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Evolution equations

The IDE in which the splitting function P(x) participates is

u%f(x, u) = 042(7:1)/: C},f/ f(y,u)P <;> . (1)

We calculate Mellin N-moment of both the parts of this equation and
obtain the relation

1 1 1
uju/0 dx xV71(x,u) = 0;(7:) /0 dx XN_I/X (ji/ f(y,u)P <;>
1 y
= a(u)/ dy f(y, u)l/ dx xN71p <X> =
21 Jo ¥ Jo y

1 1
ozz(u)/ dy nylf(y, u)/ dx folP(x)
™ Jo 0

_ C{Lr) V(N a(u)) My, u), yI(N), (2)
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Anomalous dimension

We define v(N, a(u)) as

1
/0 dx xN71P (x) = v(N,a(v)), ~(1,a(uv)) =1.

(3)
Thus, the RGE

o L wlr e ) AN) = S (v, a()) MFGn) ). (@)

may be re-written in the form of IDE (1).
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Complete form of Equations in QCD

vinien = [ Y ay e (X) )
ud5en) = A /ch)/i/{Z(y,u)qu <;>+
+20) Gl 0Py ()] (6)
viotes) = 0 [ E e pe (1) +
+G(y, u)Pse <§>} (7)

with Aji(x, u) = qi(x, u) — qj(x, u) and X(x, u) = >, [qi(x, u) +q:(x, v)],
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DGLAP equation at small x for Integrated gluon

distribution

a\u 1 X
U%G(X, u) = 2(71_)/)( ?/G(% u)Pge <y,a(u)) ) (8)
u% G(N, u) = az(:)’y(N, () G(N, ),

1
G(N,u):/ dx x"N71G(x, u),
0

Y(N, a(u)) = 042(7:) /0 dx xN"1Pge (x, a(u)) .
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DGLAP equation at small x for Unintegrated gluon

distribution

Integrated gluon distribution G(x, u) is related to unintegrated gluon
distribution ¢(x, k?) via the integral relation

%)= [ e ()

Glx,— )= dk X, —= | . 9
< 2 0 ¥ 2 )
2 2

d [9 k2 a Q k2
020'02/0 ko_SO < M) = V(Naa)/o dkf_(p <N7 /jj) y =

Q? Q?
i@ (N5) = gmarde ().
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Solution to DGLAP IDE at LO for small x

d ld
ugpo i) =5 [ Yotnupac () =

d a+ioco

u—
du a—ioco

a+ioco
dy/ dNy N (N, u)Pgg <X7a> =
a— y

atioco
[ Mo (myus s (v, 0) —
a

ioco

a+ico
/ dy/ dNy Ny (N)uz="(N2) P (;a> - (10)
a—

ariee -N 2~ (N,a) N Ldy -N X
dNx™ "1 (N)uz="0 (N, o) — x i Pce S =0
a—ioco X
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A method to solve the DGLAP equation analytically

The integral in the bracket may be transformed to

1 1/x
dy _ X d
/ e y NPse <,Oé> =/ 4 yNPge(xy, @)
x Y y 1 y
1
_ d
= x ’V/ %yNPGG(y,a)-

The DGLAP IDE may be written in such a form

a+ioco N o (N 1 dy N
dNx ¢1(N)u27r'y ’ ’}/(N,O[)— 7}/ ’DGG(yaa)

—ioo

a+ioco N (o) X dy N
- / pr(N)us / Y Npee(y.a) =0
a 0o Yy

—ico

For the future use we introduce the notation
1
d
T(W.x.0)= [ ¥y"Pagy.a). (11)
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Solution to DGLAP equation in a simple toy model

We may consider the splitting function of gluons in the form
Pse(z,a) = 2z

With this simple splitting function we may illustrate the main idea of the
method.

