc ; zx, ⌧

�
� e�

�
1

�zc ; zx, ⌧
�
� !1 Z4(c,~a) e�( 0

0 ; zx, ⌧) . (4.6)

While the functions e� have at most logarithmic singularities, the function Z4(c,~a) has

a pole at c = 1. Hence, unlike the e� functions, the E4 functions have poles. We stress,

however, that in the variable x they only have logarithmic singularities, because the kernels

 n(c, x,~a) have at most simple poles in x. Based on these considerations we propose the

following definition of pure functions:

A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

Sums and product of pure functions are obviously pure. Finally, we postulate that a pure

function remains pure under specialisation of the arguments. This allows us in particular

to extend the definition from functions to numbers.

While the functions e� provide a basis of pure eMPLs, this basis is often not the most

convenient one when working with Feynman integrals:

1. Feynman integrals often have an intrinsic notion of ‘parity’, defined in the following

way: Although the final analytic result for a Feynman integral may involve square
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•         have only log singularities in all variables

•          have also poles when seen as a function of many variables
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simple pole at c = 1
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(                                               )Z4(x,~a) = �
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(1)(zx + z⇤, ⌧)
i

Not pure!



To summarise:

We define a basis of eMPLs on the elliptic curve such that

1. They form a basis for all eMPLs

2. They are pure

3. They have definite parity

4. They manifestly contain ordinary MPLs



roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.
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to the operation of changing the sign of the root. For example, we see that the one-
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to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).
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2 = P4(x) with the following properties:
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2. They are pure.
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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4. They manifestly contain ordinary MPLs
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(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
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1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)
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
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The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1
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g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of
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y
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y
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
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�
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�
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It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))

is isomorphic to a complex torus, i.e., the quotient of the complex plane C by a two-

dimensional lattice ⇤. In our case the relevant lattice is the lattice !1Z + !2Z spanned

by the two periods. We can perform a rescaling without changing the geometry, and from

now on we will always be working with the torus defined by the lattice ⇤⌧ = Z+ ⌧Z, where

⌧ = !2/!1 denotes the ratio of the two periods, with Im ⌧ > 0. In other words, every ⌧ in

the upper half-plane H = {⌧ 2 C : Im ⌧ > 0} defines a two-dimensional lattice, and thus an

elliptic curve. Di↵erent values of ⌧ may still define the same elliptic curve. One can show

that ⌧, ⌧
0
2 H define the same elliptic curve if and only if they are related by a modular

transformation, i.e., a Möbius transformation for SL(2,Z). The space of geometrically-

distinct tori (the so-called moduli space) can then be identified with the quotient of the

upper half-plane H by the modular group SL(2,Z).

The map from the torus C/⇤⌧ to the curve defined by the polynomial equation y
2 =

P4(x) can be explicitly realised. One can show that there is a function (.,~a) : C/⇤⌧ ! C

which satisfies the di↵erential equation (c40(z,~a))2 = P4((z,~a)), and the image of the

torus under  can be identified with the elliptic curve y
2 = P4(x). The explicit form of

 is not important in the following, and we refer to ref. [121] for its explicit definition.

Here we only mention that  is a meromorphic function of z and it is doubly-periodic, that

is (z + 1,~a) = (z + ⌧,~a) = (z,~a). A function satisfying these properties is called an

elliptic function. Moreover,  is an even function of z, and it maps the half-periods to the

branch-points ai,

(0,~a) = a1 , (⌧/2,~a) = a2 , (1/2 + ⌧/2,~a) = a3 , (1/2,~a) = a4 . (3.9) {eq:kappa_half_periods}

The inverse map to  is called Abel’s map and is defined in the following way. If [X,Y, 1] 2

CP
2 is a point satisfying Y

2 = P4(X), then its image on the torus is

zX =
c4

!1

Z X

a1

dx

y
=

p
a13a24

4K(�)

Z X

a1

dx

y
. (3.10) {eq:Abel}

In the following an important role will be played by the image z⇤ on the torus of the point

x = �1, defined by

z⇤ =
c4

!1

Z �1

a1

dx

y
=

p
a13a24

4K(�)

Z �1

a1

dx

y
. (3.11) {eq:zstar_int}

It is possible to obtain a closed analytic expression for z⇤ in terms of elliptic integrals of

the first kind. In the case where the branch points a1 < a2 < a3 < a4 are all real and the

branches of the square root are chosen according to eq. (3.4), we can evaluate the integral

in terms of elliptic integrals of the first kind (see Appendix A). We find

z⇤ = Z⇤(↵,�) ⌘
1

2
�

F(
p
↵|�)

2K(�)
, ↵ =

a13

a14
, (3.12) {eq:zstar}

where F denotes the incomplete elliptic integral of the first kind,

F(x|�) =

Z x

0

dtp
(1� t2)(1� �t2)

. (3.13) {eq:F_def}
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a1 < a2 < a3 < a4 2 R
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Incomplete elliptic
integral of the first kind

↵ =
a1 � a3
a1 � a4
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It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))

is isomorphic to a complex torus, i.e., the quotient of the complex plane C by a two-

dimensional lattice ⇤. In our case the relevant lattice is the lattice !1Z + !2Z spanned

by the two periods. We can perform a rescaling without changing the geometry, and from

now on we will always be working with the torus defined by the lattice ⇤⌧ = Z+ ⌧Z, where

⌧ = !2/!1 denotes the ratio of the two periods, with Im ⌧ > 0. In other words, every ⌧ in

the upper half-plane H = {⌧ 2 C : Im ⌧ > 0} defines a two-dimensional lattice, and thus an

elliptic curve. Di↵erent values of ⌧ may still define the same elliptic curve. One can show

that ⌧, ⌧
0
2 H define the same elliptic curve if and only if they are related by a modular

transformation, i.e., a Möbius transformation for SL(2,Z). The space of geometrically-

distinct tori (the so-called moduli space) can then be identified with the quotient of the

upper half-plane H by the modular group SL(2,Z).

