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• A bit of physics in tribute on a birthday.

I. “ From the Mueller files” and factorization

II. Factorization: the classical story

III. Some recent thoughts on factorization in pQCD

IV. Glancing back and looking forward
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• From the Mueller files: groundbreaking work that evolved into
the idea of factorization at the cusp of the standard model.

• (In the spirit of the season . . . ) loading the bases for the
home run of asymptotic freedom:
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The missing fixed point . . .

. . .
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• Opening the door to the final state . . .
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• Including the factorized “distribution function” in a picture

• Produced hadron q only traces its lineage back to a single
“ancestor,” k. All the rest of history is forgotten (the blob
on the left). This is the essence of factorization.
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• And a little later its evolution . . .

• Here Al cites advances in understanding factorization in gauge
theories. How is factorization consistent with long-range forces?
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II. Factorization as a classical story

• Its physical basis in hadronic collisions

x,y,z,t

q
β 1

x , y , z , t

x3cβt -−∆= ∆ ≡ x′3 − βct′

• Why a classical picture isn’t far-fetched . . .

The correspondence principle is the key to
to IR divergences.

An accelerated charge must produce classical radiation,

and an infinite numbers of soft gluons are required
to make a classical field.
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• Transformation of a scalar field:

φ(x) =
q

(x2
T + x2

3)1/2
= φ′(x′) =

q

(x2
T + γ2∆2)1/2

From the Lorentz transformation:
x3 = γ(βct′ − x′3) ≡ −γ∆.

Closest approach is at ∆ = 0, i.e. t′ = 1
βcx
′
3 .

The scalar field transforms “like a ruler”: At any fixed
∆ 6= 0, the field decreases like 1/γ =

√
1− β2.

Why? Because when the source sees a distance x3,
the observer sees a much larger distance.
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x,y,z,t

q
β 1

x , y , z , t

x3cβt -−∆=

field x frame x′ frame

scalar q
|~x|

q
(x2

T +γ2∆2)1/2

gauge (0) A0(x) = q
|~x| A′0(x′) = −qγ

(x2
T +γ2∆2)1/2

field strength E3(x) = q
|~x|2 E′3(x

′) = −qγ∆
(x2

T +γ2∆2)3/2

Gauge fields : E3 ∼ γ0, E3 ∼ γ−2

• The “gluon” ~A is enhanced, yet is a total derivative:

Aµ = q
∂

∂x′µ
ln

(
∆(t′, x′3)

)
+O(1− β) ∼ A−

• The “large” part of Aµ can be removed by
a gauge transformation!
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• The “force” ~E field of the incident particle does not
overlap the “target” until the moment of the scattering.

• “Advanced” effects are corrections to the total derivative:

1− β ∼
1

2

√1− β2
2 ∼ m2

2E2

• Power-suppressed! These are corrections to factorization.

• At the same time, a gauge transformation also induces
a phase on charged fields:

q(x)⇒ q(x) ei ln(∆)

Cancelled if the fields are well-localized ⇔ σ inclusive
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• Initial-state interactions decouple from hard scattering

• Summarized by multiplicative factors: the parton distributions

• But what about cross sections where we observe specific
particles in the final state? Single hadrons, dihadron
correlations, etc? Why does an outgoing hadron only know
about a cut vertex?
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• Much of the same reasoning holds:

x < βc t3

• Subtle but important difference: ∆ changes sign in the final
state.

• Then the gauge function in ln(∆) gets an imaginary part.

• q(x)⇒ q(x) ei ln(∆) no longer a pure phase.

• Mismatch between initial- and final-state interactions.

• Indicates physical effects in the final state.
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• Still cancels at high pT for single hadrons, but not in general
for distributions of momentum pairs.

But for single-particle inclusive . . .

Interactions after the scattering are too late to affect
large momentum transfer, creation of heavy particle, etc.
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III. Factorization: some recent thoughts

• The ongoing saga in brief:

The late seventies: classifying soft and collinear singularities

The mid eighties: cancelling soft gluons

– Light-cone ordered forms for amplitudes (viz. Koplik and
Mueller) H is the hard-scattering – defines initial- and final
states.

– Separates amplitudes M at fixed transverse momenta into
initial and final states (sj ≡ ∑

i∈j k
2
it/2k

+
i , E a source of

soft gluons):

M(pt) =
∫
q E

(f ′)
M ({qa, qb})

∏
i<H

1

(− ∑
a∈i q+

a − si + iε)

× ∏
j>H

1

(∑b∈j q+
b + k+

NT
− sj + iε)

.
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• The big issue: single diagrams in covariant perturbation the-
ory that include linear superpositions of initial- and final-state
gluon exchanges (“Glauber” or “Coulomb” gluons).

“initial” “final”

!

There is no longer a single “phase” to eliminate both initial-
and final-state non-factoring guons.

The essential point: final state singularities cancel in the sum
over final states. So it’s really an initial-state phase.
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• And the past few years: revisiting (sometimes rediscovering)
the old arguments

– A renewed interest in the context of “soft-colinear effective
theories” [Bauer, Fleming, C. Lee, Rothstein, Stewart et al.]

– and extensions to factorization at fixed transverse momen-
tum

– Back to those Glauber/Coulomb gluons. [S. Mert Aybat and GS] OK,
they cancel, but what do they do before they cancel?
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• “Causal identity”: Makes LC momentum integrals converge
(no “pseudo-collinear” subtractions necessary)

n∑
a=0

a∏
k=1

1

(− ∑k
i=1 k

+
i )

n∏
l=a+1

1

(∑nj=l k+
j )

= 0 ,

LCOPT only for the Green lines; then at fixed k and k′:

+ + =0
k k
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• What’s left over in the amplitude: phases for each spectator.

M(pa, {pt}) = 〈0|Φ(f ′)(0,−∞)Cf ′f(pa) Φ(f)(0,−∞)

× ∏
t

∫
d2xt e

ipt,⊥·xtW (t)
− (xt)|0〉Ψf({p−t, xt}) ,

• with Ψf({p−t, xt}) a light-cone wave function,

• in (⊥) convolution with Wilson lines,

W
(t)
− (xt) = Φ(t)(∞, xt)Φ(t)(xt,−∞) .

• Perhaps a link to dipole-based pictures of hadron-hadron
scattering.
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IV. Glancing back (with admiration) and looking forward

• What a turn-out!

• In recognition of a founding role in modern strong interaction
physics, seeing us through from Regge to gauge theory and,
who knows, to string pictures that combine them,

• and a key role in the evolving reengagment particle
and nuclear physics,

• for giving us so many ideas to build on, and for finding depths
in our ideas we didn’t know were there,
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• for terrific ideas and terrific students that and who just keep
coming,

• all for as long as I can remember, and then some,

• and in tribute to the physics, to the encouragement
and the generosity,

• and for just generally showing us how to
do science with style . . .
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• Here’s a toast to you, Al . . .

• Happy birthday! . . . and many, many more . . .
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• happy occasions for you and Julia . . .
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