
FEMTOLENSING 
REVISITED 

ANDREY KATZ  

BENASQUE, MAY 7, 2018

Works in progress with J. Kopp, S. Sibiryakov and W. Xue  



OUTLINE 

• Femtolensing: how does it work?  

• Motivation: the dark matter  

• Femtolensing of ultra-compact minihalos — (future) data analysis 

• Going beyond: speculations about FRB’s 

• Conclusions and outlook

�2



WHAT IS LENSING? 

Lens

D0S

D0L

DLS

θ
β α̂

Lens equation:  

h Ñ �1�1, �1 Ñ jjj (128)

h Ñ ss, aa, Za (129)

W “ �HuHdS ` 

3
S
3 (130)

Vsoft “ soft masses ` A ´ terms (131)

m
2
h “ m

2
tree ` 3y2t

4⇡2
cos2 ↵ m

2
t

ˆ
log

m̃1m̃2

m
2
t

` A ´ terms

˙
` 2 ´ loops (132)

mh « 125 GeV (133)

✓ “ � ´ ↵̂p✓q ˆ Ds

DLS
” � ´ ↵p✓q (134)

9

reduced deflection angle 
�3



THE EINSTEIN RADIUS 
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Characteristic distance from the (point-
like) lens to the ray of light



MICRO-, PICO-, FEMTO-LENSING 

BELOW THE TWO-IMAGES RESOLUTION SCALE

WE SHOULD NOT NECESSARILY RESOLVE BOTH IMAGES TO LENS HEAVY OBJECTS: 
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Magnification of (unresolved) object: function 
of time

Detect magnification as a function 
of time. Typical scale of the 

Einstein angle — micro- arcsecond
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Can we go below the micro-arcsec?

• pico — magnification from 
different points, separation ~1 AU 

• femtolensing — interference 
picture of the two rays



FEMTOLENSING: THE INTERFERENCE PICTURE

The phase shift of each ray: 
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Do observe the modulation in the frequency space, this must be ~1.

Scale estimations for GRB:
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with the GRB we probe the BHs with masses 
of order 10-14…10-17 solar masses



FEMTOLENSING: OBSERVATIONS UNTIL NOW
6

' which makes the curvature perturbations locally maxi-
mized. We refer to the point at which the perturbations be-
come locally maximized as the inflection point. Since the
inflection point corresponds to the point of V
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Then we can evaluate the power spectrum at the inflec-
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sponding to the inflection point. We can see that, in order
to produce the sizable amount of PBHs with this mecha-
nism, c ⇠ v

4 is required. Note that the perturbation peak
produced by this mechanism is broad compared with that
produced by the second mechanism because these peaks
are related to the dynamics of ' during its slow-roll. The
tilt of the power spectrum of the curvature perturbations
are determined by the slow-roll parameters as

ns �1=�6✏+2⌘, (22)

where ns is defined asP⇣(k )/ k
ns�1 and the slow-roll pa-
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The slow-roll parameters are expected to be small during
the inflation.

The second mechanism is related to the Hubble-induced
mass during the oscillation of � . During the pre-inflation,
the Hubble-induced mass of ' is given by m

2
' = 3cpotH

2,
where H is the Hubble parameter. Meanwhile, during the
oscillation of � , the effective Hubble-induced mass of '
is given by m

2
' =

3
2 (cpot + ckin)H 2. If cpot + ckin ' 0 is sat-

isfied, the superhorizon perturbations of ' can avoid the
damping during the�-oscillation phase because the effec-
tive mass of ' disappears at that time. This means that
the perturbations of ' which is superhorizon at the oscil-
lation phase are effectively enhanced. On the other hand,
the subhorizon perturbations at the oscillation phase are
not affected by the cancellation of Hubble-induced mass.
Therefore, when cpot+ ckin ' 0 is satisfied, the sharp damp-
ing of the curvature perturbations appears at scales be-
low the horizon scale at the oscillation phase. Of course,
the perturbations which exit the horizon well before the
oscillation phase is damped by the Hubble-induced mass
during the pre-inflation. From these discussions, we can
expect the sharp peak of curvature perturbations around
the horizon scale at the �-oscillation phase. Note that the
peak produced by this mechanism can be sharp because
the peak is related to the dynamics of � during its oscilla-
tion (see also App. B in [34] for the detail explanations of
this mechanism).

Suppose that the parameters of our double inflation are
taken so that these two mechanisms work simultaneously.
Then the light PBHs correspond to the perturbation peak
produced by the first mechanism and the heavy ones cor-
respond to that produced by the second mechanism. Thus,

FIG. 2. The PBH mass spectrums ( f (M ) ⌘ 1
⌦DM

d⌦PBH
d ln M

) for pa-
rameters given in Eqs. (23) (a blue solid line) and (24) (a brown
solid line). The red shaded regions show the observational con-
straints on the monochromatic mass function. The bound-
aries of the red shade regions correspond to fobs(M ), which
are defined in Eq. (12). These constraints come from the
observations of the extra-galactic gamma-rays from the PBH
evaporation (EG�) [62], the femtolensing events (Femto) [61],
the microlensing events with Subaru HSC (Subaru HSC) [4],
with Kepler satellite (Kepler) [55], with MACHO/EROS/OGLE
(MACHO/EROS/OGLE) [52–54], the variation of CMB spectrum
(a,b) [63, 64], the radio and X-ray from accretion (c,d) [65, 66], the
dynamical heating of dwarf galaxies and ultra-faint dwarf galax-
ies (e,f) [67, 68], and the distribution of wide binaries (g) [69]. The
red dotted line shows the uncertain constraint of HSC [4] because
of the wave effect [56–58]. The orange shaded regions show the
constraint from the existence of white dwarfs in our local galaxy
(WD) [51], which is neglected in Case 2, and the constraint of Sub-
aru HSC in 2⇥10�11

