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We just heard from Lorenzo:

* Interplay between DE approach and direct integration
of Feynman integrals for MPLs

* In the elliptic case, we are not quite there yet
e Elliptic Polylogarithms (eMPLs) on the elliptic curve

* Several examples of elliptic Fls and their representation

in terms of eMPLs

Another notion from the MPL world: Purity

Examples of elliptic FIs didn’t look pure

This talk: Notion of Purity in the elliptic case



What do you mean “Pure”?

== : — Arkani-H d, Bourjail
e Definition based on residues Cacizlzo E{f:lfka o

An integral is pure if all of its non-vanishing
residues are the same up to a sign

“Integrals with unit leading singularity”

e Ex:4-mass box
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What do you mean “Pure™?

= . — Arkani-Hamed, Bourjail
* Definition based on residues Cz Ciz; N T - ,éulzaly

An integral is pure if all of its non-vanishing
residues are the same up to a sign

“Integrals with unit leading singularity”

* Prototypical example: MPLs

dt

<
G ——a = / G(asg,...,ay;t)
0 t—al




Weight of an MPL = number of integrations

G(al,...,an;z):/ S a; € C
0




What do you mean “Pure™?

o Definition based on total differential — Henn'13 —

/ # of integrations

A pure function of weight n is a function whose
total derivative can be expressed in terms of pure

functions of weight n-1 (times algebraic factors) .
algebraic

/

Qj—1 — Gy

et ZG(al,...,di,...,an;z)dlog
——

\ - \ A;4+1 — Qg

weight n weight n — 1



What do you mean “Pure™?

* We seek to generalise the following to the elliptic case:

A function is called pure if it is unipotent and it
has at most logarithmic singularities.

(Unipotent: total ditf has no homogeneous term)

Log singularities

-

A;—1 — Gy

n

e et :ZG(al,...,&i,...,an;z)dlog

= \ \ ai—l—l — 4y

Pure Unipotent




Why bother?

* Meaning not entirely understood even in the MPL case

* Nevertheless, shows underlying structure

Eg. N=4 SYM:

anomalous dimensions, amplitudes,
certain form factors, etc

'4 L-loops <> Weight 21 functions

“Uniform transcendentality”

*  Organisational principle:
functional 1dentities among functions of fixed weight

e “Maximal transcendentality principle”
— Kotikov, Lipatov, Onishchenko, Velizhanin '04 —



Why bother?

a;—1 — Qy

Total differential: dG(ai,...,an;2) => Glay,...,éi,...,an;2) dlog
=1

A;+1 — Gy

A;—1 — Q4

A;+1 — A4

Symbol: S(G(al, —— ,an;z)) — ZS(G(al, == ,CALi, — ,an;z)) &)

— Goncharov, Spradlin, Vergu, Volovich 10 —
Length n —— n -fold tensor product

e Taming analytical expressions, functional identities

*  Symbol bootstrap with MPL ansatz in N=4 SYM

— Caron-Huot, Dixon, Drummond, Duhr, Harrington, Henn,

McLeod, Papathanaseou, Pennington, Spradlin, von Hippel —



Why bother?

Difterential equations in canonical form

Matrix of “dlog” forms

dF = cdA F

/

Vector of master integrals

For MPLs: natural solution in terms of pure functions G

To-do: develop a general framework also for elliptic integrals
[ Weinzierl & Tancredi’s talks]



The real world: N=4 Super Yang-Mills

Conjecturally of uniform (maximal) weight

Elliptic integrals (and beyond) are known to appear:

— Caron-Huot, Larsen '12 / Nandan, Paulos, Spradlin, Volovich 14 /
Bourjaily, McLeod, Spradlin, von Hippel, Wilhelm "17 —

The elliptic double box,

and more generally traintracks

— Bourjaily, He, MclLeod, von Hippel, Wilhelm "18 —

We'd like to give an elliptic meaning to these statements!