The map from the torus C/⇤⌧ to the curve defined by the polynomial equation y
2 =

P4(x) can be explicitly realised. One can show that there is a function (.,~a) : C/⇤⌧ ! C

which satisfies the di↵erential equation (c40(z,~a))2 = P4((z,~a)), and the image of the

torus under  can be identified with the elliptic curve y
2 = P4(x). The explicit form of

 is not important in the following, and we refer to ref. [121] for its explicit definition.

Here we only mention that  is a meromorphic function of z and it is doubly-periodic, that

is (z + 1,~a) = (z + ⌧,~a) = (z,~a). A function satisfying these properties is called an

elliptic function. Moreover,  is an even function of z, and it maps the half-periods to the

branch-points ai,

(0,~a) = a1 , (⌧/2,~a) = a2 , (1/2 + ⌧/2,~a) = a3 , (1/2,~a) = a4 . (3.9) {eq:kappa_half_periods}

The inverse map to  is called Abel’s map and is defined in the following way. If [X,Y, 1] 2

CP
2 is a point satisfying Y

2 = P4(X), then its image on the torus is

zX =
c4

!1

Z X

a1

dx

y
=

p
a13a24

4K(�)

Z X

a1

dx

y
. (3.10) {eq:Abel}

In the following an important role will be played by the image z⇤ on the torus of the point

x = �1, defined by

z⇤ =
c4

!1

Z �1

a1

dx

y
=

p
a13a24

4K(�)

Z �1

a1

dx

y
. (3.11) {eq:zstar_int}

It is possible to obtain a closed analytic expression for z⇤ in terms of elliptic integrals of

the first kind. In the case where the branch points a1 < a2 < a3 < a4 are all real and the

branches of the square root are chosen according to eq. (3.4), we can evaluate the integral

in terms of elliptic integrals of the first kind (see Appendix A). We find

z⇤ = Z⇤(↵,�) ⌘
1

2
�

F(
p
↵|�)

2K(�)
, ↵ =

a13

a14
, (3.12) {eq:zstar}

where F denotes the incomplete elliptic integral of the first kind,

F(x|�) =

Z x

0

dtp
(1� t2)(1� �t2)

. (3.13) {eq:F_def}
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transformation, i.e., a Möbius transformation for SL(2,Z). The space of geometrically-

distinct tori (the so-called moduli space) can then be identified with the quotient of the

upper half-plane H by the modular group SL(2,Z).

The map from the torus C/⇤⌧ to the curve defined by the polynomial equation y
2 =

P4(x) can be explicitly realised. One can show that there is a function (.,~a) : C/⇤⌧ ! C

which satisfies the di↵erential equation (c40(z,~a))2 = P4((z,~a)), and the image of the

torus under  can be identified with the elliptic curve y
2 = P4(x). The explicit form of

 is not important in the following, and we refer to ref. [121] for its explicit definition.

Here we only mention that  is a meromorphic function of z and it is doubly-periodic, that

is (z + 1,~a) = (z + ⌧,~a) = (z,~a). A function satisfying these properties is called an

elliptic function. Moreover,  is an even function of z, and it maps the half-periods to the

branch-points ai,

(0,~a) = a1 , (⌧/2,~a) = a2 , (1/2 + ⌧/2,~a) = a3 , (1/2,~a) = a4 . (3.9) {eq:kappa_half_periods}

The inverse map to  is called Abel’s map and is defined in the following way. If [X,Y, 1] 2

CP
2 is a point satisfying Y

2 = P4(X), then its image on the torus is

zX =
c4

!1

Z X

a1

dx

y
=

p
a13a24

4K(�)

Z X

a1

dx

y
. (3.10) {eq:Abel}

In the following an important role will be played by the image z⇤ on the torus of the point

x = �1, defined by

z⇤ =
c4

!1

Z �1

a1

dx

y
=

p
a13a24

4K(�)

Z �1

a1

dx

y
. (3.11) {eq:zstar_int}

It is possible to obtain a closed analytic expression for z⇤ in terms of elliptic integrals of

the first kind. In the case where the branch points a1 < a2 < a3 < a4 are all real and the

branches of the square root are chosen according to eq. (3.4), we can evaluate the integral

in terms of elliptic integrals of the first kind (see Appendix A). We find

z⇤ = Z⇤(↵,�) ⌘
1

2
�

F(
p
↵|�)

2K(�)
, ↵ =

a13

a14
, (3.12) {eq:zstar}

where F denotes the incomplete elliptic integral of the first kind,

F(x|�) =

Z x

0

dtp
(1� t2)(1� �t2)

. (3.13) {eq:F_def}

– 8 –

It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))

is isomorphic to a complex torus, i.e., the quotient of the complex plane C by a two-

dimensional lattice ⇤. In our case the relevant lattice is the lattice !1Z + !2Z spanned

by the two periods. We can perform a rescaling without changing the geometry, and from

now on we will always be working with the torus defined by the lattice ⇤⌧ = Z+ ⌧Z, where

⌧ = !2/!1 denotes the ratio of the two periods, with Im ⌧ > 0. In other words, every ⌧ in

the upper half-plane H = {⌧ 2 C : Im ⌧ > 0} defines a two-dimensional lattice, and thus an

elliptic curve. Di↵erent values of ⌧ may still define the same elliptic curve. One can show

that ⌧, ⌧
0
2 H define the same elliptic curve if and only if they are related by a modular
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elliptic integrals of the first and second kind. In the following we discuss only the case

where the branch points are real and ordered in the natural way. In this case we can use

eq. (3.12) to write z⇤ in terms of the function Z⇤(↵,�). Performing exactly the same steps

as in the derivation of eq. (3.12) (see Appendix A), we find

G⇤(~a) =
1

!1
g
(1) (Z⇤(↵,�), ⌧) = lim

x!1


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2c4 (x� a1)
�
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2
Z4(x,~a)

�
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�

�
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◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
.

