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' which makes the curvature perturbations locally maxi-
mized. We refer to the point at which the perturbations be-
come locally maximized as the inflection point. Since the
inflection point corresponds to the point of V 00(') = 0, the
value of ' at the inflection point can be evaluated as

V 00('⇤)' v 4+
n (n �1)g v 2

2
n
2 �1

'n�2⇤ = 0

) '⇤ =
✓

2
n
2 �1v 2

n (n �1)g

◆ 1
n�2

. (21)

Then we can evaluate the power spectrum at the inflec-

tion point asP⇣(k⇤)' 1
96⇡2

Ä
v 4
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ä2
, where k⇤ is the scale corre-

sponding to the inflection point. We can see that, in order
to produce the sizable amount of PBHs with this mecha-
nism, c ⇠ v 4 is required. Note that the perturbation peak
produced by this mechanism is broad compared with that
produced by the second mechanism because these peaks
are related to the dynamics of ' during its slow-roll. The
tilt of the power spectrum of the curvature perturbations
are determined by the slow-roll parameters as

ns �1=�6✏+2⌘, (22)

where ns is defined asP⇣(k )/ k ns�1 and the slow-roll pa-

rameters, ✏ and ⌘, are defined as ✏ ⌘ 1
2

�
V 0
V

�2
and ⌘ ⌘ V 00

V .
The slow-roll parameters are expected to be small during
the inflation.

The second mechanism is related to the Hubble-induced
mass during the oscillation of � . During the pre-inflation,
the Hubble-induced mass of ' is given by m 2

' = 3cpotH
2,

where H is the Hubble parameter. Meanwhile, during the
oscillation of � , the effective Hubble-induced mass of '
is given by m 2

' =
3
2 (cpot + ckin)H 2. If cpot + ckin ' 0 is sat-

isfied, the superhorizon perturbations of ' can avoid the
damping during the�-oscillation phase because the effec-
tive mass of ' disappears at that time. This means that
the perturbations of ' which is superhorizon at the oscil-
lation phase are effectively enhanced. On the other hand,
the subhorizon perturbations at the oscillation phase are
not affected by the cancellation of Hubble-induced mass.
Therefore, when cpot+ ckin ' 0 is satisfied, the sharp damp-
ing of the curvature perturbations appears at scales be-
low the horizon scale at the oscillation phase. Of course,
the perturbations which exit the horizon well before the
oscillation phase is damped by the Hubble-induced mass
during the pre-inflation. From these discussions, we can
expect the sharp peak of curvature perturbations around
the horizon scale at the �-oscillation phase. Note that the
peak produced by this mechanism can be sharp because
the peak is related to the dynamics of � during its oscilla-
tion (see also App. B in [34] for the detail explanations of
this mechanism).

Suppose that the parameters of our double inflation are
taken so that these two mechanisms work simultaneously.
Then the light PBHs correspond to the perturbation peak
produced by the first mechanism and the heavy ones cor-
respond to that produced by the second mechanism. Thus,

FIG. 2. The PBH mass spectrums ( f (M ) ⌘ 1
⌦DM

d⌦PBH
d ln M ) for pa-

rameters given in Eqs. (23) (a blue solid line) and (24) (a brown
solid line). The red shaded regions show the observational con-
straints on the monochromatic mass function. The bound-
aries of the red shade regions correspond to fobs(M ), which
are defined in Eq. (12). These constraints come from the
observations of the extra-galactic gamma-rays from the PBH
evaporation (EG�) [62], the femtolensing events (Femto) [61],
the microlensing events with Subaru HSC (Subaru HSC) [4],
with Kepler satellite (Kepler) [55], with MACHO/EROS/OGLE
(MACHO/EROS/OGLE) [52–54], the variation of CMB spectrum
(a,b) [63, 64], the radio and X-ray from accretion (c,d) [65, 66], the
dynamical heating of dwarf galaxies and ultra-faint dwarf galax-
ies (e,f) [67, 68], and the distribution of wide binaries (g) [69]. The
red dotted line shows the uncertain constraint of HSC [4] because
of the wave effect [56–58]. The orange shaded regions show the
constraint from the existence of white dwarfs in our local galaxy
(WD) [51], which is neglected in Case 2, and the constraint of Sub-
aru HSC in 2⇥10�11M� <MPBH < 2⇥10�10M�, which is neglected
in Case 1 (see text).

in our double inflation model, the lighter PBHs have a
broad spectrum while the heavier ones have a sharp spec-
trum. It is tempting to consider that the perturbation peak
corresponding to the O (10�13)M� PBHs is broad and the
peak corresponding to the O (10)M� PBHs is sharp. Here,
let us recall the fact that the peak of curvature perturba-
tions which produces the O (10)M� PBHs must be sharp
owing to the constraints from the induced GWs and the
CMB spectral distortion/BBN. On the other hand, the peak
which produces the O (10�13)M� PBHs can be broad. From
above discussions, one can see that the double inflation
model is appropriate for the scenario where the PBHs as
DM and PBHs for LIGO events coexist.

