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NOT ENOUGH ROOM IN FOUR SPACE-TIME DIMENSIONS
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» SM/BSM extrapolated to infinite energy (zero distance) in
loop corrections > Mpy, .«

» Quantum state with N partons %% quantum state with zero
energy emission of extra patrons

> Partons can be emitted in exactly the same direction
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FROM SCATTERING AMPLITUDES TO CROSS SECTIONS

IO G Rodrigo, FCC Week 2019

SUBTRACTION OF IR SINGULARITIES & DREG

» Subtraction of IR singularities at NLO is solved: efficient algorithms applicable to
any process for which matrix elements are known

» At NNLO several working algorithms, successfully applied to “simple” processes
with up to four legs. Heavy computational costs

vV

» Antennae Subtraction [Gehrmann et al ]
> Stripper [Czacon et al.]

» Nested Soft-Collinear Subtraction [Caola et al ]

» Colourful Subtraction [Del Duca et al.]

» N-Jettiness [Boughezal, Petriello et al., Gaunt et al.]
» g1 Substraction [Catani, Grazzini et al.]

» Projection to Born [Bonciani etal.]

» Geometric Substraction [Herzog]




GRAVITY INSPIRED (QUANTUM THEORY OF GRAVITATION, 1963)

R. P. Feynman, Closed Loop And Tree Diagrams. (talk),
Magic Without Magic: J. A. Wheeler, A Collection of Essays in Honor of his Sixtieth
Birthday. Edited by John R. Klauder, 1972, p.355

In *Brown, L.M. (ed.): Selected papers of Richard Feynman* 867-887
 ———————————————————————————

Closed Loop and Tree Diagrams

; _ A — A

We shall show that any diagram with closed loops can be expressed in terms
of sums (actually integrals) of tree diagrams. In each of these tree diagrams
there is, in addition to the external particles of the original closed loop diagram,
certain partlcles in the m1t1a1 and in the final state of the tree dlagram These

%> M\ Cecor! that afll parte

ticle.

% repre< nt propagltion of the safle %

IO G Rodrigo, FCC Week 2019




GdgtITd tth ent developments and

KEEP SPACE-TIME IN FOUR DIMENSIONS compar gular t schemes, EPJ C77 (2017) 471

IO G Rodrigo, FCC Week 2019

LOCAL SUBTRACTION IN THE UV

; > LID: open loops to trees

T
L

> |

U mapping of V PR kinematics |

LOCAL UNSUBTRACTION N THE R




Gnendi I T d d: Recent develo nd
KEEP SPACE-TIME IN FOUR DIMENSIONS  comparsons of requiarivation schemee. EPJ Q7+ (2017) 471

LOCAL SUBTRACTION IN THE UV
LOCAL UNSUBTRACTION N THE R

" > LID: open loops totrees "FY"
E‘ﬂ

» FOU: mapping of V PR kinematics |

> Integrand cancellation of singularities in d=4 space-time
dimensions

IO G Rodrigo, FCC Week 2019




KEEP SPACE-TIME IN

GdgtITd tth ent developments and
FOUR DIMENSIONS compar gular yation schemes s, EPJ C77 (2017) 471

LOCAL SUBTRACTION IN THE UV

| } LID; open loops to trees "FY
T
>

IO G Rodrigo, FCC Week 2019

U mapping of V PR kinematics |

LOCAL UNSUBTRACTION N THE R

> Integrand cancellation of singularities in d=4 space-time
dimensions
> V+R simultaneous:
» More efficient event generators



Gnendi I T d d: Recent develo nd
KEEP SPACE-TIME IN FOUR DIMENSIONS  comparsons of requiarivation schemee. EPJ Q7+ (2017) 471

LOCAL SUBTRACTION IN THE UV
LOCAL UNSUBTRACTION N THE R

| } LID; open loops to trees "FY
E‘ﬂ

» FOU: mapping of V PR kinematics |

> Integrand cancellation of singularities in d=4 space-time
dimensions
> V+R simultaneous:
» More efficient event generators
» LTD suitable for amplitudes, FDU aimed at physical observ.

