Cosmological Perturbation Theory beyond shell-crossing:
Schrédinger equation approach

Pasquale Tiziano Ursino

Universita di Padova
Dipartimento di Fisica e Astronomia Galileo Galilei

8 Giugno 2018

Pasquale Tiziano Ursino ICYAA 2018 8 Giugno 2018 1/ 18



Introduction

In this dissertation, | will show a novel approach to the study of large—scale
structure formation in which the Cold Dark Matter is modelled by a complex scalar
field whose dynamics are governed by coupled Schrédinger and Poisson equations.

This approach penetrates the weakly non-linear regime overcoming the weaknesses
that the standard perturbation theories present:

— they do not assure a density field that is positive everywhere;

— they might totally break down when the particles’ trajectories cross,
a phenomenon known as shell-crossing, that leads the density field
to generate a singularity.
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|
The Standard Perturbation Theory

The Linearized Fluid approach

This Eulerian method works extremely well in the linear regime (6 << 1). It
consists to linearize the equations of motion of the CDM expressed in the
comoving coordinates:

@ The Euler equation

ov 1 1 1
L HU4 (V- V)V = ——Vep— ~Veo; (1)
a ap a

ot

@ The continuity equation

ap

1 e —_ .
at +3Hp+ gvx(pv) =0; (2)

@ The Poisson equation
V2¢ — 4w Ga*sp = 0. (3)
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The Standard Perturbation Theory

The Linearized Fluid approach

Then we can proceed to linearize them and going to Fourier space we obtain the
following set of equations:

\7,‘(’+ HVE = —%Csz <5E+ $E>
51? n ;k;?; —0 (4)

kng,-(‘ = —47rGazpb5,;

From these one gets the differential equation:

0z +2Ho; — 4mGppdy; ~ 0 (5)
Looking for solutions of the form ¢ oc t* we obtain:

a=2/3= 0 x 23 "growing mode"

a=-1= i, x t~1  "decaying mode"
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|
The Standard Perturbation Theory

Eulerian non-linear Perturbation Theory

We consider two different formulations of continuity and Euler equation:

B v la+ad =0 6)
N WG+ (7-V)7 = -V 7
07 7+ (7 V)7 = Vo ")

with d7 = dt/a is the conformal time and H = d'T" = Ha is the conformal
expansion rate. Now we define (X, 7) = V - V(X, 7) and going to Fourier space
(7) and (6) read

aa(ak,7)+9~(; /d3k1d3k250(k ki — ka)a(ki, k2)B(ki, 7)d(k2, ) (8)
T
89(8/(7 )+H9(k 7')+ 7-[2 S(k,T) /d3k1d3k25D(k ka—ko) k1, ko)0(ka, 7)

(9)
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The Standard Perturbation Theory

Eulerian non-linear Perturbation Theory

olky, k) and B(k, kz) are the mode coupling functions:

Lo ki + ko) - k; Lo ki + ko)2(ky - k:
a(klv k2) = ( L k22) la B(klv k2) = ( . 21)21521 2)
1 172

(10)

In order to find a solution, we make a perturbative expansion which lets formally
solve equations (8) and (9):

—

= "a"(r)6"(k,7), Gk, 7)=—H(r) > a"(1)0"(k, 7). (11)

Pasquale Tiziano Ursino ICYAA 2018 8 Giugno 2018 6 /18



The Standard Perturbation Theory
Eulerian non-linear Perturbation Theory

-,

The equations (8) and (9) determine 8,(k) and 6,(k) in term of linear
fluctuations:

Sn(K) :/d3q1.../d3q,,69(/?761___,,)F,,(61,...,c‘f,,)él((il)...él(&,,), (12)

0,(K) :/d3ql.../d3qn5D(E—cﬁ__n)cn(al,...,an)al(al)...al(an) (13)

where F,(§1, ..., Gn) and G,(g1, ..., §») are homogeneous functions, known as
kernels, that are constructed from the fundamental mode coupling functions
a(ki, ko) and B(kq, ko). For instance, n=2:

Lo 5 1C71'¢72<q1 CI2> 2(q1-G2)?
F. , =4+ = —_ 4+ = - 14
2(G1, ¢2) 7 2 q1q2 \ 2 a1 7 4iq3 (14)
O 3 151'52( 1 CI2> 4(571'52)2
Go(G1,G2) == + = =4+ =t o 15
(G, ¢2) 7 2 g2 \92 q 7 4iq3 =
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|
The Standard Perturbation Theory

Statistical Results

—,

Therefore, once we obtained d,(k), we can calculate the lowest order cumulants of
Eulerian Perturbation Theory that are:

(8% 34 (6%) —3(6%)% 60,712
— — — et . 1

5 (022 — 77 54 (52)3 1323 (16)

The cumulants are obtained from the cumulant generating function:
Clt) = ogIM(0)} (17)

where M(t) is the moment generating functions:
_ (67

M(t) = ZF#’. (18)
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The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

In order to find the Schrodinger equation we consider (1), (2) and (3) in these

new variables:

nzﬁzl—{—(s,
Pb

Then we have:

I 4 G-V -G=0

i= 2 o=2Ns s =alelt (19)
aa 232
Lt a-Vi+gi=-2Vp

(20)

Vzgo:g

We assume an irrotational velocity field & = V& and rearrange the Euler equation

in a more suitable form:

Pasquale Tiziano Ursino

1 3 3
E(Vcb) + o=y (21)
on
5, TV (V@) =0 (22)
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The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

We introduce a complex scalar field, that represents the CDM, of the following

form: _
— QA(rt)+ £ B(r,t)
n= w*d) _ eZA(r,t)
We fix ®(r, t) = B(r, t) and with some calculations we find these quantities:
2i 0A V2y
Bl =1 V?PA——— +|VA] - 24
Ve —i2(v2a- 35+ [vap - L), (24)
0B L(10y O0A
7 i A 2
da ’h<¢ da aa>’ (25)
_ (Y
B oY In (W) (26)
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The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation
Then substituing in (21), we obtain:

2
ﬁg—w _h v2¢+ {v+ ﬁ (V2A+|VA|2)} (27)

where we introduced a general potential V defined as follow:

3
V= 2a(B+ ©) =

3/h )
— | =In(— . 28
2a<2i”(¢*)+@> (28)
The additive term in the rhs of the equation (27) is the quantum pressure term.
This name is due to the fact that it resembles a pressure gradient and it can be
ignored. Then we obtained the coupled Schrédinger and Poisson equations:

2
iﬁ%f __n V%/J + Vi (29)
V2 = V2 [f(v 3’ﬁ| (5’))] = %(ezA—l) (30)
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The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

Substituting the wave function ¢ = eAn+#B(r1) in the Schrodinger equation we

obtain an equation that can be split in two coupled equations respectively for
imaginary and real part.

Imaginary part.

OA 1, 5
5 fi(v B+2VA-VB). (31)
Real part.
oB  n,_, o 1 )
E’?W A+ |VA| )75|VB| - V. (32)
ICYAA 2018

8 Giugno 2018 12 / 18



|
The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

Now we go to Fourier space working in the correspondence limit, i.e. h — 0:

A 1 . S
% - _2<"23(k) +2/d3k1d3k259(k — ki — ko) - sz(kl)B(k2)> (33)
%__E/d% d*kadp(k — ki — ka)k I?B(I?)B(E)_ﬂ
da 2 1 20D 1 2)K1 - K2 1 2 K2
2N 3 3 T e i — - (34)
<D m/d ki..d>knop(k — ki — ... — kn)A(ke)...A(kn)
N>1
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The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

In order to render the equations (33) and (34) homogeneous in a and H we

proceed to make a perturbative expansion of our scalar field using the Ansitze
given by Szapudi and Kaiser (2003):

N
A= L Al (35)
Bi=-HY BIEN)aN+2

where AE(N) and B,EN) are:

AM) :/d3k1.../d3k,,5,3(l?fEl___n)F(N)(El,...,/?,,)AE;)...A%), (36)

BV = %/d%.../d%&[)(h Ki.n)GM (ky, oy k)AL AL (37)

where F(M(ky, ..., k,) and G (ky, ..., ky) are the kernels that are similar to
Eulerian case.
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The Schroédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

Here we give explicitly the N=2 case just for F:

_ (‘I1¢72)
- .. 310 2 (g1, g2) = T3
Fa(ky, ko) = =+ —=a(ki, ko) +=B(ki, ko) with (38)
T 7 Blar,g2) = K222

Once we obtained the expression of AiN) we can proceed to calculate its lowest

significant cumulants:
26 40,240
A_ ¥ A _ ’
5 =7 1323 °
The cumulants of the density field are compute taking advantage of a recursive
formula by Fry and Gatzafiaga (1993), which link the cumulants of the scalar field

A(r, t) with the cumulants of § = €24 — 1:

(39)

34
S3=b"1(S5 +3c) = = (40)
60, 712
&:b45f+qu+wg+uéy:1w3, (41)

where the coefficients are: b =2 and cy = by/b = 2N"1.
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The Schrédinger Perturbation Theory

Perturbation Theory with the Schrédinger equation

It's evident how this novel approach totally overcomes the limitations of the
standard perturbation theories:

@ the wave function 9 causes the density § =71 — 1 = €4 — 1 to assume only
positive values;

@ Szapudi and Kaiser (2003) do not consider trajectories of single particles but
a complex scalar field, hence this approach doesn’t break down at
shell-crossing. Moreover in the wave function no singularities occur at any
time.
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Conclusions

Hence, in this work, we introduced the Schrédinger Perturbation Theory showing
that the lowest order cumulants predicted by Eulerian Perturbation Theory for the
dark matter field § are exactly recovered.

Below we compare the two-dimensional CDM universe simulated using the
Schrédinger method and N-body technique (Widrow and Kaiser 1993).

|
o BT |

(a) Schrédinger method (b) N-Body
ICYAA 2018

8 Giugno 2018 17 / 18



Thanks for the attention!
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