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Motivation

Higgs physics has transformed from discovery to precision study

At moderate/large pT: 
• Particles in the loop can be resolved 
• May disentangle modified top quark Yukawa 

coupling from (BSM) point-like         coupling 
• Top quark mass can be important

?
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Data are becoming more precise also 
for more differential observables 

CMS 17: Search for boosted
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Figure 2: The mSD distributions in data for the failing (left) and passing (right) regions and
combined pT categories. The QCD multijet background in the passing region is predicted using
the failing region and the pass-fail ratio Rp/f. The features at 166 and 180 GeV in the mSD
distribution are due to the kinematic selection on r, which affects each pT category differently.
In the bottom panel, the ratio of the data to its statistical uncertainty, after subtracting the
nonresonant backgrounds, is shown.
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Figure 3: Profile likelihood test statistic �2D logL scan in data as a function of the Higgs and
Z bosons signal strengths (µH, µZ).

Table 2: Fitted signal strength, expected and observed significance of the Higgs and Z boson
signal. The 95% confidence level upper limit (UL) on the Higgs boson signal strength is also
listed.

H H no pT corr. Z
Observed signal strength 2.3+1.8

�1.6 3.2+2.2
�2.0 0.78+0.23

�0.19
Expected UL signal strength < 3.3 < 4.1 —
Observed UL signal strength < 5.8 < 7.2 —
Expected significance 0.7s 0.5s 5.8s
Observed significance 1.5s 1.6s 5.1s

�(H ! bb̄) = 74± 48(stat)�10
+17(syst) fb
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pT > 450 GeV
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HJ Production History

1. LO (full       dependence) 

2. NLO  
 Heavy Top Quark Limit 

Approximate       dependence 

Top quark/Bottom quark interference 

3. NNLO Heavy Top Quark Limit 

Ellis, Hinchliffe, Soldate, van der Bij 87 
Baur, Glover 89

de Florian, Grazzini, Kunszt 99; Glosser, Schmidt 02; 
Ravindran, Smith, van Neerven 02

Harlander, Neumann, Ozeren, Wiesemann 12; Neumann, Wiesemann 14; 
Frederix, Frixione, Vryonidou, Wiesemann 16; Neumann, Williams 16; 
Caola, Forte, Marzani, Muselliand, Vita 16; Braaten, Zhang, Zhang 17; 
Lindert, Kudashkin, Melnikov, Wever 18; Neumann 18;

Boughezal, Caola, Melnikov, Petriello, Schulze 13, 14  
Chen, (Martinez,) Gehrmann, Glover, Jaquier 14, 16  
Boughezal, Focke, Giele, Liu, Petriello 15

(Lindert,) Melnikov, Tancredi, Wever 16, 17; 
Caola, Lindert, Melnikov, Monni, Tancredi, Wever 18

K≈1.8

K≈1.2

mT
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The Challenge

Heavy top quark limit (HTL):                  
Introduces effective tree-level coupling between Higgs and gluons

mT ! 1

pT
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Full NLO Calculation 
2-loops 4 scales (                    ) 
Involved integral reduction 
Complicated integrals

s, t,mT ,mH
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Analytic results (so far)
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Figure 5: The four master integrals of the elliptic sector IA1,1,1,1,1,1,1,0,0.

techniques. In section 4.3 we show that employing two auxiliary bases we obtain a two-fold

iterated integral representation of the integral sector.

The highest sector of Family A is IA1,1,1,1,1,1,1,0,0. In this case the homogeneous part

of the differential equations can be cast in canonical form, however they depend via in-

homogeneous terms on the lower elliptic sector. In section 4.4 we write the result as a

three-fold integral. We found these integral representations to be suitable for precise and

reliable numerical evaluations. When implemented in Mathematica the evaluation of both

the elliptic sectors in one Euclidean point takes about 10 minutes using one processor, with

about eight-digit accuracy.

4.1 Sector IA1,1,0,1,1,1,1,0,0

The integral sector IA1,1,0,1,1,1,1,0,0 has four master integrals, shown in fig. 4, which are

expressed in terms of elliptic functions, although its subtopologies do not involve them. We

start by considering the following basis of finite integrals,

h1(x, ϵ) = ϵ4(−x1)
3/2IA1,1,0,1,1,1,1,0,0 ,

h2(x, ϵ) = ϵ4IA2,1,0,1,1,1,1,0,0 ,

h3(x, ϵ) = ϵ3IA1,1,0,1,1,1,2,0,0 ,

h4(x, ϵ) = ϵ4IA1,1,0,1,1,1,1,0,−1 .

(4.1)

We parametrize the integrals through the linear parametrization (3.12), and we define the

differential equations with respect to the new parameter using the chain rule,

∂αh(x(α), ϵ) =
3

∑

i=1

xi ∂xih(x(α), ϵ) , (4.2)

– 11 –
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Most integrals: 
• Canonical basis found 
•             up to weight 2 
• 1-fold integrals at weights 3,4 
• Alphabet with 3 variables, 49 letters, many square roots

Planar integrals contributing to HJ at 2-loop are known analytically
Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16 

Two sectors expressed in terms of 
elliptic functions: 
• 2- and 3-fold iterated integrals  
• Elliptic kernel

Non-planar integrals not currently known analytically, but subject to 
ongoing work by other group(s)
Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov, …

log,Li2
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Alternatively can consider Higgs boson & top quark masses as small 
Introduce variables: 

Expand integrals to               justified for                                         , 
For example at large

 6

Expansion results

m2
H
,m2

T
⌧ |s| ⇠ |t| ⇠ |u|
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⌘ = � m2
H

4m2
T

,  = �m2
T

s
, z =

u

s
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p2T = ut/s
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Figure 2: Transverse momentum distribution of the Higgs boson at the LHC with
p
s=13 TeV. The upper panel

shows absolute predictions at LO and NLO in the full SM and in the infinite top-mass approximation (HEFT). The
lower panel shows respective NLO/LO correction factors. The bands indicate theoretical errors of the full SM result
due to scale variation.

turbative QCD computations remains at the
level of twenty percent, as estimated from the
scale variation. Such an uncertainty is typical
for NLO QCD theoretical description of many
observables related to Higgs boson production
in gluon fusion.