M� <MPBH < 2⇥10�10
M�, which is neglected

in Case 1 (see text).

in our double inflation model, the lighter PBHs have a
broad spectrum while the heavier ones have a sharp spec-
trum. It is tempting to consider that the perturbation peak
corresponding to the O (10�13)M� PBHs is broad and the
peak corresponding to the O (10)M� PBHs is sharp. Here,
let us recall the fact that the peak of curvature perturba-
tions which produces the O (10)M� PBHs must be sharp
owing to the constraints from the induced GWs and the
CMB spectral distortion/BBN. On the other hand, the peak
which produces the O (10�13)M� PBHs can be broad. From
above discussions, one can see that the double inflation
model is appropriate for the scenario where the PBHs as
DM and PBHs for LIGO events coexist.

Concrete parameters. In this subsection, we show
concrete parameter sets with which the double inflation
model produces the sizable amount of PBHs withO (10)M�
and O (10�13)M�.

Here, we show the successful parameters in the two
cases, which are mentioned in Sec. III.

Case 1 : We neglect the constraint of Subaru HSC below
2⇥ 10�10

M�. In this case, the successful parameters are as

Nominal femtolensing constraints

Origin of the bound: analysis of 
Barnacka, Glicenstein and Modesrki 

(2012) based on 37 Fermi events with 
known z.  

Can we rely on all of them? 

Note that this region, although nominally 
“excluded” by HSC Subaru is kept blank. 
Here λ > Rs. Why does this matter. What 

are the implications on femtolensing? 

Are the sources really 
pointlike projected on the 

lens plain? 



GEOMETRIC OPTIC APPROXIMATION 

IS THE STORY CORRECT?

FULL EXPRESSION FOR THE WAVEFUNCTION MAGNIFICATION (FRESNEL 
INTEGRAL):

Finally the time delay of the ray due to the distance change and the gravitational redshift in

the vicinity of the massive object is
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2 Breakdown of the Geometric Optics Limit

The formalism that we have outlines in the previous section is excellent in the geometric optic

regime, however this regime is not always a valid approximation in the cases of both microlensing

and femtolensing. Here we will overview the full wave optics approach, as well its geometric

optics limit following the review of [2] and the related work on the lensing of the Gravitational

waves, where the waves optics is an essential ingredient [3]. In this approach the amplification

factor, namely the ratio between the wavefunction a↵ected by the lensing and the unperturbed

wavefunction reads:2
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Z
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with �t being a time delay from Eq. (19). Of course the final magnification of the object is

expected to be |F |2.

The geometric optics approach, described in the previous section is nothing but merely a

saddle point approximation of this integral that we expect to be valid when !�t � 1. At this

point it is worth remembering that the typical time delay, as it follows from Eq. (19) when we

take into account that  ⇠ ↵2 ⇠ ✓2E reads
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c
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where Rs is simply a Schwarzschild radius of a BH. Further taking into account that ! = 2⇡c/�

we finally get the following validity condition for the geometric optic appriximation:

4⇡Rs � � . (22)

This condition is not trivial and it is not always satisfied. We compare these quantities in the

range, that is relevant to the femtolensing on Fig 1

Assume first that the condition (22) holds and we are allowed to perform the saddle point

approximation. In this case the saddle point approximation reads:

@✓i�t = 0 . (23)
2These references work in conventions G = c = 1. I would prefer to restore the normal units.
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geometric optics = saddle point approximation
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Notes on Gravitational Lensing

1 Generic aspects of Gravitational Lensing

In this section we largely rely on the review [1]. We work in the expanding Universe conformal

metric

ds2 = a2(⌘)(�d⌘2 + dw2 + w2d⌦2) , (1)

where ⌘ is a conformal time, w is a comoving radius and a(⌘) is an expansion parameter. We

have neglected the spacetime curvature K, assuming the flat spacetime. As usual, the conformal

time is related to the real time by dt = ad⌘.

The basic quantity we would be interested in is the deflection of the ray of light from the

straight path due to the energy density distributions. In other words, we would like to find the

reduced deflection angle ↵ in the lens equation

�i = ✓i � ↵i(✓j) (2)

where � is a “real” source angle and ✓ is the observed angle. The solution of this equation for ✓

will give us the location of the image, detected by the observer. The deflection angle can always

be derived as a di↵erential of the reduced lensing potential, given by

 (✓j) = 2

Z ws

0

dw0(ws � w0)

wsw0 �(w0✓j, w0) . (3)

In this expression � stands for the Newtonian Gravitational potential that satisfies the ordinary

Poisson equation

52� = 4⇡G⇢ (4)

and ✓j are the two coordinates in the plane of the lens, rescaled with the comoving distance w.