Concrete parameters. In this subsection, we show
concrete parameter sets with which the double inflation
model produces the sizable amount of PBHs withO (10)M�
and O (10�13)M�.

Here, we show the successful parameters in the two
cases, which are mentioned in Sec. III.

Case 1 : We neglect the constraint of Subaru HSC below
2⇥ 10�10M�. In this case, the successful parameters are as
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' which makes the curvature perturbations locally maxi-
mized. We refer to the point at which the perturbations be-
come locally maximized as the inflection point. Since the
inflection point corresponds to the point of V 00(') = 0, the
value of ' at the inflection point can be evaluated as

V 00('⇤)' v 4+
n (n �1)g v 2
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Then we can evaluate the power spectrum at the inflec-

tion point asP⇣(k⇤)' 1
96⇡2
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, where k⇤ is the scale corre-

sponding to the inflection point. We can see that, in order
to produce the sizable amount of PBHs with this mecha-
nism, c ⇠ v 4 is required. Note that the perturbation peak
produced by this mechanism is broad compared with that
produced by the second mechanism because these peaks
are related to the dynamics of ' during its slow-roll. The
tilt of the power spectrum of the curvature perturbations
are determined by the slow-roll parameters as

ns �1=�6✏+2⌘, (22)

where ns is defined asP⇣(k )/ k ns�1 and the slow-roll pa-

rameters, ✏ and ⌘, are defined as ✏ ⌘ 1
2

�
V 0
V

�2
and ⌘ ⌘ V 00

V .
The slow-roll parameters are expected to be small during
the inflation.

The second mechanism is related to the Hubble-induced
mass during the oscillation of � . During the pre-inflation,
the Hubble-induced mass of ' is given by m 2

' = 3cpotH
2,

where H is the Hubble parameter. Meanwhile, during the
oscillation of � , the effective Hubble-induced mass of '
is given by m 2

' =
3
2 (cpot + ckin)H 2. If cpot + ckin ' 0 is sat-

isfied, the superhorizon perturbations of ' can avoid the
damping during the�-oscillation phase because the effec-
tive mass of ' disappears at that time. This means that
the perturbations of ' which is superhorizon at the oscil-
lation phase are effectively enhanced. On the other hand,
the subhorizon perturbations at the oscillation phase are
not affected by the cancellation of Hubble-induced mass.
Therefore, when cpot+ ckin ' 0 is satisfied, the sharp damp-
ing of the curvature perturbations appears at scales be-
low the horizon scale at the oscillation phase. Of course,
the perturbations which exit the horizon well before the
oscillation phase is damped by the Hubble-induced mass
during the pre-inflation. From these discussions, we can
expect the sharp peak of curvature perturbations around
the horizon scale at the �-oscillation phase. Note that the
peak produced by this mechanism can be sharp because
the peak is related to the dynamics of � during its oscilla-
tion (see also App. B in [34] for the detail explanations of
this mechanism).

Suppose that the parameters of our double inflation are
taken so that these two mechanisms work simultaneously.
Then the light PBHs correspond to the perturbation peak
produced by the first mechanism and the heavy ones cor-
respond to that produced by the second mechanism. Thus,

FIG. 2. The PBH mass spectrums ( f (M ) ⌘ 1
⌦DM

d⌦PBH
d ln M ) for pa-

rameters given in Eqs. (23) (a blue solid line) and (24) (a brown
solid line). The red shaded regions show the observational con-
straints on the monochromatic mass function. The bound-
aries of the red shade regions correspond to fobs(M ), which
are defined in Eq. (12). These constraints come from the
observations of the extra-galactic gamma-rays from the PBH
evaporation (EG�) [62], the femtolensing events (Femto) [61],
the microlensing events with Subaru HSC (Subaru HSC) [4],
with Kepler satellite (Kepler) [55], with MACHO/EROS/OGLE
(MACHO/EROS/OGLE) [52–54], the variation of CMB spectrum
(a,b) [63, 64], the radio and X-ray from accretion (c,d) [65, 66], the
dynamical heating of dwarf galaxies and ultra-faint dwarf galax-
ies (e,f) [67, 68], and the distribution of wide binaries (g) [69]. The
red dotted line shows the uncertain constraint of HSC [4] because
of the wave effect [56–58]. The orange shaded regions show the
constraint from the existence of white dwarfs in our local galaxy
(WD) [51], which is neglected in Case 2, and the constraint of Sub-
aru HSC in 2⇥10�11M� <MPBH < 2⇥10�10M�, which is neglected
in Case 1 (see text).

