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1. Small-x amplitudes in A’'=4 SYM
m Regge limit in the coordinate space.
m High-energy scattering and Wilson lines.
m Non-linear evolution equation at small x.
m Evolution equation for composite conformal dipoles in the NLO
m NLO amplitude in /' = 4 SYM.
2. Small-x evolution in QCD.
m NLO evolution of color dipoles in QCD.
m Argument of coupling constant in the evolution equation.
3. Conclusions.
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Conformal four-point amplitude

Ay, X.Y) = (x=y)*X = ¥)*NOX)OT (y) O (X)OT(y))
O =Tr{Z%} (Z = J;(¢1 + i¢2)) - chiral primary operator
In a conformal theory the amplitude is a function of two conformal ratios

A

F(RR)

o Y=Y =y -y
(KXY (YR - Y2

At large N¢

Ay, X,Y) = A(g°Nc) @’Nc = A — ‘t Hooft coupling
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Conformal four-point amplitude

Axy,X,Y) = (x=9)*(X — Y)'NHOXOT(y)OxX)O'(y))

O =Tr{Z%} (Z = J;(¢1 + i¢2)) - chiral primary operator
In a conformal theory the amplitude is a function of two conformal ratios

A = F(RR)

o Y=Y =y -y
(KXY (YR - Y2

At large N¢

Ay, X,Y) = A(g°Nc) @’Nc = A — ‘t Hooft coupling

AdS/CFT gives predictions at large A\ — oo.
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Conformal four-point amplitude

Ay, X.Y) = (x=y)*X = ¥)*NOX)OT (y) O (X)OT(y))
O =Tr{Z%} (Z = J;(¢1 + i¢2)) - chiral primary operator
In a conformal theory the amplitude is a function of two conformal ratios
A = F(RR)

o Y=Y =y -y
(KXY (YR - Y2

At large N¢

Ay, X,Y) = A(g°Nc) @’Nc = A — ‘t Hooft coupling
AdS/CFT gives predictions at large A\ — oo.

Our goal is perturbative expansion and resummation of (A\Ins)" at large energies
in the next-to-leading approximation

(AMns)"(ckC + cNLOy)
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Regge limit in the coordinate space

Regge limit: x;. — px;, X\ — X,y = py_, Y. = py—  p,p — x
Z

Xy— oo, X,

y = o)

Full 4-dim conformal group: A = F(R.r)

_ =P -y Py
(x=xX)2(y—y)? (x=x)3(y—y)}
. (X=X —y)? = (X —y)?*(x=y)¥?
(X=X)2(y —y)2(x = y)2(X —y)?
I YAy +XY (x=y)3 +x Y (X =y +xX,y (x—y)3]?
(x=x)3(y-y)xxyy
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4-dim conformal group versus  SL.(2,C)

Regge limit: x; — px4, X, — pX,, y- = p'y_, Y. = py—  p,p —
ZL

Xy oo, X,

y_ﬁ o,

Regge limit symmetry: 2-dim conformal group SL(2, C) formed from
P1, P2, M2 D, K; and K, which leave the plane (0,0, z, ) invariant.
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Pomeron in a conformal theory

Axy;X,Y) T=° i—z/.du fy (W, v))F(\, 0)Q(r, v)REO)/2

. L. Cornalba (2007)
f(w) = £°=1 - signature factor

Q(r,v) - solution of the eqn (O, + v? + 1)Q(r,v) =0
Explicit form:

2 P I4iv K2 I-iv
Ury) = F/dzz<(2m-g)2) ) ((2,4-@2)

z
C:p1+§pz+zi7

1 X2 1
K= Z(Pl - gpz +x1) — 2y—+(pl - y—:pz +Yy1), K2k

pd =p5=0, 2(p1,p2)

12
’ X

1 1 2
K= ZX—/_(pl_?pZ‘i‘X/L)_—

The dynamics is described by w(A, v) and F(A, v).
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Pomeron in a conformal theory

