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Quantum promise
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Prime numbers go quantum

Primes > State
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Quantum Computation and prime numbers
(JI Latorre, GS, 2013)

Classical computer
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Quantum computer

x,,_,,...,x0> = |x,,_,>®... ®‘x0>

n qubits ‘x> =



The Prime State

Zp<2"e Primes I p>

T ( 2") is the prime counting function
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Prime counting function

Jl’(x) : number of primes p less than or equal to X

m(100) =25

2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97

Nuimero de primos menores que N

Asymptotic behaviour: Gauss law
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Prime Number Theorem (1896)
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The fluctuations of n(x) around [, (x) are expect to be bounded by

\Li(x)—ﬂ:(x)\<8—1n xlog x
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This statement is equivalent to the Riemann hypothesis (RH)



The Riemann Hypothesis

Non trivial zeros of the zeta function g(S) have real part equalto 1/2
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First construction of the Prime state

Primality , |P ( n) )
Test

n qubits
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Grover construction of the Prime state

M
/%/%\
‘wo>:zx<2" ‘X>:Zp€primes ‘p>+zc€composites ‘C>
N = /
N

orRACLE U, . |x)=F|x),x: primel composite

#CALLSTOORACLE  R(n)<ctevn



Problem: given x determine if itis prime or not

Miller-Rabin primality test:

Choose @ intherange 1 <a < x (witness)

Run a test that involves a, x

Test @ then x is composite with certainty a . strong witness

Test ‘ then { 1) x is prime with high probability
2) X is composite @ . strong lier
Solution: use several witnesses

For x <3x10%, a=2,3,5,7,11,13,17

With k witnesses the error is 2 7>%
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Structure of the quantum primality oracle




Quantum Counting of Prime numbers

guantum primality oracle + quantum counting algorithm
Brassard, Hoyer, Tapp (1998)

Counts the number of solutions to the oracle



Bounded error in quantum counting

2],[ xl/2
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Riemann |Ll.(X)—J'C(X)|<8—1n\/;10gX

Hypothesis

Error of quantum counting < fluctuations under the RH

A quantum computer could falsify the RH, but not prove it !!



Quantum speed up

Classical versus quantum computation of ,TC(X)

Best classical algorithm by Lagarias-Miller-Odlyzko (1987)

1
space S~x*

N =

time T~x

A Quantum Computer could calculate the size of fluctuations
more efficiently than a classical computer

S~logx
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Turing, computers and number theory

Turing did not believe in the Riemann hypothesis and wanted to disprove ft.
In 1950 he used the electronic computer at the Manchester university

to find the first 1104 Riemann zeros who all lie on the critical line.

Then the machine broke down.




Entanglement entropy of the Prime state
(JI Latorre, GS, 2015)

Density matrix of the Prime state
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Volumen law entropy S = 0.885(n/2)+cte

A random density matrix has Sn ~(n/2)—-1/2 (Don Page)

The Prime state is not random
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Entanglement Spectrum of the Density Matrix pPp=—e g

Eexact, Eapprox
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P, =1+ Prime correlations (Hardy-Littlewood)

nlog?2

Entanglement encode correlations between primes



IBM quantum computer and the Prime state
(Diego Garcia-Martin, GS, 2018)
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Conclusions

- Use quantum computers to study fundamental quantities in
number theory:

Counting by measuring

- Number theory provides interesting highly entangled states to
test quantum computers:

Quantum Arithmetics
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