Another source of uncertainties is related
to the choice of the renormalization-scheme of
the top mass. Since the amplitude is propor-
tional to the squared top mass, the di↵eren-
tial cross section scales as the fourth power
d� ⇠ m

4
t , if we neglect suppressed terms in

m
2
t /p

2
? and the logarithms of m

2
t /p

2
?. At LO

in perturbation theory, a di↵erent choice of the
top-mass scheme corresponds to changing nu-
merically the input value of the top mass. If
we choose instead the MS top mass value9 of
m

MS
t (p? ⇡ 400 GeV) ⇡ 157 GeV, we would

find a decrease of the LO cross section by about
d�

MS
LO/d�

pole
LO ⇠ (157/173)4 ⇠ 0.68. At NLO

one needs to additionally take into account the

9We calculated this value using the program RunDec

[31] with the input value m
MS

t (mMS

t ) = 166 GeV.

↵s corrections that relate the on-shell and MS
top mass values. These corrections will com-
pensate the numerical change caused by chang-
ing mt = m

MS
t to mt = m

pole
t

in the NLO
amplitudes and as a result the scheme depen-
dence at NLO is reduced. Thus, we expect the
scheme dependence at NLO to be subleading
with respect to the scale uncertainties.

Further improvements in theory predictions
are only possible if the proximity of the HEFT
and SM K-factors is taken seriously and pos-
tulated to occur even at higher orders. In this
case, one will have to re-weight the existing
HEFT H + j computations [5, 6, 7] with the
exact leading order cross section for producing
the Higgs boson with high p?. In fact, such a
reweighting can now be also performed at the
NLO level.

4. Conclusions

We presented the NLO QCD corrections to
the Higgs boson transverse momentum distri-
bution at very large p? values. To compute

7

Expanded 2-loop virtuals can be 
combined with full reals to predict 
Higgs boson      distribution above 
top threshold

pT
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KSM

KHTL
= 1.04 . . . 1.06
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Expose tensor structure: 

 7

Form Factor Decomposition (Gluon)

Mµ⌫⌧
physical = F212T

µ⌫⌧
212 + F332T

µ⌫⌧
332 + F311T

µ⌫⌧
311 + F312T

µ⌫⌧
312
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Tµ⌫⌧
212 =(s12g

µ⌫ � 2pµ2p
⌫
1)(s23p

⌧
1 � s13p

⌧
2)/(2s13)

Tµ⌫⌧
332 =(s23g

⌫⌧ � 2p⌫3p
⌧
2)(s13p

µ
2 � s12p

µ
3 )/(2s12)

Tµ⌫⌧
311 =(s13g

⌧µ � 2p⌧1p
µ
3 )(s12p

⌫
3 � s23p

⌫
1)/(2s23)

Tµ⌫⌧
312 =

⇣
gµ⌫(s23p

⌧
1 � s13p

⌧
2) + g⌫⌧ (s23p

µ
2 � s12p

µ
3 ) + g⌧µ(s12p

⌫
3 � s23p

⌫
1) + 2pµ3p

⌫
1p

⌧
2 � 2pµ2p

⌫
3p

⌧
1

⌘
/2
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M = ✏µ(p1)✏⌫(p2)✏⌧ (p3)Mµ⌫⌧
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F311(s23, s12, s13) = F332(s13, s23, s12) = F212(s12, s13, s23)

F312(s23, s12, s13) = F312(s13, s23, s12) = F312(s12, s13, s23)
<latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit><latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit><latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit><latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit>

Choose tensor basis (constructed from external momenta & metric):

With this choice form factors are gauge invariant and related by cyclic permutations:

Note: Need to generate code only for 2 form factors and use it to compute all 
In reality we generate code for all form factors and use this symmetry as a cross-check

Thanks: Glover, Frellesvig 

Form Factors (Contain integrals)

Build projectors     such that:                               , etc…P
<latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit><latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit><latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit><latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit>

P 212
µ⌫⌧Mµ⌫⌧ = F212

<latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit><latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit><latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit><latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit>

sij = (pi + pj)
2

<latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit><latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit><latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit><latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit>

p1, µ
<latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit><latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit><latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit><latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit>

p2, ⌫
<latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit><latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit><latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit><latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit>

p3, ⇢
<latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit><latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit><latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit><latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit>
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Form Factor Decomposition (Quark)

Choose basis:

Form Factors (Contain integrals)

Build projectors     such that:

We compute           and obtain other channels by crossingqq̄gH
<latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit><latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit><latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit><latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit>

Gehrmann, Glover, Jaquier, Koukoutsakis 11

P
<latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit><latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit><latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit><latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit>

p1,↵
<latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit><latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit><latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit><latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit>