A y;X,Y) =" 12 /du fy (W, v))F(\, )Qr, v)REO)/2

Pomeron intercept w(v, \) is known in two limits:
A 2
1 A—0: w(r,\) = =x(v) + Xwi(v) + ...
m

x(v) = 2(1) — (3 + iv) — ¥(3 — iv) - BFKL intercept,

w1(v) - NLO BFKL intercept Lipatov, Kotikov (2000)
2+ 4
2. A— 00 AdS/CFT = wv,\) = 2— ——+
/ (3) 2\
2 = gravition spin , nextterm - Brower, Polchinski, Strassler, Tan (2006)
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Pomeron in a conformal theory

Ay X,Y) T=° %/du fy (W, ))FON, )QUr, v)REO)/2

The function F(v, A) in two limits:

1 A—0: Fr,\) = NFo(v) + A3Fi(v) + ...
Fo(v) = % Cornalba, Costa, Penedones (2007)
F1(v) = see below G. Chirilli and 1.B. (2009)
1 2
2 A—oo: AJS/CFT = F(n,\) = n?—
sinh® v

L.Cornalba (2007)
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Pomeron in a conformal theory

Ay X,Y) T=° %/du fy (W, ))FON, )QUr, v)REO)/2

The function F(v, A) in two limits:

1 A—0: Fr,\) = NFo(v) + A3Fi(v) + ...
Fo(v) = % Cornalba, Costa, Penedones (2007)
F1(v) = see below G. Chirilli and I.B. (2009)
1 2
2 A—oo: AdS/CET =  F(n)) = 72— 4

sinh? rv

L.Cornalba (2007)

We calculate F1(v) (and confirm w1(v)) using the expansion of
high-energy amplitudes in Wilson lines (color dipoles)
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Light-cone expansion and DGLAP evolution in the NLO

kf <“2 i 3

— 1 . - T - >
— J,,,/— _— .

©? - factorization scale (normalization point)

ki > u? - coefficient functions
ki < u? - matrix elements of light-ray operators (normalized at 1)
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Light-cone expansion and DGLAP evolution in the NLO

‘\ k? >p?
[ . M & + ® +
—_— 3
—\i i 7\/— — PP — . e

©? - factorization scale (normalization point)

ki > u? - coefficient functions
ki < u? - matrix elements of light-ray operators (normalized at 1)

OPE in light-ray operators (x—y)> -0

T} = kg [1+ 220002 + O] 67 6 YY) + O )

{X, y} = Peigfoldu (X*Y)”A//(UXJr(l*U)y) . gauge ||nk
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Light-cone expansion and DGLAP evolution in the NLO

‘\ k? >p?
[ . M & + ® +
—
—\/ - \/_ —_— L — —_—

©? - factorization scale (normalization point)

ki > u? - coefficient functions
ki < u? - matrix elements of light-ray operators (normalized at 1)

Renorm-group equation for light-ray operators = DGLAP evolution of
parton densities x—y)2=0

#Zdiuzﬂj(x)[)(» Y (y) = Kiot (X)X, Yo (Y) + asKniot (X)X, Yo (y)
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Expansion of the amplitude in color dipoles in the NLO

Y>n

E % Y<n

The high-energy operator expansion is

T{OXO(y)} = / d?20%2 1'°(z, ) Tr{ U2 U}"}
1 PN ~ A A
+ / 2z d?2,d%z3 IN© (74, 2,, 23)[N—0Tr{T”UZUZT3"T“UZUZTZ"} — Tr{U70}"}]

In the leading order - conf. invariant impact factor

—2,,~2 2 2
X X_7 _

t Yy =21 -2 CCP, 2007
w2222 Xy Vi

Lo =
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

S

)

o

l

12
q
q
qQ
q
nodaoadaoton

|

{ \\v (o]
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{ ]
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i

|. Balitsky (JLAB & ODU) Small-x amplitudesin the next-to-leading order Alfest 23 Oct 2009



DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

i

N
q
g>\/\/\/v\m C
o d o 9
D 0 0
b d O oTTTY
0TTTTO e 9
0 Q 5 Qooomc
g TOTT 16 - 3 g
%‘crcsmrg > q
q 0 g
S Jooooy
s ooooT) 5 d
o q S
T — —
ﬁ \/— Tl —
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

q
q q
W\MQM D :
o qd o 0
o Q :}Uooo
goooowé —> g g
oo T
Boooo b g
o g P
t:// ‘k\/ ﬁ\r L /—
Als) = | 5217 (k)BIT{U(k)UT(=kL)}IB)
U(xy) = P9/ oot AL (Unx ) Wilson line
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Spectator frame: propagation in the shock-wave background

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pé9./ A" Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z free propagation]x
[U%(z,) - instantaneous interaction with the 1 < 1, shock wave] x
[z— vy: free propagation |
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Expansion of the amplitude in color dipoles in the NLO

7 - rapidity factorization scale

Rapidity Y > 5 - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

Ul = Pexp[ig/ du py A (upy + X1

4 .
A = [ et~ e, 0
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NLO impact factor

INLO(

A .
X7Y§21722723§77) = _ILOX_ 2%3 |:|n_Z3__+C

The NLO impact factor is not Mobius invariant = the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of ;2 for usual OPE)

[Tr{UnUTn}]“’“f — Tr{UZ0}"}

d?z3 [Tr{T"07 O} T"0Z 017} — NcTr{07 U17}] 02 O(X?)
/ 253253 e "2

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles

T{OMO(Y)} = / P22, 110(20, 2)Tr{ 07 U}

/ P22z 1NO(21, 25, 7) [—Tr{T”U" O T2 07} — Tr{0Z 0f1)]

T
|NL°:—|Lo /d3 nlzezaszz;f—iwrzc
z%azzs Z35,

The new NLO impact factor is conformally invariant
= Tr{0Z 05" is Mébius invariant

We think that one can construct the composite conformal dipole operator order
by order in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local
operator, the composite local renormalized operator in must be
corrected by finite counterterms order by order in perturbaton theory.
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to 1 and integrate over the gluons with rapidities 1 > 1 > 7. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).
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Evolution equation for color dipoles

To get the evolution equation, consider the dipole with the rapidies up
to 1 and integrate over the gluons with rapidities 1 > 1 > 7. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(n — m2)Kevol ®

[o3e]

o
o
o
3
o
o
\
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Evolution equation in the leading order

d_ . . -
%Tr{uxuj} = KoTr{UUj} + ... =

d A . n
%(Tr{uxug}ﬁhockwave = (KLOTr{UxUj/Dshockwave

U3 = Tr{tPULPU]} = (UU))™ — (UU))™ + ol — n2) (U UJURU)) ™

=- Evolution equation is non-linear
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Non-linear evolution equation

iy = 1= L Tr{00)U ()
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Non-linear evolution equation

ti(y) =1 {00! (01)

asNe [ d%z (x —y)?
[

27 | = 22y = 2P U2 +U(Y) ~U(xy) ~ Uk 20(z)}

d -
%U(X7y) -

|. Balitsky (JLAB & ODU) Small-x amplitudesin the next-to-leading order Alfest 23 Oct 2009 20/ 47



Non-linear evolution equation

ti(xy) =1 {00! (51))

d - asNe [ APz (x—y)? - 5 . . .
g0y = G [ (i) +litzy) ~ dixy) ~tioe iz}
LLA for DIS in pQCD = BFKL (LLA: as < 1, an ~ 1)
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Non-linear evolution equation

iy = 1= L0000 ()

d - asNe [ d’z(x—y)? (.- . . . .
0y = G [ s (i) +tiey) ~ tiey) ~Uix 2izy)}
LLA for DIS in pQCD = BFKL (LLA: a5 < 1, ag) ~ 1)

