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Higher Order Computations

Focus of this talk will be on the computation of higher order 
perturbative corrections to scattering processes

PDFs/ Input parameters Hard Scattering 
Matrix Element

d! =
!

dxadxbf (xa)f (xb)dö! ab(xa, xb)FJ + O (( ! /Q )m )
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Non-perturbative 
effects ~ few %

! s ! 0.1
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Typically: NLO ~ 10% correction, NNLO ~ 1% correction
With

However , there are important exceptions: 
¥Higgs Boson production (NLO ~100%, NNLO ~10%, N3LO ~ 2%) 
¥New partonic channels can open (e.g. di-boson production) 

¥Distributions can be modified substantially (even if        is stable)
and

! tot
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QCD Factorisation Formula



 3

HPC for HEP-PH

Some need for HPC (CPUs) for higher order calculations
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Figure 6: Rapidity distribution of the Higgs boson computed using theqT subtraction formalism
up to N3LO. The seven-point scale variation bands (as stated in Table 1) of the LO, NLO, NNLO
and N3LO (CN 3) results are as follows: LO (pale grey Þll), NLO (green Þll), NNLO (blue hatched)
and N3LO (CN 3) (red cross-hatched). The central scale (µ = MH / 2) at each perturbative order
(except LO) is shown with solid lines. In the lower panel, the ratio to the NNLO prediction
is shown. While the bands for the predictions at LO, NLO and NNLO are computed with the
seven scales as detailed in the text, the N3LO (CN 3) band is obtained after considering also the
uncertainties due to the variation of theqcut

T and theCN 3 coe! cient in the N3LO-only contribution.

display a considerable reduction of scale uncertainties going from NNLO to N3LO in this central
rapidity region. For the rapidity region yH > 1, however, larger di" erences are observed between
the two calculations, where the results using theqT subtraction formalism generally yield smaller
N3LO corrections (within the NNLO scale uncertainty band). Most recently, the calculation of
the threshold expansion including the Þrst six terms was completed in Ref. [16], which exhibits a
stabilisation of the perturbative series together with a reduction of scale uncertainties. Comparing
Fig. 6 with the results obtained in Ref. [16], we observe very good agreement between the two
calculations.

5 Conclusions and outlook

In this paper we have performed a detailed study of Higgs boson production at the LHC using the
qT subtraction formalism at N3LO. We systematically describe theqT subtraction formalism for a
generic colourless and massive systemF ({qi}) produced at hadron colliders. Fully di" erential cross

18
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LO

NLO [Antenna]

NNLO [Antenna]

N3LO [qT sub.]

O(1 CPU min)
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O(30 CPU min)
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O(100 CPU h)
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O(7M CPU h)
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Event generation:

Most time usually spent integrating 
real-type contributions 

Non-local subtraction schemes can 
lead to large numerical 
cancellations (slow)

A. Huss, Physics Event Generator Workshop 2018



(Multi) Loop amplitudes 

Numerically Computing Feynman Integrals 

Sector Decomposition 

Numerical Integration  

Rank 1 Shifted Lattices (Quasi-Monte Carlo) 

Using GPUs to Compute Feynman Integrals 

Integration Package: qmc 

All-in-one Program: pySecDec 

Physics Applications 

Higgs Boson Pair Production 

Higgs Boson + Jet Production
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Outline
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Multi-loop Amplitudes

Let us consider (multi-)loop amplitudes themselves: 

Feynman diagrams !  Projectors (                         ) !  Integral Reduction 

(or other methods e.g. Numerical unitarity)

F =
!

i

ci I i
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M µ !" !
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+
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F = Pµ!" M µ!"
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Large (#terms/degree) coefficient 
Rational function of kinematics 
Handled with specialist symbolic 
manipulation programs

! Talks of Poslavsky, Ueda, Ruijl

Feynman integrals 
Sometimes can be computed 
analytically (       fast) 
We will discuss recent success 
in computing them numerically

=)
<latexit sha1_base64="98Aij9Lta8xz2TdYbfNoaQ3O9Q0=">AAACHnicbVDLSsNAFL1TXzW+Wl26CZaCi1ISFXQlBTcuK9gHtKFMJpN26OTBzKS2hP6EW134Ne7Erf6N0zQLbT0wcDjn3rn3HjfmTCrL+kaFjc2t7Z3irrG3f3B4VCoft2WUCEJbJOKR6LpYUs5C2lJMcdqNBcWBy2nHHd8t/M6ECsmi8FHNYuoEeBgynxGstNTts0BPoXJQqlh1K4O5TuycVCBHc1BG0PcikgQ0VIRjKXu2FSsnxUIxwuncqPYTSWNMxnhIe5qGOKDSSbON52ZVK57pR0K/UJmZavzqSHEg5SxwdWWA1UiuegvxP6+XKP/GSVkYJ4qGZDnIT7ipInNxvukxQYniM00wEUwva5IRFpgoHdKfn7wJi2W2dU1hHWdtSjyBn5x0urzB0JnZqwmtk/ZF3b6s2w9XlcZtnl4RTuEMzsGGa2jAPTShBQQ4PMMLvKI39I4+0OeytIDynhP4A/T1A4CRokE=</latexit>



Applying Feynman rules produces integrals in momentum space: 

(Textbook) Feynman Parametrise and compute momentum integrals 

Here          are simply polynomials 

Have exchanged        -dim. momentum integrals for     param. integrals 

Case: 

1) Integral    is finite as            , may compute numerically* 

2)    is ill-defined as            , regulate                   , disentangle singular 
behaviour and expand integral about 
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L N

U, F

Feynman Integrals

D
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I = ( ! 1)N !
! (N! ! LD/ 2)

! N
j =1 ! (! j )

" !

0

N#

j =1

dxj x! j " 1
j " (1 !

N$

i =1

xi )
UN ! " (L +1) D/ 2(#x)
F N ! " LD/ 2(#x, sij )
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I =
! L"

l =1

#
dD kl

$ 1
%N

j =1 P ! j
j
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L ! loops

N ! propagators

D ! spacetime dimension
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D ! 4
<latexit sha1_base64="0ARI0TYiBJYDHG/XiY3HZeXF0Z8=">AAACJ3icbVDLSgMxFL3j2/poq0s3wSK4kDKjgq6koAuXCrYK7VDuZNI2mHmQ3LEtQ7/ErS78GneiS//E9LHwdSBwOOfe5OQEqZKGXPfDmZtfWFxaXlktrK1vbBZL5a2GSTLNRZ0nKtF3ARqhZCzqJEmJu1QLjAIlboP787F/+yC0kUl8Q8NU+BF2Y9mRHMlK7VLxgrW07PYItU767LhdqrhVdwL2l3gzUoEZrtplB1phwrNIxMQVGtP03JT8HDVJrsSosNfKjEiR32NXNC2NMRLGzyfRR2zPKiHrJNqemNhELXzbyDEyZhgFdjJC6pnf3lj8z2tm1Dn1cxmnGYmYTx/qZIpRwsY9sFBqwUkNLUGupQ3LeA81crJt/bgpfJCpmaQ+ILS9Hgx4qLHv54PpHwq2M+93Q39J47DqHVW96+NK7WzW3grswC7sgwcnUINLuII6cMjgEZ7g2XlxXp035306OufMdrbhB5zPL5odpMY=</latexit>

I
<latexit sha1_base64="PZTdcNp/wkk1uq4rTKbKCkyPLOM=">AAACF3icbVC7TgJBFL3rE9cXaGkzkZBYELKrJloZEhvtIJFHAhsyOzvAhNlHZmYRsuELbLXwa+yMraV/47BsIeBJJjk59zHnHjfiTCrL+jE2Nre2d3Zze+b+weHRcb5w0pRhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3Q/r7fGVEgWBk9qGlHHx4OA9RnBSkv1x16+aFWsFGid2BkpQoZar2BA1wtJ7NNAEY6l7NhWpJwEC8UIpzOz1I0ljTAZ4QHtaBpgn0onSa3OUEkrHuqHQr9AoVQ1/0wk2Jdy6ru608dqKFdrc/G/WidW/VsnYUEUKxqQxUf9mCMVovndyGOCEsWnmmAimDaLyBALTJROZ2mTN2aRTF2XFdY5lifEE/jZSSaLG0ydmb2a0DppXlbsq4pdvy5W77L0cnAG53ABNtxAFR6gBg0gQOEFXuHNeDc+jE/ja9G6YWQzp7AE4/sXTgCe9Q==</latexit>

! ! 0
<latexit sha1_base64="dPIkXjArcYmItZOQ512rMq3cy0Q="></latexit>
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One technique Iterated Sector Decomposition repeat: 

If this procedure terminates depends on order of decomposition steps 

An alternative strategy Geometric Sector Decomposition  always 
terminates; both strategies are implemented in pySecDec.
Kaneko, Ueda 10; See also: Bogner, Weinzierl 08; Smirnov, Tentyukov 09

Binoth, Heinrich 00 

Overlapping singularity for x1, x2 ! 0

Singularities factorised

! 1

0
dx1

! 1

0
dx2

1
(x1 + x2)2+ !

=
! 1

0
dx1

! 1

0
dx2

1
(x1 + x2)2+ ! (! (x1 ! x2) + ! (x2 ! x1))

=
! 1

0
dx1

! x 1

0
dx2

1
(x1 + x2)2+ ! +

! 1

0
dx2

! x 2

0
dx1

1
(x1 + x2)2+ !

=
! 1

0
dx1

! 1

0
dt2

x1

(x1 + x1t2)2+ ! +
! 1

0
dx2

! 1

0
dt1

x2

(x2t1 + x2)2+ !

=
! 1

0
dx1

! 1

0
dt2

x! 1! !
1

(1 + t2)2+ ! +
! 1

0
dx2

! 1

0
dt1

x! 1! !
2

(t1 + 1) 2+ !

Sector Decomposition



 `subtractionÕ of

 8

3) Expand in   (simple case             "Logarithmic Divergence"): 

By Definition:                       finite 

4) Numerically integrate

Key Point: Sector Decomposed integrals can be expanded in   
and numerically integrated!

a = ! 1

Finite

Poles

!

g(0) != 0 , g(0)
g(0)

! 1

0
dx! 1! b! g(x) =

g(0)
�b✏

+
! 1

0
dxx ! b!

"
g(x) � g(0)

x

#

Sector Decomposition (II)



Goal: select points to minimise integration error

Monte Carlo: 

Randomly select sampling points 

Improves slowly with 

Quasi-Monte Carlo 

Select points with low discrepancy 

Poor performance for large 

 9

Numerical Integration

I [f ] !
!

