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• Coasting beam and Bunched beam longitudinal spectra, 
how/what to compare ? 
– RMS of the spectra for different beams

• What can be extracted from bunch spectra in a single RF ?
– Particle distribution over Synchrotron frequency

• What can be extracted from orbit amplitude dependent
Schottky spectra in any RF field configuration?
– Synchrotron frequency-amplitude dependence
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Coasting beam longitudinal spectra

Simulated coasting beam spectra

Known properties of coasting beam spectrum:
• spectrum consists of only incoherent part
• integral power in each harmonic is constant
• the “envelope” of spectra in each harmonic is just scales proportionally to h 

in  “frequency” axis and inversely proportional in “power” axis

Comparison of spectra at h=20 with 
momentum distribution function given in 

simulations
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For reference, simple PIC simulations were done:
• Npart=50000
• Ncells=256
• sim time ~ 200*Tsyn (for bunched beam)
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Comparison of spectra at h=20 with 
momentum distribution function given in 

simulations

Simulated bunched beam spectra

Known features:
• spectrum consists of strong coherent lines at revolution harmonics
• the integral power in each revolution harmonic is constant.
• the envelope of spectra at each revolution harmonic is different for different h 

and in general do not “exactly” represent distribution function
• the envelope of spectra at each mu is the scaled with mu synchrotron frequency 

distribution modified by Bessel function (later will be considered)
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Bunch (single RF)longitudinal spectra. 
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RMS of the longitudinal bunch spectra

LONGITUDINAL SCHOTTKY SPECTRA OF BUNCHED BEAMS ∗
V. Balbekov and S. Nagaitsev† , FNAL, Batavia, IL 60510, USA

obtaining the RMS expression for power spectrum

the following relation was derived

∆𝑝

𝑝0 𝑟𝑚𝑠

= 𝜎𝜔
1

𝜂ℎ𝜔0

the same as for
coasting beam:

Authors consider the possibility to obtain the instant momentum distribution in a bunch by
measuring spetra in a very short time but cocluded that such spectra will be strongly modifed. 
However they also derived another important practical result:

rms of the frequency band covering
the revolution harmonic Instant momentum distribution

ARIES Workshop CERN, 15th of May 2018
5



O.Chorniy

-3 -2 -1 0 1 2 3

Distance from bunch center, arb.u.

-3 -2 -1 0 1 2 3

Distance from bunch center, arb.u.

-20 -15 -10 -5 0 5 10 15 20

P
o

w
er

 s
p

ec
tr

u
m

synchrotron harmonics 

-20 -15 -10 -5 0 5 10 15 20

P
o

w
er

 s
p

ec
tr

u
m

synchrotron harmonics

Spectra of bunches with same mom. spread
sp

ec
tr

u
m

 a
t 

1
0

th
 h

ar
m

o
n

ic
lo

n
gi

tu
d

in
al

 p
ro

fi
le

Dual harmonics RF Single harmonic RF

The statement about the equality between momentum spread and RMS of spectra is valid 
for any configuration of RF field (if the motion of particles in phase space is still “sinusoidal”)
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Comparison of bunches and coasting beam

All beams in simulations had the same momentum spread
The spectra was proceed in the same way for all beams way to get rms value

Note:
The central coherent line was excluded from considerations, since it has in “reality” final 
width and may disturb the calculation, whether in “theory” this coherent line is zero 
width and (seems) must not give any input in rms value.

Obtained values for different revolution harmonics
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Bunch (single RF)longitudinal spectra in details

Satellites in the simulations (blue) compared with 

theory (red) *

Simulated bunched beam spectra 
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What else can we obtain from the bunch spectra?
Consider again the spectra at a given revolution harmonic. 
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Summing over synchrotron harmonics

𝑃ℎ,𝜇 (𝑓) =
1
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Each satellite structure is described by formula 
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At high h decays fast

Textbook relations

2𝑃ℎ,2 𝜇𝑓 + 2෍

𝜇=1

∞

𝜇𝑃ℎ,𝜇 𝜇𝑓 ≈ 𝑔0 𝑓

Such summation means in practice the horizontal and vertical re-scaling, bringing on the 
same axis and sum
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Summing over synchrotron harmonics
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Note: it is clear that this method can be used only if satellites are not intercepting each 
other, i.e not suits for bunch in dual RF harmonics.

Outcome: 

• Comparison of calculations (blue) with 
theoretical distribution (red) shows that  
approximation  for Bessel function 
“disturbs” only small part near the 
maximum synchrotron frequency

• Strong noise in simulation results shows 
that for simulation much high number of 
particles are required. 

Result of summation along synchrotron harmonics in 
simulations spectra. It is compared with calculations of 

ideal spectra and with initial distribution

Question: can we extract some (additional) useful information 
from the bunches especially (in dual RF harmonic? )
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Orbit/Amplitude dependent Schottky

Here presented concept is an expansion of 
the formulation presented in proceedings:

Amplitude dependent Schottky. The 
measurements of the noise at a fixed coordinate 
in the longitudinal bunch frame. For this the data 
must be digitized and processed digitally.

The initial assumption was the following:
The maximum response is produced by
the particles whose maximum deviations (or
amplitudes) lie inside the measurements region. 

Schematic of sampled bunch density 
related to the phase space

(particles on the red trajectory gives much 
stronger signal  then on black trajectory)

ARIES Workshop CERN, 15th of May 2018
11



O.Chorniy

Measurements with bunch in single RF

Experimental measurement of the 
synchrotron frequency dependence on  

particle amplitude. 

Calculated noise spectra of the 
signal at specific bunch coordinate

The coordinate at which the 
signal was measured
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The location of peaks in spectra depends 
on the bunch coordinate at which the 

signal was measured. And these 

peaks coincides with the synchrotron 
frequency 
at this coordinates (dashed lines)
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Application for bunch in dual harmonic  RF
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Waterfall of the measured bunches 

created by two RF harmonics

Position of the spectrum peak depending

on the coordinate at which the spectrum 

was obtained and theoretical curves for 

two cases

Spectra of current fluctuations 

measured at three coordinates 
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Summary

• RMS of the longitudinal Spectra reflects the real 
momentum spread rms 

• For short bunches (no overlapping of harmonics at 
higher h) in single harmonic RF the synchrotron 
frequency distribution potentially can be obtained 
from spectra

• Amplitude dependent Schottky can be a good tool to 
find the relationships between RF harmonics
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