Elliptic Polylogarithms
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can be represented as eMPLs on the complex torus: %{J%‘% o
— Brown, Levin '11, Broedel, Mafra, Matthes, Schlotterer 14 — S

~ ~
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z
ny ... ng . — / / I ho%?a@rphic,
Eee 2157277_) = /O dz f(nl)(z = Z17T)F(Z22 2 ’T) double periodic

Or sometimes as 1terated integrals over modular forms

— Brown 14 —
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Elliptic Polylogarithms

— Broedel, Duhr, Dulat, Tancredi '17 —

Feynman integrals can equivalently be represented

as eMPLs defined on the elliptic curve

e 0 e

n; € N

xXr
B _/ dt Yn, (c1,t, @) Bale3 e 1, @) ¢; € CU {oo}
O (]

Roots: d@ = (a1, a9,as3,a4)

Where does each description stand when it comes to purity?



Ex: The sunrise - @

We have several reasons to believe it should be somehow pure:

* [f one internal mass vanishes: pure combination of MPLs

* Expressed as iterated integrals over modular forms: pure
— Adams, Weinzierl '17 —

(pure = sum of uniform weight function with
rational numbers as coethicients)

1
First master: — Broedel, Duhr, Dulat, Tancredi '17 — S 5\/(6“ — az)(az — a4)
1 1 \
=2 = = = e
Sl(p UL ) == (mz —|—p2)C4 C4E4(88717a’) — 2E4(8 00171701) — E4(8 01,1,61,) Roots
(functions of
~BEa(§751,8) —Ea(§4:1,@)| +0(e) M)

e Also, pure in terms of E,4 if all masses are different



Ex: The sunrise - @

We have several reasons to believe it should be somehow pure:

* [f one internal mass vanishes: pure combination of MPLs

* Expressed as iterated integrals over modular forms: pure
— Adams, Weinzierl '17 —

(pure = sum of uniform weight function with
rational numbers as coethicients)

1
First master: — Broede uhr, Dulat, Tancredi '17 — T 5\/(6“ — az)(az — as)

== ™~

S Ea(38;1,8) — 2E4(321;1,8) —Ea(J 451, 0) Roots
== (functions of

= = e
—E4(8_11,1,a)—E4(8(1),1,a) —I—O(E) p ,m )

e Also, pure in terms of E,4 if all masses are different



So, we can use as guiding principle

An elliptic integral is pure if it is pure when
expressed in terms of I’

Linear combination of T with coefficients being
rational numbers

Why bother defining yet another version of e MPLs?

What's wrong with the E4 functions?




Desired properties:

1. Pure eMPLs on the elliptic curve

Feynman integrals are more naturally studied on the elliptic curve
(simpler functions of kinematic dof)

2. Dehnite Parity

Integrands are rational functions, result should not depend on
choice of branch for the square root 32 = Py(2)

(2,y) = (2, —y) <> =

~

Basis of 1' does not have definite parity

~

B =y =/ ey g™ (=z,1) = (=1)"¢"™ (2, 1)
0



So, what 1s wrong with the definition of E4?
— Broedel, Duhr, Dulat, Tancredi '17 —

X
& Eu(e @ a) = / dt n, (c1,t,@) Eq( e 7 ey 51, @)
& =
&
J Keeps you 1n the same space of functions

kernels such that {
At most simple poles

1 C4 e
¢1(67$) . = %(075’3) = 5 ¢—1(Caﬂ3) = y(az—c)

| =

Regular polylogarithms:

]34((311 Clk;aj) = G(Cla i ,Ck;ZE), & # OO = P4(C)



Requirement of kernels with at most simple poles
imposes an infinite tower of transcendental kernels:

Single pole at * = 00 Double pole at £ = 00
Z (52 Cda' () Dy(x 6)1(x2/81x+82)+4c =
4 — = 4 ) = c1y 9 6 4 T

7z in) (az) polynomial in Z; =——P Regular everywhere

1 —
AN nlex) = x_cZi 1)(33) — Opa Py(x),
Yn (00, ) = = Zzin) (z) Yon(c, ) = = Zin—l)(iw

Not needed for most
physical applications!