It is also useful to define the transformation matrix of the image

D' =
@�i

@✓j
=

 
1 � � �1 ��2

��2 1 � + �1

!
(5)

The convergence  is responsible for stretching of the source image isotropically, while the shears

� are responsible for its distortion. Also, it is important to notice that the convergence and the

reduced lensing potential are connected by the 2D Poisson equation

52
✓ = 2 . (6)

1

Saddle point approximation is exactly equivalent to the lens equation
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VALIDITY OF THE SADDLE POINT APPROXIMATION
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with 

Is it relevant for the femtolensing? 

Schwarzschild radius  

typical wavelengths

In the bulk of the femtolensing 
range wave optics effects cannot 

be neglected



WHY FEMTOLENSING? DM MINICLUSTERS
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AXIONS AS THE BENCHMARK POINT 

Assume PQ symmetry breaking after the inflation:

θ = 0.94

2.01 0.63
1.84

1.240.96

2.69
1.12

During the PQ PT: ma = 0

𝜃 can be anywhere in the range between -𝝅 
and 𝝅. These values vary spatially in the 

Early Universe. 

After the axions get their masses from the 
QCD instantons, the energy density is 

h Ñ �1�1, �1 Ñ jjj (128)

h Ñ ss, aa, Za (129)

W “ �HuHdS ` 
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E „ 10 keV ñ �t „ 10´19 sec ñ M „ 3 ˆ 10´15
Md (139)

⇢a „ ⇤4
QCD✓

2 (140)
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This variance in initial values of 𝜃 leads to tiny density density fluctuations in 
the radiation dominated Universe, but 𝓞(1) in axion energy density



AXIONS AS A BENCHMARK

�11

At matter-radiation equality the density perturbations are 𝓞(1) and they start 
collapsing into mini-clusters. 

3

is left with large amplitude isocurvature fluctuations on
the horizon scale. These fluctuations of order fa between
horizon volumes provide the initial conditions for the ax-
ion field on small scales. It is these fluctuations that sub-
sequently evolve into gravitationally bound miniclusters.
Thus, as long as fa is low enough that SSB occurs dur-
ing the normal thermal evolution of the Universe, then
miniclusters are a logical possibility.

The time t0 when the axion mass becomes significant
is given by 3H(t0) ⇡ ma, with H the Hubble rate. The
axion acquires its mass due to non-perturbative e↵ects
such as instantons [43], which evolve with temperature
as ma = ma,0(T/µ)�n. Therefore the critical time t0

depends on the index n giving the temperature evolution.
From this time onwards the axion field oscillates about its
own quadratic potential minimum, and the equation of
state for the background axion energy density becomes
the same as that of pressureless matter [44–46]. The
epoch when axion oscillations begin thus determines the
axion relic density. Appendix A computes the range of
(ma, fa) for various n for which axions provide the total
DM relic density while having fa small enough for SSB
to occur after inflation.

The initial axion fluctuations laid down by SSB remain
smooth up to scales of order the horizon size at t0. From
this point on the density perturbations grow under grav-
ity as usual, eventually collapsing into the gravitationally
bound objects known as miniclusters. The total mass of
axion DM contained within the horizon at time t0 sets
the characteristic minicluster mass, M0, given by:

M0 = ⇢̄a
4

3
⇡

✓
⇡

H(t0)

◆3

, (2)

where ⇢̄a is the energy density in axions today, and we
have used the fact that the comoving wavenumber asso-
ciated with the horizon size at this time is k0 = H(t0)
where H = aH is the conformal Hubble rate.

In the case of a temperature independent axion mass,
and approximating the number of relativistic degrees of
freedom as constant in T , a reasonable approximation
to M0 can be obtained by using (H/H0)2 = ⌦m(1 +
zeq)�1

a
�4 to find a(t0). A fudge factor of two leads to a

good agreement with the full numerical calculation using
g?(T ):

M0(ma, n = 0) ⇡2.3 ⇥ 10�7
M�

⇣
ma

10�10 eV

⌘�3/2
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⌦ch

2
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◆�3/4 ✓1 + zeq
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◆3/4
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This approximation is shown as the thin dotted line in
Fig. 1.

In the general case, the characteristic minicluster mass
M0 is a function of the axion mass, the axion decay
constant, and the index n determining the temperature
evolution of the mass. Fixing the decay constant as a

function of the mass from the relic density, we show
M0(ma, n) for various n in Fig. 1. The lines in Fig. 1
for axion-like particles terminate at a lower bound on
ma. For masses below this bound axions cannot produce
the correct relic density while maintaining a low enough
fa to be of relevance for miniclusters. The lower bound
on ma translates into an upper bound on M0, which is
around 103

M� for n = 6 temperature evolution.2

The QCD axion has a known temperature depedent
mass with n = 3.34 from the “interacting instanton liq-
uid” model for the QCD topological susceptibility [47],
which is consistent with the results from lattice simu-
lations (n ⇡ 3.55 ± 0.30 [48, 49]). The mass is given by
ma,QCD = 6µeV(1012 GeV/fa). For our modelling of the
relic density the decay constant must be fa ⇡ 1010 GeV
leading to an axion mass 50 µeV . ma . 200 µeV. This
implies a characteristic minicluster mass M0 ⇡ 1.8 ⇥
10�10

M�, in broad agreement with other estimates [20–
22, 26].