(4.15) {eq:G_infty_KE}

We stress that this relation only holds in the case where the branch points are ordered in

the natural way and the branches of the square root are chosen according to eq. (3.4). Just

like in the case of the relation between z⇤ and Z⇤(↵,�), the relation remains true in other

cases up to a sign and up to complex conjugation, cf. Appendix A.

We see that the price to pay to have integration kernels that define pure functions

is that the kernels involve the functions Z4 and G⇤. While in general these functions are

transcendental, in applications these functions can often be expressed in terms of algebraic

quantities, thereby simplifying greatly the analytic structure of the integration kernels  n.

Let us illustrate this on the example of the function G⇤. We focus again on the region

where the branch points are real and ordered in the natural way and refer Appendix A for

the other cases. We start from eq. (3.12), which relates z⇤ and Z⇤(↵,�). In applications,

one often encounters the situation that z⇤ takes the particularly simple form

z⇤ = a+ b ⌧(�) = a+ ib
K(1� �)

K(�)
, a, b constant. (4.16) {eq:zstar_rational}

Often we even have a, b 2 Q, in which case z⇤ is a rational point (torsion point) on the

elliptic curve. Equating eq. (3.12) and (4.16), we find,

Z⇤(↵,�) = a+ b ⌧(�) . (4.17) {eq:cZ_tau}

We see that the left-hand side depends on both ↵ and �, while the right-hand side depends

only on �. This implies that in eq. (3.12) ↵ and � cannot be independent, but ↵ = ↵(�)

must be a function of �. In physics application this situation is encountered frequently,

because the branch points, and thus both ↵ and �, are usually (algebraic) functions of

the external kinematic data (Mandelstam invariants and masses), so that ↵ and � are not

independent and, at least locally, we can express ↵ in terms of �. Di↵erentiating eq. (4.17)

with respect to � and using eq. (3.12), we find

b
d⌧

d�
= �

d

d�

F(
p
↵(�)|�)

2K(�)
. (4.18) {eq:2}

As it is well known, the derivative of F(
p
↵(�)|�) involves the function E(

p
↵(�)|�),

such that by working out the derivative we can invert eqs. (4.17) and (4.18) and express

F(
p
↵(�)|�) and E(

p
↵(�)|�) in terms of ⌧ and its derivative. Substituting these results

into eq. (4.14), we are left with

G⇤(~a) = �
�(�� 1)↵0(�)p
↵(1� ↵)(1� ↵�)

�
↵(�� 1)p

↵(1� ↵)(1� ↵�)
� 2 b�(�� 1)!1⌧

0(�) (4.19)
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Ex 1: the image of         on the torus �1
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of the chosen convention for the branches of square root,
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(A.6) {eq:app_1}

where the last equality is subject to the conditions discussed at the end of Section 4.2.

Once the overall sign of z⇤ has been determined using the reasoning at the beginning of

the section, the overall sign of G⇤(~a) can be determined from eq. (A.6). Let us illustrate

this on two examples:

1. In the case where the branch points are real and ordered in the natural way, and the

branches of the square root are chosen according eq. (3.4), we know that we have (cf.

eq. (3.12))

z⇤ = Z⇤(↵,�) =
1

2
�

F(
p
↵|�)

2K(�)
. (A.7)

Equation (A.6) then implies
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(A.8)

in agreement with eq. (4.15) and eq. (4.21).

2. In the case where the branch points are pairwise complex conjugate to each other

and
p

P4(x) > 0 everywhere on the real axis, we have seen above that (cf. eq. (A.5))

z⇤ = �Z⇤(↵,�) =
F(

p
↵|�)

2K(�)
�

1

2
, (A.9)

and eq. (A.6) implies
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Incomplete elliptic
integral of the second kind

E(
p
↵|�) =

Z p
↵

0
dt

1� �t2p
(1� t2)(1� �t2)
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
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x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,
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= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1
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 0(0, x,~a) =
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. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)
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The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1
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(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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and typically become algebraic for specific examples

� =
(a1 � a4)(a2 � a3)