Unipotent?

f\/ E4x

k—1
AU (A Az, T =5 (D™ T (A Ao ) Apra - Agi 2,7) wody ot
p=1
kE np+l = = 1 ( \
—1 ~— e r - Np—T
T Z Z {( pnp =1 ) = (Al == Aio—l Ap Apt1--+ Ay z’T) Wp,p—1 one-forms w/
=0 =

log singularities

p,p+1

= (np"'l S 1) T (Al . A A[T] "'Ak:;Z,T) w("p"")]

A=l =

ndr

(n+1) (
271

e (dz; — dz) g™ (2 — 2, T) +

ij 2j — %, T)

Important: g(") (z,7) have at most simple poles for z =m +n7, m,n € Z



Unipotent?

k—1
dl (A Agz,7) =) ()™ T (A1 Apo1 § Apra - Ak 2,7) Wz(ai?jlnpﬂ)
p=1
k— mprl = ( )\A
= == o~ r 2 —
= o [( = ) T ( Ay Al Ay A A 2,7) w2 — -
p=1 r=0 —

log singularities

A function is called pure if it is unipotent and it
has at most logarithmic singularities.

In order to define a pure version of Ey

we draw inspiration from their relations with I




Relation between Ey4 and 1

vs. ¥ =(z—a1)(z—a2)(z—a3)(z —aq) = Py(z)

W2 Kappa function
k(.,,a): C/A; - C
(car’(z,@))? = Py(r(2,d))
(z,y) = (k(2), car’(2))

Abel’s map

< T ]
(x,y)%zzc—4 2 mod A
(.U]_ aj y




Relation between E4 and 1

" kernels given via Eisenstein-Kronecker series:

9’1(0, 7)01(z + a, T)

(n)
== Zg 57) 01(z,7)01(cx, T)
n>0
- : Cq £ dx
USlng ($,y) = (/ﬁ‘,(Z),C4/€ (Z)) and Zr = w—l ? Z* image Of ===
al 1

dEinte T a) =—dz {g(l)(z — Z¢,T) + g(l)(z + 26, T) — g(l)(z — 24y T) — g(l)(z + 24, T)}

dxw_1(6,$,6) = dz _g(l)(z = 2677-) == g(l)(z i ZCaT) +g(1)(zc = Z*aT) —I—g(l)(zc &5 2*77)}

dr1(co,x,d) = dz _—g(l)(z — 2, T) — g(l)(z =2, T)}

dzp_1(c0,2,d) = — il = v [9(% — 26,7) — gV (2 + 24, 7) + 29(1><z*,7>}
4
1
Also Z4(3375:) = S {gu)(zx_Z*aT)‘Fg(l)(ZCC‘FZ*,T)}
1



Relation between E4 and 1

" kernels given via Eisenstein-Kronecker series:

(9, (0,7)91(2+C¥,7)
(n) i
= nz>;)g a5, 01(z,7)01(c, )
- 2 Cq = dx
Using (z,9) = (s(2),car’(2)) and 2z = =1

dEinte T a) =—dz {g(l)(z — Z¢,T) + g(l)(z + 26, T) — g(1>(z — 24y T) — g(l)(z + 24, 7')}

drx_1(c,x,d) = dz {g(l)(z — Ze,T) — g(l)(z + 2., T) + g(l)(zc — 2, T) + g(l)(zc + 24, T)]

And similarly for all kernels — E; and T span the same class of functions

— Broedel, Duhr, Dulat, Tancredi '17 —



Relation between Ey4 and 1

~

Ea(2,8) = F(Li27) —T( L2,7) + |90z — 20, 7) + gDz + 2, 7)| T2, 7)

~ ~ ~

=L = %0, o — W LR GO e 0 2 )

_Z07

simple pole at ¢ = o0

I’ have only log singularities in all variables

E4 have also poles when seen as a function of many variables A

Not pure!