p2,�
<latexit sha1_base64="XHfIf4esV0r7eVHZ2vQk9yAOTjo=">AAACJnicbVDLTgIxFO34AvEFunTTSExcGDJDTHBJ4sYlJvIwMCGdzgUaOp2m7RDJhK9wq3u/xp0x7vwUC8xCwJM0OTn30XNPIDnTxnW/na3tnd29XH6/cHB4dHxSLJ22dJwoCk0a81h1AqKBMwFNwwyHjlRAooBDOxjfzevtCSjNYvFophL8iAwFGzBKjJWeZL963QvAkH6x7FbcBfAm8TJSRhka/ZKT64UxTSIQhnKidddzpfFTogyjHGaFXqJBEjomQ+haKkgE2k8Xjmf40iohHsTKPmHwQv07kZJI62kU2M6ImJFer83F/2rdxAxu/ZQJmRgQdPnRIOHYxHh+Pg6ZAmr41BJCFbNeMR0RRaixIa1sCidM6sz189L2igttjx5BOCvY6Lz1oDZJq1rx3Ir3cFOu17IQ8+gcXaAr5KEaqqN71EBNRFGEXtArenPenQ/n0/latm452cwZWoHz8wtJWaWO</latexit><latexit sha1_base64="XHfIf4esV0r7eVHZ2vQk9yAOTjo=">AAACJnicbVDLTgIxFO34AvEFunTTSExcGDJDTHBJ4sYlJvIwMCGdzgUaOp2m7RDJhK9wq3u/xp0x7vwUC8xCwJM0OTn30XNPIDnTxnW/na3tnd29XH6/cHB4dHxSLJ22dJwoCk0a81h1AqKBMwFNwwyHjlRAooBDOxjfzevtCSjNYvFophL8iAwFGzBKjJWeZL963QvAkH6x7FbcBfAm8TJSRhka/ZKT64UxTSIQhnKidddzpfFTogyjHGaFXqJBEjomQ+haKkgE2k8Xjmf40iohHsTKPmHwQv07kZJI62kU2M6ImJFer83F/2rdxAxu/ZQJmRgQdPnRIOHYxHh+Pg6ZAmr41BJCFbNeMR0RRaixIa1sCidM6sz189L2igttjx5BOCvY6Lz1oDZJq1rx3Ir3cFOu17IQ8+gcXaAr5KEaqqN71EBNRFGEXtArenPenQ/n0/latm452cwZWoHz8wtJWaWO</latexit><latexit sha1_base64="XHfIf4esV0r7eVHZ2vQk9yAOTjo=">AAACJnicbVDLTgIxFO34AvEFunTTSExcGDJDTHBJ4sYlJvIwMCGdzgUaOp2m7RDJhK9wq3u/xp0x7vwUC8xCwJM0OTn30XNPIDnTxnW/na3tnd29XH6/cHB4dHxSLJ22dJwoCk0a81h1AqKBMwFNwwyHjlRAooBDOxjfzevtCSjNYvFophL8iAwFGzBKjJWeZL963QvAkH6x7FbcBfAm8TJSRhka/ZKT64UxTSIQhnKidddzpfFTogyjHGaFXqJBEjomQ+haKkgE2k8Xjmf40iohHsTKPmHwQv07kZJI62kU2M6ImJFer83F/2rdxAxu/ZQJmRgQdPnRIOHYxHh+Pg6ZAmr41BJCFbNeMR0RRaixIa1sCidM6sz189L2igttjx5BOCvY6Lz1oDZJq1rx3Ir3cFOu17IQ8+gcXaAr5KEaqqN71EBNRFGEXtArenPenQ/n0/latm452cwZWoHz8wtJWaWO</latexit><latexit sha1_base64="XHfIf4esV0r7eVHZ2vQk9yAOTjo=">AAACJnicbVDLTgIxFO34AvEFunTTSExcGDJDTHBJ4sYlJvIwMCGdzgUaOp2m7RDJhK9wq3u/xp0x7vwUC8xCwJM0OTn30XNPIDnTxnW/na3tnd29XH6/cHB4dHxSLJ22dJwoCk0a81h1AqKBMwFNwwyHjlRAooBDOxjfzevtCSjNYvFophL8iAwFGzBKjJWeZL963QvAkH6x7FbcBfAm8TJSRhka/ZKT64UxTSIQhnKidddzpfFTogyjHGaFXqJBEjomQ+haKkgE2k8Xjmf40iohHsTKPmHwQv07kZJI62kU2M6ImJFer83F/2rdxAxu/ZQJmRgQdPnRIOHYxHh+Pg6ZAmr41BJCFbNeMR0RRaixIa1sCidM6sz189L2igttjx5BOCvY6Lz1oDZJq1rx3Ir3cFOu17IQ8+gcXaAr5KEaqqN71EBNRFGEXtArenPenQ/n0/latm452cwZWoHz8wtJWaWO</latexit>

p3, µ
<latexit sha1_base64="wRBGTOgt9dGq+w1OA7mGU+1UyII=">AAACJHicbVDLTgIxFG3xAeILdOmmkZi4MGRGTXBJ4sYlJvJIYEI6nQINbadpO0Qy4SPc6t6vcWdcuPFbLDALAU/S5OTcR889oeLMWM/7hrmt7Z3dfGGvuH9weHRcKp+0TJxoQpsk5rHuhNhQziRtWmY57ShNsQg5bYfj+3m9PaHasFg+2amigcBDyQaMYOukturfXPVE0i9VvKq3ANokfkYqIEOjX4b5XhSTRFBpCcfGdH1P2SDF2jLC6azYSwxVmIzxkHYdlVhQE6QLvzN04ZQIDWLtnrRoof6dSLEwZipC1ymwHZn12lz8r9ZN7OAuSJlUiaWSLD8aJBzZGM2PRxHTlFg+dQQTzZxXREZYY2JdRCuboglTJnP9vLS94sK4o0c0mhVddP56UJukdV31var/eFup17IQC+AMnINL4IMaqIMH0ABNQMAYvIBX8Abf4Qf8hF/L1hzMZk7BCuDPL7p+pME=</latexit><latexit sha1_base64="wRBGTOgt9dGq+w1OA7mGU+1UyII=">AAACJHicbVDLTgIxFG3xAeILdOmmkZi4MGRGTXBJ4sYlJvJIYEI6nQINbadpO0Qy4SPc6t6vcWdcuPFbLDALAU/S5OTcR889oeLMWM/7hrmt7Z3dfGGvuH9weHRcKp+0TJxoQpsk5rHuhNhQziRtWmY57ShNsQg5bYfj+3m9PaHasFg+2amigcBDyQaMYOukturfXPVE0i9VvKq3ANokfkYqIEOjX4b5XhSTRFBpCcfGdH1P2SDF2jLC6azYSwxVmIzxkHYdlVhQE6QLvzN04ZQIDWLtnrRoof6dSLEwZipC1ymwHZn12lz8r9ZN7OAuSJlUiaWSLD8aJBzZGM2PRxHTlFg+dQQTzZxXREZYY2JdRCuboglTJnP9vLS94sK4o0c0mhVddP56UJukdV31var/eFup17IQC+AMnINL4IMaqIMH0ABNQMAYvIBX8Abf4Qf8hF/L1hzMZk7BCuDPL7p+pME=</latexit><latexit sha1_base64="wRBGTOgt9dGq+w1OA7mGU+1UyII=">AAACJHicbVDLTgIxFG3xAeILdOmmkZi4MGRGTXBJ4sYlJvJIYEI6nQINbadpO0Qy4SPc6t6vcWdcuPFbLDALAU/S5OTcR889oeLMWM/7hrmt7Z3dfGGvuH9weHRcKp+0TJxoQpsk5rHuhNhQziRtWmY57ShNsQg5bYfj+3m9PaHasFg+2amigcBDyQaMYOukturfXPVE0i9VvKq3ANokfkYqIEOjX4b5XhSTRFBpCcfGdH1P2SDF2jLC6azYSwxVmIzxkHYdlVhQE6QLvzN04ZQIDWLtnrRoof6dSLEwZipC1ymwHZn12lz8r9ZN7OAuSJlUiaWSLD8aJBzZGM2PRxHTlFg+dQQTzZxXREZYY2JdRCuboglTJnP9vLS94sK4o0c0mhVddP56UJukdV31var/eFup17IQC+AMnINL4IMaqIMH0ABNQMAYvIBX8Abf4Qf8hF/L1hzMZk7BCuDPL7p+pME=</latexit><latexit sha1_base64="wRBGTOgt9dGq+w1OA7mGU+1UyII=">AAACJHicbVDLTgIxFG3xAeILdOmmkZi4MGRGTXBJ4sYlJvJIYEI6nQINbadpO0Qy4SPc6t6vcWdcuPFbLDALAU/S5OTcR889oeLMWM/7hrmt7Z3dfGGvuH9weHRcKp+0TJxoQpsk5rHuhNhQziRtWmY57ShNsQg5bYfj+3m9PaHasFg+2amigcBDyQaMYOukturfXPVE0i9VvKq3ANokfkYqIEOjX4b5XhSTRFBpCcfGdH1P2SDF2jLC6azYSwxVmIzxkHYdlVhQE6QLvzN04ZQIDWLtnrRoof6dSLEwZipC1ymwHZn12lz8r9ZN7OAuSJlUiaWSLD8aJBzZGM2PRxHTlFg+dQQTzZxXREZYY2JdRCuboglTJnP9vLS94sK4o0c0mhVddP56UJukdV31var/eFup17IQC+AMnINL4IMaqIMH0ABNQMAYvIBX8Abf4Qf8hF/L1hzMZk7BCuDPL7p+pME=</latexit>