(a1 � a3)(a2 � a4)
<latexit sha1_base64="GTpd9FwZfkMJu0MPvtpGr5G0uIE=">AAACIHicbZDLSgMxFIYzXmu9VV26CRahXVhm2kLdCEU3LivYC3TKcCbNtKGZC0lGKEMfxY2v4saFIrrTpzFtp6CtPwQ+/nMOJ+d3I86kMs0vY219Y3NrO7OT3d3bPzjMHR23ZBgLQpsk5KHouCApZwFtKqY47USCgu9y2nZHN9N6+4EKycLgXo0j2vNhEDCPEVDacnI1m+vmPuArbHsCSFIAx7oAp1rUUNZQKU4WXmXhVYsTJ5c3S+ZMeBWsFPIoVcPJfdr9kMQ+DRThIGXXMiPVS0AoRjidZO1Y0gjICAa0qzEAn8peMjtwgs+108deKPQLFJ65vycS8KUc+67u9EEN5XJtav5X68bKu+wlLIhiRQMyX+TFHKsQT9PCfSYoUXysAYhg+q+YDEHnpHSmWR2CtXzyKrTKJcssWXfVfP06jSODTtEZKiAL1VAd3aIGaiKCHtEzekVvxpPxYrwbH/PWNSOdOUF/ZHz/AJ/Mn38=</latexit><latexit sha1_base64="GTpd9FwZfkMJu0MPvtpGr5G0uIE=">AAACIHicbZDLSgMxFIYzXmu9VV26CRahXVhm2kLdCEU3LivYC3TKcCbNtKGZC0lGKEMfxY2v4saFIrrTpzFtp6CtPwQ+/nMOJ+d3I86kMs0vY219Y3NrO7OT3d3bPzjMHR23ZBgLQpsk5KHouCApZwFtKqY47USCgu9y2nZHN9N6+4EKycLgXo0j2vNhEDCPEVDacnI1m+vmPuArbHsCSFIAx7oAp1rUUNZQKU4WXmXhVYsTJ5c3S+ZMeBWsFPIoVcPJfdr9kMQ+DRThIGXXMiPVS0AoRjidZO1Y0gjICAa0qzEAn8peMjtwgs+108deKPQLFJ65vycS8KUc+67u9EEN5XJtav5X68bKu+wlLIhiRQMyX+TFHKsQT9PCfSYoUXysAYhg+q+YDEHnpHSmWR2CtXzyKrTKJcssWXfVfP06jSODTtEZKiAL1VAd3aIGaiKCHtEzekVvxpPxYrwbH/PWNSOdOUF/ZHz/AJ/Mn38=</latexit><latexit sha1_base64="GTpd9FwZfkMJu0MPvtpGr5G0uIE=">AAACIHicbZDLSgMxFIYzXmu9VV26CRahXVhm2kLdCEU3LivYC3TKcCbNtKGZC0lGKEMfxY2v4saFIrrTpzFtp6CtPwQ+/nMOJ+d3I86kMs0vY219Y3NrO7OT3d3bPzjMHR23ZBgLQpsk5KHouCApZwFtKqY47USCgu9y2nZHN9N6+4EKycLgXo0j2vNhEDCPEVDacnI1m+vmPuArbHsCSFIAx7oAp1rUUNZQKU4WXmXhVYsTJ5c3S+ZMeBWsFPIoVcPJfdr9kMQ+DRThIGXXMiPVS0AoRjidZO1Y0gjICAa0qzEAn8peMjtwgs+108deKPQLFJ65vycS8KUc+67u9EEN5XJtav5X68bKu+wlLIhiRQMyX+TFHKsQT9PCfSYoUXysAYhg+q+YDEHnpHSmWR2CtXzyKrTKJcssWXfVfP06jSODTtEZKiAL1VAd3aIGaiKCHtEzekVvxpPxYrwbH/PWNSOdOUF/ZHz/AJ/Mn38=</latexit><latexit sha1_base64="GTpd9FwZfkMJu0MPvtpGr5G0uIE=">AAACIHicbZDLSgMxFIYzXmu9VV26CRahXVhm2kLdCEU3LivYC3TKcCbNtKGZC0lGKEMfxY2v4saFIrrTpzFtp6CtPwQ+/nMOJ+d3I86kMs0vY219Y3NrO7OT3d3bPzjMHR23ZBgLQpsk5KHouCApZwFtKqY47USCgu9y2nZHN9N6+4EKycLgXo0j2vNhEDCPEVDacnI1m+vmPuArbHsCSFIAx7oAp1rUUNZQKU4WXmXhVYsTJ5c3S+ZMeBWsFPIoVcPJfdr9kMQ+DRThIGXXMiPVS0AoRjidZO1Y0gjICAa0qzEAn8peMjtwgs+108deKPQLFJ65vycS8KUc+67u9EEN5XJtav5X68bKu+wlLIhiRQMyX+TFHKsQT9PCfSYoUXysAYhg+q+YDEHnpHSmWR2CtXzyKrTKJcssWXfVfP06jSODTtEZKiAL1VAd3aIGaiKCHtEzekVvxpPxYrwbH/PWNSOdOUF/ZHz/AJ/Mn38=</latexit>



Length and weight

For MPLs, notion of weight and length are straightforward

For eMPLs, they are not the same!

Length = weight = # of integrations (except for    )iπ

Semi-simple periods have length 0

!1, ⌘1, i⇡
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Unipotent periods have length = # of integrations

Roughly speaking:

Note:

Next, let us define �0
⌘ �� id⌦ 1. It is easy to see that �0 annihilates all objects on

which � acts trivially, and more generally we have

�0(Ui) =
pX

j=1

⇥
�(Uj)

��Aij
⇤
. (6.4)

Let us define �0
r+1 ⌘ (�0

⌦ 1)(�0
r ⌦ id), and the recursion starts with �0

1 = �0. It is easy

to see that for every period x there is a smallest integer k such that �0
k+1(x) = 0. We

call this smallest integer the length k of x. Since the coaction was defined by means of the

total di↵erential, we can easily see that the length k of a unipotent period is the smallest

integer such that the unipotent period is annihilated by a (k + 1)-fold di↵erential.

This definition of length agrees with the naive notion of length as the number of inte-

grations in the case of a iterated integrals. Indeed, every time we act with a di↵erential, we

remove one integration, and so if we act with more di↵erentials than we have integrations,

we obtain zero. The advantage of our more involved definition of length is that it applies

more generally to all periods, not just those defined as iterated integrals. In particular, if

x is either semi-simple or constant, then �0(x) = 0, and so every semi-simple or constant

period has length zero. Moreover, we can easily see that the length of a product of two

periods of length k1 and k2 is the sum of their lengths, k1 + k2. Finally, let us consider the

modular parameter ⌧ . We have seen in Section 3.2 that ⌧ is unipotent, and we have [125]

�(⌧) = ⌧ ⌦ 1 + 1⌦ [d⌧ ] . (6.5)

Hence we have �0(⌧) = 1 ⌦ [d⌧ ] and �0
2(⌧) = �0(1) ⌦ [⌧ ] = 0, and so ⌧ is a unipotent

period of length one. Note that this agrees with alternative representations of ⌧ , e.g.,

⌧ =
log q

2⇡i
= e�( 0

0 ; ⌧, ⌧) = I ( 0 0
0 0 ; ⌧) , q = e

2⇡i⌧
. (6.6) {eq:tau_length}

All the quantities appearing in these identities have length one.