in our double inflation model, the lighter PBHs have a
broad spectrum while the heavier ones have a sharp spec-
trum. It is tempting to consider that the perturbation peak
corresponding to the O (10�13)M� PBHs is broad and the
peak corresponding to the O (10)M� PBHs is sharp. Here,
let us recall the fact that the peak of curvature perturba-
tions which produces the O (10)M� PBHs must be sharp
owing to the constraints from the induced GWs and the
CMB spectral distortion/BBN. On the other hand, the peak
which produces the O (10�13)M� PBHs can be broad. From
above discussions, one can see that the double inflation
model is appropriate for the scenario where the PBHs as
DM and PBHs for LIGO events coexist.

Concrete parameters. In this subsection, we show
concrete parameter sets with which the double inflation
model produces the sizable amount of PBHs withO (10)M�
and O (10�13)M�.

Here, we show the successful parameters in the two
cases, which are mentioned in Sec. III.

Case 1 : We neglect the constraint of Subaru HSC below
2⇥ 10�10M�. In this case, the successful parameters are as

Primordial Black Hole Abundance
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' which makes the curvature perturbations locally maxi-
mized. We refer to the point at which the perturbations be-
come locally maximized as the inflection point. Since the
inflection point corresponds to the point of V 00(') = 0, the
value of ' at the inflection point can be evaluated as

V 00('⇤)' v 4+
n (n �1)g v 2
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Then we can evaluate the power spectrum at the inflec-

tion point asP⇣(k⇤)' 1
96⇡2
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v 4
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, where k⇤ is the scale corre-

sponding to the inflection point. We can see that, in order
to produce the sizable amount of PBHs with this mecha-
nism, c ⇠ v 4 is required. Note that the perturbation peak
produced by this mechanism is broad compared with that
produced by the second mechanism because these peaks
are related to the dynamics of ' during its slow-roll. The
tilt of the power spectrum of the curvature perturbations
are determined by the slow-roll parameters as

ns �1=�6✏+2⌘, (22)

where ns is defined asP⇣(k )/ k ns�1 and the slow-roll pa-

rameters, ✏ and ⌘, are defined as ✏ ⌘ 1
2

�
V 0
V

�2
and ⌘ ⌘ V 00

V .
The slow-roll parameters are expected to be small during
the inflation.

The second mechanism is related to the Hubble-induced
mass during the oscillation of � . During the pre-inflation,
the Hubble-induced mass of ' is given by m 2

' = 3cpotH
2,

where H is the Hubble parameter. Meanwhile, during the
oscillation of � , the effective Hubble-induced mass of '
is given by m 2

' =
3
2 (cpot + ckin)H 2. If cpot + ckin ' 0 is sat-

isfied, the superhorizon perturbations of ' can avoid the
damping during the�-oscillation phase because the effec-
tive mass of ' disappears at that time. This means that
the perturbations of ' which is superhorizon at the oscil-
lation phase are effectively enhanced. On the other hand,
the subhorizon perturbations at the oscillation phase are
not affected by the cancellation of Hubble-induced mass.
Therefore, when cpot+ ckin ' 0 is satisfied, the sharp damp-
ing of the curvature perturbations appears at scales be-
low the horizon scale at the oscillation phase. Of course,
the perturbations which exit the horizon well before the
oscillation phase is damped by the Hubble-induced mass
during the pre-inflation. From these discussions, we can
expect the sharp peak of curvature perturbations around
the horizon scale at the �-oscillation phase. Note that the
peak produced by this mechanism can be sharp because
the peak is related to the dynamics of � during its oscilla-
tion (see also App. B in [34] for the detail explanations of
this mechanism).

