
Fitting Schottky spectra
Accelerator Research and Innovation for European Science and Society

Advanced Diagnostics for Accelerators
Topical workshop on extracting information from electro-magnetic monitors in hadron accelerators

CERN, 14-16 May 2018

Diogo Alves (CERN)



Example spectrum - LHC (bunched)

5/15/2018 Fitting Schottky spectra – Diogo Alves 2



Outline

• Overview of information retrievable from 

Schottky signals

• “Fitting” spectra example – LHC

• LEIR

• Conclusions

5/15/2018 Fitting Schottky spectra – Diogo Alves 3



Outline

• Overview of information retrievable from 

Schottky signals

• “Fitting” spectra example – LHC

• LEIR

• Conclusions

5/15/2018 Fitting Schottky spectra – Diogo Alves 4



Longitudinal un-bunched beam
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𝐼𝑖 𝑡 =
𝑍𝑒𝜔0

2𝜋
𝛿 𝜔0 + ∆𝜔𝑖 𝑡 + 𝜑𝑖 = 

𝑍𝑒𝜔0

2𝜋
+ 
𝑍𝑒𝜔0

𝜋
σ𝑛=1
∞ cos 𝑛 𝜔0 + ∆𝜔𝑖 𝑡 + 𝑛𝜑𝑖

Current due to a single particle 𝑖:

𝑁𝑡𝑜𝑡 = න
0

∞

𝑁 ∆𝜔 𝑑 ∆𝜔where

𝐼2 =
𝑁𝑡𝑜𝑡
2

𝑍𝑒𝜔0

𝜋

2

Average integrated power per band is independent of harmonic 𝑛:

PSD ~ 1 / f

Δ𝜔

𝜔0
= 𝜂

Δ𝑝

𝑝0

Shape of the PSD gives directly the dp/p distribution:

and

~ intensity

𝑑 𝐼2 𝑛

𝑑 ∆𝜔
=
𝑛

2

𝑍𝑒𝜔0

𝜋

2 𝑑𝑁 ∆𝜔

𝑑 ∆𝜔

× 𝑓0𝑛 − 1 𝑛 𝑛 + 1



Transverse un-bunched beam (1/2)

5/15/2018 Fitting Schottky spectra – Diogo Alves 6

𝑑𝑖 𝑡 =
𝑍𝑒𝜔0

2𝜋
𝛿 𝜔𝑖𝑡 + 𝜑𝑖 × 𝑎𝑖 cos 𝑞𝑖𝜔0𝑡 + 𝜑𝛽𝑖

Dipole moment due to a single particle 𝑖:

longitudinal motion transverse betatron motion

𝑑𝑛,𝑖 𝑡 =
𝑍𝑒𝜔0𝑎𝑖
2𝜋

cos 𝑛𝜔𝑖 − 𝑞𝑖𝜔0 𝑡 + 𝑛𝜑𝑖 + 𝜑𝛽𝑖 + cos 𝑛𝜔𝑖 + 𝑞𝑖𝜔0 𝑡 + 𝑛𝜑𝑖 − 𝜑𝛽𝑖

𝑑2 =
𝑎2 𝑁𝑡𝑜𝑡
2

𝑍𝑒𝜔0

2𝜋

2

Total power per band is independent of harmonic 𝑛:

~ 𝑎2 ≃ 𝜀𝛽 𝑠

~𝑁𝑡𝑜𝑡

transverse emittance

intensity

Dipole moment for one particle at harmonic 𝑛:
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𝑑𝑛,𝑖 𝑡 =
𝑍𝑒𝜔0𝑎𝑖
2𝜋