Tµ
1,�↵ =

⇣
v̄�(p2)/p3u↵(p1)p

µ
1 � v̄�(p2)�

µu↵(p1)p1 · p3
⌘

Tµ
2,�↵ =

⇣
v̄�(p2)/p3u↵(p1)p

µ
2 � v̄�(p2)�

µu↵(p1)p2 · p3
⌘

<latexit sha1_base64="rnq5FXTHD43pViwG6IjDV4f2hjM="></latexit><latexit sha1_base64="rnq5FXTHD43pViwG6IjDV4f2hjM="></latexit><latexit sha1_base64="rnq5FXTHD43pViwG6IjDV4f2hjM="></latexit><latexit sha1_base64="rnq5FXTHD43pViwG6IjDV4f2hjM="></latexit>

Mµ
�↵ = F1T

µ
1,�↵ + F2T

µ
2,�↵

<latexit sha1_base64="Dv6qXa/YfwDav3c0AJQ3BdI/z58="></latexit><latexit sha1_base64="Dv6qXa/YfwDav3c0AJQ3BdI/z58="></latexit><latexit sha1_base64="Dv6qXa/YfwDav3c0AJQ3BdI/z58="></latexit><latexit sha1_base64="Dv6qXa/YfwDav3c0AJQ3BdI/z58="></latexit>

(P 1
↵�)µM

µ
�↵ = F1, (P 2

↵�)µM
µ
�↵ = F2

<latexit sha1_base64="cTxgd/r4Rk50O+dZ1cHkUkUTcqE="></latexit><latexit sha1_base64="cTxgd/r4Rk50O+dZ1cHkUkUTcqE="></latexit><latexit sha1_base64="cTxgd/r4Rk50O+dZ1cHkUkUTcqE="></latexit><latexit sha1_base64="cTxgd/r4Rk50O+dZ1cHkUkUTcqE="></latexit>
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Integral Families

Melnikov, Tancredi, Wever 16

All 2-loop HJ integrals can be written in terms of 3 integral families:

IFj
↵1,...,↵9

=

Z
ddk1

Z
ddk2

1

D↵1
1 · · ·D↵9

9
<latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit><latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit><latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit><latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit>

F1 F2 F3
D1 k21 �m2

T k22 k21 �m2
T

D2 (k1 + p1)2 �m2
T (k2 + p1)2 (k1 + p1)2 �m2

T
D3 (k1 � p2)2 �m2

T (k2 � p2)2 (k1 � p2 � p3)2 �m2
T

D4 (k1 � p2 � p3)2 �m2
T (k2 � p2 � p3)2 k22 �m2

T
D5 k22 �m2

T k21 �m2
T (k2 + p1)2 �m2

T
D6 (k2 + p1)2 �m2

T (k1 + p1)2 �m2
T (k2 � p3)2 �m2

T
D7 (k2 � p2)2 �m2

T (k1 � p2)2 �m2
T (k1 � k2)2

D8 (k2 � p2 � p3)2 �m2
T (k1 � p2 � p3)2 �m2

T (k1 � k2 � p2)2

D9 (k1 � k2)2 (k1 � k2)2 �m2
T (k1 � k2 � p2 � p3)2

<latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit><latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit><latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit><latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit>

Integrals written as:



F1 F3F2
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Integral Families (II)

Channel #Diagrams @ 2-loop

354

57

Quark and gluon channel 
integrals belong to same 

integral families

gggH
<latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit><latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit><latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit><latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit>

qq̄gH
<latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit><latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit><latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit><latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit>



Reduced Amplitude 
• 458 Integrals 
• Up to 6 master integrals per 

sector, e.g: 

Sector also known to be elliptic
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Integral Reduction