IO G Rodrigo, FCC Week 2019




IT'S ALL ABOUT THE TINY +10 FROM

PAGATORS

Gr(q,) =

g? — m? + i0

» MATH: the +i0 is a small quantity usually ignored, assuming that
the analytical continuation to the physical kinematics is well
defined

» PHYS: the +i0 encodes CAUSALITY | positive frequencies are
propagated forward in time, and negative backward



DIRECTLY FROM THE CAUCHY RESIDUE THEOREM [Catani et al. JHEP 0809, 065]

THE LOOP-TREE DUALITY (LTD)

Cauchy residue theorem
in the loop energy complex plane

Gp(g;) . ,Qf](\}) Z) o plane
X X X X
B » >
X X X X
g;o plane

o Feynman Propagator +i0: selects residues with definite positive
2 positive frequencies are propagated energy and negative imaginary
%’ forward in time, and negative backward  part (indeed in any other coordinate
% 1 system)
- GHg) = ————
s g — m#= + 10




ONLY SINGLE CUT TREES [Catani et al. JHEP 0809, 065]

THE LOOP-TREE DUALITY (LTD)

One-loop amplitudes in any relativistic, local and unitary QFT represented

as a linear combination of N single-cut phase-space/dual amplitudes | i3
no disjoint trees (at higher orders: number of cuts equal to the
number of loops)

)

ve[l6ia == | repe Tia[[6naa)
4

1 ! i
. . ,
¥ 0(qi) =127 0(qi0) 5(617;2 - mf) sets internal line on-shell, positive energy model ;
» Gp(gisqj) = L dual tor ki =
D\4i;45) = qu — m? w ual propagator i =q; — Qi
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THE LOOP-TREE DUALITY (LTD)

One-loop amplitudes in any relativistic, local and unitary QFT represented

as a linear combination of N single-cut phase-space/dual amplitudes | i3
no disjoint trees (at higher orders: number of cuts equal to the
number of loops)

)

ve[l6ia == | repe Tia[[6naa)
3 i#]

1

= . )
¥ 0(qi) =127 0(qi0) 5(617;2 - mf) sets internal line on-shell, positive energy model {

1
» Gp(qisq) = ~——— dual propagator k;; =q;, — q;
g —md H{i0nkj Propag ’ ’

> LTD realised by modifying the customary +i0 prescription of the Feynman
propagators (only the sign matters), it encodes in a compact way the effect of
multiple-cut contributions that appear in the Feynman’s Tree Theorem

> best choice 7" = (1,0) :energy component integrated out, remaining
integration in Euclidean space

IO G Rodrigo, FCC Week 2019




WHEN A BRANCH GETS BROKEN: SINGULARITIES OF SINGLE CUT TREES

THE DUAL FOREST | CAUSALITY
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forward on-shell hyperboloids (light-cones
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WHEN A BRANCH GETS BROKEN: SINGULARITIES OF SINGLE CUT TREES 4"

THE DUAL FOREST | CAUSALITY

IO G Rodrigo, FCC Week 2019

o

threshold

" AN
$z

» LTD is equivalent to integrate along the
forward on-shell hyperboloids (light-cones
for massless) or positive energy modes

» The dual integrand becomes singular when a
second propagator gets eventually on-shell

> The location of singularities is determined by
a linear identity in the on-shell energies

++ _ + +
=2 gD g 4k 0

where
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XN O(—k 0)9( 2—(m +m;)°)
= - + 0 (( /llj-+)0>
4 ™ A0 Y x,]( —10k;; i, 0)
§ X;j = 4q(+)q(+) \ +i0
> Space-like distance: there is a perfect cancellation
of singularities, due to the dual +i0 prescription

: () — +—0 2 2
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threshold ™

2 N
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LTD: CS)Z(-J-I) = 271)~' Gp(q;; q;) 6(q) + (i <))

> Time-like distance (causally connected): generates
physical threshold singularities: always +i0

O(—=k..) O 2_ . )2
( 10) ( (m +m))+@<(/1i}-+)0>

=0 U x (A= 10 ki)
X;j —4q(+)q(+) \ +i0

> Space-like distance: there is a perfect cancellation
of singularities, due to the dual +i0 prescription

: () — +—0 2 2
Jim $=0(G°) - - my <0

> Light-like distance: both singular configurations,
partial cancellation, IR singularities remain in a
compact region
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LTD: 05)1(]-1) = (271)~' Gp(g;; q;) 6(q) + (i <))