cos 𝑛𝜔𝑖 − 𝑞𝑖𝜔0 𝑡 + 𝑛𝜑𝑖 + 𝜑𝛽𝑖 + cos 𝑛𝜔𝑖 + 𝑞𝑖𝜔0 𝑡 + 𝑛𝜑𝑖 − 𝜑𝛽𝑖

𝑛𝑓0 𝑛 + 1 𝑓0

2𝑞0

∆𝑓 ≃ 𝑛∆𝑓𝑟𝑒𝑣 + 𝑓0∆𝑞 = 𝑛𝜂 + 𝑄𝜉 𝑓0
Δ𝑝

𝑝0

∆𝑓 ≃ 𝑛∆𝑓𝑟𝑒𝑣 − 𝑓0∆𝑞 = 𝑛𝜂 − 𝑄𝜉 𝑓0
Δ𝑝

𝑝0

𝑄𝜉 = 𝑛𝜂
Δ𝑓 − Δ𝑓

Δ𝑓 + Δ𝑓

Δ𝑝

𝑝0
=
Δ𝑓 + Δ𝑓

2𝑛𝜂𝑓0

Chromaticity

Momentum spread

Betatron tune

Transverse un-bunched beam (2/2)



Longitudinal bunched beam
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Current due to a single particle 𝑖:

where Ƹ𝜏𝑖 is the max sync oscillation delay

𝐽0
2

𝐽1
2

𝐽2
2

𝐽3
2

𝐽−1
2

𝐽−2
2

𝐽−3
2

qS

𝐽0
2~𝑁𝑡𝑜𝑡

2

𝐽𝑝≠0
2 ~𝑁𝑡𝑜𝑡

• During injection (aka dipolar) 

oscillations all satellites are coherent

𝐼𝑖 𝑡 ∝ 𝑅𝑒 ෍

𝑝=−∞

∞

𝑗𝑝𝐽𝑝 𝑛𝜔0 Ƹ𝜏𝑖 𝑒
𝑗 𝑛𝜔0𝑡+𝑝𝜔𝑠𝑖

𝑡+𝑝𝜑𝑠𝑖+𝑛𝜑

• RMS dp/p is given by the 𝜎 of envelope

• Shape of synchrotron satellites carry 

information on the sync freq dist

𝜎~
𝑑𝑝

𝑝
𝑅𝑀𝑆



Transverse bunched beam
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Dipole moment due to a single particle 𝑖: 𝐽0
2

𝐽1
2𝐽−1

2

qS

𝐽𝑝
2~ 𝑎2 𝑁𝑡𝑜𝑡

𝑑2 =
𝑎2 𝑁𝑡𝑜𝑡
2

𝑍𝑒𝜔0

2𝜋

2 qβ

Just like for a coasting beam, the total power 

per band is independent of the revolution 

harmonic and ~ 𝑎2 and ~intensity

𝑑𝑛,𝑖 𝑡 ∝ 𝑎𝑖 ×ቐ𝑅𝑒 ෍

𝑝=−∞

∞

𝑗𝑝𝐽𝑝 𝑛𝜔0 Ƹ𝜏𝑖 𝑒
𝑗 𝑛−𝑞0 𝜔0𝑡+𝑝𝜔𝑠𝑡+𝑝𝜑𝑠𝑖+𝑛𝜑𝐿−𝜑𝛽𝑖

~ 𝑛𝜂 ± 𝑄𝜉
𝜔0

𝜔𝑠

∆𝑝

𝑝
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RT analysis in LHC

• Analog down-mixing (4.8GHz → 11.2kHz)
• Sampling freq = 4 × 𝐹𝑟𝑒𝑣 ≃ 44.8𝑘𝐻𝑧
• FFT with 65536 samples → 1.5𝑠
• PSD continuously averaged over ∼ 1𝑚𝑖𝑛
• RT calculations:

• Betatron tune

• Chromaticity

• Synchrotron tune

• Emittance (relative)
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RT analysis in LHC
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“Fitting” spectra example (LHC) – betatron tune

• LPF PSD

• For each L and R hump:
• calc crossings at different 

levels

• calc mid-point of each level

• calc 𝑞𝐿,𝑅 and 𝜎𝐿,𝑅
2 of mid-

points

• Maximum likelihood estimator

𝑞𝛽 =
𝑞𝐿𝜎𝐿

−2 + 𝑞𝑅𝜎𝑅
−2

𝜎𝐿
−2 + 𝜎𝑅

−2

𝜎2 =
1

𝜎𝐿
−2 + 𝜎𝑅

−2
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“Fitting” spectra example (LHC) – betatron tune results
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“Fitting” spectra example (LHC) – chromaticity