Note that even though the length of an k-fold iterated integral is generically k, there

can be special instances where we have a ‘length drop’, e.g., when the iterated integral is

evaluated at some special point where it evaluates to a constant (which has length zero).

For example, the length of e�( 0
0 ; z, ⌧) = z is one, because �0(e�( 0

0 ; z, ⌧)) = 1 ⌦ [dz] and

�0
2(e�( 0

0 ; z, ⌧)) = 0. However, if we evaluate e�( 0
0 ; z, ⌧) at some constant value for z, say

z = 1, then the length of e�( 0
0 ; z, ⌧) =

e�( 0
0 ; 1, ⌧) = 1 drops to zero.

6.2 Building blocks of uniform weight

After our discussion of the length of a period, let us turn to the weight. While in the

case of the length we could give a fully general definition valid for arbitrary periods, our

discussion of the weight will be mostly based on empirical observations. Beyond ordinary

MPLs we cannot follow the folklore in the physics literature and define the weight through

the action of the di↵erential. Indeed, extending this folklore definition from ordinary MPLs

to eMPLs would not lead to the weight, but to the length discussed in the previous section.

In the case of ordinary MPLs, the weight is always equal to the length (except in the case
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has length 1  —⌧
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where we have introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the

weight and the length of eMPLs. Second, there is a closed formula for the total di↵erential

of an eMPL which is very reminiscent of the total di↵erential of an ordinary MPL in

eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}{eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}{eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}{eq:US_matrix}
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where we have introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the

weight and the length of eMPLs. Second, there is a closed formula for the total di↵erential

of an eMPL which is very reminiscent of the total di↵erential of an ordinary MPL in

eq. (2.5). The formula for the total di↵erential reads [125],
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where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands
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�
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with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods
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Empirically, by requiring relations between uniform weight
functions, we postulate

Weight:

We’ll see in applications that using these definitions, results
are of uniform weight

!1 = 2K(�)

!2 = 2iK(1� �)
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Name Unipotent Length Weight

Rational Functions No 0 0
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Table 1.
tab:summary
Weight and length of the di↵erent building blocks encountered when working with elliptic

Feynman integrals.

In Section 5 we have illustrated the use of these pure eMPLs in the context of elliptic

Feynman integrals. We have analysed analytic results for elliptic Feynman integrals with up

to four external legs. If one (or more) of the scales vanish, the integrals can be expressed

in terms of ordinary MPLs of uniform weight. In all cases we observe that this weight

agrees with the weight of the eMPLs in the elliptic case. This is the first time that a

notion of uniform weight is observed in the context of Feynman integrals that evaluate

to eMPLs. Given the important role played by pure functions of uniform weight for non-

elliptic Feynman integrals, we believe that our findings will have an impact on future studis

of elliptic Feynman integrals, both for practical computations and for our understanding of

the mathematics of multi-loop integrals and scattering amplitudes in perturbation theory

in general.

Let us conclude this paper by commenting on possible implications of our work for

scattering amplitudes in the N = 4 Super Yang-Mills (SYM) theory. It is known that there

is a specific component of the two-loop 10-point N3MHV super-amplitude which is equal to

a double-box integral which cannot be expressed in terms of ordinary polylogarithms [96,

97, 119]. In ref. [119] this double-box integral was written as a one-fold integral, which can

– 31 –
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F(
p

↵(�)|�) and E(
p

↵(�)|�) in terms of ⌧ and its derivative. Substituting these results

into eq. (4.14), we are left with

G⇤(~a) = �
�(�� 1)↵0(�)p
↵(1� ↵)(1� ↵�)

�
↵(�� 1)p

↵(1� ↵)(1� ↵�)
� 2 b�(�� 1)!1⌧

0(�) (4.19)

where 0 indicates the derivative with respect to �, and we suppressed the dependence of ↵

on �. It is very easy to compute ⌧
0(�) as

⌧
0(�) = i

d

d�

K(1� �)

K(�)
=

i⇡

(�� 1)�!
2
1

(4.20)

such that the expression above becomes

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (4.21) {eq:G_start_algebraic}{eq:G_start_algebraic}

Let us make some comments about eq. (4.21). First, we stress that eq. (4.21) is only valid

when the branch points are real and the branches of the square root are chosen according

to eq. (3.4). In other cases the formula holds up to a sign and complex conjugation, see

Appendix A. Second, eq. (4.21) assumes that ↵ and � are not independent, and that in

addition z⇤ takes the special form in eq. (4.16). Once the exact relation between ↵ and �

is known (which of course depends on the problem considered), eq. (4.21) becomes explicit

and can be used to derive the expression for G⇤(~a). In physics applications, both ↵ and

� are usually algebraic functions of the external kinematics, in which case G⇤(~a) reduces

to an (explicitly computable) algebraic function of the external kinematic data, up to the

term proportional to i⇡/!1. We will see an explicit example of this in the next section,

when we discuss results for some Feynman integrals that evaluate to pure combinations of

elliptic polylogarithms.

4.4 Properties of pure eMPLs

Before we discuss examples of Feynman integrals that can be expressed in terms of the

pure basis of eMPLs defined in the previous subsection, we summarise here some of their

properties. Most of these properties are inherited from the corresponding properties of the

E4 and e� functions, but we collect them here for completeness.

Shu✏e algebra. Just like ordinary MPLs (and iterated integrals in general), the E4

functions form a shu✏e algebra,

E4(A1 · · ·Ak;x,~a) E4(Ak+1 · · ·Ak+l;x,~a) =
X

�2⌃(k,l)

E4(A�(1) · · ·A�(k+l);x,~a) , (4.22) {eq:shuffle_cE4}{eq:shuffle_cE4}

with Ai = ( ni
ci ).