Suppose that the parameters of our double inflation are
taken so that these two mechanisms work simultaneously.
Then the light PBHs correspond to the perturbation peak
produced by the first mechanism and the heavy ones cor-
respond to that produced by the second mechanism. Thus,

FIG. 2. The PBH mass spectrums ( f (M ) ⌘ 1
⌦DM

d⌦PBH
d ln M ) for pa-

rameters given in Eqs. (23) (a blue solid line) and (24) (a brown
solid line). The red shaded regions show the observational con-
straints on the monochromatic mass function. The bound-
aries of the red shade regions correspond to fobs(M ), which
are defined in Eq. (12). These constraints come from the
observations of the extra-galactic gamma-rays from the PBH
evaporation (EG�) [62], the femtolensing events (Femto) [61],
the microlensing events with Subaru HSC (Subaru HSC) [4],
with Kepler satellite (Kepler) [55], with MACHO/EROS/OGLE
(MACHO/EROS/OGLE) [52–54], the variation of CMB spectrum
(a,b) [63, 64], the radio and X-ray from accretion (c,d) [65, 66], the
dynamical heating of dwarf galaxies and ultra-faint dwarf galax-
ies (e,f) [67, 68], and the distribution of wide binaries (g) [69]. The
red dotted line shows the uncertain constraint of HSC [4] because
of the wave effect [56–58]. The orange shaded regions show the
constraint from the existence of white dwarfs in our local galaxy
(WD) [51], which is neglected in Case 2, and the constraint of Sub-
aru HSC in 2⇥10�11M� <MPBH < 2⇥10�10M�, which is neglected
in Case 1 (see text).

in our double inflation model, the lighter PBHs have a
broad spectrum while the heavier ones have a sharp spec-
trum. It is tempting to consider that the perturbation peak
corresponding to the O (10�13)M� PBHs is broad and the
peak corresponding to the O (10)M� PBHs is sharp. Here,
let us recall the fact that the peak of curvature perturba-
tions which produces the O (10)M� PBHs must be sharp
owing to the constraints from the induced GWs and the
CMB spectral distortion/BBN. On the other hand, the peak
which produces the O (10�13)M� PBHs can be broad. From
above discussions, one can see that the double inflation
model is appropriate for the scenario where the PBHs as
DM and PBHs for LIGO events coexist.

Concrete parameters. In this subsection, we show
concrete parameter sets with which the double inflation
model produces the sizable amount of PBHs withO (10)M�
and O (10�13)M�.

Here, we show the successful parameters in the two
cases, which are mentioned in Sec. III.

Case 1 : We neglect the constraint of Subaru HSC below
2⇥ 10�10M�. In this case, the successful parameters are as

Primordial Black Hole Abundance
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' which makes the curvature perturbations locally maxi-
mized. We refer to the point at which the perturbations be-
come locally maximized as the inflection point. Since the
inflection point corresponds to the point of V 00(') = 0, the
value of ' at the inflection point can be evaluated as

V 00('⇤)' v 4+
n (n �1)g v 2

2
n
2 �1

'n�2⇤ = 0

) '⇤ =
✓

2
n
2 �1v 2

n (n �1)g

◆ 1
n�2

. (21)

Then we can evaluate the power spectrum at the inflec-

tion point asP⇣(k⇤)' 1
96⇡2
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, where k⇤ is the scale corre-

sponding to the inflection point. We can see that, in order
to produce the sizable amount of PBHs with this mecha-
nism, c ⇠ v 4 is required. Note that the perturbation peak
produced by this mechanism is broad compared with that
produced by the second mechanism because these peaks
are related to the dynamics of ' during its slow-roll. The
tilt of the power spectrum of the curvature perturbations
are determined by the slow-roll parameters as

ns �1=�6✏+2⌘, (22)

where ns is defined asP⇣(k )/ k ns�1 and the slow-roll pa-

rameters, ✏ and ⌘, are defined as ✏ ⌘ 1
2

�
V 0
V

�2
and ⌘ ⌘ V 00

V .
The slow-roll parameters are expected to be small during
the inflation.

The second mechanism is related to the Hubble-induced
mass during the oscillation of � . During the pre-inflation,
the Hubble-induced mass of ' is given by m 2

' = 3cpotH
2,

where H is the Hubble parameter. Meanwhile, during the
oscillation of � , the effective Hubble-induced mass of '
is given by m 2

' =
3
2 (cpot + ckin)H 2. If cpot + ckin ' 0 is sat-

isfied, the superhorizon perturbations of ' can avoid the
damping during the�-oscillation phase because the effec-
tive mass of ' disappears at that time. This means that
the perturbations of ' which is superhorizon at the oscil-
lation phase are effectively enhanced. On the other hand,
the subhorizon perturbations at the oscillation phase are
not affected by the cancellation of Hubble-induced mass.
Therefore, when cpot+ ckin ' 0 is satisfied, the sharp damp-
ing of the curvature perturbations appears at scales be-
low the horizon scale at the oscillation phase. Of course,
the perturbations which exit the horizon well before the
oscillation phase is damped by the Hubble-induced mass
during the pre-inflation. From these discussions, we can
expect the sharp peak of curvature perturbations around
the horizon scale at the �-oscillation phase. Note that the
peak produced by this mechanism can be sharp because
the peak is related to the dynamics of � during its oscilla-
tion (see also App. B in [34] for the detail explanations of
this mechanism).