Full IBP reduction achieved with (modified) Reduze2
Chetyrkin, Tkachov 81; Laporta 01; von Manteuffel, Studerus 12

Unreduced Amplitude 
• 3767 Integrals 
• Up to 3 inverse propagators for 

7-propagator integrals 
• Up to 4 inverse propagators for 

factoring 6-propagator integrals

Frellesvig, Loops & Legs 2018

IBP reduction allows us to choose a basis of master integrals 

We choose quasi-finite master integrals
Panzer 14; von Manteuffel, Panzer, Schabinger 15
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Integral Reduction (II)

Reduze2 Modifications: 
• Change order of solving system of equations, sort by number of 

unreduced integrals (prefer fewer) 
• Specify list of required integrals, consider only equations containing 

these integrals 
• Prefer solving smaller equations first 
• Improve mechanism for pausing/resuming reductions

Reduction achieved using 2 different setups:

Symbolic mass dependence 

Reduction directory size: 1.1 TB 
Can include 

Fix mass ratio 

Reduction directory size: 0.25 TB 
Can not include 

m2
H

m2
T

=
12

23
!

<latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit><latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit><latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit><latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit>

mH = 125 GeV

mT = 173.055 GeV
<latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit><latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit><latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit><latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit>

mB ,�T
<latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit>

mB ,�T
<latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit>

Current calculation 
uses only this result
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Sector Decomposition

1) Feynman parametrise integral and compute momentum integrals 
2) Apply sector decomposition to factorize overlapping singularities 

3) Subtract poles and expand in  
4) Use contour deformation (analytic continuation to physical region) 

5) Numerically integrate resulting parameter integrals

✏
<latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit><latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit><latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit><latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit>
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x

−→ + −→(2)
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+
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t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ϵ

∫ 1

0
dt t−1−aϵ

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR

⎡

⎣

L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ

⎤

⎦

−Nν

, (5)

4

Soper 99; Binoth, Guillet, Heinrich, Pilon, Schubert 05; Nagy, Soper 06; Anastasiou, Beerli, 
Daleo 07; Beerli 08; Borowka, Carter, Heinrich 12; Borowka 14;

Borowka, Heinrich, Jahn, SJ, 
Kerner, Schlenk, Zirke

Hepp 66; Denner, Roth 96; Binoth, Heinrich 00

All master integrals processed with SecDec
interface to amplitude based on calculation of HH production 
Borowka, Greiner, Heinrich, SJ, Kerner, Schlenk, Schubert, Zirke 16
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(6�2✏)

(s, t) 280 s 1.00⇥ 10�3

(4�2✏)

(s, t) 214135 s 8.29⇥ 10�3

(6�2✏)

(s, t) 294 s 1.21⇥ 10�3

(4�2✏)

(s, t) 3484378 s 30.9

(4�2✏)

(s) 91 s 3.76⇥ 10�4
(4�2✏)

(s) 87 s 3.76⇥ 10�4

(6�2✏)

(s) 17 s 5.15⇥ 10�4

(4�2✏)

(s) 20 s 1.95⇥ 10�4

(6�2✏)

(s) 119 s 2.32⇥ 10�3

(4�2✏)

(s) 118 s 2.12⇥ 10�3

Total/Max: 3995 s 5.84⇥ 10�3 Total/Max: 5136862 s 30.9

Table 2: Numerical performance of finite and conventional integral bases for two-loop

mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using

SecDec 3. For each integral in the above, the run time is given in seconds and the fractional

di↵erence from the analytical solution is given for the expansion coe�cient which first gives

rise to weight four multiple polylogarithms. In the final row of the table, total run times

and worst-case relative accuracies are recorded for both integral bases.

We find that, in several other cases, significantly more mileage can be squeezed out of

publicly available sector decomposition programs simply by working with a well-behaved,

finite integral basis. As a second example, we present the evaluation of three-loop form

factors in massless QCD in Appendix A. We employ the other publicly available program

under active development, FIESTA 4, and observe dramatic gains in both speed and nu-

merical convergence when using a basis of finite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the ↵↵s corrections to Drell-

Yan production with up to a single massive vector boson exchanged. As a reference, we cal-

culated their Laurent expansion through to weight five in terms of multiple polylogarithms

using the method of di↵erential equations. Our representation in terms of real-valued func-

tions allows for fast and precise numerical evaluations over the entire physical region of the

phase space. We found it challenging to even check our analytical solutions using available

sector decomposition programs. Employing a basis of finite integrals systematically im-

proved the situation and rendered all integrals numerically accessible with SecDec 3, both

in Euclidean and physical kinematics. Order of magnitude improvements both in program

run time and integration error were also found for massless three-loop form factor integrals

using FIESTA 4 when using finite instead of conventional master integrals. For the finite

integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional

– 14 –

(6�2✏)

(t) 4 s 4.60⇥ 10�5

(4�2✏)

(t) 7 s 3.45⇥ 10�5

(6�2✏)

(t) 4 s 1.38⇥ 10�5

(4�2✏)

(t) 6 s 8.49⇥ 10�6

(6�2✏)

(t) 9 s 2.76⇥ 10�5

(4�2✏)

(t) 16 s 2.63⇥ 10�5

(6�2✏)

(s) 18 s 1.04⇥ 10�3

(4�2✏)

(s) 41 s 6.47⇥ 10�4

(6�2✏)

(s) 18 s 1.23⇥ 10�4

(4�2✏)

(s) 12 s 4.70⇥ 10�4

(4�2✏)

(t) 9 s 2.13⇥ 10�5

(4�2✏)

(t) 3 s 2.13⇥ 10�5

(4�2✏)

(s) 31 s 7.51⇥ 10�6

(4�2✏)

(s) 17 s 7.51⇥ 10�6

(4�2✏)

(s) 35 s 3.28⇥ 10�5

(4�2✏)

(s) 19 s 3.28⇥ 10�5

(6�2✏)

(s) 36 s 3.94⇥ 10�4

(4�2✏)

(s) 113 s 7.78⇥ 10�4

(6�2✏)