[0,1]d
dx f (x) " Q[f ] =

1
N

N"

i =1

wi f (x i )
<latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit>

! ! |I [f ] " Q[f ]|
<latexit sha1_base64="QSfH7x313YJNSuW8pAIYHezmp3w=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1oEN5YZEXQlBTe6a8FeYDqUTHqmDc1kxiRTKG33bnwVNy4UcesLuPNtzLRdaOuBkI//P4fk/EHCmdKO822trK6tb2zmtvLbO7t7+/bBYV3FqaRQozGPZTMgCjgTUNNMc2gmEkgUcGgE/ZvMbwxAKhaLez1MwI9IV7CQUaKN1LYLrQGRkCjGY4Fb8JCyAR7jOy/08RmuZte4bRedkjMtvAzuHIpoXpW2/dXqxDSNQGjKiVKe6yTaHxGpGeUwybdSBQmhfdIFz6AgESh/NN1lgk+M0sFhLM0RGk/V3xMjEik1jALTGRHdU4teJv7neakOr/wRE0mqQdDZQ2HKsY5xFgzuMAlU86EBQiUzf8W0RySh2sSXNyG4iysvQ/285BquXhTL1/M4cugYFdApctElKqNbVEE1RNEjekav6M16sl6sd+tj1rpizWeO0J+yPn8AQqqZ2w==</latexit><latexit sha1_base64="QSfH7x313YJNSuW8pAIYHezmp3w=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1oEN5YZEXQlBTe6a8FeYDqUTHqmDc1kxiRTKG33bnwVNy4UcesLuPNtzLRdaOuBkI//P4fk/EHCmdKO822trK6tb2zmtvLbO7t7+/bBYV3FqaRQozGPZTMgCjgTUNNMc2gmEkgUcGgE/ZvMbwxAKhaLez1MwI9IV7CQUaKN1LYLrQGRkCjGY4Fb8JCyAR7jOy/08RmuZte4bRedkjMtvAzuHIpoXpW2/dXqxDSNQGjKiVKe6yTaHxGpGeUwybdSBQmhfdIFz6AgESh/NN1lgk+M0sFhLM0RGk/V3xMjEik1jALTGRHdU4teJv7neakOr/wRE0mqQdDZQ2HKsY5xFgzuMAlU86EBQiUzf8W0RySh2sSXNyG4iysvQ/285BquXhTL1/M4cugYFdApctElKqNbVEE1RNEjekav6M16sl6sd+tj1rpizWeO0J+yPn8AQqqZ2w==</latexit><latexit sha1_base64="QSfH7x313YJNSuW8pAIYHezmp3w=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1oEN5YZEXQlBTe6a8FeYDqUTHqmDc1kxiRTKG33bnwVNy4UcesLuPNtzLRdaOuBkI//P4fk/EHCmdKO822trK6tb2zmtvLbO7t7+/bBYV3FqaRQozGPZTMgCjgTUNNMc2gmEkgUcGgE/ZvMbwxAKhaLez1MwI9IV7CQUaKN1LYLrQGRkCjGY4Fb8JCyAR7jOy/08RmuZte4bRedkjMtvAzuHIpoXpW2/dXqxDSNQGjKiVKe6yTaHxGpGeUwybdSBQmhfdIFz6AgESh/NN1lgk+M0sFhLM0RGk/V3xMjEik1jALTGRHdU4teJv7neakOr/wRE0mqQdDZQ2HKsY5xFgzuMAlU86EBQiUzf8W0RySh2sSXNyG4iysvQ/285BquXhTL1/M4cugYFdApctElKqNbVEE1RNEjekav6M16sl6sd+tj1rpizWeO0J+yPn8AQqqZ2w==</latexit><latexit sha1_base64="QSfH7x313YJNSuW8pAIYHezmp3w=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1oEN5YZEXQlBTe6a8FeYDqUTHqmDc1kxiRTKG33bnwVNy4UcesLuPNtzLRdaOuBkI//P4fk/EHCmdKO822trK6tb2zmtvLbO7t7+/bBYV3FqaRQozGPZTMgCjgTUNNMc2gmEkgUcGgE/ZvMbwxAKhaLez1MwI9IV7CQUaKN1LYLrQGRkCjGY4Fb8JCyAR7jOy/08RmuZte4bRedkjMtvAzuHIpoXpW2/dXqxDSNQGjKiVKe6yTaHxGpGeUwybdSBQmhfdIFz6AgESh/NN1lgk+M0sFhLM0RGk/V3xMjEik1jALTGRHdU4teJv7neakOr/wRE0mqQdDZQ2HKsY5xFgzuMAlU86EBQiUzf8W0RySh2sSXNyG4iysvQ/285BquXhTL1/M4cugYFdApctElKqNbVEE1RNEjekav6M16sl6sd+tj1rpizWeO0J+yPn8AQqqZ2w==</latexit>

! ! Var[f ]/
"

N, ! # O(N ! 1/ 2)
<latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit><latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit><latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit><latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit>

DN
<latexit sha1_base64="Zqb/piTzsSPwiDh0GmTrHvaJQu4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBT14kor2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxhdT+utJ66NiNUjjhPuR3SgRCgYRWs93PTueuWKW3VnIsvg5VCBXPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAOxYVjbjxs9mqE3JinT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNieOlnQiUpcsXmH4WpJBiT6d2kLzRnKMcWKNPC7krYkGrK0KZTsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyR8/kD5yuNhQ==</latexit><latexit sha1_base64="Zqb/piTzsSPwiDh0GmTrHvaJQu4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBT14kor2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxhdT+utJ66NiNUjjhPuR3SgRCgYRWs93PTueuWKW3VnIsvg5VCBXPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAOxYVjbjxs9mqE3JinT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNieOlnQiUpcsXmH4WpJBiT6d2kLzRnKMcWKNPC7krYkGrK0KZTsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyR8/kD5yuNhQ==</latexit><latexit sha1_base64="Zqb/piTzsSPwiDh0GmTrHvaJQu4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBT14kor2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxhdT+utJ66NiNUjjhPuR3SgRCgYRWs93PTueuWKW3VnIsvg5VCBXPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAOxYVjbjxs9mqE3JinT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNieOlnQiUpcsXmH4WpJBiT6d2kLzRnKMcWKNPC7krYkGrK0KZTsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyR8/kD5yuNhQ==</latexit><latexit sha1_base64="Zqb/piTzsSPwiDh0GmTrHvaJQu4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBT14kor2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxhdT+utJ66NiNUjjhPuR3SgRCgYRWs93PTueuWKW3VnIsvg5VCBXPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAOxYVjbjxs9mqE3JinT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNieOlnQiUpcsXmH4WpJBiT6d2kLzRnKMcWKNPC7krYkGrK0KZTsiF4iycvQ/Os6lm+P6/UrvI4inAEx3AKHlxADW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyR8/kD5yuNhQ==</latexit>

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

N
<latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit>

d
<latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit><latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit><latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit><latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit>

! ! DN áV[f ], ! " O(logd(N )/N )
<latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit><latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit><latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit><latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit>

Both methods implemented in Cuba Hahn 04; Hahn14



{}

- Random shift vec.

- Fractional part

n - # Lattice points

- # Random shiftsm
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- Generating vec.

Quasi-Monte Carlo (Rank 1 Lattices)

I [f ] ! øQn,m [f ] "
1
m

m ! 1!

k=0

Q(k )
n [f ], Q(k )

n [f ] "
1
n

n ! 1!

i =0

f
"#

iz
n

+ ! k

$%

<latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit>

z
<latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit>

! k
<latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit>

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

z
n

! 0

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

z
n

! 0

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

Unbiased error estimate computed using (10-50) random shifts
4 Shifts1 Shift

Quasi-Monte Carlo (QMC) in a Weighted Function Space 

First applications to loop integrals, see:  

                                             or better! ! e! á ||f ||! , ! " O(N ! 1)
<latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit>

Li, Wang, Yan, Zhao 15; de Doncker, Almulihi, 
Yuasa 17, 18; de Doncker, Almulihi 17;  
Kato,!de Doncker, Ishikawa, Yuasa 18
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Periodizing Transforms

Lattice rules work especially well for continuous, smooth and periodic functions 
Functions can be periodized by a suitable change of variables: x = ! (u)

<latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit>

I [f ] !
!

[0,1]d
dx f (x) =

!

[0,1]d
du ! d(u)f (" (u))

<latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit>

! (u) = ( ! (u1), . . . , ! (ud)) , " d(u) =
d!

j =1

" (uj ) and " (u) = ! !(u)
<latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit>

Korobov transform: 

Sidi transform: 

Baker transform: 

! (u) = 6 u(1 ! u), " (u) = 3 u2 ! 2u3

! (u) = #/ 2 sin(#u), " (u) = 1 / 2(1 ! cos#t)

" (u) = 1 ! |2u ! 1|
<latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit>

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

!"! !"# !"$ !"% !"& '"!
!"!

!"#

!"$

!"%

!"&

'"!

Korobov transform

Review: Dick, 
Kuo, Sloan 13
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Scaling

Monte Carlo scaling

Better than ``guaranteedÓ 
         scalingn! 1

<latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit>

Example:  
Sector Decomposed HJ Integral

Limited by machine 
precision (double)



Can improve performance of numerical integrator by flattening 
integrand via a variable transformation

 13

Variance Reduction

I =
! 1

0
dy f (y) =

! 1

0
dx p!(x)f (p(x))

<latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit>

y = p(x)
<latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit>

VEGAS: 
Assume integrand separable 
Iteratively approximate         with piecewise linear function 
But:  Spoils smoothness of integrand (bad for QMC) 

Alternative: 
Choose a smooth function for        , for example: 

Fit parameters     to inverse cumulative distribution function (CDF)

p(x)
<latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit>

p(x)
<latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit>

ai
<latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit>

p(x) = a2 áx
a0 ! 1
a0 ! x

+ a3 áx
a1 ! 1
a1 ! x

+ a4 áx + a5 áx2 +

!

1 !
5"

i =2

ai

#

áx3

<latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit>

p! (x) ! |f (p(x)) |" 1
<latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit>

s.t.

f (x) = g(x1)g(x2) á á ág(xd)
<latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit>
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Variance Reduction (II)

1) Pre-sample integrand 
2) In each dimension: fit inverse CDF 
3) Use fit as variable transformation, 
obtain flatter integrand without 
spoiling smoothness

Example:  HJ Integral 

Small   : ~ 3x improvement 
Large   : ~ 10x improvement 

QMC Scaling preserved

n
<latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit>

n
<latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit>



FIESTA4 (Cuba with GPUs + Sector Decomposition) 
- Widely used in community, e.g. 4-loop       -on-shell quark mass 
relation in QCD

Lattice Rules  +           Extrapolation 
- 2-3 loop box/self-energy diagrams
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GPU Usage for Calculating Feynman Integrals

Lattice Rules + Sector Decomposition 
- 2-loop QCD Higgs Boson pair production 
- 2-loop QCD Higgs Boson + Jet production

Smirnov 16
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Figure 1. [2LB] Sample 2-loop box diagrams [10, 11]: (a)N = 5 (double-triangle), (b)N = 6 (tetragon-triangle), (c)
N = 7 (pentagon-triangle), (d)N = 7 ladder, (e)N = 7 crossed box
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Figure 2. [3LS] Sample 3-loop self-energy diagrams with massive internal lines, cf., Laporta [10]: (a)N = 7 , (b) N = 7 ,
(c) N = 8 , (d) N = 8 , (e)N = 8 .

Table 1. IntegralsFL,N

DIAG L N F L,N VALUE DIAG L N F L,N VALUE

Fig 1(a) 2 5 !
!

S4

1
C D dx 0.9509235623171( ! ) Fig 2(a) 3 7 !

!
S6

1
C D dx 1.32644820827( ! )

Fig 1(b) 2 6
!

S5

1
D 2 dx 0.276209225359 Fig 2(b) 3 7 !

!
S6

1
C D dx 1.34139924145( ! )

Fig 1(c) 2 7 ! 2
!

S6

C
D 3 dx 0.1723367907503( ! ) Fig 2(c) 3 8

!
S7

1
D 2 dx 0.2796089232826

Fig 1(d) 2 7 ! 2
!

S6

C
D 3 dx 0.1036407209893( ! ) Fig 2(d) 3 8

!
S7

1
D 2 dx 0.1826272375392

Fig 1(e) 2 7 ! 2
!

S6

C
D 3 dx 0.0853513981538( ! ) Fig 2(e) 3 8

!
S7

1
D 2 dx 0.14801330396

where the domain is thed = ( N ! 1)-dimensional unit simplex,Sd = { x " Cd | 0 #
! d

k= 1 xk # 1} ,
andCd = [ 0, 1]d is the unit cube inRd. We will further transformFL,N to an integral overCd.

For ! = 4 and" = 0 , the integralsFL,N corresponding to the diagrams in Fig 1 and 2 are listed in
Table 1. The numerical values are from [10]! except for the crossed box integral value, that resulted
from an extensive computation with large numbers of integrand evaluations using the adaptive ParInt
code in long double precision [3]. The functionsC andD, given in Table A1 of Appendix A, are derived
according to [12]. The cases indicated by(! ) in Table 1 are taken with positive sign in subsequent test
results. The computations assume unit masses andp2 = 1 .