Suppose that the parameters of our double inflation are
taken so that these two mechanisms work simultaneously.
Then the light PBHs correspond to the perturbation peak
produced by the first mechanism and the heavy ones cor-
respond to that produced by the second mechanism. Thus,

FIG. 2. The PBH mass spectrums ( f (M ) ⌘ 1
⌦DM

d⌦PBH
d ln M ) for pa-

rameters given in Eqs. (23) (a blue solid line) and (24) (a brown
solid line). The red shaded regions show the observational con-
straints on the monochromatic mass function. The bound-
aries of the red shade regions correspond to fobs(M ), which
are defined in Eq. (12). These constraints come from the
observations of the extra-galactic gamma-rays from the PBH
evaporation (EG�) [62], the femtolensing events (Femto) [61],
the microlensing events with Subaru HSC (Subaru HSC) [4],
with Kepler satellite (Kepler) [55], with MACHO/EROS/OGLE
(MACHO/EROS/OGLE) [52–54], the variation of CMB spectrum
(a,b) [63, 64], the radio and X-ray from accretion (c,d) [65, 66], the
dynamical heating of dwarf galaxies and ultra-faint dwarf galax-
ies (e,f) [67, 68], and the distribution of wide binaries (g) [69]. The
red dotted line shows the uncertain constraint of HSC [4] because
of the wave effect [56–58]. The orange shaded regions show the
constraint from the existence of white dwarfs in our local galaxy
(WD) [51], which is neglected in Case 2, and the constraint of Sub-
aru HSC in 2⇥10�11M� <MPBH < 2⇥10�10M�, which is neglected
in Case 1 (see text).

in our double inflation model, the lighter PBHs have a
broad spectrum while the heavier ones have a sharp spec-
trum. It is tempting to consider that the perturbation peak
corresponding to the O (10�13)M� PBHs is broad and the
peak corresponding to the O (10)M� PBHs is sharp. Here,
let us recall the fact that the peak of curvature perturba-
tions which produces the O (10)M� PBHs must be sharp
owing to the constraints from the induced GWs and the
CMB spectral distortion/BBN. On the other hand, the peak
which produces the O (10�13)M� PBHs can be broad. From
above discussions, one can see that the double inflation
model is appropriate for the scenario where the PBHs as
DM and PBHs for LIGO events coexist.

Concrete parameters. In this subsection, we show
concrete parameter sets with which the double inflation
model produces the sizable amount of PBHs withO (10)M�
and O (10�13)M�.

Here, we show the successful parameters in the two
cases, which are mentioned in Sec. III.

Case 1 : We neglect the constraint of Subaru HSC below
2⇥ 10�10M�. In this case, the successful parameters are as

Primordial Black Hole Abundance

wave effects?
   λ ~ rS 



What is (Femto)lensing?

6



What is Lensing?

7

Source



What is Lensing?

7

Source



What is Lensing?

7

SourceLens



What is Lensing?

7

SourceLens



What is Lensing?

7

SourceLens

D0S

D0L

DLS

θ
β α̂



Lensing Equation

8

SourceLens

D0S

D0L

DLS

θ
β α̂

θ = β - α̂ × ( D0S /DLS)  
    = β - α



Einstein Radius rE

9

Source

Lens

D0S

D0L

DLS



Einstein Radius rE

9

Source

Lens

D0S

D0L

DLS

rE



Einstein Radius rE

9

Source

Lens

D0S

D0L

DLS

rE =

r
4GM

c2
DOLDLS

DOS
<latexit sha1_base64="KxgTcL3Vq95GyzrP66+Q0YQj6ds="></latexit><latexit sha1_base64="KxgTcL3Vq95GyzrP66+Q0YQj6ds="></latexit><latexit sha1_base64="KxgTcL3Vq95GyzrP66+Q0YQj6ds="></latexit><latexit sha1_base64="KxgTcL3Vq95GyzrP66+Q0YQj6ds="></latexit>

rE



Femtolensing (unresolved images)