LLA for DIS in sSQCD = non-linear eqn (LLA: as < 1, agn ~ 1, asAY3 ~ 1)
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The story of the non-linear evolution at high energies

m L.V. Gribov, E.M. Levin, M.G. Ryskin (1983) - GLR equation suggested
m A.H. Mueller, J. Qiu (1986) - DLA limit of GLR equation proved

m A.H. Mueller + Nikolaev, Zakharov (1994) - dipole model for the high-energy
scattering

I.B. (1996) - NL evolution equation for Wilson-line operators

Yu.Kovchegov (1999)- evolution equation for the structure functions of
heavy nuclei

m JIMWLK (1997-2000) - RG equation for Color Glass Condensate
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Conformal invariance of the non-linear equation

Formally, a light-like Wilson line
. [e.e]
[oopy + X1, —oop1 + X1 ] = Pexp {lg/ dxt A+(x+,xl)}
—0o

is invariant under inversion (with respect to the point with x~ = 0).
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Conformal invariance of the non-linear equation

Formally, a light-like Wilson line
. [e.e]
[oop1 4 X1, —oopy + X1 | = Pexp {Ig/ dx* A+(x+,xL)}
—0o
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x,)? = —x2 = after the inversion x; — x, /x% and x* — x* /x%
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Conformal invariance of the non-linear equation

Formally, a light-like Wilson line
. [e.e]
[oop1 4 X1, —oopy + X1 | = Pexp {Ig/ dx* A+(X+7XJ_)}
—0o
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x1)2 = —x2 = after the inversion x; — x, /% and x* — x*/x¢ =

[0 Xt xt xi X1 X1
[cop1+X1, —ocop1+X.] — PeXp{'Q/_Oodg M(g:g)} = [Oolerg,*OOlerg}
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Conformal invariance of the non-linear equation

Formally, a light-like Wilson line
. [e.e]
[oop1 4 X1, —oopy + X1 | = Pexp {Ig/ dx* A+(X+7XJ_)}
—0o
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x1)2 = —x2 = after the inversion x; — x, /% and x* — x*/x¢ =

[ Xt xt xi X1 X1
[cop1+X1, —ocop1+X.] — PeXp{'Q/_Oodg M(g:g)} = [Oolerg,*OOlerg}

=The dipole kernel is invariant under the inversion V(x,) = U(x, /X3 )

d i Os '’z (x—y)? 7 ,i, 7;7
d—]/Tr{VxVy} 22 —mm{vxvz FTr{VzVy } — NeTr{VyVj }]
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Conformal invariance of the non-linear equation

SL (2,C) for Wilson lines
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Conformal invariance of the non-linear equation
SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) S =

S = (P —iP?)

2
[S.S5:] = =5, —[S+ S1=%
[5.,0(z2)] = 2282( 2, [SU@z2]=20(z2, [5:,0(z2)]=-00(z2)

Conformal invariance of the evolution kernel

d .
%[&, Tr{UUJ}] =

Ofch

/de XY, 2)[S-, T{U U} Tr{U, U }]

20 20 20 _
é[x 8x+y26y+ 8Z}K(x,y,z)_0
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Conformal invariance of the non-linear equation
SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) S =

S = (P —iP?)

2
[S.S5:] = =5, —[S+ S1=%
[5.,0(z2)] = 2282( 2, [SU@z2]=20(z2, [5:,0(z2)]=-00(z2)

Conformal invariance of the evolution kernel

d .
%[&, Tr{UUJ}] =

Ofch

/de XY, 2)[S-, T{U U} Tr{U, U }]

20 20 20 _
é[x 8x+y26y+ 8Z}K(x,y,z)_0

In the leading order - OK. In the NLO - ?
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Non-linear evolution equation in the NLO

d

%Tr{UXUJ} =
d*z (x—y)?
/ o2 <as(x ~22z—yP + adKnio(x ¥, 2) | [Tr{UUS}Tr{UUJ} — NeTr{UU]}] +

o? / d?zd?Z (K4<x, ¥,2Z){Uyx, U}, Uz, UJ} + Ke(x, Y, 2. Z){Uy, UL, Uz, Uz, U], u;}>