To summarise:

We define a basis of eMPLs on the elliptic curve such that

. They form a basis for all e MPLs

2. They are pure
3. They have dehinite parity

4. They manifestly contain ordinary MPLs



Meet the pure eMPLs on the elliptic curve:
Ea(er e, @) = / dt U, (c1,t,d) Ex( e 7 ey 51, @)
0
n;, € 2

dx Uy, (c,x,d) = dz; [Q(n)(zx = T g(n)(zx + 2¢, T)

=0%n.1 (9(1)(Z:c — 2, 7) + g0 (2 + 24, T))]

They form a basis for all eMPLs /

(one-to-one correspondence with basis of 1')



Meet the pure eMPLs on the elliptic curve:
Ea(er e, @) = / dt U, (c1,t,d) Ex( e 7 ey 51, @)
0
n;, € 2

dx Uy, (c,x,d) = dz; [Q(n)(zx = T g(n)(zx + 2¢, T)

=0%n.1 (9(1)(Z:c — 2, 7) + g0 (2 + 24, T))]

They are pure /

(Linear combination of 1 with numeric coefficients)



Meet the pure eMPLs on the elliptic curve:

X
g 0 / At e a e
0
n;, € 2

dx Ve, x,d) = dzg [Q(n)(zx =2 T g(n)(zx + 2¢, T)

=0%n.1 (9(1)(% — 2, 7) + g0 (2 + 24, T))]

They have definite parity /

(Recall g™ (=z,1) = (=1)"¢™) (2, 7))



Meet the pure eMPLs on the elliptic curve:

X
g 0 / At e a e
0
n;, € 2

dx Uy, (c,x,d) = dz; [Q(n)(za: = T g(n)(zx + 2¢, T)

dx

drVi(c,z,a) =

c # 00

)
e

They manifestly contain ordinary MPLs



Making 1t explicit

E 1 = C
Wo(0,7,8) = — 40(0, 2, @) = ify
e = e —
U_i(c,x,a@) =v_1(c,x,a) + Zg(c,@) W0, z,a) = y(myc_ 3 + Z4(c, @) 54 ;
Uy (00, ,d) = —h (00, @, @) = —Z4(, @) %4
U_q(00,z,d) = _1(00,x,a) — [Z—i + QG*(ZL’)] Yo(0,z,a) = g — 5 (a1 + 2¢4 G4 (a)]

Nothing comes without a price — explicit dependence on

1
=== 9(1) (2%, T) and Z4(C, Ei)

=

In general transcendental, but simplity in specific applications

G.(@)

Image of —oco on the torus



Ex 1: the 1mage of —oo on the torus

Z*:— —le_ >‘) a:al_a?)
Y 2 a1 — ay
l e (a1 — aq)(az — as)
a < ag <az<ag €R (a1 —a3)(az — a4)
Vo = : K(\) = 1 d
F(vall) = dt ;
( 04| ) /O \/(1_t2)(1—)\t2) \/ 1—t2 (1—)\752)
Incomplete elliptic Complete elliptic

integral of the first kind integral of the first kind



Ex 1: the 1mage of —o0o on the torus

== _ood_x_}_F(\/aP\) o= =8
= =—Fn a; — ay
l \ (a1 — aq)(az — az)

=
1— £2)(1 — At2)

Ja
E(\/a\A):/O dt\/(

Incomplete elliptic
integral of the second kind

G«(a@) and Z4( ) typically become algebraic tor specitic examples



Length and weight

For MPLs, notion of weight and length are straightforward
Length = weight = # of integrations (except for ir)

For eMPLs, they are not the same!