• LPF PSD

• For each L and R sideband:
• calc crossings at different 

common levels

• calc width 𝑤𝑖 of each level 𝑖

• Calc chroma for each level 𝑖

𝑄𝜉 𝑖 = 𝑛𝜂
𝑤𝐿,𝑖 − 𝑤𝑅,𝑖

𝑤𝐿,𝑖 + 𝑤𝑅,𝑖

𝑄𝜉 = 𝑚𝑒𝑎𝑛 𝑄𝜉 𝑖

𝜎𝑄𝜉
2 = 𝑣𝑎𝑟 𝑄𝜉 𝑖
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“Fitting” spectra example (LHC) – chromaticity, another method

𝑤𝐿 𝑤𝑅

75%

25%

75%

25%
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“Fitting” spectra example (LHC) – chromaticity results
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“Fitting” spectra example (LHC) – chromaticity results

(T. Tydecks, IPAC’18)

Comparison of previous 

method with a fitting method:

𝑄𝜉 𝑞𝛽
Conclusions:

• both methods give roughly 

the same results!

• Fitting method is less 

robust

• Coherent lines need to be 

excluded prior to fitting

• No theoretical support for 

which function to fit
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“Fitting” spectra example (LHC) – chromaticity results

• Similar MD had already been performed in 2016

• Similar conclusions

(Betz et al, NIM, 2017)
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Chromaticity error analysis

Typical LHC case: Δ𝑓+ = 2.4𝑘𝐻𝑧, Δ𝑓− = 2𝑘𝐻𝑧 and 𝑄𝜉 = 10

• 1% error in the estimation of Δ𝑓+ and Δ𝑓− gives 𝜖 𝑄𝜉 ≃ 1

• 5% error in the estimation of Δ𝑓+ and Δ𝑓− gives 𝜖 𝑄𝜉 ≃ 5
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“Fitting” spectra example (LHC) – emittance results

• Fitting method converged 

reliably for B1H and B2V

• Geometric emittance 

reduction comparable to 

what was measured by 

sync radiation telescope

(T. Tydecks, IPAC’18)
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“Fitting” spectra example (LHC) – synchrotron tune

Periodicity of 

synchrotron motion is 

encoded as oscillations 

in the PSD itself

FFT of PSD to calculate

synchrotron tune
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“Fitting” spectra example (LHC) – sync freq results
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LHC spectrum at 6.5TeV

• Energy changes at a rate 

≳ 300𝐺𝑒𝑉/𝑚𝑖𝑛
• Transverse sideband area 

reduced by ≳ 12𝑑𝐵 as 

𝛾𝑟𝑒𝑙 = 480 → 7000
(decrease of geometric 

emittance)

• Transverse sideband width 

reduces by a factor ~3 

(decrease of RMS dp/p)

• SNR ~7dB lower

• Movable pick-up!
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LEIR – coasting beam cooling performance

• Fixed LO

• RT tracking of longitudinal and 

transverse sidebands

• Moveable cavity permits 

calibration of emittance 

measurement

(S. Hirlander, IPAC’18)

EARLY cicle – 1 injection NOMINAL cycle – multiple injections



Conclusions and outlook

• In the light of elementary theory, information 
extraction seems simple

• In practice it’s much more complicated

• Still to be understood why, in the case of the LHC, 
absolute chromaticity values are not as expected

• Movable pick-up desirable for increase of SNR 
(certainly in the LHC) and eventual calibration of 
emittance measurements
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Conclusions and outlook

• Why do sync satellites disappear

• Typical longitudinal spectrum suggests non-

monotonic dp/p distribution
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LEIR

(Sukhanov, ICALEPCS 2017)