2. Rank-1 lattice rules
A rank-1 lattice rule approximation of an integralI f =

"
Cd

f (x) dx is represented by

Qf =
1
n

n" 1#

j =0

f ({
j
n

z} ) (3)

wherez is a generator vector with integer componentsz " Zn = { 1 # z < n, gcd(z, n) = 1 } . Here
{ x} denotes the vector in the half open cubeUd = [0 , 1)d obtained by taking the fractional part of each
component ofx. Classicallyn is prime (i.e.,Zn = { 1, 2, . . . , n ! 1} ); this is relaxed in [13, 14]. The
generators used for the results in this paper are computed with the Fast CBC (component-by-component)
algorithm by Nuyens and Cools [14, 15], which runs inO(d n logn) time andO(n) space, and improves
on the time of the CBC algorithm as introduced by Sloan and Reztsov [16].
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Table 1. IntegralsFL,N
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!
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!
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D 3 dx 0.0853513981538( ! ) Fig 2(e) 3 8

!
S7

1
D 2 dx 0.14801330396

where the domain is thed = ( N ! 1)-dimensional unit simplex,Sd = { x " Cd | 0 #
! d

k= 1 xk # 1} ,
andCd = [ 0, 1]d is the unit cube inRd. We will further transformFL,N to an integral overCd.

For ! = 4 and" = 0 , the integralsFL,N corresponding to the diagrams in Fig 1 and 2 are listed in
Table 1. The numerical values are from [10]! except for the crossed box integral value, that resulted
from an extensive computation with large numbers of integrand evaluations using the adaptive ParInt
code in long double precision [3]. The functionsC andD, given in Table A1 of Appendix A, are derived
according to [12]. The cases indicated by(! ) in Table 1 are taken with positive sign in subsequent test
results. The computations assume unit masses andp2 = 1 .

2. Rank-1 lattice rules
A rank-1 lattice rule approximation of an integralI f =

"
Cd

f (x) dx is represented by

Qf =
1
n

n" 1#

j =0

f ({
j
n

z} ) (3)

wherez is a generator vector with integer componentsz " Zn = { 1 # z < n, gcd(z, n) = 1 } . Here
{ x} denotes the vector in the half open cubeUd = [0 , 1)d obtained by taking the fractional part of each
component ofx. Classicallyn is prime (i.e.,Zn = { 1, 2, . . . , n ! 1} ); this is relaxed in [13, 14]. The
generators used for the results in this paper are computed with the Fast CBC (component-by-component)
algorithm by Nuyens and Cools [14, 15], which runs inO(d n logn) time andO(n) space, and improves
on the time of the CBC algorithm as introduced by Sloan and Reztsov [16].

de Doncker, Almulihi, Yuasa 17, 18

Monte Carlo Integration of Hepp Sectors 
- 2-4 loop QED contributions to the electron magnetic moment 
- 5-6 loop ÒladderÓ form factor integrals

Volkov 18

! Talk of Volkov

Li, Wang, Yan, Zhao 15;  
Borowka, Greiner, Heinrich, SPJ, 
Kerner, Schlenk, Schubert, Zirke 16; 
SPJ, Kerner, Luisoni 18

! ! 0
<latexit sha1_base64="dPIkXjArcYmItZOQ512rMq3cy0Q="></latexit>

MS
<latexit sha1_base64="01NQHDyXyj4/U7HYn+yyDZ4c8/w="></latexit>

Marquard, Smirnov, Smirnov, Steinhauser, Wellmann 16

! Talk of de Doncker
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qmc: Design

QMC integration is embarrassingly parallel and simple to implement 

We aimed to write a public package that is: 

1) Fast 

2) Easy to use  

3) Supports multiple CPUs/GPUs (on a single machine) 

4) Flexible and reasonably easy to develop and extend 

Language Choices: 

CUDA (fairly developed language, decent compiler) 

c++11 (object orientated, std::thread, templates, CUDA support) 
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qmc: Implementation

Host

1) Devices are initialised

C
U

D
A

 
D

ev
ic

e

Work

z[ ], ! [ ], n, m, f ()
<latexit sha1_base64="FxhbrNxV3qDOY/j2szx7rQuPFao="></latexit>

Transfer data required to generate 
lattice points & functor to device

C
U

D
A

 
D

ev
ic

e
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qmc: Implementation

Host

2) (Loop) Work is requested from central work queue by each device

Work

i
<latexit sha1_base64="oQmJRSm41FjFrxIjz2sGJ70SeTs=">AAACF3icbVC7TgJBFL2DL1xfoKXNRkJiQciummhlSGwsIZFHAhsyOzsLE2YfmZlFyIYvsNXCr7Eztpb+jQNsIeBJJjk59zHnHjfmTCrL+kG5re2d3b38vnFweHR8UiietmSUCEKbJOKR6LhYUs5C2lRMcdqJBcWBy2nbHT3M6+0xFZJF4ZOaxtQJ8CBkPiNYaanB+oWSVbUWMDeJnZESZKj3iwh6XkSSgIaKcCxl17Zi5aRYKEY4nRnlXiJpjMkID2hX0xAHVDrpwurMLGvFM/1I6Bcqc6EafyZSHEg5DVzdGWA1lOu1ufhfrZso/85JWRgnioZk+ZGfcFNF5vxu02OCEsWnmmAimDZrkiEWmCidzsomb8xiuXBdUVjnWJkQT+BnJ50sbzB0ZvZ6QpukdVW1r6t246ZUu8/Sy8M5XMAl2HALNXiEOjSBAIUXeIU39I4+0Cf6WrbmUDZzBitA37+EYJ8V</latexit>

i !
<latexit sha1_base64="eq1WSzT4NYPm6YkKL2oBluhXN5c=">AAACHnicbVDLTgIxFL2DLxxfoEs3jYTEBSEzaqIrQ+LGJSbySGAknU6Bhs4jbQchE37CrS78GnfGrf6NZZiFgCdpcnLuo+ceN+JMKsv6MXIbm1vbO/ldc2//4PCoUDxuyjAWhDZIyEPRdrGknAW0oZjitB0Jin2X05Y7upvXW2MqJAuDRzWNqOPjQcD6jGClpTZ76kaC+bRXKFlVKwVaJ3ZGSpCh3isa0PVCEvs0UIRjKTu2FSknwUIxwunMLHdjSSNMRnhAO5oG2KfSSVLHM1TWiof6odAvUChVzT8TCfalnPqu7vSxGsrV2lz8r9aJVf/GSVgQxYoGZPFRP+ZIhWh+PvKYoETxqSaYCKbNIjLEAhOlQ1ra5I1ZJFPXFYV1nJUJ8QR+dpLJ4gZTZ2avJrROmhdV+7JqP1yVardZenk4hTM4BxuuoQb3UIcGEODwAq/wZrwbH8an8bVozRnZzAkswfj+BWbyojI=</latexit>

Only index of point(s) to calculate 
needs to be transferred 
Partial results are accumulated by 
each thread on each device

f
!"

i z
n + ! 0

#$
f

!"
i z
n + ! 1

#$
. . .

f
%&

(i +1) z
n + ! 0

'(
f

%&
(i +1) z

n + ! 1

'(
. . .

. . . . . .
<latexit sha1_base64="UpjFxookzyGzg1YY+WW0UhX056Y="></latexit>

Work is actually just an 
atomically locked counter

f
!"

i ! z
n + ! 0

#$
f

!"
i ! z
n + ! 1

#$
. . .

f
!"

( i ! +1) z
n + ! 0

#$
f

!"
( i ! +1) z

n + ! 1

#$
. . .

. . . . . .
<latexit sha1_base64="uPA48lH6K/QQ9TSIyGQbQ1elCDA="></latexit>

Thread 0

Thread 1

É

Thread 0

Thread 1
É
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qmc: Implementation

Host

3) Once all work is completed, partial results are transferred back to 
host for final reduction

C
U

D
A

 
D

ev
ic

e
C

U
D

A
 

D
ev

ic
e

!
f i, 0

!
f i, 1 . . .

!
f i +1 ,0

!
f i +1 ,1 . . .

. . . . . .
<latexit sha1_base64="mh45nn7ClaUGB5toN9nWIqkh3gc="></latexit>

!
f i ! ,0

!
f i ! ,1 . . .

!
f i ! +1 ,0

!
f i ! +1 ,1 . . .

. . . . . .
<latexit sha1_base64="qVTxLOpH/unrNjLGHUfL1C5d03s="></latexit>

r 0[ ]
<latexit sha1_base64="7Pz0qOeLsZc1notk4jj2Y3ZK8SE=">AAACHXicbVDLSsNAFL2prxpfrS7dDJaCi1ISFXQlBTcuK9gHpKFMJtN26OTBzKS2hH6EW134Ne7Erfg3TtMstPXAwOHcx5x7vJgzqSzr2yhsbG5t7xR3zb39g8OjUvm4LaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+G5R70yokCwKH9Uspm6AhyEbMIKVljqibzk95PZLFatuZUDrxM5JBXI0+2UDen5EkoCGinAspWNbsXJTLBQjnM7Nai+RNMZkjIfU0TTEAZVumhmeo6pWfDSIhH6hQplq/ppIcSDlLPB0Z4DVSK7WFuJ/NSdRgxs3ZWGcKBqS5UeDhCMVocX1yGeCEsVnmmAimDaLyAgLTJTO6M8mf8JimbmuKazTrE2JL/CTm06XN5g6M3s1oXXSvqjbl3X74arSuM3TK8IpnME52HANDbiHJrSAwBie4QVejTfj3fgwPpetBSOfOYE/ML5+AHgAoR0=</latexit>

r 1[ ]
<latexit sha1_base64="kKrf5GU3zQe71PRcGNBc98FaFVo=">AAACHXicbVDLSsNAFL2prxpfrS7dDJaCi1ISFXQlBTcuK9gHpKFMJtN26OTBzKS2hH6EW134Ne7Erfg3TtMstPXAwOHcx5x7vJgzqSzr2yhsbG5t7xR3zb39g8OjUvm4LaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+G5R70yokCwKH9Uspm6AhyEbMIKVljqibzs95PZLFatuZUDrxM5JBXI0+2UDen5EkoCGinAspWNbsXJTLBQjnM7Nai+RNMZkjIfU0TTEAZVumhmeo6pWfDSIhH6hQplq/ppIcSDlLPB0Z4DVSK7WFuJ/NSdRgxs3ZWGcKBqS5UeDhCMVocX1yGeCEsVnmmAimDaLyAgLTJTO6M8mf8JimbmuKazTrE2JL/CTm06XN5g6M3s1oXXSvqjbl3X74arSuM3TK8IpnME52HANDbiHJrSAwBie4QVejTfj3fgwPpetBSOfOYE/ML5+AHm3oR4=</latexit>
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qmc: Usage

LetÕs compute a finite Feynman integral (ˆ la                                   )de Doncker, Almulihi, Yuasa 17

INT[ÒA1diminc2Ó, 2, 3, 4, 0,{ 2, 2, 0} ] =

(6 ! 2! )

INT[ÒA2diminc2Ó, 4, 15, 8, 0,{ 2, 2, 2, 2, 0, 0, 0} ] =

(6 ! 2! )

INT[ÒA2diminc4Ó, 3, 22, 9, 0,{ 0, 3, 3, 0, 3, 0, 0} ] =

(8 ! 2! )

INT[ÒA2diminc6Ó, 4, 58, 12, 0,{ 0, 3, 0, 3, 3, 3, 0} ] =

(10 ! 2! )

INT[ÒB2diminc4Ó, 6, 63, 10, 0,{ 2, 2, 2, 2, 1, 1, 0} ] =

(8 ! 2! )

INT[ÒA3diminc6Ó, 4, 172, 16, 0,{ 0, 0, 4, 4, 0, 4, 0, 4, 0, 0, 0, 0} ] =

(10 ! 2! )

INT[ÒA3diminc4Ó, 5, 662, 15, 0,{ 0, 3, 3, 0, 3, 0, 0, 3, 0, 3, 0, 0} ] =

(8 ! 2! )

INT[ÒA3diminc2Ó, 5, 158, 10, 0,{ 0, 2, 2, 2, 2, 0, 0, 2, 0, 0, 0, 0} ] =

(6 ! 2! )