Rescaling of arguments. Just like ordinary MPLs, the E4 functions are invariant under

a simultaneous rescaling of the arguments (cf. eq. (2.3)),

E4(
n1 ... nk
p c1 ... p ck ; p x, p~a) = E4(

n1 ... nk
c1 ... ck ;x,~a) , p, ck 6= 0 . (4.23)
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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x is a Feynman parameter that still needs to be integrated over the range [0, 1]. In order

to perform the integral over x, it is useful to cast this logarithm in the form of an integral

where x only appears as the upper integration limit. Since eq. (6.10) defines an elliptic

curve, it is easy to see that such an integral representation will involve eMPLs. Indeed, we

find,

f(x) = log µ2 + E4(�1
1 ;x,~a)� E4

⇣ �1
µ2

µ2�µ1
;x,~a

⌘
� E4

��1
0 ;x,~a

�

� E4
��1

1 ;x,~a
�
� 4⇡i E4( 0

0 ;x,~a) .
(6.12) {eq:kite_example}{eq:kite_example}

We see that every term in the right-hand side has weight one, just like the logarithm in

eq. (6.9). We stress that it is crucial that the weight is not identified with the number of

integrations, because otherwise the last term in eq. (6.12) would not have weight one. We

have derived a large variety of identities of this type up to weight three, and in all cases we

observe that the weight is conserved. We therefore conjecture that this observation holds

in general, and extends the corresponding property for ordinary MPLs.

Name Unipotent Length Weight

Rational Functions No 0 0

Algebraic Functions No 0 0

i⇡ No 0 1

⇣2n No 0 2n

⇣2n+1 Yes 0 2n+ 1

log x Yes 1 1

Lin(x) Yes n n

G(c1, . . . , ck;x) Yes k k

!1 No 0 1

⌘1 No 0 1

⌧ Yes 1 0

g
(n)(z, ⌧) No 0 n

h
(n)
N,r,s(⌧) No 0 n

Z4(c,~a) No 0 0

G⇤(~a) No 0 0

E4(
n1 ... nk
c1 ... ck ;x,~a) Yes k

P
i |ni|

e�( n1 ... nk
z1 ... zk ; z, ⌧) Yes k

P
i ni

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
Yes k

P
i ni

Table 1.
tab:summary
Weight and length of the di↵erent building blocks encountered when working with elliptic

Feynman integrals.

7 Conclusion
{sec:conclusions}

In this paper we have introduced a generalisation of the notion of pure functions that goes

beyond the case of ordinary MPLs studied in the literature [14, 23]. This definition of
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Applications

1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear
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Ex 1: Sunrise

3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.

5.2 The two-loop sunrise integral
{sec:pure_sunrise}

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find

S1(p
2
,m

2) = �
!1

(p2 +m2) c4
T1(p

2
,m

2) , (5.1) {eq:pure_sunrise}

with

T1(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
1 + ✏T

(1)
1 +O(✏2)

i
, (5.2) {eq:T1_def}

and

T
(0)
1 = 2E4

�
0 �1
0 1 ; 1,~a

�
+ E4

�
0 �1
0 0 ; 1,~a

�
+ E4

�
0 �1
0 1 ; 1,~a

�
, (5.3) {eq:sunrise_1_T}

T
(1)
1 = �4E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a1 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a2 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a3 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a4 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 1 ; 1,~a

�

+ 2E4
�

0 �1 1
0 1 0 ; 1,~a

�
+ 2E4

�
0 �1 1
0 1 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 0 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 1 1 ; 1,~a

�

� 2E4
�

0 �1 1
0 0 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 0 1 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 1 ; 1,~a

�

+ 6i⇡E4( 0 0 1
0 0 0 ; 1,~a) + 6i⇡E4( 0 0 1

0 0 1 ; 1,~a) + 3E4
�

0 1 �1
0 0 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 0 1 ; 1,~a

�

+ 3E4
�

0 1 �1
0 1 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 1 1 ; 1,~a

�
+ ⇣2 E4( 0

0 ; 1,~a) .

The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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4.1 Motivation

A priori, it is not entirely clear how to extend the definition of pure functions to the elliptic

case, thus we approach the issue by analysing available results for Feynman integrals that

evaluate to eMPLs. A naive definition of a pure elliptic Feynman integral could consist

in considering Q-linear combinations of elliptic polylogarithms E4 of the same length or

weight. Such a naive definition, however, soon reaches its limits, as we now demonstrate.

In ref. [114] the two-loop sunrise integral in D = 2 � 2✏ with three equal masses was

computed in terms of the eMPLs E4. More precisely, consider the family of integrals

Sn1n2n3(p
2
,m

2) = �
e
2�E✏

⇡D

Z
d
D
k d

D
l

(k2 �m2)n1(l2 �m2)n2((k + l + p)2 �m2)n3
, (4.1)

with ni 2 N. Using IBP identities, every integral in the family can be written as a linear

combination of the following three master integrals,

S0(p
2
,m

2) = S110(p
2
,m

2) ,

S1(p
2
,m

2) = S111(p
2
,m

2) ,

S2(p
2
,m

2) = S112(p
2
,m

2) .

(4.2) {eq:sunrise_masters}

S0 is the product of two one-loop tadpole integrals and will not be discussed any further.