(s, t) 28 s 8.37⇥ 10�4

(4�2✏)

(s, t) 101 s 2.13⇥ 10�3

(6�2✏)

(s, t) 37 s 5.84⇥ 10�3

(4�2✏)

(s, t) 26 s 5.35⇥ 10�4

(6�2✏)

(s, t) 18 s 2.92⇥ 10�3

(4�2✏)

(s, t) 319 s 5.92⇥ 10�2

(6�2✏)

(s, t) 50 s 6.76⇥ 10�4

(4�2✏)

(s, t) 13 s 9.49⇥ 10�4

(8�2✏)

(s, t) 35 s 7.64⇥ 10�4

(4�2✏)

(s, t) 20605 s 9.87⇥ 10�4

(6�2✏)

(s, t) 1609 s 4.39⇥ 10�4
(4�2✏)

(s, t) 564 s 2.04⇥ 10�2

(6�2✏)

(s, t) 202 s 7.31⇥ 10�4

(4�2✏)

(s, t) 96 s 2.35⇥ 10�3

(6�2✏)

(s, t) 201 s 2.34⇥ 10�4

(4�2✏)

(s, t) 384 s 8.12⇥ 10�4

(6�2✏)

(s, t) 150 s 4.83⇥ 10�4

(4�2✏)

(s, t) 56538 s 1.67⇥ 10�2

– 13 –

Always possible to pick finite basis of integrals using: 
• Dimension Shifts 
• Dots 

Finding finite integrals and basis change implemented in Reduze2.1

Finite basis greatly improves numerical performance  
(but requires reduction of integrals with up to 2 inverse props and 2 dots)

von Manteuffel, 
Schabinger 17

Two-loop  
EW-QCD  
Drell-Yan

Rel. 
Err.

Panzer 14; von Manteuffel, Panzer, 
Schabinger 15

Tarasov 96; Lee 10

Finite Basis
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Use Quasi-Monte Carlo (QMC) integration             error scaling 

Implemented in OpenCL, evaluated on GPUs

O(n�1)
Li, Wang, Yan, Zhao 15; Review: Dick, Kuo, Sloan 13;

compute once
integralcoeff.

Entire 2-loop amplitude evaluated with a single code

F =
X

i

0

@
X

j

Ci,j✏
j

1

A
 
X

k

Ii,k✏
k

!
= ✏�2

h
C(L)

1,�2I
(L)
1,0 + . . .

i

+ ✏�1
h
C(L)

1,�1I
(L)
1,0 + . . .

i
+ . . .

Dynamically set target precision for each sector, minimising time:

T =
X

i

ti + �̄

 
�2 �

X

i

�2
i

!
, �i ⇠ t�e

i

�̄ � Lagrange multiplier

� � precision goal

�i � error estimate

Amplitude Evaluation
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Comparison of HJ and HH 

HJ production HH production

#Form factors 4+2 2

Full reduction ✓ only planar

(quasi-) finite basis ✓ only planar

#Master integrals including crossings 458 327*

#Master integrals neglecting crossings 120 215*

#Integrals after sector decomposition 
and expansion in 𝜺

22675 11244

Code size coefficients ~340 MB ~80 MB

Code size integrals ~330 MB ~580 MB

Compile time coefficients ~ 2 weeks few days

Compile time integrals ~4 hours ~1-2 days

Time for linking the program ~3-4 days few hours

Slide: Matthias Kerner, Radcor 2017 * HH Non-planar not fully reduced
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Phase-Space & Real Radiation

Real Radiation 
Known analytically 

We use an upgraded GoSam setup:  

• Generate quadruple precision copy of the code  

• Rescues unstable points on-the-fly with Ninja (quad) 

• OneLoop for scalar integrals 

Implemented in POWHEG-BOX-V2, uses FKS subtraction 

Virtual Phase Space 
1. Apply VEGAS algorithm to LO matrix element 
2. Using LO events generate unweighted events via accept/reject  
For      distribution we include a reweighing factor to sample sufficiently 
also at large transverse momenta

Del Duca, Kilgore, Oleari, Schmidt, Zeppenfeld 01 H

(a)

H

(b)

H

(c)

Figure 1: Samples of Feynman graphs contributing to H + 2 jet production via

gluon fusion.

2 Calculation

In Fig. 1 we have collected a few representative Feynman diagrams that occur in Higgs

production plus two jets, at order α4
s. In our calculation, the top quark is treated as massive

but we neglect all other quark masses, so that the Higgs couples to gluons only via a top-
quark loop. Typically we have a ggH coupling through a triangle loop (Fig. 1 (a)), a

gggH coupling through a box loop (Fig. 1 (b)) and a ggggH one through a pentagon loop
(Fig. 1 (c)).

The number and type of diagrams can be easily traced back if one thinks to insert these
Higgs-gluon “vertices” into the tree-level diagrams for 2→ 2 QCD parton scattering.
In the following counting, we exploit Furry’s theorem, i.e. we are counting as one the two

charge-conjugation related diagrams where the loop momentum is running clockwise and
counter-clockwise. This halves the number of diagrams. In addition, the crossed processes

are not listed as extra diagrams, but are included in the final results.

1. qQ→ qQH There is only one diagram obtained from the insertion of a triangle loop
into the tree-level diagram qQ→ qQ, i.e. Fig. 1 (a).

2. qg→ qgH At tree level, there are 3 diagrams contributing to the process qg→ qg:
one with a three-gluon vertex and two Compton-like ones. Inserting a triangle loop
into every gluon line, we have a total of 7 different diagrams. In addition, we can insert

a box loop into the diagram with the three-gluon vertex, in 3 different ways: the 3!
permutations of the 3 gluons are reduced to 3 graphs by using Furry’s theorem. In

total we have 10 different diagrams for the qg→ qgH contribution.