> Time-like distance (causally connected) generates
physical threshold sing always +i0

lo

gularities, due to the dual +i0 prescription

: (1) — +—\0
Jim $=0(G°) - - my <0

o

> Light-like distance: both singular configurations,
partial cancellation, IR singularities remain in a

threshold

compact region

" AN
$z
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FTT: &0 = 220~ Gplgy 6(g) + (i = )

> Time-like distance (causally connected): physics
does not depend on the FTT or LTD representation

XN 2 2
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o
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] ++
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> Space-like distance: there is mismatch in the +i0
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FTT: &0 = 220~ Gplgy 6(g) + (i = )

> Time-like distance (causally connected): physics
does not depend on the FTT or LTD representation

XN 2 2
el - s\\\ ’/'/ \\\\‘ \‘\ lim 9(1) —_ 0(_ kji’o) H(IC.].I. - (mi + mj) )
-GN A0 Y X (=45 +10)

+0 (a0

> Space-like distance: there is mismatch in the +i0
prescription

im F0 ! !
lim &/ ~ +
-0 Y =40 A +a0

+0 ((zi;—)0>

o

LN > needs to be compensated by the contribution from

multiple cuts

d AN
$z
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SINGULARITIES OF SINGLE-CUT TREES AND THE FOREST
WHEN A BRANCHES GET BROKEN
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energy of the emitted particles
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this other propagator
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this propagator on-shell
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WHEN A BRANCHES GET BROKEN

energy of the on-shell Space-like or
propagator smaller than the light-like at energy of the on-shell
energy of the emitted particles propagator larger than the energy of the

emitted

time-like or light-like particle(s)

this other propagator
eventually on-shell

this propagator on-shell

» Virtual particle emitted and absorbed on-

shell
»  Causally connected » Potential threshold and IR singularities
» Threshold singularities occur when cancel in the sum of single-cut trees
a second propagator gets on-shell: » Non-singular configurations at very large
consistent with Cutkosky energies (UV) expected to be suppressed.

] If not sufficiently suppressed, renormalise
» It becomes collinear (soft) when a

single massless particle is emitted » The bulk of the physics is in the “low

energy region of the loop momentum




MAPPING COLLINEAR/SOFT DEGENERATE STATES

MOMENTUM MAPPING: MULTI-LEG

~

0 (q:)

> Motivated by the factorisation properties of QCD: assuming 4 on-shell, and
close to collinear with P ,we define the momentum mapping

pt=4q,

2
o 7] 7 . (QZ_pz)
pl' =o' —d' +oipt, = ,
(3 1 1 (2 7 2 2pj.(qz_pz)
p} =1 —ai)py, i =ve, k#i

> All the primed momenta (real process) on-shell and momentum conservation:
pff is the emitter, p"f the spectator needed to absorb momentum recoil
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MOMENTUM MAPPING: MULTI-LEG

qdi—1

X j Pi
5(%)
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MAPPING COLLINEAR/SOFT DEGENERATE STATES

MOMENTUM MAPPING: MULTI-LEG

qdi—1

X j Pi
5(%)

> Motivated by the factorisation properties of QCD: assuming 4 on-shell, and
close to collinear with P ,we define the momentum mapping

-~ /
pi’f’ °

pt=4q,

2
o 7] 7 . (QZ_pz)
pl' =o' —d' +oipt, = ,
(3 1 1 (2 7 2 zpj.(qz_pz)
p} =1 —ai)py, i =ve, k#i

» All the primed momenta (real process) on-shell and momentum conservation:
pff is the emitter, p"f the spectator needed to absorb momentum recoil

> Quasi-collinear configurations can also be conveniently mapped such
that the massless limit is smooth [Sborlini, Driencourt-Mangin, GR, JHEP 1610, 162]
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Sborlini, Driencourt-Mangin, Hernandez-Pinto, GR, JHEP 1608, 160

FOUR-DIMENSIONAL UNSUBTRATION (FDU) @ NLO

> The LTD representation of the renormalised loop cross-section: one single
integral in the loop three-momentum

/Ndag}’R) — /N/Zl 2 Re <M§8)|(ZM§\P(5(Q¢))) — ng)z(g(CJUv)»

> A partition of the real phase-space

> Ril{phvsn) = 1

> The real contribution mapped to the Born kinematics + loop three-momentum

[, a = /612%% ({5 M (1P

{ritNnt1—=(gi{pr}nN)
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BEYOND UNITARITY CUTKOSKY THRESHOLDS

ANOMALOUS THRESHOLDS

St = Q™ Gpg; 9) Gp(g;; ) 6(g;) + perm.
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BEYOND UNITARITY CUTKOSKY THRESHOLDS

ANOMALOUS THRESHOLDS

St = Q™ Gpg; 9) Gp(g;; ) 6(g;) + perm.