Roughly speaking: P W1, M1, T (?11 j?f) = <j;11 i:/w1><(l) I)

semi- unipotent

Semi-simple periods have length 0

simple

Unipotent periods have length = # of integrations

Note: T haslengthl —A(T)=791+ 1 [d7]

l ~ .
e qu:F(B;TvT):I(88§T), qz€27m7'

271




Weight:

Empirically, by requiring relations between uniform weight
functions, we postulate

Cdz:QZK(l—)\) — xl_% (x)_§
_ we 0
T=— g
W1
PELE e 2 i M
L(n SR sT) — T
S ) > )

We'll see 1n applications that using these definitions, results
are of uniform weight



Other properties that work the same way as for MPLs:

Shutftle
Eg(Ay - Ap;x,0) Eg(Apyr - Agy; 0, 4) Z Ea(As(r) " Ao(kt); T, )
ses(k,1)
Unipotent — Symbol
Shuffle preserving regularisation of &4(- - - %1, o

95
e e /dt\Ifm(cl,t,c?)&(?S e
0

1
Analogue of G(0,...,0;2) = — log" 2
e n'
n times



Name Unipotent | Length | Weight
Rational Functions No 0 0
Algebraic Functions No 0 0

it No 0 1
Con No 0 2n

Cont1 Yes 0 2n + 1

log x Yes : 1

Li,(x) Yes n n

e Yes k k

w1 No 0 1

m No 0 1

T Yes 1 0

g™ (z, 1) No 0 n

R S (T) No 0 n

Z4(c,a) No 0 0

G.(a) No 0 0
Ea(er o ep 3 @, ) Yes k| > lma
f(;”ll S Yes k P
e e e Yes k —n

S




Applications

— Broedel, Duhr, Dulat, Penante, Tancredi (to appear) —

mn
2-point functions — @ @/
[ Weinzierl talk] m
< » D1 » D1
kl kl
3-point functions
X \
< » D2 > D2

— Tancredi, von Manteuttel '17 — — Aghetti, Bonciani ‘07 —

4-p0int functions \

— Henn, Smirnov '13 —




Applications

— Broedel, Duhr, Dulat, Penante, Tancredi (to appear) —

2-point functions

[ Weinzierl talk]

3-point functions

= /a,’\; 1’17 — — Aghetti, Bonciam 07 —

4-point functions \

— Henn, Smirnov '13 —




Ex 1: Sunrise

Recall first master from Lorenzo’s talk:

1 1
D e e =117

Sl e s R e

Semi-simple \ / Unip(_)tent

After purification:  Si(p*,m?) = — 7 +w;n2) — T: (p?, m?)
W1
t = ~=
Cut|S1(p”, m”)|p=2] =



i)

2 —2€
Tl(pz,mz) = (m_> [Tl(o) E eTl(l) =E 0(62)}
Tf“? e e

= _484(80,13 ;}3175’)) _484(8a11 ;}317&) _484(8034 ;};175’)) _484(8a12 ;};1’&)
2B 7L 2681 75 10) —264(0, 35 1a) — 26 (3 1 1.)
_254(8a14 _01;176) _254(86114 _11;176) _254(861,12 _01;176) _284(86112 _11;175)

+284(9 21 5:1,@) +284(9 22 151,a) +6E4(9 5 o251,a@) +6E4(g1 251,a)

e e 0-11.1 = s
—284(p o 31 @) —284(g ¢ 151,8) — 284(g 7 ¢51,8) —264(g 7 131, )
+6i7754(88(1)3175)""6”54(88%3175)+354(8(1)_()15176)""384(8(1)_117176)
—|—354(8i_01;1,6_i)—|—384(81_11;1,5f +C254(8;1,5).



