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QCD phase diagram



• QCD phase diagram at low temperatures might be
more interesting

• Model calculations predict that different kind of
inhomogeneous phases exist at finite density

Formation of inhomogeneous spatial domains

Analyze the time evolution of the order
parameter for the chiral symmetry
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What we need?

• An effective model that describes inhomogeneous
quark condensates

⇒ Nambu-Jona-Lasinio models
(with VEV’s that break translational invariance)

• A formalism to study the time dynamics of an order
parameter

⇒ Time dependent Ginzburg-Landau equations
(model A - non conserved order parameter)
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nonlocal NJL

LNJL = ψ̄iγµ∂µψ +
G
2 ja(x)ja(x)

ja(x) =

∫
d4z G(z) ψ̄

(
x +

z
2
)

Γa ψ
(

x − z
2
)

φa(~x) = φ̄a(~x) + δφa(~x)



Ginzburg-Landau equations (an example)

• free energy:

Ω[ϕ] =

∫
d3x ω[ϕ]

=

∫
d3x

[
(∇ϕ)2 + V (ϕ)

]

ϕ(x) is the order parameter
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• free energy:

Ω[ϕ] =

∫
d3x ω[ϕ]

=

∫
d3x

[
(∇ϕ)2 + V (ϕ)

]
• equilibrium:

δΩ[ϕ]

δϕ(x , t)
= 0

• close to equilibrium:

δΩ[ϕ]

δϕ(x , t)
= −Γ

∂ϕ(~x , t)

∂t

ϕ(x) is the order parameter



NJL (Nambu–Jona-Lasinio)

ω(T , µ, φ) =
α2
2 φ2 +

α4
4 (φ2)2 +

α4b
4 (∇φ)2 + +

α6
6 (φ2)3 +

α6b
6 (φ,∇φ)2 +

α6c
6
[
φ2(∇φ)2 − (φ,∇φ)2

]
+
α6d

6 (4φ)2

GL (Ginzburg-Landau)

Γ
∂φa(x , t)

∂t = − δΩ[φa]

δφa(x , t)

Recipe:
1- Choose (T , µ) in the hadronic phase, close to the critical
points

2- Set initial conditions out of equilibrium: 〈φa(x , t = 0)〉x ∼ 0

3- Study the time dynamics of the order parameters
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Volume average of the order parameter

random initial state with restored chiral symmetry (out of equilibrium)
↓

final homogeneous chirally broken state

CARTOON:

Evolution of a homogeneous scalar field



Volume average of the order parameter

random initial state with restored chiral symmetry (out of equilibrium)
↓

final homogeneous chirally broken state

CARTOON:

Evolution of the scalar field when the vacuum has a nontrivial spatial
dependence



Snapshots of evolution

Long-lived metastable configurations of the order parameters in
the course of the evolution (in the hadronic region)

Even if at equilibrium the chiral parameters have no spatial
modulation, the system can leave traces of the inhomogeneities

in observables



Summary (if I have time)

I MOTIVATION : understand the dynamics involved in the chiral
symmetry restoration.

I WHAT TO DO : study the time evolution of the corresponding
order parameter.

I HOW TO DO IT :
• Expand the mean-field thermodynamic potential in powers
of the order parameters and their spatial gradients.
• Use the time dependent Ginzburg-Landau equations of
motion

I RESULTS : In the hadronic region of the QCD phase diagram
we found long-lived metastable configurations of the order
parameters in the course of the evolution.

I PERSPECTIVES : 3D + expansion + exact free energy



thanks!
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