INT[ÒA3diminc6Ó, 5, 412, 16, 0,{ 0, 0, 4, 3, 4, 0, 0, 2, 3, 0, 0, 0} ] =

(10 ! 2! )

INT[ÒA3diminc4Ó, 5, 433, 13, 0,{ 2, 0, 0, 0, 3, 3, 0, 2, 3, 0, 0, 0} ] =

(8 ! 2! )

1

Note: can compile this code 
with or without CUDA

$ nvcc -O3 -arch =sm_70 -std=c++11 -x cu -I../src 102_ff2_demo.cpp.cpp -o 102_ff2_demo.out -lgsl -lgslcblas && ./102_ff2_demo.out
integral = 0.27621
error = 4.49751e-07

(Agrees with analytic result)

#include <iostream>
#include "qmc.hpp"
struct formfactor2L_t {

const unsigned long long int number_of_integration_variables = 5;
#ifdef __CUDACC__

__host__ __device__
#endif

double operator ()( const double arg[]) const
{

// Simplex to cube transformation
double x0 = arg[ 0];
double x1 = ( 1. - x0) * arg[ 1];
double x2 = ( 1. - x0- x1) * arg[ 2];
double x3 = ( 1. - x0- x1- x2) * arg[ 3];
double x4 = ( 1. - x0- x1- x2- x3) * arg[ 4];
double x5 = ( 1. - x0- x1- x2- x3- x4);
double wgt =
( 1. - x0) *
( 1. - x0- x1) *
( 1. - x0- x1- x2) *
( 1. - x0- x1- x2- x3);
if (wgt <= 0) return 0;
// Integrand
double u=x2* (x3 +x4) +x1* (x2 +x3+x4) +(x2 +x3+x4) * x5+x0* (x1 +x3+x4+x5);
double f =x1* x2* x4+x0* x2* (x1 +x3+x4) +x0* (x2 +x3) * x5;
double n=x0* x1* x2* x3;
double d = f * f * u* u;
return wgt* n/ d;

}
} formfactor2L;

int main() {
integrators :: Qmc<double , double , 5,integrators :: transforms :: Korobov<3>:: type > integrator;
integrator.minn = 100000000; // (optional) lattice size
integrators :: result <double > result = integrator.integrate(formfactor2L);
std :: cout << "integral = " << result.integral << std :: endl;
std :: cout << "error = " << result.error << std :: endl;
return 0;

}



 21

qmc: Performance

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)

Hyperthreading
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Note:   Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)
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qmc: Performance

Note:   Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)
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qmc: Performance

Note:   Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)

Device
M Func. 
Evals/s

Speedup

Xeon 6140 80.6 -

GTX1080 897 11x

Tesla V100 6710 83x

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)
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qmc: Performance

Note:   Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)

Device
M Func. 
Evals/s

Speedup

Xeon 6140 80.6 -

GTX1080 897 11x

Tesla V100 6710 83x

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)
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qmc: Installation

Borowka, Heinrich, Jahn, SPJ, Kerner, Schlenk

qmc: distributed as a standalone single header c++11 library 
quite flexible: define your own lattices, integral transforms, floating-
point types (e.gÉ Boost multi-precision)

Publicly available (Github) 

Extensive tests (CI) and 
coverage

https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
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pySecDec: a program to numerically evaluate dimensionally 
regulated parameter integrals (written in python, FORM & c++)

Borowka, Heinrich, Jahn, SPJ, Kerner, Schlenk, Zirke

New:  Quasi-Monte Carlo integration & CUDA GPU Support
Borowka,!Heinrich,!Jahn,!SPJ,!Kerner, Schlenk 18

pySecDec

Vermaseren 00; Kuipers, Ueda, Vermaseren 13; Ruijl, Ueda, Vermaseren 17

Publicly available (Github) 

Extensive tests (CI) and 
documentation

https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec


Several other codes implement sector decomposition 

Public: 
¥ sector_decomposition + CSectors (uses GiNaC) 

http://wwwthep.physik.uni-mainz.de/~stefanw/sector_decomposition 

¥ FIESTA (uses Mathematica, C) 
http://science.sander.su/FIESTA.htm 
Supports integration on GPUs 

(Currently) Private: 
¥ FORM & Python Implementations 

¥ NIFT
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A. Smirnov, V. Smirnov, Tentyukov 08, 09, 13, 15; Smirnov 16

Bogner, Weinzierl 07; Gluza, Kajda, Riemann, Yundin 10

Fujimoto, Kaneko and Ueda 08, 10 

Other Sector Decomposition Tools

Zhao (in preparation)

http://wwwthep.physik.uni-mainz.de/~stefanw/sector_decomposition
http://science.sander.su/FIESTA.htm


Massive 2-loop Box
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Propagators:

Scalar Products:

Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16

(k1)2 ! m2

(k1 + p1 + p2)2 ! m2

(k2 + p1 + p2)2 ! m2

(k1 + p1)2 ! m2

(k1 ! k2)2

(k2 ! p3)2 ! m2

p1 áp1 = 0 p2 áp2 = 0 p3 áp3 = 0

p1 áp2 = s/ 2 p1 áp3 = t/ 2 p2 áp3 = ( m2
H ! s ! t)/ 2

k1

k1 + p1 + p2 k2 + p1 + p2

k1 + p1 k1 ! k2 k2 ! p3

p1

p2

p3

Example: elliptic2L_euclidean



Example: elliptic2L_euclidean (II)

Step 1: Write input Þles 
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from pySecDec.loop_integral import loop_package
import pySecDec as psd
li = psd. loop_integral . LoopIntegralFromPropagators(
propagators = [ 'k1**2-msq' , \

'(k1+p1+p2)**2-msq' , \
'(k2+p1+p2)**2-msq' , \
'(k1+p1)**2-msq' , \
'(k1-k2)**2' , \
'(k2-p3)**2-msq' ],

loop_momenta = [ 'k1' , 'k2' ],
replacement_rules = [

( 'p1*p1' , 0),
( 'p2*p2' , 0),
( 'p3*p3' , 0),
( 'p1*p2' , 's/2' ),
( 'p2*p3' , 'pp4/2-s/2-t/2' ),
( 'p1*p3' , 't/2' )

]
)
Mandelstam_symbols = [ 's' , 't' , 'pp4' ]
mass_symbols = [ 'msq' ]
loop_package(
name = 'elliptic2L_euclidean' ,
loop_integral = li,
real_parameters = Mandelstam_symbols + mass_symbols,
additional_prefactor = '(-s/msq)**(3/2)' ,
requested_order = 0,
contour_deformation = False
)

Propagators

Scalar products

generate_elliptic2L_euclidean.py

Result multiplied by this

Or: LoopIntegralFromGraph 
(Adjacency list)

Euclidean region



Step 1: Write input Þles 

Step 2: Generate & build c++ library, run integrator 
$ python generate_elliptic2L_euclidean.py
$ CXX=nvcc SECDEC_WITH_CUDA=sm_70 make -C elliptic2L_euclidean
$ time python integrate_elliptic2L_euclidean.py
+ (2.47074199140731560e-01 +/- 4.36075599805171355e-16) + O(eps)

real 0m2.576s

from pySecDec.integral_interface import IntegralLibrary
elliptic2L_euclidean = IntegralLibrary( 'elliptic2L_euclidean/elliptic2L_euclidean_pylink.so' )
elliptic2L_euclidean . use_Qmc(minn=10000000,transform ='korobov5' )
s, t, pp4, msq = [ - 4. / 3. , - 16. / 5. , - 100. / 39. , 1. ]
_, _, result = elliptic2L_euclidean([s, t, pp4, msq])
print (result)

Example: elliptic2L_euclidean (III)
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integrate_elliptic2L_euclidean.py

Agrees with analytic result: Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16

Integration performed on all CPU cores & GPUs on the system

Select qmc 
integrator

Compile 
with nvcc

2 x Xeon Gold 6140 + 4 x Tesla V100



Physics Applications
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Sensitive to Higgs self coupling, 
probe of EW symmetry breaking

HHH coupling
HH Production

HJ Production

m2
H

2
H 2 +

m2
H

2v
H 3 +

m2
H

8v2 H 4

Contributes to Higgs       distribution 
At large      can "probe inside the loop", distributions 
can be modified by heavy BSM particles

pT

pT

HH and HJ Production @ NLO

Di-Higgs Boson and Higgs Boson+Jet production are loop induced

NLO corrections (2-loop) are currently known only numerically
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Higgs Boson Production: NLO QCD Results

Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Reducible
Degrassi, Giardino, 
Gršber 16

Non-planar

NLO QCD corrections to HJ/HH production with full top quark mass: 
"7 propagator, 4-point, 2-loop diagrams, 4 mass scales (                    )

HH:                                                  HJ:

Gehrmann, Guns, Kara 15;H ! Z !

Planar

s, t, mT , mH
<latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit><latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit><latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit><latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit>

Bonciani, Del Duca, Frellesvig, Henn, Moriello, 
Smirnov 16; (See also Primo,!Tancredi 16)

Planar

Non-planar

gg ! H
<latexit sha1_base64="Rijbpyss049QuG3wfXgGAALKOLs="></latexit>
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HJ production HH production

#Form factors 4+2 2

Full reduction " only planar

(quasi-) Þnite basis " only planar

#Master integrals including crossings 458 327*

#Master integrals neglecting crossings 120 215*

#Integrals after sector decomposition 
and expansion in !

22675 11244

Code size coefficients ~340 MB ~80 MB

Code size integrals ~330 MB ~580 MB

Compile time coefficients ~2 weeks few days

Compile time integrals ~4 hours ~1-2 days

Time for linking the program ~3-4 days few hours

Slide: Matthias Kerner, Radcor 2017 * HH non-planar not fully reduced

Comparison of HJ and HH
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!
s = 14 TeV

Higgs Boson Pair Results

Baglio, Campanario, Glaus, 
MŸhlleitner, Spira, Streicher 18

HH recently recomputed by another group  
(also using numerical methods)

! LO (fb) ! NLO (fb)
B.I. HEFT 19.85+27 .6%

! 20.5% 38.32+18 .1%
! 14.9%

FTapprox 19.85+27 .6%
! 20.5% 34.26+14 .7%

! 13.2%

Full Theory 19.85+27 .6%
! 20.5% 32.91+ 13 .6%

! 12 .6%

Median 2 GPU hours per 
phase-space point (important 
to sample PS well) 

Interfaced to public Monte-
Carlo+Parton Shower codes, 
dependence on Higgs Boson 
self-coupling can be explored 

Complementary to analytic 
results (now known in high/low 
energy limit)

! Talk of Scyboz

! Talk of DaviesBorowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, 
Schubert, Zirke 16;
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Full theory predicts nearly flat K 
factor at large       for 

~8% increase in tail by including top quark mass dependence in virtuals

pT
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Higgs Boson + Jet Results

SPJ, Kerner, Luisoni 18

µ = HT / 2
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Must evaluate the amplitude for 
many phase-space points, 
significant numerical stability 
improvements from carefully 
choosing basis of integrals



Currently in an era where GPUs can be extremely useful for producing 
state-of-the-art HEP predictions 

Numerical Multi-loop Calculations 
¥ Several well developed approaches to computing Feynman Integrals 
¥ Significant progress in attacking the problem of numerical integration 

itself and making better use of modern hardware 

Physics Applications 
¥ Presented HH & HJ at NLO with full top quark mass dependence 
¥ 2-loop virtual amplitude calculated numerically on GPUs 

Future 
¥ Several multi-scale 2! 2 processes left to attack 
¥ Likely significant room for improvement: writing better optimised 

integrand functions, improving variance reduction techniques (NN?), É  

Thank you for listening!
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Conclusion



Backup
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Weighted Function Spaces

! ! (1/ (2" ), 1]
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<latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit>

, smoothness

Fourier Coefficient

Review: Dick, Kuo, Sloan 13

Generating vector    precomputed for a Þxed number of lattice points, chosen 
to minimise worst-case error Nuyens 07