Our value of M0 di↵ers from the characteristic mass
defined in e.g. Ref. [22], who take the mass within
a cubic volume of size the inverse horizon wavevector,
rather than the spherical volume from the physical wave-
length. This makes our definition of M0 larger by a fac-
tor of 4⇡

4
/3 ⇡ 130. We believe our definition captures

the symmetries of minicluster formation better, and also
better represents their likely formation history (see Sec-
tion IV). In practice the constraints on miniclusters from
microlensing cover a broad range of masses and even a
factor of 102 in M0 does not have a large impact.

A far larger uncertainty is introduced if the axion
string length parameter, ⇠, rather than the horizon size,
defines M0. This factor is historically uncertain in simu-
lations: it is currently favoured to be ⇠ = 1.0 ± 0.5 [50],
but could be much larger, with larger ⇠ leading to smaller
M0. To an extent the e↵ect of the uncertainty in ⇠ on
M0 is captured by the uncertainty in the relic density
(see Appendix A).

The minicluster characteristic density, ⇢MC, is another
important quantity, since it sets the typical radius of a
minicluster, and thus it’s concentration. The character-
istic density is given in terms of the initial overdensity
parameter, �, by [21]:

⇢MC = 140�
3(1 + �)⇢̄a(zeq) , (4)

which can be derived using spherical collapse, and under-
stood by considering how regions of large � collapse when
z � zeq. The initial condition simulations of Ref. [22]
noted that while the mass of miniclusters was approxi-
mately fixed to M0, the characteristic density showed a
wide, non-Gaussian, variation due to the anharmonicities
in the axion potential.

2
Constraints from the Lyman-↵ forest flux power spectrum [25]

a↵ect miniclusters with masses M0 & 10
4M�, which can be

achieved in certain exotic scenarios for symmetry breaking [26].

Dark matter contained at one Hubble patch 
when the axion mass ~ Hubble rate  

2

tional microlensing.
In the course of considering this signal, we address is-

sues of structure formation with miniclusters and present
a series of possible models. A new consequence of this
investigation is the computation of the mass function of
minicluster halos (which we term “MCHs”). Depending
on the merging and tidal stripping of miniclusters, the
MCH mass function may or may not be the appropriate
mass function to consider for microlensing. There may
be, however, other observational consequences of the ex-
istence of MCHs for which the mass function will be an
important quantity.

We begin in Section II, where we present some intro-
ductory basics on miniclusters. There has been very little
study in the literature on the subsequent gravitational
evolution of axion miniclusters after their formation (al-
though see [25]). In Section III we therefore present a
new computation of the MCH mass function following
the Press-Schechter [35] formalism. The form of the mass
function is seen to arise simply from basic physical prin-
ciples, and can be easily parameterised.

Miniclusters are extended objects and cannot be con-
sidered as point-like lenses (radius larger than the Ein-
stein radius). We discuss minicluster density profiles in
Section IV. Section V presents tools to compute the lens-
ing signal from a mass function of non-point-like lenses.

We apply our minicluster lensing methodology to the
EROS survey [36] and Subaru Hyper Suprime Cam ob-
servations [37] in Section VI. We conclude in Section VII.

Appendix A collects results on the axion relic density,
early time cosmology and thermal history, and deter-
mines the range of axion masses and decay constants for
which the minicluster scenario can occur. Appendix B
presents the theoretical modelling of the MCH mass func-
tion, and some analytic results. Appendix C discusses
how formation of “axion stars” might modify our results
in the case of axion-like particles with temperature inde-
pendent mass.

We use Planck (2015) [38] cosmological parameters
h = 0.67, ⌦m = 0.32, ⌦ch

2 = 0.12, zeq = 3402, and
for particle physics quantities we use natural units where
c = ~ = 1. Throughout this work we consider a stan-
dard thermal history of the Universe after the inflation-
ary epoch.

II. AXION MINICLUSTERS

This section gives the briefest outline of the miniclus-
ter scenario to establish some important language and
physical scales. The main results are given in Fig. 1 and
Eq. (3).

There are two energy scales that define the cosmolog-
ical evolution of the axion field: the decay constant, fa,
and the mass, ma. These two energy scales determine the
two most important epochs in the life of a young axion.

The axion is the angular degree of freedom of a com-
plex scalar field, ', with a global U(1) symmetry that is
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FIG. 1. The Characteristic Minicluster Mass: We plot
M0, as a function of the axion mass, ma, for di↵erent temper-
ature evolutions of the axion mass parameterised by index n.
Solid lines show the most realistic assumptions about the relic
density, while dashed lines relax those assumptions (see Ap-
pendix). When the axion mass is temperature independent
(n = 0), the two scenarios are equivalent for minicluster mass.
The thin dotted line shows the approximation Eq. (3). Lines
terminate at a lower bound on ma set by the relic abundance.

spontaneously broken by the potential:

V (') =
�

4!