KnLo is the next-to-leading order correction to the dipole kernel and K4
and Kg are the coefficients in front of the (tree) four- and six-Wilson line
operators with arbitrary white arrangements of color indices.

|. Balitsky (JLAB & ODU) Small-x amplitudesin the next-to-leading order Alfest 23 Oct 2009 26/47



Definition of the NLO kernel

In general

d__ oo o .
d—”Tr{Uxu;} = asKLoTr{UUJ} + aZKnoTr{U U]} + O(ag)
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Definition of the NLO kernel

In general

}:(1,SKLoTr{UXU)T,} : (1§KNLOTI’{UXU;} - O((\g)
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Definition of the NLO kernel

In general

d__ oo o .
d—I/Tr{Uxu;} = asKLoTr{UUJ} + aZKnoTr{U U]} + O(ag)

N d N N
a2KnLoTr{UU]} = %Tr{UXUJ} — aKLoT{U, U} + O(ad)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnLoTr{U0]}) = %(Tr{oxom — (asKLoTr{Ux0]}) + O(ad)
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Definition of the NLO kernel

In general

d_ oo . R

5. U]} = asKioTr{U:U]} aZKnLoTr{UxUJ} + O(ad)
1
2 3,00 = 910,00 3,01 3
aSKNLoTr{UXUy} = %Tr{UXUy} — asKLoTT{UXUy} + O(Oés)

We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnLoTr{U0]}) = %(Tr{oxom — (asKLoTr{Ux0]}) + O(ad)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)

1 o .
= M . prescription in the integrals over Feynman parameter v

Typical integral

1 {l} B im(kfp)2

-1
dv =
/0 (k—p2v+pi(1-vlv p? p?
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) RO (i - V) - o)
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Diagrams for 1 —3 dipoles transition

?Q’ (XXXT) ‘ (XXXt - Oy o (XXXIV)
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"Running coupling” diagrams

[
% 0

v
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1 — 2 dipole transition diagrams
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N = 4 diagrams (scalar and gluino loops)
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Evolution equation for color dipole in N=4

—Tr{UZU 1

- /d2 1—“5N°[ 2B 253}}
2%32%3 4m 2%2 Z%z

[Tr{T207 UjrT207 U7} — NcTr{U7 U7}]

of [FPndu 7,7, [l+ 202 } In 3%,

47t ng Z§3Z%4 Z§3254 - 2%32%4 2%42%3

x Tr{[T3, T?)07 T¥TY 07 + TPT207 [T, T¥]0f7}(07)% (0, — 0g)*

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o« < o = €% in the rapidity
of Wilson lines.
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Evolution equation for color dipole in N=4

—Tr{UZU 1

- /d2 1—“5N°[ 2B 253}}
2%32%3 4m 2%2 Z%z
[Tr{T207 UjrT207 U7} — NcTr{U7 U7}]
of [FPndu 7,7, [l+ 202 } In 3%,
47t ng Z§3Z%4 Z§3254 - 2%32%4 2%42%3
x Tr{[T3, T?)07 T¥TY 07 + TPT207 [T, T¥]0f7}(07)% (0, — 0g)*

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o« < o = €% in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mobius invariant
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Evolution equation for composite conformal dipoles in N=4

d [Tr{U" UT"}]OOnf

agNe 7

2 Uy J,.U ~m 1y tn ] conf
/d 2%325 17 4 3}[Tr{TaU’i Uia]TaU@UZ]}*NcTr{UZUizi}]

ag 22 2 n lZZ§>4 12212%4 n2§.3z%4
i [tz Zg fan T2 [ g g 22

x Tr{[T3, T?)07 T¥ TY 07 + TPT207 [T, T¥)0§7}[(07)% (01 — (24 — 23)]