> The singularities that appear at the intersection of three (four) forward on-shell
hyperboloids (light cones) cancel

> Anomalous thresholds: causal thresholds involving more than two propagators

1 O(—k,; o) Ok — (m; + m,)?)
lim SO =— 0 +0 ((zﬁ)-l, vh -1)
/157"',/1{',;"'—)0 ijk xijk —/11-":4- —10 kri,O ] !

r=j,k

X = 84.q S qy)

++ g+ —+ __ g+ _ g+t
A s Ay =0 A =y — A

absence of singularity in (4; " = 0 |

P2
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OPENING LOOPS WITH A NUMBER OF CUTS EQUAL TO THE NUMBER OF LOOPS

LTD AT TWO-LOOPS (AND BEYOND)

» At two-loops (LTD representation):

J J N (1, 65) Gpla; Uay U ay) = J J N(,E5) R {GD(al) Gp(a, U az)
£19¢ ¢

1 2 l’ﬂl 2

+ Gp(—a, U ay) Gp(az) - Gp(ay) Gp(a,) Gp(az) }

A \

With a number of cuts equal to the
number of Ioops the Ioop amplitude opens
W |cvel like object

Gilay) = [ Gra)  Gpla) =D ) [ ] Gntaigp

€y 1€y JFi
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WHEN BRANCHES GET BROKEN AT TWO-LOOPS

THE TWO-LOOP FOREST

> One propagator gets eventually on-shell in the same line where there
is a cut propagator: equivalent to the one-loop case

Eventually gets on-shell and
generates a singularity of

On-shell the integrand

On-shell

»  There are two potential singular configurations:
one of them cancels in the sum of cuts, the other

leads to IR/thresholds
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WHEN BRANCHES GET BROKEN

THE TWO-LOOP FOREST

IO G Rodrigo, FCC Week 2019

>

The genuine two-loop case occurs when the singularity is generated
in another loop line

There are four singular configurations: two of them are non-causal
and cancel in the sum, the other two lead to potential IR/thresholds

(two-loop)

Driencourt-Mangin, Sborlini, GR, Torres Bobadilla, JHEP 1902,143
and J.d. Aguilera-Verdugo, F. Driencourt-Mangin, J. Plenter, S. Ramirez-Uribe, G. Rodrigo,
G.F.R. Sborlini, W. J. Torres Bobadilla, S. Tracz e-Print: arXiv:1904.08389


http://inspirehep.net/author/profile/Aguilera-Verdugo%2C%20J.%20Jes%C3%BAs?recid=1730211&ln=es
http://inspirehep.net/author/profile/Driencourt-Mangin%2C%20F%C3%A9lix?recid=1730211&ln=es
http://inspirehep.net/author/profile/Plenter%2C%20Judith?recid=1730211&ln=es
http://inspirehep.net/author/profile/Ram%C3%ADrez-Uribe%2C%20Selomit?recid=1730211&ln=es
http://inspirehep.net/author/profile/Rodrigo%2C%20Germ%C3%A1n?recid=1730211&ln=es
http://inspirehep.net/author/profile/Sborlini%2C%20Germ%C3%A1n%20F.R.?recid=1730211&ln=es
http://inspirehep.net/author/profile/Torres%20Bobadilla%2C%20William%20J.?recid=1730211&ln=es
http://inspirehep.net/author/profile/Tracz%2C%20Szymon?recid=1730211&ln=es
http://arxiv.org/abs/arXiv:1904.08389

SINGULARITIES OF DOUBLE CUT TREES

UNITARITY THRESHOLDS AT TWO LOOPS

S = Qa2 [Gp(qj; a) 64 ) + Gp(—4q;: ) (=g, qp) + [Gp(qk; q) + Gp(g; — q;) — GF(qj)] 5(q;, qk)]