• Fixed LO

• RT tracking of longitudinal and 

transverse sidebands

• Moveable cavity permits 

calibration of emittance 

measurement
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Example longitudinal spec - LHC (bunched)

qS

• dp/p dist

• sync tune

• intensity
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Example transverse spec - LHC (bunched)

qβ

qS

• betatron tune

• chromaticity

• transverse emittance

• sync tune

• intensity
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RT analysis in LHC – Ions

(Betz et al, NIM 2017)
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RHIC

(Sukhanov, ICALEPCS 2017)

• Fixed LO

• RT tracking of longitudinal and 

transverse sidebands

• Moveable cavity permits 

calibration of emittance 

measurement
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𝜏𝑖 = Ƹ𝜏𝑖 cos 𝜔𝑠𝑖𝑡 + 𝜑𝑠𝑖



Longitudinal un-bunched beam
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𝐼𝑖 𝑡 =
𝑍𝑒𝜔0

2𝜋
𝛿 𝜔0 + ∆𝜔𝑖 𝑡 + 𝜑𝑖 = 

𝑍𝑒𝜔0

2𝜋
+ 
𝑍𝑒𝜔0

𝜋
σ𝑛=1
∞ cos 𝑛 𝜔0 + ∆𝜔𝑖 𝑡 + 𝑛𝜑𝑖

Current due to a single particle i

Total current at frequency 𝑛 𝜔0 + ∆𝜔 :

𝐼𝑛 𝜔0+∆𝜔 𝑡 =
𝑍𝑒𝜔0

𝜋
෍

𝑖=1

𝑁 ∆𝜔

cos 𝑛 𝜔0 + ∆𝜔 𝑡 + 𝑛𝜑𝑖 𝑁𝑡𝑜𝑡 = න
0

∞

𝑁 ∆𝜔 𝑑 ∆𝜔where



Longitudinal un-bunched beam
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𝐼𝑛 𝜔0+∆𝜔
2 =

𝑁 ∆𝜔

2

𝑍𝑒𝜔0

𝜋

2

𝐼2 =
𝑁𝑡𝑜𝑡
2

𝑍𝑒𝜔0

𝜋

2

RMS current at frequency 𝑛 𝜔0 + ∆𝜔 :

Δ𝑝/𝑝 dist
Δ𝜔

𝜔0
= 𝜂

Δ𝑝

𝑝0

RMS current per band is independent of harmonic 𝑛:

PSD ~ 1 / f

(Boussard,1986)
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𝑑𝑛,𝑖 𝑡 =
𝑍𝑒𝜔0𝑎𝑖
2𝜋

cos 𝑛𝜔𝑖 − 𝑞𝑖𝜔0 𝑡 + 𝑛𝜑𝑖 + 𝜑𝛽𝑖 + cos 𝑛𝜔𝑖 + 𝑞𝑖𝜔0 𝑡 + 𝑛𝜑𝑖 − 𝜑𝛽𝑖

𝑛𝑓0 𝑛 + 1 𝑓0

2𝑞0

∆𝑓 ≃ 𝑛∆𝑓𝑟𝑒𝑣 + 𝑓0∆𝑞 = 𝑛𝜂 + 𝑄𝜉 𝑓0
Δ𝑝

𝑝0

∆𝑓 ≃ 𝑛∆𝑓𝑟𝑒𝑣 − 𝑓0∆𝑞 = 𝑛𝜂 − 𝑄𝜉 𝑓0
Δ𝑝

𝑝0

𝑄𝜉 = 𝑛𝜂
Δ𝑓 − Δ𝑓

Δ𝑓 + Δ𝑓

Δ𝑝

𝑝0
=
Δ𝑓 + Δ𝑓

2𝑛𝜂𝑓0

Chromaticity

Momentum spread

Betatron tune

Transverse un-bunched beam (2/3)

But, it’s not that simple …
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Transverse un-bunched beam (3/3)

The dp/p distribution is not uniform … therefore:

𝑛𝑓0 𝑛 + 1 𝑓0 𝑛𝑓0 𝑛 + 1 𝑓0

is more like