✓
|'|2 � f

2
a

2

◆2

. (1)

Spontaneous symmetry breaking (SSB) occurs when the
temperature of the Universe cools to T . fa.1 After SSB,
the complex field is given by ' = (fa/

p
2)ei�/fa , with �

the (real) axion field.
If PQ symmetry is broken before or during inflation

then the axion field takes on a uniform value across the
observed Universe, with the addition of small isocurva-
ture perturbations from the finite temperature during
inflation, and density perturbations inherited from the
adiabatic perturbations in the hot Big Bang plasma. On
the other hand, if PQ symmetry is broken after inflation
then topological defects and large amplitude axion field
fluctuations are present on scales of order the horizon
size at symmetry breaking [5, 40, 41]. In this case, since
each horizon volume is causally disconnected, the axion
field is uncorrelated across di↵erent horizon volumes and
drawn from the distribution �/fa 2 U [�⇡, ⇡].

The Kibble mechanism [42] smoothes the axion field
on the horizon scale until such a time that the axion
mass becomes cosmically relevant, which defines the sec-
ond important epoch in the life of the axion. At this
epoch, the topological defects decay, and the axion field

1
The precise critical temperature for the phase transition from

thermal field theory is calculated in e.g. Ref. [39].

Fairbairn, Marsh, Quevillon, Rozier; 2017
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is left with large amplitude isocurvature fluctuations on
the horizon scale. These fluctuations of order fa between
horizon volumes provide the initial conditions for the ax-
ion field on small scales. It is these fluctuations that sub-
sequently evolve into gravitationally bound miniclusters.
Thus, as long as fa is low enough that SSB occurs dur-
ing the normal thermal evolution of the Universe, then
miniclusters are a logical possibility.

The time t0 when the axion mass becomes significant
is given by 3H(t0) ⇡ ma, with H the Hubble rate. The
axion acquires its mass due to non-perturbative e↵ects
such as instantons [43], which evolve with temperature
as ma = ma,0(T/µ)�n. Therefore the critical time t0

depends on the index n giving the temperature evolution.
From this time onwards the axion field oscillates about its
own quadratic potential minimum, and the equation of
state for the background axion energy density becomes
the same as that of pressureless matter [44–46]. The
epoch when axion oscillations begin thus determines the
axion relic density. Appendix A computes the range of
(ma, fa) for various n for which axions provide the total
DM relic density while having fa small enough for SSB
to occur after inflation.

The initial axion fluctuations laid down by SSB remain
smooth up to scales of order the horizon size at t0. From
this point on the density perturbations grow under grav-
ity as usual, eventually collapsing into the gravitationally
bound objects known as miniclusters. The total mass of
axion DM contained within the horizon at time t0 sets
the characteristic minicluster mass, M0, given by:

M0 = ⇢̄a
4

3
⇡

✓
⇡

H(t0)

◆3

, (2)

where ⇢̄a is the energy density in axions today, and we
have used the fact that the comoving wavenumber asso-
ciated with the horizon size at this time is k0 = H(t0)
where H = aH is the conformal Hubble rate.

In the case of a temperature independent axion mass,
and approximating the number of relativistic degrees of
freedom as constant in T , a reasonable approximation
to M0 can be obtained by using (H/H0)2 = ⌦m(1 +
zeq)�1

a
�4 to find a(t0). A fudge factor of two leads to a

good agreement with the full numerical calculation using
g?(T ):

M0(ma, n = 0) ⇡2.3 ⇥ 10�7
M�

⇣
ma
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This approximation is shown as the thin dotted line in
Fig. 1.

In the general case, the characteristic minicluster mass
M0 is a function of the axion mass, the axion decay
constant, and the index n determining the temperature
evolution of the mass. Fixing the decay constant as a

function of the mass from the relic density, we show
M0(ma, n) for various n in Fig. 1. The lines in Fig. 1
for axion-like particles terminate at a lower bound on
ma. For masses below this bound axions cannot produce
the correct relic density while maintaining a low enough
fa to be of relevance for miniclusters. The lower bound
on ma translates into an upper bound on M0, which is
around 103

M� for n = 6 temperature evolution.2

The QCD axion has a known temperature depedent
mass with n = 3.34 from the “interacting instanton liq-
uid” model for the QCD topological susceptibility [47],
which is consistent with the results from lattice simu-
lations (n ⇡ 3.55 ± 0.30 [48, 49]). The mass is given by
ma,QCD = 6µeV(1012 GeV/fa). For our modelling of the
relic density the decay constant must be fa ⇡ 1010 GeV
leading to an axion mass 50 µeV . ma . 200 µeV. This
implies a characteristic minicluster mass M0 ⇡ 1.8 ⇥
10�10

M�, in broad agreement with other estimates [20–
22, 26].

Our value of M0 di↵ers from the characteristic mass
defined in e.g. Ref. [22], who take the mass within
a cubic volume of size the inverse horizon wavevector,
rather than the spherical volume from the physical wave-
length. This makes our definition of M0 larger by a fac-
tor of 4⇡

4
/3 ⇡ 130. We believe our definition captures

the symmetries of minicluster formation better, and also
better represents their likely formation history (see Sec-
tion IV). In practice the constraints on miniclusters from
microlensing cover a broad range of masses and even a
factor of 102 in M0 does not have a large impact.

A far larger uncertainty is introduced if the axion
string length parameter, ⇠, rather than the horizon size,
defines M0. This factor is historically uncertain in simu-
lations: it is currently favoured to be ⇠ = 1.0 ± 0.5 [50],
but could be much larger, with larger ⇠ leading to smaller
M0. To an extent the e↵ect of the uncertainty in ⇠ on
M0 is captured by the uncertainty in the relic density
(see Appendix A).