Sobolev Space 
Functions with square integrable first derivatives 

Korobov Space 
Periodic functions which are    
times differentiable in each variable

! ! O(N ! 1)
<latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit>

" ⇠ O(N�↵)
<latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit>

z
<latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit>

Assign weights      to each subset of dimension! u
<latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit>

u ! { 1, . . . , d}
<latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit>

↵
<latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit>
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A Brief Introduction to Computing Feynman Integrals

Many methods of computing Feynman Integrals exist  
Differential Equations have proven themselves to be a powerful tool 

In a nutshell: 
1. Derive a system of differential equations 

2. Find transformation                              that factors out 

3. Make change of variables that rationalise square roots (if present), 
express result in canonical form: 

4. Write down solution in (generalized) multiple polylogarithms (GPLs) 
5. Fix boundary conditions

!
<latexit sha1_base64="nsjbBhF5xtK94cyozIDD/BIBOuE=">AAACJXicbVDLSgMxFM3UR2t9tbp0M1gEV2VGBF1JwY3LCvYB7VAymTttaCYJSaZYhv6EW937Ne5EcOWvmLazsK0HAodzHzn3hJJRbTzv2ylsbe/sFkt75f2Dw6PjSvWkrUWqCLSIYEJ1Q6yBUQ4tQw2DrlSAk5BBJxzfz+udCShNBX8yUwlBgoecxpRgY6VuH6SmTPBBpebVvQXcTeLnpIZyNAdVp9iPBEkT4IYwrHXP96QJMqwMJQxm5X6qQWIyxkPoWcpxAjrIFoZn7oVVIjcWyj5u3IX6dyLDidbTJLSdCTYjvV6bi//VeqmJb4OMcpka4GT5UZwy1wh3fr0bUQXEsKklmChqvbpkhBUmxma0simaUKlz189L2ysutD16BNGsbKPz14PaJO2ruu/V/cfrWuMuD7GEztA5ukQ+ukEN9ICaqIUIYugFvaI35935cD6dr2VrwclnTtEKnJ9felGlvA==</latexit><latexit sha1_base64="nsjbBhF5xtK94cyozIDD/BIBOuE=">AAACJXicbVDLSgMxFM3UR2t9tbp0M1gEV2VGBF1JwY3LCvYB7VAymTttaCYJSaZYhv6EW937Ne5EcOWvmLazsK0HAodzHzn3hJJRbTzv2ylsbe/sFkt75f2Dw6PjSvWkrUWqCLSIYEJ1Q6yBUQ4tQw2DrlSAk5BBJxzfz+udCShNBX8yUwlBgoecxpRgY6VuH6SmTPBBpebVvQXcTeLnpIZyNAdVp9iPBEkT4IYwrHXP96QJMqwMJQxm5X6qQWIyxkPoWcpxAjrIFoZn7oVVIjcWyj5u3IX6dyLDidbTJLSdCTYjvV6bi//VeqmJb4OMcpka4GT5UZwy1wh3fr0bUQXEsKklmChqvbpkhBUmxma0simaUKlz189L2ysutD16BNGsbKPz14PaJO2ruu/V/cfrWuMuD7GEztA5ukQ+ukEN9ICaqIUIYugFvaI35935cD6dr2VrwclnTtEKnJ9felGlvA==</latexit><latexit sha1_base64="nsjbBhF5xtK94cyozIDD/BIBOuE=">AAACJXicbVDLSgMxFM3UR2t9tbp0M1gEV2VGBF1JwY3LCvYB7VAymTttaCYJSaZYhv6EW937Ne5EcOWvmLazsK0HAodzHzn3hJJRbTzv2ylsbe/sFkt75f2Dw6PjSvWkrUWqCLSIYEJ1Q6yBUQ4tQw2DrlSAk5BBJxzfz+udCShNBX8yUwlBgoecxpRgY6VuH6SmTPBBpebVvQXcTeLnpIZyNAdVp9iPBEkT4IYwrHXP96QJMqwMJQxm5X6qQWIyxkPoWcpxAjrIFoZn7oVVIjcWyj5u3IX6dyLDidbTJLSdCTYjvV6bi//VeqmJb4OMcpka4GT5UZwy1wh3fr0bUQXEsKklmChqvbpkhBUmxma0simaUKlz189L2ysutD16BNGsbKPz14PaJO2ruu/V/cfrWuMuD7GEztA5ukQ+ukEN9ICaqIUIYugFvaI35935cD6dr2VrwclnTtEKnJ9felGlvA==</latexit><latexit sha1_base64="nsjbBhF5xtK94cyozIDD/BIBOuE=">AAACJXicbVDLSgMxFM3UR2t9tbp0M1gEV2VGBF1JwY3LCvYB7VAymTttaCYJSaZYhv6EW937Ne5EcOWvmLazsK0HAodzHzn3hJJRbTzv2ylsbe/sFkt75f2Dw6PjSvWkrUWqCLSIYEJ1Q6yBUQ4tQw2DrlSAk5BBJxzfz+udCShNBX8yUwlBgoecxpRgY6VuH6SmTPBBpebVvQXcTeLnpIZyNAdVp9iPBEkT4IYwrHXP96QJMqwMJQxm5X6qQWIyxkPoWcpxAjrIFoZn7oVVIjcWyj5u3IX6dyLDidbTJLSdCTYjvV6bi//VeqmJb4OMcpka4GT5UZwy1wh3fr0bUQXEsKklmChqvbpkhBUmxma0simaUKlz189L2ysutD16BNGsbKPz14PaJO2ruu/V/cfrWuMuD7GEztA5ukQ+ukEN9ICaqIUIYugFvaI35935cD6dr2VrwclnTtEKnJ9felGlvA==</latexit>

!f (x, ") = T(x, ")!g
<latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="s2xetQPYpfhoO6VL7tKVIFokJgo=">AAACD3icbVC7TsMwFL0pj5ZQoJ1ZLCokpiphgRGJhbFI9CG1UeU4N61Vx4lsp6KK+gOs7HwNG+ID+BvcNgNtOZKlo3Ps63NPmAmujef9OJWDw6Pjau3EPa27Z+cXjXpPp7li2GWpSNUgpBoFl9g13AgcZAppEgrsh7PHld+fo9I8lS9mkWGQ0InkMWfUWKkzbrS8trcG2Sd+SVpQYtx0qqMoZXmC0jBBtR76XmaCgirDmcClO8o1ZpTN6ASHlkqaoA6Kdc4lubZKROJU2SMNWat/XxQ00XqRhPZmQs1U73or8T9vmJv4Pii4zHKDkm0+inNBTEpWS5OIK2RGLCyhTHGblbApVZQZW83WpGjOM12mft3E3kqh7dJTjJaubc7f7Wmf9G7bvtf2nz2owSVcwQ34cAcP8AQd6AKDCN7g3flwPp2vTcMVp6y6CVtwvn8BikSfog==</latexit><latexit sha1_base64="23NOR7+lykRqZ+LdGf5FQerF9lY=">AAACP3icbVDLSgMxFL3js9aqrVs3QREqSplxoxtBcOOyQh9CW0omc6cNZjJDkimWYT7Cr3Gre3/A33AnbkzbWVj1QuDknHuTc4+fCK6N6747K6tr6xubpa3ydmVnd69aq3R0nCqGbRaLWN37VKPgEtuGG4H3iUIa+QK7/sPNTO9OUGkey5aZJjiI6EjykDNqLDWsnvYnyLIwrz+e9THRXMTyhFyR1tJ93jPKh9Ujt+HOi/wFXgGOoKjmsOZs9oOYpRFKwwTVuue5iRlkVBnOBOblfqoxoeyBjrBnoaQR6kE23yonx5YJSBgre6Qhc/bnREYjraeRbzsjasb6tzYj/9N6qQkvBxmXSWpQssVHYSqIicksIhJwhcyIqQWUKW69EjamijJjg1x6KZjwRBeuHxe2l1xou/QYg7xso/N+B/UXdM4bntvw7lwowQEcQh08uIBruIUmtIHBEzzDC7w6b86H87kIecUp0t6HpXK+vgGSWLG8</latexit><latexit sha1_base64="23NOR7+lykRqZ+LdGf5FQerF9lY=">AAACP3icbVDLSgMxFL3js9aqrVs3QREqSplxoxtBcOOyQh9CW0omc6cNZjJDkimWYT7Cr3Gre3/A33AnbkzbWVj1QuDknHuTc4+fCK6N6747K6tr6xubpa3ydmVnd69aq3R0nCqGbRaLWN37VKPgEtuGG4H3iUIa+QK7/sPNTO9OUGkey5aZJjiI6EjykDNqLDWsnvYnyLIwrz+e9THRXMTyhFyR1tJ93jPKh9Ujt+HOi/wFXgGOoKjmsOZs9oOYpRFKwwTVuue5iRlkVBnOBOblfqoxoeyBjrBnoaQR6kE23yonx5YJSBgre6Qhc/bnREYjraeRbzsjasb6tzYj/9N6qQkvBxmXSWpQssVHYSqIicksIhJwhcyIqQWUKW69EjamijJjg1x6KZjwRBeuHxe2l1xou/QYg7xso/N+B/UXdM4bntvw7lwowQEcQh08uIBruIUmtIHBEzzDC7w6b86H87kIecUp0t6HpXK+vgGSWLG8</latexit><latexit sha1_base64="0ZiZu2CkuuxjyA/5uf1x2XptCr0="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit><latexit sha1_base64="pa7FOfed9LnAKxuYFjjmrVXAuBg="></latexit>

! x "g(x, #) = A(x, #)"g(x, #)
<latexit sha1_base64="dcmQM8b34Ubef1kjglUCOxoQihY="></latexit><latexit sha1_base64="dcmQM8b34Ubef1kjglUCOxoQihY="></latexit><latexit sha1_base64="dcmQM8b34Ubef1kjglUCOxoQihY="></latexit><latexit sha1_base64="dcmQM8b34Ubef1kjglUCOxoQihY="></latexit>

÷A =
!

k

Ak log ! k (x)

! k = x ! xk
<latexit sha1_base64="DmI9QfLvI/VOPlaDYyVV+JsWC98="></latexit><latexit sha1_base64="DmI9QfLvI/VOPlaDYyVV+JsWC98="></latexit><latexit sha1_base64="DmI9QfLvI/VOPlaDYyVV+JsWC98="></latexit><latexit sha1_base64="DmI9QfLvI/VOPlaDYyVV+JsWC98="></latexit>

d~f(x, ✏) = ✏(dÃ)~f(x, ✏)
<latexit sha1_base64="zG6q5JkQtXSuhKis1+9X4rHFvTI="></latexit><latexit sha1_base64="zG6q5JkQtXSuhKis1+9X4rHFvTI="></latexit><latexit sha1_base64="zG6q5JkQtXSuhKis1+9X4rHFvTI="></latexit><latexit sha1_base64="zG6q5JkQtXSuhKis1+9X4rHFvTI="></latexit>

Kotikov 91; Remiddi 97; Gehrmann, Remiddi 00; Henn 13; É

Goncharov; Remiddi, Vermaseren; Brown; PoincarŽ; Euler; ...

@x ~f(x, ✏) = ✏Â(x)~f(x, ✏)
<latexit sha1_base64="t3QfywfiikqLZLLBW5oYg4HghgY="></latexit><latexit sha1_base64="t3QfywfiikqLZLLBW5oYg4HghgY="></latexit><latexit sha1_base64="t3QfywfiikqLZLLBW5oYg4HghgY="></latexit><latexit sha1_base64="t3QfywfiikqLZLLBW5oYg4HghgY="></latexit>

Henn 13
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A Brief Introduction to Computing Feynman Integrals

Amazingly successful - look at nearly any modern loop calculation 
Importantly:  the underlying mathematical and algebraic structures 
of MPLs/GPLs are well understood (symbol, co-product,É)

But:  It can be difficult or impossible to perform these steps!  