10

GRB

PBH

Cosmological Distance

θ

θ  ~  femto-arcsec
r±  ~ θ × Gpc ~ 100 km

r+

r-



Time Delay

11

GRB

PBH

Cosmological Distance

θ

t  =  tgeom + tgrav

r+

r-

�tgeom =
1 + zL

c

DOS

DOLDLS

1

2
(r± � xS)

2

<latexit sha1_base64="qyHm5gZpf83hcfvvhU9Gc1kImYk="></latexit><latexit sha1_base64="qyHm5gZpf83hcfvvhU9Gc1kImYk="></latexit><latexit sha1_base64="qyHm5gZpf83hcfvvhU9Gc1kImYk="></latexit><latexit sha1_base64="qyHm5gZpf83hcfvvhU9Gc1kImYk="></latexit>

δt ~ MeV⁻¹  -  keV⁻¹ 



Interference

12

∆φ = E δt

δt ~ MeV⁻¹  -  keV⁻¹ 

GRB

|A1 +A2|2 / 1 +O(1)cos(��)
<latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit><latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit><latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit><latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit>



Interference

12

∆φ = E δt

δt ~ MeV⁻¹  -  keV⁻¹ 

GRB

|A1 +A2|2 / 1 +O(1)cos(��)
<latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit><latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit><latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit><latexit sha1_base64="bZqGlkT8oiZ+R3kkLA1iJ5k0oxE="></latexit>



Primordial Black Hole Abundance

13

δt ~ keV⁻¹ 
GRB rE ~ 100 km M ~ 10⁻¹⁵ M⊙ 



Primordial Black Hole Abundance

13

δt ~ keV⁻¹ 
GRB rE ~ 100 km M ~ 10⁻¹⁵ M⊙ 



Primordial Black Hole Abundance

13

6

' which makes the curvature perturbations locally maxi-
mized. We refer to the point at which the perturbations be-
come locally maximized as the inflection point. Since the
inflection point corresponds to the point of V 00(') = 0, the
value of ' at the inflection point can be evaluated as

V 00('⇤)' v 4+
n (n �1)g v 2

2
n
2 �1

'n�2⇤ = 0

) '⇤ =
✓

2
n
2 �1v 2

n (n �1)g

◆ 1
n�2

. (21)

Then we can evaluate the power spectrum at the inflec-

tion point asP⇣(k⇤)' 1
96⇡2

Ä
v 4

c

ä2
, where k⇤ is the scale corre-

sponding to the inflection point. We can see that, in order
to produce the sizable amount of PBHs with this mecha-
nism, c ⇠ v 4 is required. Note that the perturbation peak
produced by this mechanism is broad compared with that
produced by the second mechanism because these peaks
are related to the dynamics of ' during its slow-roll. The
tilt of the power spectrum of the curvature perturbations
are determined by the slow-roll parameters as

ns �1=�6✏+2⌘, (22)

where ns is defined asP⇣(k )/ k ns�1 and the slow-roll pa-

rameters, ✏ and ⌘, are defined as ✏ ⌘ 1
2

�
V 0
V

�2
and ⌘ ⌘ V 00

V .
The slow-roll parameters are expected to be small during
the inflation.

The second mechanism is related to the Hubble-induced
mass during the oscillation of � . During the pre-inflation,
the Hubble-induced mass of ' is given by m 2

' = 3cpotH
2,

where H is the Hubble parameter. Meanwhile, during the
oscillation of � , the effective Hubble-induced mass of '
is given by m 2

' =
3
2 (cpot + ckin)H 2. If cpot + ckin ' 0 is sat-

isfied, the superhorizon perturbations of ' can avoid the
damping during the�-oscillation phase because the effec-
tive mass of ' disappears at that time. This means that
the perturbations of ' which is superhorizon at the oscil-
lation phase are effectively enhanced. On the other hand,
the subhorizon perturbations at the oscillation phase are
not affected by the cancellation of Hubble-induced mass.
Therefore, when cpot+ ckin ' 0 is satisfied, the sharp damp-
ing of the curvature perturbations appears at scales be-
low the horizon scale at the oscillation phase. Of course,
the perturbations which exit the horizon well before the
oscillation phase is damped by the Hubble-induced mass
during the pre-inflation. From these discussions, we can
expect the sharp peak of curvature perturbations around
the horizon scale at the �-oscillation phase. Note that the
peak produced by this mechanism can be sharp because
the peak is related to the dynamics of � during its oscilla-
tion (see also App. B in [34] for the detail explanations of
this mechanism).