> The location of singularities is determined by a linear identity* in the on-shell energies

+++
Ay =% CI(+) +4q ) + KI,EJ{)) + ko = 0 Kiino = 9 — 9 — 4
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SINGULARITIES OF DOUBLE CUT TREES

UNITARITY THRESHOLDS AT TWO LOOPS

S = Qa2 [Gp(qj; a) 64 ) + Gp(—4q;: ) (=g, qp) + lGD(CIk; q) + Gp(g; — q;) — GF(qj)] 5(q;, qk)]

> The location of singularities is determined by a linear identity* in the on-shell energies

+++ (+) (+) (+) —
/lijk =+ q; 0 * £ = D 0 + kk(ij),O -0 kk(ij),O =4qr—d4d;i—4q;

> The four independent singularities are

lim §@ = +0 () =840 ety
A =0 ijk xijk(_ ,11,}!-]{++ — 10 kkj,O) ik ] ,0 7,0 *k0
B \$ 0
Ag  —0

: Q) _ ++—40
,11-,*?20 CS)U"‘ =0 (u"f'k ) )

: 2) — +——\0
o S = ¢ ()
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SINGULARITIES OF DOUBLE CUT TREES

UNITARITY THRESHOLDS AT TWO LOOPS

S = Qa2 [Gp(qj; a) 64 ) + Gp(—4q;: ) (=g, qp) + [Gp(qk; q) + Gp(g; — q;) — GF(qj)] 5(q;, qk)]

> The location of singularities is determined by a linear identity* in the on-shell energies

+++ __
Ay =% q(+) +4q )+ Q,EJ{)) + kiGijo = 0 Keiiino = 9k — 9i — 4

> The four independent singularities are

2 2
E a0 O(—kiij).0) ki) — (my + m; + my)%) + 0 (( +++)0> =8 q(+)q(+)q(+)
ijk +++ _ iik 0 90
=0 Y (=4 =10 ko)
. +i0
§ (2) +4—\0 > * Non-linear dual prescriptions as proposed in Runkel, Szér,
S ,1+1Hn CS) = <(/1ka ) ) Vesga, Weinzierl, arXiv:1902.02135 incompatible with this
% i =0 identity
3 lim 05)(2) = ((,1"'__)0) *  Dual cancellations tested numerically in Capatti, Hirschi,
= A0 bk Kermanschah, Ruijl, arXiv:1906.06138




AT TWO LOOPS

UNITARITY THRESHOLD / TRIPLE COLLINEAR

X




AT TWO LOOPS

UNITARITY THRESHOLD / TRIPLE COLLINEAR
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BEYOND UNITARITY THRESHOLDS

O(— ki .0) Okiciy — (my; + m; + my)?)

1
' 2 _
)V+++1}1£I}+ C?ilizjk - H

—_)+++ _ .
lljk »%in jk -0 xlllzjk ZZZIZZ A’l]k lO kk],O
=1 4+ -1
+@«%ﬁ ik )
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CONCLUSIONS

» FCC/LHC-HL aimed at the attobarn-! frontier set an enormous
challenge to theory, that available methods cannot afford (yet)
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> The forest is less singular than the individual trees and the
original unintegrated amplitude: essential feature for LTD/FDU to
implement theoretical computations directly in d=4 space-time
dimensions. Potential advantages also for amplitudes.
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CONCLUSIONS

FCC/LHC-HL aimed at the attobarn-! frontier set an enormous
challenge to theory, that available methods cannot afford (yet)

> The forest is less singular than the individual trees and the
original unintegrated amplitude: essential feature for LTD/FDU to
implement theoretical computations directly in d=4 space-time
dimensions. Potential advantages also for amplitudes.

> First comprehensive analysis of unitarity and anomalous
thresholds, and IR singularities as their limiting case, at one and two
loops from LTD.

> Singular behavior at higher orders can easily be inferred from these

+i0

results.