Now Mobius invariant!
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NLO BFKL equationin N =4 SYM

To find A(x,y; X, ¥') we need the linearized (NLO BFKL) equation. With two-gluon
accuracy

Uxy) =

1-— . 1Tr{u;7u§"}

Conformal dipole operator in the BFKL approximation

UL i(z,2) = U"( 21,22)+ /dz aziz UTI (z1,23) -H/[ (z2,23)— an(21,22)]
o 2.2 " 2,2,
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NLO BFKL equationin N =4 SYM

To find A(x,y¥; X, ¥) we need the linearized (NLO BFKL) equation. With two-gluon
accuracy

u(xy) = Tr{U70)"}

1-—
N2 -1
Conformal dipole operator in the BFKL approximation

Ul (z1,2) = U'( 21,22)+ / d’z Z% z% az%z U (21, 23)+U" (22, 23)—U" (22, 22)]
3923

"2.2,!

Define

Ui (21, 22)

I aSNC 2 Z%Z aezn 2%2 1 YU YU
= UNz,2) + /d z In U (z1,23) + U2, 28) — U (21, 22)] + ...
42 a2y Zigly

such that d%] 2 .(z1,22) = 0.

=The evolution can be rewritten in terms of a
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NLO BFKL equationin N =4 SYM

NLO BFKL
d “a
ad*auconf (21, 22)
asN z asNe 727~ N N
= 2= / P20 5% [1- TG e (2120 + U (22:20) — U (212

ONZ [Pre By, BB ) BB BB
Vo | 4 Aa et ag” %] " G, 202

3 2N2
- C( ) conf(zl 22)

Eigenfunctions are determined by conformal invariance

Zip (HvER [ 21 13t
E,n(Z10,220) = [~ = ] [_ = ]
210220 210220

The expansion in eigenfunctions

2 A -
Z/{mnf 21722 = /d /dV Eun 710, 220) Zo,0N = aﬁu%,,,n = (:J(ﬁ7 V)uz%%n

w(n,v) = pomeron intercept = eigenvalue of the BFKL equation
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Pomeron intercept

Pomeron intercept = the eigenvalue of the BFKL equation

s(n, % + iu)},

1. N
w(nv) = %Nc{x(n,z—i—lu)—i—as ¢
2

s
T

= X(,7) = x"(n,y) — 20(n,y) — 20(n, 1 — )

5ny) = &3 - %

where 7 = £ + iv and

x(0,7) = 20(1) = ¥y + 3) — b1 -7+ 2)
1 71-2
B(n ) — /Old_ittwwg{ﬁféz// ”;1) ~ Lia(t) — Lig(—t)
[e'S) —t)k 9] tk .
(vt 1) — @) @)+ S L) int - 1 (14
( kz:;k+ n) g(lw n)2 }
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Pomeron intercept

Pomeron intercept = the eigenvalue of the BFKL equation

Oéch
4m

1 1
winv) = %NC[X(n,E—i—w)—i— 5(n,§+|u)],

w2

3(n,7) = 6¢(3) — Zx(n7) —x7(n,7) — 28(n,7) —2¢(n,1-7)
where v = +iv and
x(0,7) = 26(2) = ly + 2) ~ b2 -7+ 7)

1 2
amy) = | Wt T 2y (M)~ Ligft) — Lig(-

o 1+t 12 2 2
~ (¥ + 1) = (@) + @+ + ii)k)lnt— P, 511 (-1}
— k+n — (k+n)

Coincides with Lipatov & Kotikov

Agrees with | — 1 asymptotics of 3-loop splitting functions
Vogt, Moch, Vermaseren,(2003)
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NLO impact factor

X — YAT{OXO(y)} / d?2,d%2, R? {um“f(zl,zz)

2
ki {In 825 iﬂ] U™ (21, z3) + U (25, 25) *Z)conf(zl’zzﬂ}

Bz | ZaZ

Y?*23,

Z5

- conformal ratio

R:xw

With two-gluon accuracy

(=Y TIOMOY) = - [dadz R? {1
4Lir(1-R) — 2% +2(In % + 712 2)In %}gconf(zbzz)

X”* (analog of y2 = Q?