Suppose that the parameters of our double inflation are
taken so that these two mechanisms work simultaneously.
Then the light PBHs correspond to the perturbation peak
produced by the first mechanism and the heavy ones cor-
respond to that produced by the second mechanism. Thus,

FIG. 2. The PBH mass spectrums ( f (M ) ⌘ 1
⌦DM

d⌦PBH
d ln M ) for pa-

rameters given in Eqs. (23) (a blue solid line) and (24) (a brown
solid line). The red shaded regions show the observational con-
straints on the monochromatic mass function. The bound-
aries of the red shade regions correspond to fobs(M ), which
are defined in Eq. (12). These constraints come from the
observations of the extra-galactic gamma-rays from the PBH
evaporation (EG�) [62], the femtolensing events (Femto) [61],
the microlensing events with Subaru HSC (Subaru HSC) [4],
with Kepler satellite (Kepler) [55], with MACHO/EROS/OGLE
(MACHO/EROS/OGLE) [52–54], the variation of CMB spectrum
(a,b) [63, 64], the radio and X-ray from accretion (c,d) [65, 66], the
dynamical heating of dwarf galaxies and ultra-faint dwarf galax-
ies (e,f) [67, 68], and the distribution of wide binaries (g) [69]. The
red dotted line shows the uncertain constraint of HSC [4] because
of the wave effect [56–58]. The orange shaded regions show the
constraint from the existence of white dwarfs in our local galaxy
(WD) [51], which is neglected in Case 2, and the constraint of Sub-
aru HSC in 2⇥10�11M� <MPBH < 2⇥10�10M�, which is neglected
in Case 1 (see text).

in our double inflation model, the lighter PBHs have a
broad spectrum while the heavier ones have a sharp spec-
trum. It is tempting to consider that the perturbation peak
corresponding to the O (10�13)M� PBHs is broad and the
peak corresponding to the O (10)M� PBHs is sharp. Here,
let us recall the fact that the peak of curvature perturba-
tions which produces the O (10)M� PBHs must be sharp
owing to the constraints from the induced GWs and the
CMB spectral distortion/BBN. On the other hand, the peak
which produces the O (10�13)M� PBHs can be broad. From
above discussions, one can see that the double inflation
model is appropriate for the scenario where the PBHs as
DM and PBHs for LIGO events coexist.

Concrete parameters. In this subsection, we show
concrete parameter sets with which the double inflation
model produces the sizable amount of PBHs withO (10)M�
and O (10�13)M�.

Here, we show the successful parameters in the two
cases, which are mentioned in Sec. III.

Case 1 : We neglect the constraint of Subaru HSC below
2⇥ 10�10M�. In this case, the successful parameters are as

δt ~ keV⁻¹ 
GRB rE ~ 100 km M ~ 10⁻¹⁵ M⊙ 



• does femtolensing work for minihalos? 

• is it the similar as PBH? 

• Lens 

• how the (axion) minihalos forms? 

• what is the minihalo density profile?  

• What is the typical image radius, time delay? 
r0 > rE 

• Sources 

• How do we detect it? 
14

Minihalos and femtolensing?
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QCD axion minihalos

θ = 0.94

1.84
2.01 0.63

0.96 1.24

1.12
2.69

• PQ symmetry breaking after inflation

T < fa ~ 10¹² GeV

ma = 0 

θ in [ -π, π]

✓i = �i/fa
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QCD axion minihalos
• axion mass induced by QCD instantons  
 

• O(1) density fluctuation  
 

• tiny density fluctuation (radiation dominant universe)  
 

T ~ GeV

ρa ~ Λ⁴QCD θ² 

δρa / ρa ~ 1

δρa / ρTotal ≪ 1
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QCD axion minihalos
• matter-radiation equality, density fluctuations  
 

• axion minihalos form by gravity  

• typical mass and size  

T ~ eV

r0 ~ 10⁹ m ,  M ~ 10⁻¹² M⊙ 

δρa / ρTotal  ~ 1



Minihalos and Femtolensing  
Lens
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Minihalo Density Profiles
• free-falling profile 
 

• isothermal profile 
 

• NFW profile 
 

⇢ff = ⇢0 (r0/r)
9/4
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⇢
iso

= ⇢0 (r0/r)
2
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⇢NFW =
⇢0

(r/r0) (1 + r/r0)
2
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Einstein Radius rE

21

Source

Lense

D0S

D0L

DLS

rE =

r
4GM

c2
DOLDLS

DOS
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rE



Point Mass or not?