For now, we focus only on the master integral S1, and we return to S2 in Section 5. The

result for S1 reads [114]

S1(p
2
,m

2) =
1

(m2 + p2)c4

"
1

c4
E4( 0 0

0 0 ; 1,~a)� 2E4
�

0 �1
0 1 ; 1,~a

�
� E4

�
0 �1
0 0 ; 1,~a

�

� E4
�

0 �1
0 1 ; 1,~a

�
� E4( 0 1

0 0 ; 1,~a)

#
+O(✏) ,

(4.3) {eqn:S111_result}
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The result for S1 in eq. (4.3) is not pure (not even up to an overall algebraic factor),

because not all the E4 functions are multiplied by rational numbers, but the first term in

square brackets is multiplied by the algebraic function 1/c4. There are, however, strong

motivations to believe that the two-loop sunrise integral in D = 2� 2✏ dimensions should

define a pure function of some sort: First, the corresponding result in the case of three

di↵erent masses can be written as a Q-linear combination of E4 functions, and no additional

algebraic prefactor is needed [114]. Second, in the case where at least one propagator is

massless, the integral can be evaluated in terms of pure linear combination of ordinary

MPLs. Third, the equal-mass sunrise integral S1(p2
,m

2) can also be written in terms of
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3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.

5.2 The two-loop sunrise integral
{sec:pure_sunrise}

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find
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The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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Let us discuss eq. (5.1). First, we see that eMPLs in eq. (5.3) have uniform weight.

It is natural to assign weight one also to !1 = 2K(�), because lim�!0 K(�) = ⇡
2 . If we

assign weight �1 to the dimensional regularisation parameter ✏, we see that all the terms

in eq. (5.1) have uniform weight two. This is in agreement with the weight of the sunrise

integral with at least one massless propagator, which can be expressed in terms of ordinary

MPLs. Second, the prefactor multiplying the pure eMPLs in eq. (5.1) corresponds to the

maximal cut of the sunrise integral computed in two dimensions,

Cut[S1(p
2
,m

2)|D=2] = �
!1

(p2 +m2) c4
. (5.4)

In other words, we find that the sunrise integral can be cast in a form which is very

reminiscent of the non-elliptic case, cf. eq. (2.10),

S1(p
2
,m

2) = Cut[S1(p
2
,m

2)|D=2]⇥ T1(p
2
,m

2) . (5.5)

In ref. [114] also the master integral S2 defined in eq. (4.2) was computed in terms of

the eMPLs E4. Performing the same steps as for S1, we find the following representation

for the three-propagator master integrals for the sunrise family,
 
S1(p2

,m
2)

S2(p2
,m

2)

!
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H1 �
2

m2(p2+m2)(p2+9m2) ⌦1

! 
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2)

T2(p2
,m

2)

!
, (5.6)

where the entries in the matrix in the right-hand side are semi-simple objects,

⌦1 = �
!1

c4 (m2 + p2)
,

H1 = �
4c4⌘1

m2 (9m2 + p2)
�

!1
�
15m4 + 12m2

p
2 + p

4
�

6c4m2 (m2 + p2)2 (9m2 + p2)
.

(5.7)

We note that the function H1 is precisely the maximal cut of the second master integral,

Cut[S2(p
2
,m

2)|D=2] = �
1

3

@

@m2
Cut[S1(p

2
,m

2)|D=2] = H1 . (5.8)

The structure of this matrix is very reminiscient of the matrix of semi-simple periods in

eq. (3.23). The function T1 is the pure part of S1 defined in eq. (5.9). The function T2 is

a new pure building block given by

T2(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
2 + ✏T

(1)
2 +O(✏2)

i
, (5.9) {eq:T1_def}
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1 ; 1,~a) + E4
��2

0 ; 1,~a
�
+ E4

��2
1 ; 1,~a

�
,

T
(1)
2 = . . .

(5.10) {eq:sunrise_2_T}

[CD: Need to add O(✏) of 2nd master.]

Let us conclude this section with a few comments. First, we see that all the arguments

of the elliptic polylogarithms are drawn from the set {0, 1,1, a1, . . . , a4}. For concreteness

we work in the Euclidean region where the branch points in eq. (4.4) are pairwise complex
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3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].
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4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in
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four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend
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The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.
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The second master

Let us discuss eq. (5.1). First, we see that eMPLs in eq. (5.3) have uniform weight.

It is natural to assign weight one also to !1 = 2K(�), because lim�!0 K(�) = ⇡
2 . If we

assign weight �1 to the dimensional regularisation parameter ✏, we see that all the terms

in eq. (5.1) have uniform weight two. This is in agreement with the weight of the sunrise

integral with at least one massless propagator, which can be expressed in terms of ordinary

MPLs. Second, the prefactor multiplying the pure eMPLs in eq. (5.1) corresponds to the

maximal cut of the sunrise integral computed in two dimensions,

Cut[S1(p
2
,m

2)|D=2] = �
!1

(p2 +m2) c4
. (5.4)

In other words, we find that the sunrise integral can be cast in a form which is very

reminiscent of the non-elliptic case, cf. eq. (2.10),

S1(p
2
,m

2) = Cut[S1(p
2
,m

2)|D=2]⇥ T1(p
2
,m

2) . (5.5)

In ref. [114] also the master integral S2 defined in eq. (4.2) was computed in terms of

the eMPLs E4. Performing the same steps as for S1, we find the following representation

for the three-propagator master integrals for the sunrise family,
 
S1(p2

,m
2)

S2(p2
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!
=
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!
, (5.6)

where the entries in the matrix in the right-hand side are semi-simple objects,

⌦1 = �
!1

c4 (m2 + p2)
,

H1 = �
4c4⌘1

m2 (9m2 + p2)
�

!1
�
15m4 + 12m2

p
2 + p

4
�

6c4m2 (m2 + p2)2 (9m2 + p2)
.