3. gg→ ggH Four diagrams contribute to the tree-level scattering process gg→ gg: a

four-gluon vertex diagram and 3 diagrams with two three-gluon vertices each. Inserting
a triangle loop in any of the gluonic legs, gives rise to 19 different diagrams. The

3

pT
<latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit>

Nason 04; Frixione, Nason Oleari 07; Alioli, Nason, Oleari, Re 10; Frixione, Kunszt, Signer 96

Cullen et al. 14

Mastrolia, Mirabella, 
Peraro 12; Peraro 14

van Hameren 11
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Results: Total Cross Section

Note: Non-negligible contribution from top-bottom interference 
known at NLO but not included here
(Lindert,) Melnikov, Tancredi, Wever 16, 17

3

where the sum runs over all final state partons i. This
scale is known to give a good convergence of the pertur-
bative expansion and stable di↵erential K-factors (ratio
of NLO to LO predictions) in the e↵ective theory [68].
To estimate the theoretical uncertainty we vary indepen-
dently µF and µR by factors of 0.5 and 2, and exclude
the opposite variations. The total uncertainty is taken
to be the envelope of this 7-point variation.

To better highlight the di↵erences arising from the two-
loop massive contributions, we compare the new results
with full top-quark mass dependence, which we label as
“full theory result” or simply “full” in the following, to
two di↵erent approximations. In addition to predictions
in the e↵ective theory, which are referred to as HEFT in
the following, we show results in which everything but
the virtual amplitudes is computed with full top-quark
mass dependence. In this latter case only the virtual
contribution is computed in the e↵ective field theory and
reweighted by the full theory Born amplitude for each
phase space point. Following Ref. [69] we call this predic-
tion “approximated full theory” and label it as FTapprox

from now on.
We start by presenting the total cross sections, which

are reported in Table I. For comparison we present re-
sults also for the HEFT and FTapprox approximations.

Theory LO [pb] NLO [pb]

HEFT: �LO = 8.22+3.17
�2.15 �NLO = 14.63+3.30

�2.54

FTapprox: �LO = 8.57+3.31
�2.24 �NLO = 15.07+2.89

�2.54

Full: �LO = 8.57+3.31
�2.24 �NLO = 16.01+1.59

�3.73

Table I. Total cross sections at LO and NLO in the HEFT and
FTapprox approximations and with full top-quark mass depen-
dence. The upper and lower values due to scale variation are
also shown. More details can be found in the text.

Together with the prediction obtained with the central
scale defined according to Eq. (1) we show the upper and
lower values obtained by varying the scales. While at LO
the top-quark mass e↵ects lead to an increase of 4.3%, at
NLO this increase is of the order of 9% compared to the
HEFT approximation, and there is an increase of about
6% in the total NLO cross section when comparing the
FTapprox result with the full theory one. It is important
to keep in mind that when taking into account massive
bottom-quark loop contributions, the interference e↵ects
are sizable and cancel to a large extent the increase in the
total cross section observed here between the HEFT and
the full theory results (see e.g. the results in Ref. [13]).
Note, however, that the bottom-quark mass e↵ects at
LO are of the order of 2% or smaller above the top quark
threshold.

Considering more di↵erential observables, it is well
known that very significant e↵ects due to resolving the
top-quark loop are displayed by the Higgs boson trans-

Figure 1. Higgs boson transverse momentum spectrum at LO
and NLO in QCD in HEFT and with full top-quark mass de-
pendence. The upper panel shows the di↵erential cross sec-
tions, in the middle panel we normalize all distributions to
the LO HEFT prediction and in the lower panel we show the
di↵erential K-factors for both the HEFT and the full theory
distributions. More details can be found in the text.

verse momentum distribution, which is softened for larger
values of pt,H by the full top-quark mass dependence. By
considering the high energy limit of a point-like gluon-
gluon Higgs interaction and one mediated via a quark
loop it is possible to derive the scaling of the squared
transverse momentum distribution d�/dp

2

t,H [70, 71],
which drops as (p2t,H)

�1 in the e↵ective theory, and goes
instead as (p2t,H)

�2 in the full theory. This fact was shown
to hold numerically at LO for up to three jets in Ref. [13].
It is interesting to verify this also after NLO QCD cor-
rections are applied. To do so, in Figure 1 we show the
transverse momentum spectrum of the Higgs boson at
LO and NLO in the HEFT approximation and with the
full top-quark mass dependence.

In the upper panel we display each di↵erential distri-
bution with the theory uncertainty band originating from
scale variation. To highlight the di↵erent scaling in pt,H,
in the middle panel we normalize all the distributions to
the LO curve in the e↵ective theory. It is thus possible
to see that for low transverse momenta the full theory
predictions overshoot slightly the e↵ective theory ones.
For pt,H > 200 GeV the two predictions start deviating
more substantially. At LO the two uncertainty bands do
not overlap any more above 400 GeV, whereas at NLO
this happens already around 340 GeV due to reduction of
the uncertainty at this order. The logarithmic scale also
allows to see that the relative scaling behavior within

mH = 125 GeV,

mT =
p
23/12 mH ⇡ 173.05 GeV

pT,j > 30 GeV, anti�kT R = 0.4,

µ =
HT

2
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1

2
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m

2
H
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Results: Higgs Boson pT (I)
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               predicts similar      
distribution shape to full theory 

Full theory predicts nearly flat K 
factor at large

pT
<latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit>

~8% increase in tail by including top quark mass dependence in virtuals

pT
<latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit>

FTapprox
<latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit>

Forte, Muselli 15; Caola, 
Forte, Marzani, Muselli, 
Vita 16;
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Results: Different Scale Choices
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Note: K-factor only flat for dynamic scale choice, not for fixed scale

Full NLO result with        
               and         
in good agreement

µ = mH
<latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit><latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit><latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit><latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit>

µ = HT /2
<latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit><latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit><latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit><latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit>

With fixed scale                has different shape to full theory 
(overestimates tail)

FTapprox
<latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit>
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Numerical Stability
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Numerical evaluation of virtual amplitude: 
• accuracy goal: 0.5% for each form factor 
• wall-clock limit: 2d GPU-time (Tesla K20X GPU)
Thanks: MPCDF

Numerical Uncertainty of Amplitude Accuracy reached for 
• Better than per-mill for most 

points below 
• Region                    

numerically challenging 
• Forward region challenging 

Run time per point: 
• Minimum: 1.3h 
• Median: 15h

|M|2
<latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit>

mhj = 1.5 TeV
<latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit>

mhj � 2 TeV
<latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit>
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Improving Numerical Stability