> All arises from the tiny
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UV RENORMALISATION: LOCAL SUBTRACTION

» Expand propagators and numerators around a UV propagator [Weinzier], Pittau]
1 2quv - k; + k% — mf + ,U%V (2QUV . kz)2
2 2 —|1- 2 2 : + 2 2 ) 2 ..
oy — Mgy + 10 quy — Moy + 0 (¢Gv — 1oy +10)
quv =4+ kuv ki =q — quv

Gr(q) =

> and adjust subleading terms to subtract only the pole (MS scheme), or to define any
other renormalisation scheme. For the scalar two point function

et = [ ! I+c Hiv
= : Uv :
), GEy — uiy +i0)? qgy — Hgy + 10
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UV RENORMALISATION: LOCAL SUBTRACTION

» Expand propagators and numerators around a UV propagator [Weinzier], Pittau]
1 2quv - k; + k? — mf + ,U%V (2QUV . kz)2
2 2 —|1- 2 2 : + 2 2 ) 2 ..
oy — Mgy + 10 quy — Moy + 0 (¢Gv — 1oy +10)
quv =4+ kuv ki =q — quv

Gr(q) =

> and adjust subleading terms to subtract only the pole (MS scheme), or to define any
other renormalisation scheme. For the scalar two point function

1 2
¢ @Gy — Hgy +10) v — Koy + 10
> dual representation needs to deal with multiple poles [Bierenbaum et al ]

S 2 2 2 :
Jent _ [ %(quv) <1 _ Scuvhiy > o= \/ quy + pgy — 10
uv 2 2
9 (g 4 ( o) Hernandez-Pinto, Sborlini, GR, JHEP 1602, 044
quv.o quv,0
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UV RENORMALISATION: LOCAL SUBTRACTION

» Expand propagators and numerators around a UV propagator [Weinzier], Pittau]
1 2quv - k; + k? — mf + ,U%V (2QUV . kz)2
2 2 —|1- 2 2 : + 2 2 ) 2 ..
oy — Mgy + 10 quy — Moy + 0 (¢Gv — 1oy +10)
quv =4+ kuv ki =q — quv

Gr(q) =

> and adjust subleading terms to subtract only the pole (MS scheme), or to define any
other renormalisation scheme. For the scalar two point function

1 2
¢ @Gy — Hgy +10) v — Koy + 10
> dual representation needs to deal with multiple poles [Bierenbaum et al ]

S 2 2 2 :
Jent _ [ %(quv) <1 _ Scuvhiy > o= \/ quy + pgy — 10
uv 2 2
9 (g 4 ( o) Hernandez-Pinto, Sborlini, GR, JHEP 1602, 044
quv.o quv,0

> Integration on the UV on-shell hyperboloid: loop three-momentum unconstrained,
but loop contributions suppressed for loop energies larger than Hyy
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Benchmark application: A* — ¢g(g)

Sborlini, Driencourt-Mangin, GR, JHEP 1610, 162

0.6 T T T T T T T T T T T T T
— Analytical (DREG) I
o5t Y — yoag
- FDU/LTD !
— Z-uTl
0.4+ L
- Huv=2 512 -08 =—— Z-odd
5: 0.3f = |
S
= _
025 pyv=y s12 T -1.0f
= I
o
01T pyv=ys12 2 Hoqg - S
0.0 012 014 016 0‘.8 -1.2}
0.6 "
— Analytical (DREG) i — Analytical (DREG)
> . EDU/LTD ‘1-4_‘ e FDU/LTD _
04l O.TK' 02 04 06 o8
_ Huv=2+/ s12
OT< m
< oa3f
Ny @ Excellent agreement with analytic DREG
2r Huv=y 12
@ Efficient numerical implementation
01T myv=ys12 12 ¢->qq -
o - ” - - ®» Smooth massless limit

() EXCELENCIA
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Driencourt-Mangin, Sborlini, GR, Torres Bobadilla, JHEP 1902,143

DUAL AMPLITUDE FOR H = yy AT TWO-LOOPS

0.0~
14 . LTD _

; top quarks
1ol — Analytical _0.5-_
Huy=Myl2
S s 10-
S Qtit -1. -
_15]

04l
0 1 2 3 4 —2.0%
r,=l\/1,2_,/A/1,2
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« LTD charged scalars

— Analytical

Huv=Myl2

ro=Mi/ My

Analytic expressions from Aglietti, Bonciani, Degrassi, Vicini, JHEP 0701 (2007) 021
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