-l

The impact factor should not scale with energy = a =
in DIS)

(x=*T{O(XO

Pz, d? A
. —/ a9z {1- s [4Li(1-R)

- +2

Z;T (In%+%—2)(In%—|7r—4In2+2C)]}Zf{°°“f(zl,zz)

Alfest 23 Oct 2009

Small-x amplitudes in the next-to-leading order
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NLO impact factors

The projection onto the conformal eigenfunctions <ZZZIZZ% ) (y=31+iv):
10720

2

l{z Y ~
[dndztx - T(0%0) (f;%) = (e gp) Mot + Lot W20 7)

U(zo,) /d Zldzzz(zgozgo) (z1,2)

o) = Frpr gL+ T2 )
— im w2
ot = —oato (w0 + -7+ 22X -G 0 - )
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NLO impact factors

The projection onto the conformal eigenfunctions <Z§% ) (v = % Fiv):
10720

/{2 Y ~
[dndztx - T(0%0) (f;%) () o) + o) (20,7),

(2r - Co)
U(zo,) /dzzldzzz(zgozgo)ﬂ/ (z1,2)

o) = P

FA+Nr2-7)

1-x(v)

im w2
T P50 - F)

o) = gt fo(¥ () + v/ -+

Similarly “normalization point” for the bottom IF is b = ﬁ

2

[endzx —yyTiORI0H (ijgo) T () o) + oIV,

2k - (o)?
f/(zo,w):/dzzldzzz( 2, ) V(z1,2)

ZoBo
I2(1+7)
to() = T2t ZW)F(l +7(2-7)

2
o) = —atto(v) +va-1) + T2 - +0 - )

|. Balitsky (JLAB & ODU) Small-x amplitudes in the next-to-leading order Alfest 23 Oct 2009



Assembling NLO F(v)

The last ingredient is the amplitude of scattering of two conformal dipoles
(v= % +iv)
(U3 (20,7)V°(25,7)) = (v — v')é(20 — 2) (ab) ) [ALo(7) + AnLo(7)]
L(—)l(y-1) A xtv)
F(1+y)rC2-7) Auo(7) = =7 7A0 [7(1 — E]

. . o XyY+ Xy _
With our choice a= (20, b= =5 ab=R=

Ao(y) =

(U(20,7)V(2,7)) = 8(v — 1)5(20 — Zp) R [ALo(7) + Ao(7)]
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Assembling NLO F(v)

The last ingredient is the amplitude of scattering of two conformal dipoles
(v= % +iv)
(U3 (20,7)V°(25,7)) = (v — v')é(20 — 2) (ab) ) [ALo(7) + AnLo(7)]
L(—)l(y-1) A xtv)
F(1+y)rC2-7) Auo(7) = =7 7A0 [7(1 — ?]

. . o XyY+ Xy _
With our choice a= (20, b= =5 ab=R=

Ao(y) =

(U(20,7)V(2,7)) = 8(v — 1)5(20 — Zp) R [ALo(7) + Ao(7)]

Now one can assemble F(v) in the next-to-leading order

F(v) = FLo(v) + AFnio(v) + O(Az)
FLo(v) = Ifo()ALo(¥)IEo(v),

Faio(v) = IRLo()ALo(¥)180 + 1o () Ano()IEo + IRLo(¥)ALo (V) IRLo()
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In QCD

DIS structure function Fz(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Composite “conformal” dipole

[tr{U,, 0%}

— w{0g001} — == / &’z 2, [tr{ 02,0573t { 0,057} — Netr{U2.0§7}]