The minicluster characteristic density, ⇢MC, is another
important quantity, since it sets the typical radius of a
minicluster, and thus it’s concentration. The character-
istic density is given in terms of the initial overdensity
parameter, �, by [21]:

⇢MC = 140�
3(1 + �)⇢̄a(zeq) , (4)

which can be derived using spherical collapse, and under-
stood by considering how regions of large � collapse when
z � zeq. The initial condition simulations of Ref. [22]
noted that while the mass of miniclusters was approxi-
mately fixed to M0, the characteristic density showed a
wide, non-Gaussian, variation due to the anharmonicities
in the axion potential.

2
Constraints from the Lyman-↵ forest flux power spectrum [25]

a↵ect miniclusters with masses M0 & 10
4M�, which can be

achieved in certain exotic scenarios for symmetry breaking [26].

For temperature-independent axion 
mass the expected masses are much 

smaller:

FEMTOLENSING— PREFERRED MASSES ARE 
POSSIBLE EVEN WITH QCD AXIONS, AND 
CLEARLY FAVORED FOR THE AXIONS, THAT 

GET THEIR MASSES FROM NON-QCD 
SOURCES



PROFILES AND CLUSTER SIZES 

• If the structure formation is hierarchical, we expect to get a 
“standard” NFW profile on a much smaller scaler than the “host” 
profile. It is a very shallow profile and unlikely can be reasonably 
femto-lensed 

• Self -similar infall can potentially trigger much steeper profile 
(confirmed by N-body simulations of Zurek et.al,  Vogelsberger et. 
al., disagreed on by Delos et. al.)
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Einstein radius. The second image passes on the other
side at a distance 0.618 ⇥ RE , i.e. the inverse Golden
Ratio. The magnification of the two images is given in
terms of the distance at which the light rays pass the lens
x = r/RE and the magnifications µ are given by

µ± =

"
1 �

✓
1

x±

◆4
#�1

(36)

The sum of the magnification of the two images is 1.34,
the majority of which comes from the outer image which
gives a magnification of 1.17.

We need to repeat the calculation for situations where
the lens is potentially di↵use relative to the scales of in-
terest, such that the enclosed mass is not a constant when
� is small.

We start by taking the characteristic density given by
Eq. (4). We consider two functional forms for the mini-
cluster density profiles. The NFW profile is a universal
feature of CDM simulations emerging from hierarchical
structure formation. However, miniclusters at the char-
acteristic mass do not form from hierarchical structure
formation, but probably from a more direct collapse. It
has been suggested [34] that a more suitable profile for
the initial seed miniclusters be given by that due to self-
similar infall [77]:

⇢(r) = ⇢s

⇣
rs

r

⌘9/4
. (37)

Such a power-law profile also appears in the minicluster
N -body simulations of Ref. [25].

For both of the NFW and self-similar profiles we need
to make an identification with the density ⇢MC and the
characteristic density. For the NFW profile we simply say
that ⇢MC = ⇢crit�char as above, and rescale rs until we
obtain the correct mass of the halo at rmax. If we were to
calculate the virial radius for these objects, they would
be hugely larger than the scale radius by many orders
of magnitude, but since the halos are within a galactic
halo, we make the approximation that the NFW profile
is cut o↵ at a radius rmax = 100rs. This simplifies the
numerical lensing calculation by reducing the dynamic
range.

The situation is slightly more complicated for the self-
similar profile (Eq. 37) because rs is completely degener-
ate with ⇢s due to the scale invariance. The overall mass
of such a halo which is truncated at a radius rmax is

M =
16⇡

3
⇢sr

9/4
s r

3/4
max (38)

and the average density of such a halo is

⇢av = 4⇢s

✓
rs

rmax

◆9/4

(39)

or

rmax =

✓
3M

4⇡⇢av

◆1/3

(40)

FIG. 11. Microlensing Lightcurves: Magnification of
source star as a minicluster passes through the lensing tube
for various values of �. The minicluster has an NFW pro-
file, a mass of 10�9M�, a tangential velocity of 200 km s�1

and an impact parameter with the line to the source of 1.6
milli-AU. The source star is assumed to be in the Andromeda
Galaxy (M31), with DLS = DS/2. As we increase the value
of � the lensing curve approaches the value for a point mass,
as described in the text.

and then we make the identification ⇢av = ⇢MC.
We then want to turn the three-dimensional density

into a surface density by collapsing it onto the lensing
plane. We do this by integrating the three-dimensional
density profile along the line of sight towards the centre
of the halo. In the situation where rmax is larger than the
lensing radius we are probing, we only integrate the mass
within the two cones defined by the radius of interest and
the distance between the lens and the source and the lens
and the image.

Once we have surface mass as a function of radius we
can calculate the magnification using the expression for
an axisymmetric mass distribution (this can be derived
from the equations in Ref. [78])

µ = [(1 � B) (1 + B � C)]�1 (41)

C =
1

⌃c⇡r

dM(r)

dr
; B =

M(r)

⌃c⇡r2
; ⌃c =

c
2
DS

4⇡GDLDLS
(42)

What we need to do is to define the “lensing tube” [7]
as being the tube within which a lens would create a
magnification of at least 1.34.