Early example:  2-loop sunset integral

Polylogarithms

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t) G(a1; z) = log

✓
1� z

a1

◆

G(0, 1; z) = �Li2(z)

| {z }
weight n

G(0; z) = log z
<latexit sha1_base64="XmpJW9PO2Lwg0q0SlexUU2C4hrY=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzIqiIUHGhywqOLbRDyaSZNjSTjEmm0JaC/8KNCxW3/hl3/hvTx0JbDwQ+zrkhNydMONPGdb+dhcWl5ZXVzFp2fWNzazu3s/ugZaoI9YnkUlVDrClngvqGGU6riaI4DjmthJ3rUV7pUqWZFPeml9Agxi3BIkawsVZwU3Av+keXdS5bqN/I5d2iOxaaB28KeZiq3Mh91ZuSpDEVhnCsdc1zExMMsDKMcDrM1lNNE0w6uEVrFgWOqQ4G46WH6NA6TRRJZY8waOz+vjHAsda9OLSTMTZtPZuNzP+yWmqis2DARJIaKsjkoSjlyEg0agA1maLE8J4FTBSzuyLSxgoTY3vK2hK82S/Pg39cPC96dyf50tXTpI0M7MMBFMCDUyjBLZTBBwKP8Ayv8OZ0nRfn3fmYjC440wb34I+czx+MZJFB</latexit><latexit sha1_base64="XmpJW9PO2Lwg0q0SlexUU2C4hrY=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzIqiIUHGhywqOLbRDyaSZNjSTjEmm0JaC/8KNCxW3/hl3/hvTx0JbDwQ+zrkhNydMONPGdb+dhcWl5ZXVzFp2fWNzazu3s/ugZaoI9YnkUlVDrClngvqGGU6riaI4DjmthJ3rUV7pUqWZFPeml9Agxi3BIkawsVZwU3Av+keXdS5bqN/I5d2iOxaaB28KeZiq3Mh91ZuSpDEVhnCsdc1zExMMsDKMcDrM1lNNE0w6uEVrFgWOqQ4G46WH6NA6TRRJZY8waOz+vjHAsda9OLSTMTZtPZuNzP+yWmqis2DARJIaKsjkoSjlyEg0agA1maLE8J4FTBSzuyLSxgoTY3vK2hK82S/Pg39cPC96dyf50tXTpI0M7MMBFMCDUyjBLZTBBwKP8Ayv8OZ0nRfn3fmYjC440wb34I+czx+MZJFB</latexit><latexit sha1_base64="XmpJW9PO2Lwg0q0SlexUU2C4hrY=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzIqiIUHGhywqOLbRDyaSZNjSTjEmm0JaC/8KNCxW3/hl3/hvTx0JbDwQ+zrkhNydMONPGdb+dhcWl5ZXVzFp2fWNzazu3s/ugZaoI9YnkUlVDrClngvqGGU6riaI4DjmthJ3rUV7pUqWZFPeml9Agxi3BIkawsVZwU3Av+keXdS5bqN/I5d2iOxaaB28KeZiq3Mh91ZuSpDEVhnCsdc1zExMMsDKMcDrM1lNNE0w6uEVrFgWOqQ4G46WH6NA6TRRJZY8waOz+vjHAsda9OLSTMTZtPZuNzP+yWmqis2DARJIaKsjkoSjlyEg0agA1maLE8J4FTBSzuyLSxgoTY3vK2hK82S/Pg39cPC96dyf50tXTpI0M7MMBFMCDUyjBLZTBBwKP8Ayv8OZ0nRfn3fmYjC440wb34I+czx+MZJFB</latexit><latexit sha1_base64="XmpJW9PO2Lwg0q0SlexUU2C4hrY=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzIqiIUHGhywqOLbRDyaSZNjSTjEmm0JaC/8KNCxW3/hl3/hvTx0JbDwQ+zrkhNydMONPGdb+dhcWl5ZXVzFp2fWNzazu3s/ugZaoI9YnkUlVDrClngvqGGU6riaI4DjmthJ3rUV7pUqWZFPeml9Agxi3BIkawsVZwU3Av+keXdS5bqN/I5d2iOxaaB28KeZiq3Mh91ZuSpDEVhnCsdc1zExMMsDKMcDrM1lNNE0w6uEVrFgWOqQ4G46WH6NA6TRRJZY8waOz+vjHAsda9OLSTMTZtPZuNzP+yWmqis2DARJIaKsjkoSjlyEg0agA1maLE8J4FTBSzuyLSxgoTY3vK2hK82S/Pg39cPC96dyf50tXTpI0M7MMBFMCDUyjBLZTBBwKP8Ayv8OZ0nRfn3fmYjC440wb34I+czx+MZJFB</latexit>

[Goncharov; Brown; Poincaré; Euler; Nielsenl Lappo-Danilevski; …]

• Most prominent example: Two-loop sunset integral.

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
! ddk

i " d/ 2
, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

[Broadhurst; Bauberger, Berends, Bohm, 
Buza; Laporta, Remiddi; Bloch, Vanhove; 

Remiddi, Tancredi; Adams, Bogner, 
Schweitzer, Weinzierl; Hidding, Moriello; 

Brödel, CD, Dulat, Penante, Tancredi]

Recently, several promising developments in handling elliptic integrals: 
¥ Connection to elliptic MPLs investigated                                        

(shuffle algebra, symbol,É) 
¥ Related to iterated integrals of modular forms and LambertÐ

Eisenstein Series 

Incredible number of results/applications!

Remiddi,!Tancredi; 
Broedel, Duhr, Dulat, Penante, Tancredi;

Adams, Bogner, Chaubey, Weinzierl; Ablinger, BlŸmlein,!De 
Freitas,!van Hoeij,!Imamoglu, Raab, Radu, Schneider;

= 2
! !

(m 2 + m 3 )2

dx
"

R2(x, m2
2, m2

3)R2(s, x, m2
1)

log

#
x + m2

1 ! s +
"

R2(s, x, m2
1)

x + m2
1 ! s !

"
R2(s, x, m2

1)

$

<latexit sha1_base64="KBWAP6K8si/SrYsp5aoTMjy39Ro="></latexit><latexit sha1_base64="KBWAP6K8si/SrYsp5aoTMjy39Ro="></latexit><latexit sha1_base64="KBWAP6K8si/SrYsp5aoTMjy39Ro="></latexit><latexit sha1_base64="KBWAP6K8si/SrYsp5aoTMjy39Ro="></latexit>

Elliptic Integral
Sabry 62; Broadhurst 90
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Elliptic Feynman integrals Elliptic Feynman integrals
2005 2010 2015

S
ab

ry
 (

19
62

)

B
ro

ad
hu

rs
t (

19
90

)

B
au

be
rg

er
, B

er
en

ds
, B

oh
m

, B
uz

a 
(1

99
5)

La
po

rt
a,

 R
em

id
di

 (
20

04
)

K
ni

eh
l, 

K
ot

ik
ov

, O
ni

sh
en

ko
, V

er
et

in
 (

20
06

)

C
za

ko
n,

 M
ito

v 
(2

00
8)

C
ar

on
-H

uo
t, 

La
rs

en
 (

20
12

)
N

an
da

n,
 P

au
lo

s,
 S

pr
ad

lin
, V

ol
ov

ic
h 

(2
01

3)

B
lo

ch
, V

an
ho

ve
 (

20
13

)
A

da
m

s,
 B

og
ne

r, 
W

ei
nz

ie
rl 

(2
01

3-
16

)

H
id

di
ng

, M
or

ie
llo

 (
20

17
)

B
on

ci
an

i, 
D

el
 D

uc
a,

 F
re

lle
sv

ig
 e

t a
l.,

 (
20

16
)

B
on

ci
an

i, 
B

ec
ch

et
ti 

(2
01

7)

A
da

m
s,

 B
og

ne
r, 

W
ei

nz
ie

rl 
(2

01
5,

16
)

R
em

id
di

, T
an

cr
ed

i (
20

16
,1

7)

B
ro

ed
el

, D
ul

at
, C

D
, T

an
cr

ed
i (

20
17

)

P
as

sa
rin

o,
 (

20
16

)

C
he

n,
 J

ia
ng

, Q
ia

o,
 (

20
17

)
A

da
m

s,
 W

ei
nz

ie
rl 

(2
01

7)

A
da

m
s,

 B
og

ne
r, 

S
ch

w
ei

tz
er

, W
ei

nz
ie

rl 
(2

01
6)

B
ou

rja
ily

, M
ac

Le
od

, S
pr

ad
lin

, e
t a

l. 
(2

01
7)

B
lo

ch
, K

er
r, 

V
an

ho
ve

 (
20

16
)

B
lo

ch
, K

er
r, 

V
an

ho
ve

 (
20

14
)

P
rim

o,
 T

an
cr

ed
i (

20
17

)

No complete analytic results

A
bl

in
ge

r, 
B

lŸ
m

le
in

, d
e 

F
re

ita
s,

 e
t a

l. 
(2

01
7)

B
ro

ed
el

, D
ul

at
, C

D
, P

en
an

te
, T

an
cr

ed
i (

20
18

)

Slide: Claude Duhr (Loops & Legs, April 2018)
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Before basis change: After basis change:

Phase-space points much more stable (esp. at large invariant mass)! 
Coefficient code size: 340 MB !  100 MB See: Matthias Kerner 

Loops and Legs Proceedings 2018 

Higgs Boson + Jet Basis Change

Since our paper we tried another integral basis (found by brute force): 
¥ Quasi-finite 
¥ Dimension factorises in denominator of coefficients 
¥ ÒSimpleÓ denominator factors and Òrelatively simple" numerators

Can we automate finding this basis? Can we find an even better basis?
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Heavy Top Limit (HTL):                
Effective tree-level couplings between gluons and Higgs 
Lowers number of loops by 1

HTL valid for

Born improved NLO HTL:

HH production for

Spira et al. (HPAIR)

Small energy range in which HTL is technically justified

mT ! "

!
ös " 2mT

2mH <
!

ös

Heavy Top Limit

d! NLO (mT ) ! dø! NLO (mT ) "
d! LO (mT )

d! LO (mT # $ )
! "# $

N

d! NLO (mT # $ )

<latexit sha1_base64="BUiamDLxw30xrFf9AG4CPTUJO8I="></latexit>
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HH Approximations @ NLO (Schematically)

Dawson, 
Dittmaier, Spira 98

Maltoni, Vryonidou, 
Zaro 14

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; 
Baglio,!Campanario,!Glaus,!MŸhlleitner,!Spira,!Streicher 18;

B
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B-i HTL:

FTapprox:

Full Theory:
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integral value error time [s]
. . .
F1 011111110ord0 (0.484, 4.96e-05) (4.40e-05, 4.23e-05) 11.8459
. . .
N3 111111100k1p2k2p2 ord0 (0.0929, -0.224) (6.32e-05, 5.93e-05) 235.412
N3 1111111001 ord0 (-0.0282, 0.179) (8.01e-05, 9.18e-05) 265.896
N3 111111100k1p2k1p2 ord0 (0.0245, 0.0888) (5.06e-05, 5.31e-05) 282.794
N3 111111100k1p2 ord0 (-0.00692, -0.108) (3.05e-05, 3.05e-05) 433.342

1

Contributing integrals:

k1

p2

g

H

g

H
I (s, t, m2

t , m2
h ) = !

!
µ2

M 2

" 2!

! (3 + 2 ! )M ! 4
!

