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Outline 

1.  Duality between color and kinematics and double copy. 

2.  Double copy and classical solutions.   
 
3.  Applications of double copy to problem of UV divergence 
      in quantum gravity. 
 
4. Generalized double copy.  Double copy any gauge-theory format. 
 
5. UV properties at 5 loops in N = 8 supergravity. 

6. New UV consistency constraints. 

7. Towards ever higher-loop determination of UV. 
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Gravity vs Gauge Theory 

Gravity seems so much more complicated than gauge theory. 

Infinite number of  
complicated interactions 

Consider the Einstein gravity Lagrangian 

Compare to gauge-theory Lagrangian on which QCD is based 

 + … 

Only three and four 
 point interactions 

Theories do not look related! 

terrible mess 

flat-space metric 

metric 

graviton 
field  

curvature 
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Three Vertices 

    About 100 terms in three vertex 
 Naïve conclusion: Gravity is a nasty mess. 

Three-graviton vertex: 

Three-gluon vertex: 

Standard Feynman diagram approach. 



3 loops 

5 loops 

No surprise it has 
never been 
calculated via 
Feynman diagrams. 

More terms than 
atoms in your brain! 

~1020 
TERMS 

~1031   
TERMS 

Suppose we want to check UV properties of supergravity theories: 

− Calculations to settle 
this seemed utterly 
hopeless! 

− Seemed destined for 
dustbin of undecidable 
questions. 

~1026   
TERMS 

4 loops 

Feynman Diagrams for Gravity 

Superspace helps, but not enough to make a difference. 
Standard techniques utterly hopeless. 

Clearly this is the wrong way to look at it 
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Two-particle cut: 

Generalized    
unitarity as a 
practical tool 

Three-particle cut: 

Bern, Dixon, Dunbar and Kosower (1994) 

Bern, Dixon and Kosower 
Britto, Cachazo and Feng 
ZB, Carrasco, Johansson, Kosower 

Different cuts merged 
to give an expression  
with correct cuts in all 
channels. 

Systematic assembly of  
complete amplitudes from  
cuts for any number of 
particles or loops. 

on-shell 

on-shell 

Reproduces Feynman diagrams except intermediate steps of  
calculation based on physical quantities not unphysical ones. 

Modern Unitarity Method 
To get KLT into loops needed new tools 
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Kawai-Lewellen-Tye String Theory Relations 
Kawai-Lewellen-Tye relations in low energy limit:  

gravity gauge theory color ordered 

1.  Gravity is derivable from gauge theory.  Standard QFT  
      offers no hint why this is possible. 
2.  It looked very generally applicable. 
3.  It took people a while to appreciate its significance. 

Pattern gives explicit all-leg form  

KLT (1985) 

ZB, Dixon, Rozowsky Perelstein (1998) 
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Duality Between Color and Kinematics 

Color factors based on a Lie algebra:  

coupling  
constant color factor 

momentum dependent 
kinematic factor 

Color factors satisfy Jacobi identity:   

Use  1 = s/s = t/t = u/u  
to assign 4-point diagram 
to others. 

Numerator factors satisfy similar identity:   

Jacobi Identity 

Atree
4 = g2

⇣nscs
s

+
ntct
t

+
nucu
u

⌘

Proven at tree level 
ZB, Carrasco, Johansson; Kiermaier; Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove;  Cachazo, etc 

ZB, Carrasco, Johansson 

Zhu; Goebel,  Halzen, Leveille  
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 Duality Between Color and Kinematics 
Consider five-point tree amplitude: 

 kinematic numerator factor 

 Feynman propagators 

Claim: We can always find a rearrangement so color and  
  kinematics satisfy the same algebraic constraint equations. 

 color factor 

BCJ,   Bjerrum-Bohr, Feng, Damgaard, Vanhove, ; Mafra, Stieberger, Schlotterer;  
 Tye and Zhang; Feng, Huang, Jia; Chen, Du, Feng; Du, Feng, Fu; Naculich, Nastase, Schnitzer 

 Progress on unraveling relations. 

O’Connell and Montiero;   Bjerrum-Bohr,  Damgaard, O’Connell and Montiero; O’Connell, Montiero, White; 
Du, Feng and Teng, Song and Schlotterer, etc. 

ZB, Carrasco, Johansson (BCJ) 

⇔�c1 + c2 + c3 = 0 n1 + n2 + n3 = 0

c2 = fa3a4bf ba2cf ca1a5c1 = fa3a4bf ba5cf ca1a2 c3 = fa3a4bf ba1cf ca2a5

Atree
5 =

15X

i=1

ciniQ
↵i

p2↵i

See John Joseph’s talk 
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BCJ  
Gravity Loop Integrands from Gauge Theory 

 If you have a set of duality satisfying numerators. 
                                  To get:  
  

simply take 

color factor        kinematic numerator 

gauge theory         gravity theory 

Gravity loop integrands follow from gauge theory! 