We do this by starting at large r and zooming into
the radius at which the magnification is the same as the
outer image in the point mass case, i.e. µ = 1.17. When
a halo is di↵use, this will occur at a radius much less
than the radius at which a point mass would give rise to
the same lensing. The lightcurves for lensing computed
as a function of � for fixed minicluster mass are shown
in Fig. 11. An interesting feature occurs as one increases
the parameter � in that the magnification rises above
that for a point mass before settling down to the same
value as the point mass. This is because there is an

Radial extend of the self-similar infall profiles (from Zurek et. al)
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FIG. 1: CDM power spectrum derived from BBKS [34] with
white noise power spectrum smoothed on scales rs ≃ 7 ×

10−2 Mpc, given by eqn. 20. The amplitude of the white noise
spectrum corresponds to the power spectrum for a ScaM of
mass M ≃ 4 × 103M⊙.

D. ScaMs as microlenses

For ScaMs to act as observable strong microlenses,
three conditions must be satisfied:

1. ScaM masses must lie in the mass range reachable
by experiments. For classic microlens searches by
stellar monitoring in the local halo, this range is
currently 10−7M⊙ ! MScaM ! 10M⊙. However,
the accessible range will widen in the future as mi-
crolensing experiments access fainter and more dis-
tant monitored background sources in other galax-
ies.

2. A rough criterion for strong lensing, leading po-
tentially to large-amplitude variations in source
brightness, is that the radius of the ScaM be smaller
than the Einstein ring radius. For microlensing of
objects over cosmological distances, the Einstein
radius is

RE ≃ 3 × 1016

!

M

1M⊙

"1/2

cm. (25)

For lensing toward a source in the local galactic
neighborhood (e.g. toward the LMC or M31), the
Einstein Radius is

RE ≃ 3 × 1014

!

M

1M⊙

"1/2 !

D

50 kpc

"1/2

cm, (26)

where D is the distance to the lens, and it is as-
sumed that D ≪ Ds, the distance to the source.

Using the spherical model, eqn. 14, and assuming
that the ScaMs are approximately constant density,
we calculate

RScaM = 4 × 1016 1

δ ((δ + 1)Ωφ)1/3

!

MScaM

1M⊙

"1/3

cm.

(27)

3. Their cosmological abundance must be consistent
with the limits from the current lensing experi-
ments. Since these objects would generally be too
fluffy to create strong lensing in the nearby halos
observed by the current generation of galactic mi-
crolensing experiments, consistency with the limits
of these experiments is generally not problematic.

Although these objects would generally not be dense
enough to be observed by Galactic microlensing exper-
iments, they may be detectable as microlenses for more
distant sources and halos. If they do produce strong
lensing events, they do not obey the classic Paczynski
[35] point-mass light curve, but instead are dominated
by more generic caustic-crossing events. More generally,
in nearby halos they may not even act as strong lenses,
but may have a resolved density structure that appears as
small-amplitude variations in the light curve of a lensed
source.

To improve on the spherical collapse model, eqn. 14,
and in particular to determine properties of these ob-
jects observable by lensing experiments, we simulate the
collapse of ScaMs using an N-body code. The resulting
objects are more realistic than the spherical model and
allow determination of some representative density pro-
files.

III. SIMULATING SCAMS

We simulate the formation of ScaMs in the radiation
dominated era using the N-body code described in [36].

A. Initial conditions

The initial density profile may be determined utilizing
one of two methods: either by solving the classical equa-
tions of motion for a field φ directly, or simply using the
power spectrum of eqn. 17. The equation of motion for
a scalar field is given simply by

φ̈ + 3Hφ̇ −
1

R2(t)
∇2φ +

∂V (φ)

∂φ
= 0, (28)

where the Laplacian is taken with respect to comoving
coordinates x. We can rewrite this (see [18] for details) in
terms of conformal time, η ≡ R/R1, where R1 is defined
by H(R1) = mφ, and comoving Laplacian ∇̄2, taken with
respect to coordinates x̄ = H(R1)R1x,

φ′′ +
2

η
φ′ − ∇̄2φ +

η2

m2
φ

∂V (φ)

∂φ
= 0. (29)

We assume the system is subject to white noise initial
conditions,

φi = A
# sin(ωη)

ωη
sin(pix + ξ1ijk) sin(pjy + ξ2ijk)

× sin(pkz + ξ3ijk), (30)

It almost always at least 1 order 
of magnitude bigger than the 

Einstein radius of these objects



WHERE DOES THE RAY TRAVEL IN THE EXTENDED PROFILE?
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R0 < RE ☞ no practical difference 

from the BH scenario
The distance scale os different, because 

only the mass that is “inside” contributes 

• BH: 𝛏0 = RE 

• Self similar infall (9/4): (RE/R0)3/5 RE 

• Isothermal profile (for comparison only, ρ ~ r-2): (RE/R0) RE
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similar to the BH, isothermal is different as it 

just preserves one image behind the 
characteristic scale 𝛏0
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h Ñ �1�1, �1 Ñ jjj (128)

h Ñ ss, aa, Za (129)
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3
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Rescaled with 𝛏0! Physically 
(w/o rescaling) the time delay 

will always be smaller for 
more dilute profiles. 