1 1 N+1
dy N dy N 2 2x
T(N = [ ZyNp = ()= - '
(N, x, ) /X Y 66 (y, ) /X YR ) =N1 NiT

We have from Eqgs. above

Y(N,a) = T(N,0,a) = NE1l

Thus, DGLAP in this case

a+ioco o N+1 a+ioco %’y(N,a)
/ dNx Ny (N)uz (Ve X x/ gy Lr (V)T
a a

= :07
—ico N+1 ico N+1
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Simple example

As an example, we may obtain the form of unintegrated gluon distribution
@(x, u) for the simplest case when ¢1(N) =1/(N + 1), that is,

—1+6+ico o 1
ox) = | ANy (N)u Wx—N =
—1+6—ioco

—1+0+ic0 XfN o 1
/ dN um N+1 =
146—ico N+1

1 k —1+6+ioc0 —N
— K ~14+5-ico (N+1)

[e's) —14d6+ic0 —N-1
1 s/« k X
— (=1 ) dN————
X; a (e /_Ha_,-oo (N + 1)k

21 [« k (—Inx)k o) 1
:xzﬂ(%lnu) T:XIO 2 Elnuln; ,
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Equations dual to DGLAP-type IDE

We may give a simple example of the dual integro-differential equations.

d L
uaqb(x,u): 20;/)( 7y¢(}/au) Pcc <;706)a

and gamma is given

Pce(z,a) = 2z

with 8 = 0. The result is the Bessel funciton Iy <2,/$ Inulin )1<>

Now we do the complex diffeomorphim in the complex plane of variable N
and go to another variable M which is related to original variable N by the
duality transformation v(N) = M in the integral

—14+6+ico x—N 1
o(x,u) = / dN uN+1
“146—ico N+1

If we define the inverse function x(M) = N, than we model the duality
conditions x(v(N) = N and v(x(M)) = M.
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Equations dual to DGLAP-type IDE

We may write explicitely for this example

AN) = g = M= N = 22— 1= x(M),
x(v(N))ZW(l)lz(N+1)1:N,
1 1
A(x(M)) = - — M.
X(M) +1 <1—1>+1
M

—145+ico N 1 —x(M)
¢(x,u):/ N uN+1—7§ dMN/(M)N+1 uM =

1+5 joco
1= 1/M x—1/M
—?{ dm f dm> f dm= uM =
c

uM Inu
—Z —Inx)* f dMMk+1:X k!( In x)* (k!)
k=0
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Equations dual to DGLAP-type IDE
0 1\k
= XZ ((k|1))2 (Inulnx)* = xl <2ﬂln uln i) .

k=0
We may write the gluonic pdf in a dual form

o(x, v) :fc dN@(N, u)x=N :fc dMo(x, M)uM = xly (2,/|nu|n)1<>,

The functions ¢(N, u) and ¢(x, M) satify to different differential equations,
d
Ua(ﬁ(N, U) = 7(N70‘)¢(N7 U),
d
Xf(b(X, M) = X(Ma O‘)Qs (X7 M) )

dx
The solutions to these equations are simple,

¢ (N, u) = 1 (N)w" ™, ¢ (x, M) = ga(M)xX(M)
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Equations dual to DGLAP-type IDE

These couple of integro-differential equations are called dual because they
contain the same information about the same function. Funactions ¢1(/N)
and ¢2(M) are not independent but they are related by a diffeomorphic
transformation. The first equation is produced by DGLAP after the taking
the Mellin moments with respect to the variable x. The second equation is
produced by BFKL. Now we use the experience.

1

—145+ic0 xN
¢ X, u) = / dN u + =
(. 0) B N+1

" Inu
. —Nlnx+
—1+3+ico e N+1
/ dN =
P N+1
—1+6+ico e—M(N)Iannu , e—M(N)Iannu
dN—— = dMIN'(M) ——i——— =
/1+5ioo N+1 7{6 (M) N(M) +1

1
xlo | 24/Inuln —
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Running coupling

U%G(N, b) = az(;)fy(Ma(u))G(N, 0) =
d o) = @ (N.a)
daG(N’ ) 21 B(a)
G(N,a) = ¢1(N)exp F(a, N) =

G(x,u) = ?{C dN¢1(N)exp [F(co, N) — Nln x]

G(N,«a)

Integrals obtained are inverse Laplace transformations of Jacobians of
diffeomorphic change of vaariables in the complex plane.
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