A! 2

! 2 +
A! 1

! 1 + A0 + O(! )
"

sector integral value error time [s] #points
5 (-1.34e-03, 2.00e-07) (2.38e-07, 2.69e-07) 0.255 1310420
6 (-1.58e-03, -9.23e-05) (7.44e-07, 5.34e-07) 0.266 1310420
. . .
41 (0.179, -0.856) (1.10e-05, 1.22e-05) 29.484 79952820
42 (0.359, -1.308) (1.40e-06, 1.58e-06) 80.24 211436900
44 (0.0752, -1.185) (5.44e-07, 6.76e-07) 99.301 282904860

1

Sector Decomposition

Slide:  
Matthias 
Kerner

p
ŝ = 327.25GeV,

p
�t̂ = 170.05GeV,M2 = ŝ/4

Amplitude Evaluation



Amplitude is slow to evaluate: 
Accuracy goal: 3% for     , 5-20% for      (depending on           ) 
GPU Time/PS point: 80 min - 2 days  (median 2 hours)

https://github.com/mppmu/hhgrid
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Phase-Space Point Distribution

tmin/max
Included
Excluded

Constructed a grid in Mandelstam s, t 
Based on 3746 phase-space points 
Interfaced to POWHEG, MG5_amc@NLO 
Sherpa

F1 F2 F2/F 1

If a theoretical calculation is 
done, but it can not be used 
by any experimentalists, does 
it make a sound? - J. Huston

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; SPJ, Kuttimalai 18

hhgrid

https://github.com/mppmu/hhgrid
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Matrix element takes hours per phase-space point 
Can not put directly into a Monte Carlo 
But:  Virtual matrix element depends only on        (fixed              ) 
Can build 2D grid of our phase-space points and interpolate

ös, öt mT , mH

2402+1344 events used for POWHEG/MG5_amc@NLO

Parametrisation

x = f (! (s)) , c! = | cos" | =

!
!
!
!
s + 2 t ! 2m2

H

s! (s)

!
!
!
! , ! =

"
1 !

4m2
H

s

# 1
2

Choose          according to cumulative distribution function of phase 
space points used in the original calculation 
Obtain nearly uniform distribution in            unit square 

Interpolate with Clough-Tocher using the SciPy package

f (! )

(x, c! )

Clough, Tocher 65

Grid Details



Grid Validation
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Full SM compare POWHEG (grid) with our original results
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Real Emission / Subtraction Terms
¥ Independence of dipole-cut         parameter  
¥ Agreement with literature 
¥ Agreement with FKS (POWHEG/MG5_amc@NLO)

Virtual Corrections
¥ Two calculations of amplitude up to reduction 
¥ Amplitude result invariant under 
¥ Pole cancellation 
¥ Mass renormalization using two methods:#

counter-term insertion vs. calculating                      numerically 
¥ Agreement of contributions                           with SusHi  
¥ Convergence of           expansion to full result #

where agreement is expected

Harlander, Liebler, 
Mantler 13,16

Maltoni, Vryonidou, Zaro 14 

Nagy 03! cut

t ! u

dM LO / dm2
T

gg ! H ! HH
1/m T

Frixione, Kunszt, Signer 96; Nason 04; Frixione et al 07; Alioli et al. 10; J. Alwall et al. 14

HH Checks



 52

ATLAS-CONF-2018-043

HH extremely challenging to measure, combining 

Several other promising ideas to obtain limits on     :

Electroweak corrections 
to single H production 
(also VBF, VH)

Modification of precision EW observables  
(EW oblique corrections) S, T

Gorbahn, Haisch 16;  Bizo#, Gorbahn, Haisch, 
Zanderighi 16; Degrassi, Giardino, Maltoni, 
Pagani 16; Maltoni, Pagani, Shivaji, Zhao 17; 
Di Vita, Grojean, Panico, Riembau, Vantalon 17

Degrassi, Fedele, Giardino 17;  
Kribs, Maier, Rzehak, Spannowsky, Waite 17; Z Z

h

h

h h

(a)

W± W±

W± W±

h h

h

(b)

!Z

" ± " ±

h

(c)

! !

" ± " ±

W!

h

(d)

Figure 1 : Example Feynman diagrams for the (a)ZZ , (b) W W , (c) Z ! and (d) !! two-
loop self-energies. The square represents a vertex where there is a contribution from the
dimension-6 operator.

Contributions to S and T involving the dimension-6 operator O6 Þrst appear at the
two-loop level. At this order in perturbation theory, self-energy diagrams containing both
trilinear and quartic Higgs self-interactions appear, which due to their modiÞcations from
øc6 outlined above, are manifest as non-zero corrections toS and T. However, as we
will see later, contributions from the quartic Higgs self-interaction exactly cancel in these
observables. It is also important to note that at this order in perturbation theory, there
are no vertex or box diagrams that depend on øc6 involving light external fermions (i.e.,
light enough that their Yukawa coupling can be neglected). Since two-loop corrections to
vertex or box diagrams involving both øc6 and heavy external fermions do not enter the
electroweak observables, the relevant two-loop øc6 contributions to the self-energies must be
separately gauge-invariant.

3.1 Self-energy diagrams

To evaluate the electroweak oblique parametersS and T, all two-loop self-energy diagrams
involving corrections from øc6 need to be calculated. From the deÞnitions ofS and T, all
SM contributions are subtracted and so only terms proportional to øc6 and øc2

6 can remain.
Working in the Feynman gauge, and discarding all two-loop diagrams that do not contain
a contribution from øc6, there are 26 diagrams forZZ , 26 for W W , 5 for Z ! and 5 for !! .

Ð 5 Ð

Data & Constraints

bøbbøb, bøb⌧+ ⌧ ! , bøb��
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Figure 2 . Left: Example of a 2-loop diagram involving a h3 vertex that in the limit mW ! mh

gives rise toh " !! at O(" ). Right: A possible 2-loop graph with a h#+ #! vertex. For mh = 0 ,
diagrams of this type do however not contribute to h " !! at O(" ). For additional explanations
see text.

does not rely on the heavy-quark expansion for what concerns the 2-loop contributions.
Such a computation is however beyond the scope of our article.

In the case of theh " !! transition, we write

c! =
$
%

!
c(0)

! +
"

(4%)2 c(1)
!

"
, (4.7)

where the 1-loop contribution is given by

c(0)
! = AW +

#

f

2N f
C Q2

f Af # $ 0.82$ 0.01i . (4.8)

Here N q
C = 3 and N "

C = 1 are colour factors, the sum runs over all electrically charged
fermions carrying chargeQu = 2 / 3, Qd = $ 1/ 3 and Q" = $ 1, Af has been introduced
in (4.3) and

AW = $
1
8

$
2 + 3&W + 3&W (2 $ &W ) arctan2 1

%
&W $ 1

%
, (4.9)

with &W = 4m2
W /m 2

h. In order to obtain the numerical result in (4.8), we have employed
mW # 80.4 GeV and m# # 1.777 GeV. Numerically, one has furthermoreAW # $ 1.04,
while in the limit &W " & (&W " 0) the on-shell 1-loop form factor AW tends to the
constant value $ 7/ 8 ($ 1/ 4). In the inÞnite mass limit &t,W " & , one therefore Þnds that

c(0)
! = $ 47/ 72 # $ 0.65. Notice that compared to the case ofAf the heavy-mass expansion

works less well forAW , but still captures around 85% of the exact 1-loop result. We thus
believe that the hard-mass expansion is also a su! ciently accurate approximation in the
case of the 2-loop corrections toc! involving W ± (#± ) exchanges.

Since after EWSB the operatorO6 modiÞes both the trilinear Higgs coupling as well as
the coupling between two Higgses and two charged would-be Goldstone bosons

&
see (B.2)

'
,

one naively has to consider 2-loop diagrams that contain both ah3 and a h2#+ #! vertex.
A possible graph of each type is depicted in Figure2. To maintain gauge invariance at the
level of o" -shell GreenÕs functions, we use the Õt Hooft-Feynman version of the background
Þeld gauge for the external photon Þelds (see e.g. [43]) when calculating these diagrams. In
this gauge there is no! W ± #" vertex and as a result all 2-loop graphs involving ah2#+ #!

Ð 7 Ð
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h

h

h

Figure 1 . Example of a 2-loop diagram with an insertion of the e! ective operator O6 that
contributes to the gg ! h amplitude at O(! ).

to take the inÞnite quark-mass limit. In such a case, one arrives at the classic Shifman-
Vainshtein-Zakharov result c(0)

g = 1 / 12 " 0.083 derived Þrst in [41].
The O(! ) correction to the coe! cient cg arises from both 2-loop Feynman diagrams

and 1-loop counterterm graphs involving a Higgs wave function renormalisation. To Þnd the
former type of contribution, we apply EFT techniques (see for instance [42] for a non-trivial
application to Higgs production) and employ a hard-mass expansion procedure"t ! # to
the full 2-loop diagrams involving a top-quark loop and ah3 vertex that arises from the
insertion of O6. A prototype graph of such a contribution is shown in Figure 1. After
setting mh = 0 and Taylor expanding in the external momenta, this technique reduces the
calculation to the evaluation of 2-loop vacuum bubbles with a single mass scale, which can
all be expressed in terms of Gamma functions (cf. [38]).

The correction proportional to the O(! ) contribution to the Higgs wave function renor-
malisation constant

Zh = 1 +
!

(4#)2 Z (1)
h , (4.4)

is instead found from the 1-loop Higgs-boson selfenergy with one and two insertions ofO6.
By a straightforward calculation, we obtain the analytic result

Z (1)
h =

!
9 $ 2

%
3#

"
øc6 (øc6 + 2) . (4.5)

Combining both contributions, we arrive at

c(1)
g = $

1
12

#
1
4

+ 3 ln
µ2

w

m2
t

$
øc6 +

Z (1)
h

2
c(0)

g , (4.6)

with c(0)
g given in (4.2). As a powerful cross-check of our calculation, we have extracted

the O(! ) correction to the coe! cient cg arising from 2-loop diagrams by matching in ad-
dition the gg ! 2h and gg ! 3h GreenÕs functions, obtaining in all three cases the exact
same result. Details on the renormalisation of the bare 2-loopgg ! h amplitude can be
found in Appendix C. Given the good convergence of the inÞnite quark-mass expansion
in the case ofc(0)

g , we believe that our analytic expression (4.6) should approximate the
full O(! ) correction to the on-shell 2-loop form factor quite well. To make this statement
more precise would require an explicit calculation of the relevantgg ! h amplitudes that
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! 6.7 ! SM
<latexit sha1_base64="G6k4eEfFYsOAk8Z5a0BO4XQlrds=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuCqJiHUlBTduhIr2Ak0Ik+mkHTozCTMToYQu3Pgqblwo4taHcOfbOGmz0NYfBj7+cw5zzh8mjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphuOrvN59IFLRWNzrSUJ8joaCRhQjbazArnqMwPN6w4OeokOOAo8jPZI8u7uZBnbNqTszwWVwC6iBQq3A/vIGMU45ERozpFTfdRLtZ0hqihmZVrxUkQThMRqSvkGBOFF+NjtiCo+NM4BRLM0TGs7c3xMZ4kpNeGg68xXVYi03/6v1Ux1d+BkVSaqJwPOPopRBHcM8ETigkmDNJgYQltTsCvEISYS1ya1iQnAXT16GzmndNXx7VmteFnGUQRUcgRPgggZogmvQAm2AwSN4Bq/gzXqyXqx362PeWrKKmUPwR9bnD4j7l2I=</latexit><latexit sha1_base64="G6k4eEfFYsOAk8Z5a0BO4XQlrds=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuCqJiHUlBTduhIr2Ak0Ik+mkHTozCTMToYQu3Pgqblwo4taHcOfbOGmz0NYfBj7+cw5zzh8mjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphuOrvN59IFLRWNzrSUJ8joaCRhQjbazArnqMwPN6w4OeokOOAo8jPZI8u7uZBnbNqTszwWVwC6iBQq3A/vIGMU45ERozpFTfdRLtZ0hqihmZVrxUkQThMRqSvkGBOFF+NjtiCo+NM4BRLM0TGs7c3xMZ4kpNeGg68xXVYi03/6v1Ux1d+BkVSaqJwPOPopRBHcM8ETigkmDNJgYQltTsCvEISYS1ya1iQnAXT16GzmndNXx7VmteFnGUQRUcgRPgggZogmvQAm2AwSN4Bq/gzXqyXqx362PeWrKKmUPwR9bnD4j7l2I=</latexit><latexit sha1_base64="G6k4eEfFYsOAk8Z5a0BO4XQlrds=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuCqJiHUlBTduhIr2Ak0Ik+mkHTozCTMToYQu3Pgqblwo4taHcOfbOGmz0NYfBj7+cw5zzh8mjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphuOrvN59IFLRWNzrSUJ8joaCRhQjbazArnqMwPN6w4OeokOOAo8jPZI8u7uZBnbNqTszwWVwC6iBQq3A/vIGMU45ERozpFTfdRLtZ0hqihmZVrxUkQThMRqSvkGBOFF+NjtiCo+NM4BRLM0TGs7c3xMZ4kpNeGg68xXVYi03/6v1Ux1d+BkVSaqJwPOPopRBHcM8ETigkmDNJgYQltTsCvEISYS1ya1iQnAXT16GzmndNXx7VmteFnGUQRUcgRPgggZogmvQAm2AwSN4Bq/gzXqyXqx362PeWrKKmUPwR9bnD4j7l2I=</latexit><latexit sha1_base64="G6k4eEfFYsOAk8Z5a0BO4XQlrds=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuCqJiHUlBTduhIr2Ak0Ik+mkHTozCTMToYQu3Pgqblwo4taHcOfbOGmz0NYfBj7+cw5zzh8mjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphuOrvN59IFLRWNzrSUJ8joaCRhQjbazArnqMwPN6w4OeokOOAo8jPZI8u7uZBnbNqTszwWVwC6iBQq3A/vIGMU45ERozpFTfdRLtZ0hqihmZVrxUkQThMRqSvkGBOFF+NjtiCo+NM4BRLM0TGs7c3xMZ4kpNeGg68xXVYi03/6v1Ux1d+BkVSaqJwPOPopRBHcM8ETigkmDNJgYQltTsCvEISYS1ya1iQnAXT16GzmndNXx7VmteFnGUQRUcgRPgggZogmvQAm2AwSN4Bq/gzXqyXqx362PeWrKKmUPwR9bnD4j7l2I=</latexit>