Measured amplitude:

h Ñ �1�1, �1 Ñ jjj (128)

h Ñ ss, aa, Za (129)

W “ �HuHdS ` 

3
S
3 (130)

Vsoft “ soft masses ` A ´ terms (131)
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h “ m

2
tree ` 3y2t

4⇡2
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2
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ˆ
log
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m
2
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` A ´ terms

˙
` 2 ´ loops (132)
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DLS
” � ´ ↵p✓q (134)

re “
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4GM

c2

DLDLS

DS
(135)

µ “ pDL✓ptqq4
pDL✓ptqq4 ´ r4e

(136)

�� “ !�t (137)

�t „ 4GM

c3
(138)
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A „ 1 ` Op1q ˆ cosp!�tq (142)
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EFFECTS OF THE WAVE OPTICS 
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For low frequencies as we saw the geometric optic approximation breaks down:

THE BLACK HOLES 
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Essentially here the effect boils down to the height of the first peak. Deep in 
the wave optics regime there are no oscillations, as expected 



SELF SIMILAR INFALL

EFFECTS OF THE WAVE OPTICS  
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The effect is much more dramatic, especially for the objects “far away” from the 
center of the distribution in the lens plain. First 5-6 peaks can be easily affected by 

the wave optics effects
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PROFILES SUMMARY

Density image radius time delay

Point Mass δ rE ∝ rE2

isothermal ρ₀(r0 / r )² (rE/ r0) rE ∝ (rE/ r0)2rE2

free-falling ρ₀(r0 / r )9/4 (rE/ r0)3/5 rE ∝ (rE/ r0)6/5rE2

general, not 
NFW ρ₀(r0 / r )n (rE/ r0)(3-n)/(n-1) rE ∝ (rE/ r0)2(3-n)/(n-1)rE2



GRB SOURCES

DATA ANALYSIS 
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SOME ANALYSIS DETAILS 

• Take the effects with well measured z (probably one can be more 
aggressive, not we are not pursuing this pass) 

• Subtract the background (after 10s) from the burst  

• Fit the GRB to one of the phenomenological models (all these 
bursts look pretty smooth) 

�20

• Compare to a fitted profile + 
lensing effect 

• From these considerations 
calculate the effective cross 
section for each mass Rs = 2RE

Rs = 1.5RE



SOME ANALYSIS DETAILS 

h Ñ �1�1, �1 Ñ jjj (128)
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Differential optical depth:
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THE OPTICAL DEPTH

Usually, for small depth it is 
simply a probability to find a 

lens. In the full case the 
probability to find a lens is 

h Ñ �1�1, �1 Ñ jjj (128)

h Ñ ss, aa, Za (129)

W “ �HuHdS ` 

3
S
3 (130)

Vsoft “ soft masses ` A ´ terms (131)

m
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h “ m

2
tree ` 3y2t
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P “ 1 ´ e
´⌧ (144)
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BHS VS SELF SIMILAR INFALL

EXPECTED CONSTRAINTS
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R0 = RE

Expected range of 
the QCD axions 

ξ₀ smaller  
δt smaller

Preliminary!



CAN WE PLAY THE SAME TRICK THERE? 

FAST RADIO BURSTS

• Wavelengths from 100 MHz to GHz. Relatively fine spectra are 
available (in 10s of MHz) 

• Cosmological origin (z~1), verified by their dispersion measure 
(“DM”) 

• Short durations (order ms). Has been exploited to push the idea of 
lensing of “time-resolved images”. 1ms ⇒ 10…100 M⊙ 

If we just blindly use the same logic as in the femtolensing, the 
preferred range will be around 10-1…10-3 M⊙

This range is already covered by the micro-lensing measurements, but 
this can potentially be the first probe of this range on the cosmological 

scale (rather than galactic / cluster scale)



WHY DO THE STARS TWINKLE? 

SCINTILLATION 

FRB 110523 spectrum: Stars — effectively point-like sources; light 
emitted from the opposite edges has path 

length difference < 𝜆. The lights propagates 
through a turbulent atmosphere, multi path 

interference picture changes with time.LETTER RESEARCH

Extended Data Figure 3 | Spectral brightness correlation function of FRB 110523. The intensity spectrum has structure that is correlated for 
frequency separations less than fdc = 1.2 MHz. Error bars are the standard deviation of 3,268 simulated measurements with 817 independent noise 
realizations and are correlated.

© 2015 Macmillan Publishers Limited. All rights reserved

Frequency separation less than 
1.2 MHZ



MAYBE… 

CAN WE RESOLVE THE SCINTILLATION VS LENSING? 
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Preliminary!

Naively it looks possible if the scintillation frequency and the lensing 
frequency are sufficiently different! Of course, more input about the 

turbulence in the intergalactic medium is needed. 



QUICK OUTLOOK

• DM in the Ultra compact mini-clusters is a reasonable possibility. 
QCD axions can be a nice benchmark point, but it is not the only 
option 

• These objects (if extremely light) can in principle be probed by the 
femtolensing, but the details are rather different from the 
primordial BHs lensing 

• Effects of the wave optics are almost always important in the 
femtolensing, and can rarely be completely neglected (essentially 
only on the edge of the distributions) 

• Interesting to see how exactly this idea can be pushed in the FRB 
domain. 
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THANK YOU!