2%32%3 2%32%3

Photon impact factor

X VST ) = & / P82 231+ 0fay)]

Uconf(ZLZz)a Xt Oy [_ 2(k - Q1) (k- G2) + K2 (G- C2)]

NLO impact factor: work in progress.
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NLO evolution of composite “conformal” dipoles in QCD

«
a—[tr{Uzlu S =55 / &’z ([tr{uzluf}tr{uz3u;2}—thr{uzluiz}]gmf

2
zfzz [+ Frongst 202 T 5]
i { { _ 9 25°B3 + 5,703 — 42,2 In 22 Z%a}
Z, 22325 — Z,733) 2,75
x [tr{Uz Uf Hr{Uz U] }{U, UL} — tr{U, U] U, UL U UL} — (22 — 23)]
22 z, 2,2 zZ
b gty
x [tr{Un U Hr{Uz U} }tr{U, UL} — tr{U, U}, U, U}, UZ4U23} (24 — 23)]}
b— 11NC

KnLo = Running coupling part + Conformal "non—analytlc (|n j) part
+ Conformal analytic (N = 4) part

Linearized Kyio reproduces the known result for the forward NLO
BFKL kernel.
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Argument of coupling constant

d -
%U(zl, ) =
as(?1) Z, ; ; .
dz; Zj_, Z3 -|- I/{(Z3, 22) U(Z]_, Zz) — Z/{(Z]_, Zg)U(Zg, Zz)
271'2 2%32%3{ }

|. Balitsky (JLAB & ODU) Small-x amplitudes in the next-to-leading order Alfest 23 Oct 2009 44147



Argument of coupling constant

d -~
%U(zl, ) =

0s(71)Ne dzs 252{ Uz, 23) + U(z3, ) — If{(zl,zz)—0(21,23)2/?(23,22)}

22 2%32%3

Renormalon-based approach: summation of quark bubbles
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Argument of coupling constant

d -~
%U(zl, ) =

0s(71)Ne dzs 252{ Uz, 23) + U(z3, ) — If{(zl,zz)—0(21,23)2/?(23,22)}

22 2%32%3

Renormalon-based approach: summation of quark bubbles
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Argument of coupling constant

Bubble chain sum:

d 4 Tr(00L} - S(Ziz) / 0z [Tr{0, U3} Tr{0,, 0%} — NeTr{U, UL }]

Z%z s( ﬁ ) 045(2%3)
[z§3z§3 Z%3< (Zs) 1> Z§3<0‘5(Z%3) - 1)} N

[.B.; Yu. Kovchegov and H. Weigert (2006)
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Argument of coupling constant

Bubble chain sum:

d 4 Tr(00L} - S(Ziz) / 0z [Tr{0, U3} Tr{0,, 0%} — NeTr{U, UL }]

Z%z s( ﬁ ) 045(2%3)
[z§3z§3 Z%3< (Zs) 1> Z§3<0‘5(Z%3) - 1)} N

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

%@2)% |z12| < |213], | 23]
2

%132%3) |z13| < |712], | 23]
2

%23253) |203| < |212], |213]
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Argument of coupling constant

Bubble chain sum:

d 4 Tr(00L} - 5(222) / 0z [Tr{0, U3} Tr{0,, 0%} — NeTr{U, UL }]

Z%z s( ﬁ ) 045(2%3)
[2%32%3 Z%3< (Zs) 1> Z%3<0‘5(Z%3) - 1)} N

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

%@2)% |z12| < |213], | 23]
2

%1:23) |z13| < |712], | 23]
2

%23253) |203| < |212], |213]

= the argument of the coupling constant is given by the size of the
smallest dipole.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO kernel for the evolution of conformal composite dipoles
in N =4 SYM is M6bius invariant in the transverse plane.

m The NLO kernel agrees with NLO BFKL eigenvalues.

m The NLO kernel in QCD is a sum of the conformal part and
running-coupling part.
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Happy Birthday!
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