MI Basis Change: 
• Consider quasi-finite integrals (prefer finite integrals) 
• Brute force combinations of masters, factor denominators and 

check that dimension factorises (achieved)  
• Prefer simple denominator factors  
• Prefer computing fewer orders in epsilon for each master 
• Prefer simpler numerators (check number of terms/file size)

Numerical Improvements: 
• Improve modular arithmetic implementation (needed for larger 

lattices) 
• Do not try to further evaluate integrals if 
• Adjust time spent integrating when iteration may exceed wall 

clock limit

rel. err. < 10�14
<latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit><latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit><latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit><latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit>

See: Matthias Kerner, Loops and Legs Proceedings 2018 
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Improved Numerical Stability
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Before basis change: After basis change:

Phase-space points significantly more stable: 
• Good accuracy around top quark threshold 
• Huge improvement in accuracy at larger invariant mass (2-3 TeV) 
• Improvement in the forward region 
Coefficient code size: 340 MB → 100 MB 
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Results: Higgs Boson pT (II)
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Recomputing unstable points improves fluctuations in tail 
Low fraction of points excluded 3/2004 
Median run time per point 15h → 2h

Before basis change: After basis change:
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Ongoing Work

Preliminary

Starting to look at other distributions… 
Basis change improves numerical stability of invariant mass distribution

Note:  
• Produced with fairly low statistics (817 points) 
• No scale variations yet



Higgs + Jet 
• Computed at NLO with full top quark mass dependence 
• 2-loop virtual amplitude calculated numerically 
• Discussed basis choice which improves numerical performance 

Future 
• Need detailed comparison with expanded result 
• Complete more distributions (e.g. invariant mass) 
• Produce 2D grid of results (similar to hhgrid) 
• Combine with a parton shower (Sherpa, POWHEG-BOX) 
• Combination with NNLO HTL (similar to recent HH combination) 

Thank you for listening!
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Conclusion

Grazzini, Heinrich, SJ, Kallweit, Kerner, Lindert, Mazzitelli 18



Backup



Write integrals with    propagators and   inverse propagators as 

We renormalize strong coupling,   , in       scheme and top quark mass 
in      scheme, each renormalized form factor can be written as: 

Scale variations do not require any re-computation of red terms

Arbitrary scale

MS

OS

1-loop

Mass Counter-Terms

2-loop

a

r s

 28

Ir,s(ŝ, t̂,m
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pySecDec

https://github.com/mppmu/secdec/releases

pySecDec: a program to numerically evaluate dimensionally 
regulated parameter integrals (Rewrite of SecDec in python & c++)

Borowka, Heinrich, Jahn, SJ, Kerner, Schlenk, Zirke

Supports:  
Contour deformation, Arbitrary loops/legs (within reason) 
General parameter integrals (not just loop integrals) 
Arbitrary number of regulators (not just   ) 
Flexible numerators (contracted Lorentz vectors, inverse propagators) 
Generates c++ Library (can be linked to your own program) 

Coming soon:  
Quasi-Monte Carlo integration & CUDA GPU Support

✏
<latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit><latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit><latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit><latexit sha1_base64="eWoywQ8BcGiCd61DFwHZsceNoEU=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdCUFNy4r2Ae0Q8lk0jY0k4QkUyxDP0K3+h/uxK2f4G/4BabtLGzrgcDhnHuTkxMpzoz1/W9vbX1jc2u7sFPc3ds/OCwdHTeMTDWhdSK51K0IG8qZoHXLLKctpSlOIk6b0fBu6jdHVBsmxaMdKxomuC9YjxFsndTqUGUYl6JbKvsVfwa0SoKclCFHrVv66cSSpAkVlnBsTDvwlQ0zrC0jnE6KndRQhckQ92nbUYETasJslneCzp0So57U7giLZurfjQwnxoyTyE0m2A7MsjcV//Paqe3dhBkTKrVUkPlDvZQjK9H08yhmmhLLx45gopnLisgAa0ysq2jhpnjElMlTP81jF11JwXIlq6RxWQn8SvBwVa7e5nUV4BTO4AICuIYq3EMN6kCAwwu8wpv37L17H97nfHTNy3dOYAHe1y+pxp3c</latexit>

Li, Wang, Yan, Zhao 15; Review: Dick, Kuo, Sloan 13;

https://github.com/mppmu/secdec/releases


QMC (Rank 1 Shifted Lattices)

Efficient algorithm for numerical integration:
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- Random shift vec.
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Precomputed generating vector     chosen to minimise 
worst-case error, depends on number of lattice points

n - # Lattice points
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Review: Dick, Kuo, Sloan 2013

Is[f ] ⇡ Q̄s,n,m[f ] ⌘ 1

m

mX

k=1

1

n

n�1X

i=0

f

✓⇢
i~z

n
+ ~�k

�◆

n

~z



Example: Sector Decomposed Loop Integral
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Error Estimate

Unbiased error estimate computed from random shifts:
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Application of QMC/R1SL to sector decomposed functions suggested 
by: Li, Wang, Yan, Zhao 15



High Performance Computing

Accuracy limited by number of function evaluations

Implemented in OpenCL 1.2 for CPU & GPU

n CPU (s) GPU(s) C/G

655357 6.63 1.60 4.1

7208951 72.3 16.4 4.4
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One technique Iterated Sector Decomposition repeat: 

If this procedure terminates depends on order of decomposition steps 

An alternative strategy Geometric Sector Decomposition always 
terminates; both strategies are implemented in pySecDec.
Kaneko, Ueda 10; See also: Bogner, Weinzierl 08; Smirnov, Tentyukov 09

Binoth, Heinrich 00 

Overlapping singularity for x1, x2 ! 0

Singularities factorised
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    Expand in   (simple case             "Logarithmic Divergence"): 

By Definition:                       finite 

Can now numerically integrate

Key Point: Sector Decomposed integrals can be expanded in   
and numerically integrated✏
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Sector Decomposition (II)