+264(930 151,8) +264(0 2 11,3) |

—28,(0 e —on (0 1 )
+6inE (901:1,d) + 6im&4(291;1,a)
e bt |

Eql el 0 ekix) — Z\nz\

1

w1, ™ — 1

é . - 3 s’
.’ Manifestly pure of weight 2! 37 |



3

3

The second master =

m

Semi-simple \ / Unipotent

Si(p*,m?) \ _ [ 0 T1(p?, m?)
S2(p2’m2) Hy _mZ(p2+m2)%p2—|—9m2)Ql TQ(p27m2)

Wi
O =—
: Cy (m2 == p2) :
Hy = deqm w (15m* + 12m*p? + p*)
= L m2(Om2 0 Geam? (m2 + p?)? (9m? + p?)
5 9 2 —2¢€
Cut[SQ(p , T )|D:2] TQ(pQ,TTLQ) = (_m_p2> [TZ(O) + €T2(1) == 0(62)i|

T = 2£,(32:1,a) + &4(2;1,@) + E4( 323 1,3)

S

Uniform weight 2!



EX 2: tlT pr()duction — Tancredi, von Manteuffel '17 —

Massive loop ™ \

P1
ky
ko
D2
= / ki —— P10
4 6
Um)® Iliea i S=—2(p1 - po)



—
e— 5 — 5 1 —4a
Lorenzo showed the result in terms of E4 =
T+:§—§\/1+4CL
m2
E=—
S

% +3loga (E4(0 0, ;1) +E4(8811r71)):|
g'\ a’ G it e Er— = D]
Z. _Z 5E4(0oo0r+31)+5E4(0ooo1—r+§1)+5E4(ooo1r+31)+5E4(oOo11—r+31)

3B (S ) om0 L L) s (32t L bin) —am 02k L L)

+310ga<E4<8;:;1>+E4<8051iM



Changing basis to pure e MPLs &4, the result becomes:

32(,01
= pTT Y e v To(a) + 3T_(a) + 5T (a) + O(€)]

0:1) =€1(0 s 015l) —€a(0 w1051) —€a(o 01131 +
1 i

<
S e e e e e
== o e
1
0

— 54(;} 8 %;r_) log(r_) +€4( ! 8 ;r_) log(1 —1r_)

= ZZZW(&(%);};M) +&4(1 o037+) = &5 o 037+) +E4(1 5 037+)))

—&ulowt0imH) FEalo o1irt) —€ali wioim+) T &l 0157+)



Changing basis to pure e MPLs &4, the result becomes:

32w1
= pTT Y e v To(a) + 3T_(a) + 5T (a) + O(€)]

0:1) =€1(0 s 015l) —€a(0 w1051) —€a(o 01131 +
1 i

<
S e e e e e
== o e
1
0

— 54(;} 8 };r_) log(r_) +€4( ! 8 ;r_) log(1 —1r_)

= ZZZW(&(%);};M) +&4(1 o037+) = &5 o 037+) +E4(1 5 037+)))

—&ulowt0imH) FEalo o1irt) —€ali wioim+) T &l 0157+)

Uniform weight 4!



Back to the real world

The elliptic double box of N=4 SYM

— Caron-Huot, Larsen '12 / Nandan, Paulos, Spradlin, Volovich 14 /
Bourjaily, MclLeod, Spradlin, von Hippel, Wilhelm "17 —

rell dOé
. / Pure combination of MPLs

Using Quartic polynomial (with quadradic sqrts)

1
Uo(0,2,8) = — 0(0, z,8) = ——

Wi w1y

Weight 1 Weight 3
Iell\ W1 ell / Teu e
= ab = | da¥o(0,a)Gs(a)

Uniform weight 4, as expected!



Conclusions

* First step into defining a concept of purity and uniform weight in the
elliptic case, worked out several examples

* Both conceptual and practical relevance — in the end we are interested
in computing amplitudes and obtaining reliable analytical expressions

* Purity 1s of great relevance in the MPL case (differential equations),
hopetully soon we will have a similar understanding for elliptic Feynman
integrals too

* Not the end, integrals with multiple elliptic curves, more complicated

geometries, etc. [ Weinzierl & Chaubey's talks]
[ Bourjaily’ s talk]

* Lots to do still, but we are definitely moving forward!