! 3
<latexit sha1_base64="uFZ2sNhB27HSbL2Upvz2M2CVXkw=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyooCspuHFZwdZKO5RMJtOG5jEkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSjkz1ve/vdLK6tr6RnmzsrW9s7tX3T9oG5VpQltEcaU7ETaUM0lblllOO6mmWEScPkSjm6n/8ES1YUre23FKQ4EHkiWMYOukxx530Rj3z/vVml/3Z0DLJChIDQo0+9WvXqxIJqi0hGNjuoGf2jDH2jLC6aTSywxNMRnhAe06KrGgJsxnC0/QiVNilCjtnrRopv6eyLEwZiwilxTYDs2iNxX/87qZTa7CnMk0s1SS+UdJxpFVaHo9ipmmxPKxI5ho5nZFZIg1JtZ1VHElBIsnL5P2WT1w/O6i1rgu6ijDERzDKQRwCQ24hSa0gICAZ3iFN097L9679zGPlrxi5hD+wPv8AWilkB8=</latexit><latexit sha1_base64="uFZ2sNhB27HSbL2Upvz2M2CVXkw=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyooCspuHFZwdZKO5RMJtOG5jEkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSjkz1ve/vdLK6tr6RnmzsrW9s7tX3T9oG5VpQltEcaU7ETaUM0lblllOO6mmWEScPkSjm6n/8ES1YUre23FKQ4EHkiWMYOukxx530Rj3z/vVml/3Z0DLJChIDQo0+9WvXqxIJqi0hGNjuoGf2jDH2jLC6aTSywxNMRnhAe06KrGgJsxnC0/QiVNilCjtnrRopv6eyLEwZiwilxTYDs2iNxX/87qZTa7CnMk0s1SS+UdJxpFVaHo9ipmmxPKxI5ho5nZFZIg1JtZ1VHElBIsnL5P2WT1w/O6i1rgu6ijDERzDKQRwCQ24hSa0gICAZ3iFN097L9679zGPlrxi5hD+wPv8AWilkB8=</latexit><latexit sha1_base64="uFZ2sNhB27HSbL2Upvz2M2CVXkw=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyooCspuHFZwdZKO5RMJtOG5jEkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSjkz1ve/vdLK6tr6RnmzsrW9s7tX3T9oG5VpQltEcaU7ETaUM0lblllOO6mmWEScPkSjm6n/8ES1YUre23FKQ4EHkiWMYOukxx530Rj3z/vVml/3Z0DLJChIDQo0+9WvXqxIJqi0hGNjuoGf2jDH2jLC6aTSywxNMRnhAe06KrGgJsxnC0/QiVNilCjtnrRopv6eyLEwZiwilxTYDs2iNxX/87qZTa7CnMk0s1SS+UdJxpFVaHo9ipmmxPKxI5ho5nZFZIg1JtZ1VHElBIsnL5P2WT1w/O6i1rgu6ijDERzDKQRwCQ24hSa0gICAZ3iFN097L9679zGPlrxi5hD+wPv8AWilkB8=</latexit><latexit sha1_base64="uFZ2sNhB27HSbL2Upvz2M2CVXkw=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyooCspuHFZwdZKO5RMJtOG5jEkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSjkz1ve/vdLK6tr6RnmzsrW9s7tX3T9oG5VpQltEcaU7ETaUM0lblllOO6mmWEScPkSjm6n/8ES1YUre23FKQ4EHkiWMYOukxx530Rj3z/vVml/3Z0DLJChIDQo0+9WvXqxIJqi0hGNjuoGf2jDH2jLC6aTSywxNMRnhAe06KrGgJsxnC0/QiVNilCjtnrRopv6eyLEwZiwilxTYDs2iNxX/87qZTa7CnMk0s1SS+UdJxpFVaHo9ipmmxPKxI5ho5nZFZIg1JtZ1VHElBIsnL5P2WT1w/O6i1rgu6ijDERzDKQRwCQ24hSa0gICAZ3iFN097L9679zGPlrxi5hD+wPv8AWilkB8=</latexit>

Limits on     : from (partial) EW corrections to HH
Bizon, Haisch, Rottoli 18; Borowka, Duhr, Maltoni, Pagani, Shivaji, Zhao 18
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HEFT: Can be poor 
approx. for larger         

Note:  Ambiguous how to 
rescale HEFT real radiation 
by full LO born 
differentially

pT,h

FTapp: Significantly better 
but still overestimating

Real radiation plays larger role for large  
Including       in real radiation does improve over HEFT in tails

pT,h

!
s = 14 TeV

mT

Higgs Boson Pair Results



Conventional...Finite Basis...

 54

(6! 2! )

(s, t) 280 s 1.00! 10! 3
(4! 2! )

(s, t) 214135 s 8.29! 10! 3

(6! 2! )

(s, t) 294 s 1.21! 10! 3

(4! 2! )

(s, t) 3484378 s 30.9
(4! 2! )

(s) 91 s 3.76! 10! 4
(4! 2! )

(s) 87 s 3.76! 10! 4

(6! 2! )

(s) 17 s 5.15! 10! 4

(4! 2! )

(s) 20 s 1.95! 10! 4

(6! 2! )

(s) 119 s 2.32! 10! 3

(4! 2! )

(s) 118 s 2.12! 10! 3

Total/Max: 3995 s 5.84! 10! 3 Total/Max: 5136862 s 30.9
Table 2 : Numerical performance of Þnite and conventional integral bases for two-loop
mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using
SecDec 3. For each integral in the above, the run time is given in seconds and the fractional
di! erence from the analytical solution is given for the expansion coe" cient which Þrst gives
rise to weight four multiple polylogarithms. In the Þnal row of the table, total run times
and worst-case relative accuracies are recorded for both integral bases.

We Þnd that, in several other cases, signiÞcantly more mileage can be squeezed out of
publicly available sector decomposition programs simply by working with a well-behaved,
Þnite integral basis. As a second example, we present the evaluation of three-loop form
factors in massless QCD in AppendixA. We employ the other publicly available program
under active development,FIESTA 4, and observe dramatic gains in both speed and nu-
merical convergence when using a basis of Þnite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the!! s corrections to Drell-
Yan production with up to a single massive vector boson exchanged. As a reference, we cal-
culated their Laurent expansion through to weight Þve in terms of multiple polylogarithms
using the method of di! erential equations. Our representation in terms of real-valued func-
tions allows for fast and precise numerical evaluations over the entire physical region of the
phase space. We found it challenging to even check our analytical solutions using available
sector decomposition programs. Employing a basis of Þnite integrals systematically im-
proved the situation and rendered all integrals numerically accessible withSecDec 3, both
in Euclidean and physical kinematics. Order of magnitude improvements both in program
run time and integration error were also found for massless three-loop form factor integrals
using FIESTA 4when using Þnite instead of conventional master integrals. For the Þnite
integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional

Ð 14 Ð

(6! 2! )

(t) 4 s 4.60! 10! 5

(4! 2! )

(t) 7 s 3.45! 10! 5

(6! 2! )

(t) 4 s 1.38! 10! 5

(4! 2! )

(t) 6 s 8.49! 10! 6

(6! 2! )

(t) 9 s 2.76! 10! 5

(4! 2! )

(t) 16 s 2.63! 10! 5

(6! 2! )

(s) 18 s 1.04! 10! 3

(4! 2! )

(s) 41 s 6.47! 10! 4

(6! 2! )

(s) 18 s 1.23! 10! 4

(4! 2! )

(s) 12 s 4.70! 10! 4

(4! 2! )

(t) 9 s 2.13! 10! 5

(4! 2! )

(t) 3 s 2.13! 10! 5

(4! 2! )

(s) 31 s 7.51! 10! 6

(4! 2! )

(s) 17 s 7.51! 10! 6

(4! 2! )

(s) 35 s 3.28! 10! 5

(4! 2! )

(s) 19 s 3.28! 10! 5

(6! 2! )

(s) 36 s 3.94! 10! 4

(4! 2! )

(s) 113 s 7.78! 10! 4

(6! 2! )

(s, t) 28 s 8.37! 10! 4

(4! 2! )

(s, t) 101 s 2.13! 10! 3

(6! 2! )

(s, t) 37 s 5.84! 10! 3

(4! 2! )

(s, t) 26 s 5.35! 10! 4

(6! 2! )

(s, t) 18 s 2.92! 10! 3

(4! 2! )

(s, t) 319 s 5.92! 10! 2

(6! 2! )

(s, t) 50 s 6.76! 10! 4

(4! 2! )

(s, t) 13 s 9.49! 10! 4

(8! 2! )

(s, t) 35 s 7.64! 10! 4

(4! 2! )

(s, t) 20605 s 9.87! 10! 4

(6! 2! )

(s, t) 1609 s 4.39! 10! 4
(4! 2! )

(s, t) 564 s 2.04! 10! 2

(6! 2! )

(s, t) 202 s 7.31! 10! 4

(4! 2! )

(s, t) 96 s 2.35! 10! 3

(6! 2! )

(s, t) 201 s 2.34! 10! 4

(4! 2! )

(s, t) 384 s 8.12! 10! 4

(6! 2! )

(s, t) 150 s 4.83! 10! 4

(4! 2! )

(s, t) 56538 s 1.67! 10! 2

Ð 13 Ð

Always possible to pick finite basis of integrals, rewrite integrals using: 
¥ Dimension Shifts 
¥ Dots

von Manteuffel, 
Schabinger 17

Two-loop  
EW-QCD  
Drell-Yan

Rel. 
Err.

Panzer 14; von Manteuffel, Panzer, 
Schabinger 15

Huge decrease in time to numerically integrate and relative error

Tarasov 96; Lee 10

Finite Basis
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From the master formula, 3 possibilities for poles in    to arise: 

1. Overall                          diverges (single UV pole) 

2.          vanishes for some           and has negative exponent (UV sub-
divergences) 

3.                vanishes on the boundary and has negative exponent (IR 
divergences) 

Outside the Euclidean region (              ) there is a further possibility:  

4.                vanishes inside the integration region (May give: Landau 
singularity which is either a normal or anomalous threshold) 

If only condition 1 leads to a divergence the integral is Quasi-Þnite

! (N! ! LD/ 2)

U(!x) x = 0

F (!x, sij )

F (!x, sij )

!

! sij < 0

Not discussed here (can be handled by pySecDec)
See: Soper 00; Borowka 14

Divergences