• black hole  r0 ≪ rE   
      point mass 

• free-falling, isothermal, NFW profile  r0 < rE     
  point mass 

• free-falling, isothermal, NFW profile  r0 > rE     
solve the lensing equation  

22

rE =

r
4GM

c2
DOLDLS

DOS
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image positions r0 > rE
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xS source positions in the lens plane
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Magnification Ratio
ξ₀ length scale in the lens plane

∆φ = E δt|A1 +A2|2 / 1 +O(1)cos(��)
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Time Delay
ξ₀ length scale in the lens plane

�t = O(1)
1 + zL

c

DOS

DOLDLS
⇠20
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Summary

Density image radius time delay

Point Mass δ rE ∝ rE2

isothermal ρ₀(r0 / r )² (rE/ r0) rE ∝ (rE/ r0)2rE2

free-falling ρ₀(r0 / r )9/4 (rE/ r0)3/5 rE ∝ (rE/ r0)6/5rE2

general ρ₀(r0 / r )n (rE/ r0)(3-n)/(n-1) rE ∝ (rE/ r0)2(3-n)/(n-1)rE2



Minihalos and Femtolensing  
Sources
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GRB090424

• Redshift measured ( 70 GRB observed) 

• zS = 0.544  



30

GRB090424
• First 10 s 

• background subtraction
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GRB090424
• fit � = ⇡

�
r2
s,max

� r2
s,min

�
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GRB090424
• fit � = ⇡

�
r2
s,max

� r2
s,min

�
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GRB090424
• fit � = ⇡

�
r2
s,max

� r2
s,min

�
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M= 10-15 M⊙ 

rS = 2 rE
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GRB090424
• fit � = ⇡

�
r2
s,max

� r2
s,min

�
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Optical Depth

� = ⇡
�
r2
s,max

� r2
s,min

�
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d⌧ =
⇢
halo

M
halo

(1 + z
L

)3�
cdt

dz
L

dz
L

<latexit sha1_base64="46MvMYPzCqoG1v6CvrWMPEptOic="></latexit><latexit sha1_base64="46MvMYPzCqoG1v6CvrWMPEptOic="></latexit><latexit sha1_base64="46MvMYPzCqoG1v6CvrWMPEptOic="></latexit><latexit sha1_base64="46MvMYPzCqoG1v6CvrWMPEptOic="></latexit>



34

Constraints (free-falling profile)

r0 = rE

Preliminary Result

ξ₀~ (rE/r0)3/5 rE 
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r0 = rE

similar to PBH

ξ₀ smaller  
δt smaller

Preliminary Result
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Constraints (free-falling profile)

r0 = rE

similar to PBH

ξ₀ smaller  
δt smaller

d⌧ =
⇢
halo

M
halo

(1 + z
L

)3�
cdt

dz
L

dz
L
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Preliminary Result
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Constraints (free-falling profile)

r0 = rE

similar to PBH

axion minihalos
ξ₀ smaller  
δt smaller

d⌧ =
⇢
halo

M
halo

(1 + z
L

)3�
cdt

dz
L

dz
L
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Preliminary Result

ξ₀~ (rE/r0)3/5 rE 



Wave Optics  
vs  

Geometric Optics
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Not always two images

E
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2
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• Full lensing equation 

• saddle point approximation → geometric optics  
 

θ = β - α
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PBH
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free-falling profile
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• femtolensing (unresolved)  
and PBH 
 
 

• axion minihalos 
 
 

• Fermi GBM data GRB

Summary
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Magnification
ξ₀ length scale in the lens plane

∆φ = E δt|A1 +A2|2 / 1 +O(1)cos(��)
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The Gamma Ray Burst Monitor (GBM)

• 12 low-energy NaI  
crystal scintillators 

• 2 high-energy BGS 

• energy 8 keV - 40 MeV  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GRB090424
• fit � = ⇡

�
r2
s,max

� r2
s,min

�
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Optical Depth

� = ⇡
�
r2
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r0 = rE

similar to PBH

axion minihalos

δt ~ keV⁻¹ 
GRB rE ~ 100 km M ~ 10⁻¹⁵ M⊙ 

PBH

δt ~ keV⁻¹ 
GRB ξ₀~ 100 km M > 10⁻¹⁵ M⊙ 

free-falling 

ξ₀~ (rE/r0)3/5 rE 