(5.7)

We note that the function H1 is precisely the maximal cut of the second master integral,

Cut[S2(p
2
,m

2)|D=2] = �
1

3

@

@m2
Cut[S1(p

2
,m

2)|D=2] = H1 . (5.8)

The structure of this matrix is very reminiscient of the matrix of semi-simple periods in

eq. (3.23). The function T1 is the pure part of S1 defined in eq. (5.9). The function T2 is

a new pure building block given by

T2(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
2 + ✏T

(1)
2 +O(✏2)

i
, (5.9) {eq:T1_def}
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��2
1 ; 1,~a

�
,

T
(1)
2 = . . .

(5.10) {eq:sunrise_2_T}

[CD: Need to add O(✏) of 2nd master.]

Let us conclude this section with a few comments. First, we see that all the arguments

of the elliptic polylogarithms are drawn from the set {0, 1,1, a1, . . . , a4}. For concreteness

we work in the Euclidean region where the branch points in eq. (4.4) are pairwise complex
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[CD: Need to add O(✏) of 2nd master.]

Let us conclude this section with a few comments. First, we see that all the arguments

of the elliptic polylogarithms are drawn from the set {0, 1,1, a1, . . . , a4}. For concreteness

we work in the Euclidean region where the branch points in eq. (4.4) are pairwise complex
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1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then
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Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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Semi-simple Unipotent

Let us discuss eq. (5.1). First, we see that eMPLs in eq. (5.3) have uniform weight.

It is natural to assign weight one also to !1 = 2K(�), because lim�!0 K(�) = ⇡
2 . If we

assign weight �1 to the dimensional regularisation parameter ✏, we see that all the terms

in eq. (5.1) have uniform weight two. This is in agreement with the weight of the sunrise

integral with at least one massless propagator, which can be expressed in terms of ordinary

MPLs. Second, the prefactor multiplying the pure eMPLs in eq. (5.1) corresponds to the

maximal cut of the sunrise integral computed in two dimensions,

Cut[S1(p
2
,m

2)|D=2] = �
!1

(p2 +m2) c4
. (5.4)

In other words, we find that the sunrise integral can be cast in a form which is very

reminiscent of the non-elliptic case, cf. eq. (2.10),
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2) = Cut[S1(p
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In ref. [114] also the master integral S2 defined in eq. (4.2) was computed in terms of

the eMPLs E4. Performing the same steps as for S1, we find the following representation

for the three-propagator master integrals for the sunrise family,
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where the entries in the matrix in the right-hand side are semi-simple objects,
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We note that the function H1 is precisely the maximal cut of the second master integral,
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kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].
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D2 = k22 �m2, D4 = (k2 � p2)
2 �m2, D6 = (k2 � k1 � p2)

2
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Changing basis to pure eMPLs      , the result becomes:E4
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Uniform weight 4!



Back to the real world

The elliptic double box of N=4 SYM

In Section 5 we have illustrated the use of these pure eMPLs in the context of elliptic

Feynman integrals. We have studied analytic results for elliptic Feynman integrals with up

to four external legs. If one (or more) of the scales vanish, the integrals can be expressed

in terms of ordinary MPLs of uniform weight. In all cases we observe that this weight

agrees with the weight of the eMPLs in the elliptic case. This is the first time that a

notion of uniform weight is observed in the context of Feynman integrals that evaluate

to eMPLs. Given the important role played by pure functions of uniform weight for non-

elliptic Feynman integrals, we believe that our findings will have an impact on future studies

of elliptic Feynman integrals, both for practical computations and for our understanding of

the mathematics of multi-loop integrals and perturbative scattering amplitudes in general.

Let us conclude this paper by commenting on possible implications of our work for

scattering amplitudes in the N = 4 Super Yang-Mills (SYM) theory. It is known that there

is a specific component of the two-loop 10-point N3MHV super-amplitude which is equal to

a double-box integral which cannot be expressed in terms of ordinary polylogarithms [96,

97, 119]. In ref. [119] this double-box integral was written as a one-fold integral, which can

schematically be represented as (cf. eq. (2) of ref. [119]),
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where Q(↵) denotes a quartic polynomial in ↵ whose coe�cients depends on the dual

conformally invariant cross ratios, and G3(↵) denotes a pure combination of MPLs of weight

three. So far it is not known if this integral can be evaluated in terms of eMPLs, because

the arguments of the MPLs in G3(↵) are algebraic functions of ↵ that involve not only the

square root
p
Q(↵), but also additional square roots with a quadratic dependence on ↵.

We can, however, use results from this paper to analyse the weight of Iell
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db with T
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where !1 denotes one of the periods of the elliptic curve defined by the polynomial equation

�
2 = Q(↵) and  0(0,↵) is defined in eq. (4.12). We see that T ell

db defines a pure function of

length four and weight three. Since !1 has weight one, we conclude that Iell
db has uniform

weight four. This is in agreement with known results for two-loop amplitudes in N = 4

SYM that evaluate to ordinary MPLs, and hints towards the fascinating possibility of an

extension of the principle of uniform transcendentality beyond the the case of ordinary

MPLs.
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}{eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relation-

ship to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that

there is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Sec-

tion 3. Using the results of ref. [121] we can give an explicit representation of the kernels

that appear in eq. (4.7). We present here explicitly the formulæ up to n = 1, and the

corresponding formulas for n = 2 are given in Appendix B. The extension to higher values

of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The quantity G⇤(~a) in the last equation corresponds to the image of z⇤ under the function

g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}{eq:G_infty_def}
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Conclusions

•   First step into defining a concept of purity and uniform weight in the 
elliptic case, worked out several examples

•    Both conceptual and practical relevance — in the end we are interested 
in computing amplitudes and obtaining reliable analytical expressions

•   Purity is of great relevance in the MPL case (differential equations), 
hopefully soon we will have a similar understanding for elliptic Feynman 
integrals too

•   Not the end, integrals with multiple elliptic curves, more complicated 
geometries, etc.

•    Lots to do still, but we are definitely moving forward!

[Weinzierl & Chaubey’s talks]
[Bourjaily’ s talk]