Ideas conjectured to generalize to loops:  

ck           nk 

color factor 

kinematic 
numerator (k) (i) (j) 



N = 8 sugra:   (N = 4 sYM)    (N = 4 sYM) 
N = 5 sugra:   (N = 4 sYM)    (N = 1 sYM) 
N = 4 sugra:   (N = 4 sYM)    (N = 0 sYM) 
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Gravity From Gauge Theory 

Spectrum controlled by simple tensor product of gauge theories. 
More sophisticated lower-susy cases: QCD, magical supergravities,  
Einstein-YM with and without Higgsing, twin supergravities. 

Anastasiou, Bornsten, Duff;  Duff, Hughs, Nagy;  Johansson and Ochirov; 
Carrasco,  Chiodaroli,  Günaydin and Roiban; ZB, Davies, Dennen,  Huang and Nohle;  
Nohle; Chiodaroli, Günaydin, Johansson, Roiban. A. Anastasiou, L. Borsten, M.J. Duff, M.J. Hughes, 
Marrani, Nagy, Zoccali. 
 

Many other theories in double-copy story, including open and  
closed string theory, NLSM, Dirac Born Infeld, Galileon and Z theory. 

Cachazo, He, Yuan; Chen Du, Broedel, Schlotterer and Stieberger;  Carrasco, Mafra, Schlotterer; 

Here we consider only simplest constructions: 
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Applications to Black Hole Physics 
Wouldn’t it be really cool if every classical solution in gravity  
could be mapped to a double copy of classical solutions? 

Obviously the coolest place possible: black holes.  Where to start?  

Special coordinates:  Kerr-Schild coordinates: 

gµ⌫ = ⌘µ⌫ + �kµk⌫

Aµ = �kµ �(r) =
Q

r

black hole                        point charge  

�(r) =
2m

r

k is null 

Schwarzschild 
black hole 

Schwarzschild ~  (Coulomb)2 

Coulomb 
point charge 

Monteiro, O’Connell and White 



13 

Examples of Classical Solutions 

•  Kerr (rotating) black hole. 

•  Taub-NUT space. 

•  Various maximally symmetric spacetimes. 

•  Solutions with nontrivial backgrounds. 

•  Radiation from accelerating black hole. 

A variety of other cases:   
Luna, Monteiro, O’Connell and White; 
Luna, Monteiro, Nicholsen, O’Connell and White; 
Ridgway and Wise;  Goldberger and Ridgway 
Carrillo Gonzalez,Penco, and Trodden;  
Adamo, Casali, Mason, Nekovar; 
Bahjat-Abbas, Luna, White  
  

At least in special cases, double-copy constructions for classical  
solutions work. 

Most promising direction is classical gravitation radiation: 
strong similarity to scattering problem. 



•  Connection to scattering amplitudes. 

•  First quantized approach for LO radiation. 

•  BCJ duality and double copy works at NLO in grav. coupling. 
     Enormous simplification. 
•  Dilaton contamination still a problem, (but don’t worry about it). 
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Double Copy and Gravitational Radiation 
Can we simplify the types of calculations needed for LIGO? 
A small industry has developed to study this: 

•  Double copy appears to work!  
•  Challenge is to apply it to a problem of experimental interest. 
•  In the coming years you will hear a lot more about this! 

Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove;  Luna, Nicholson, O'Connell, White  
Bjerrum-Bohr, Damgaard, Festuccia, Planté,  Vanhove. 

Goldberger and Ridgway; Goldberger, Li, Prabhu, Thompson;  Chester  

Chia-Hsien Shen   

Luna, Nicholson, O'Connell, White; Chester 
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Application of Double Copy: 
UV Behavior of Gravity. 
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•  Extra powers of loop momenta in numerator means integrals are     
   badly behaved in the UV and must diverge at some loop order. 
•  Much more sophisticated power counting in supersymmetric theories    
   but this is basic idea. 

Gravity:  

Gauge theory: 

•  With more supersymmetry expect better UV properties. 
•  Need to worry about “hidden cancellations”. 
•  N = 8 supergravity best theory to study. 

Dimensionful coupling 

UV Behavior of Gravity? 

Z LY

i=1

dDpi
(2⇡)D

· · ·pµj p⌫j · · ·
propagators

Z LY

i=1

dDpi
(2⇡)D

· · · gp⌫j · · ·
propagators



3 loops 
 N = 8 

Green, Schwarz, Brink (1982); Howe and 
Stelle (1989);   
Marcus and Sagnotti (1985) 

5 loops 
 N = 8 

Bern, Dixon, Dunbar, Perelstein, Rozowsky 
(1998); Howe and Stelle (2003,2009) 

6 loops 
 N = 8  

Howe and Stelle (2003) 
 

7 loops 
 N = 8  

Grisaru and Siegel (1982);  Bossard, Howe, 
Stelle (2009);Vanhove; Björnsson, Green  
(2010); Kiermaier, Elvang, Freedman(2010); 
Ramond, Kallosh (2010);  Biesert et al (2010); 
Bossard, Howe, Stelle, Vanhove (2011) 

3 loops 
 N = 4 

Bossard, Howe, Stelle, Vanhove (2011) 

4 loops 
 N = 5 

Bossard, Howe, Stelle, Vanhove (2011) 

4 loops 
  N = 4 

Vanhove and Tourkine (2012) 

9 loops 
  N = 8 

Berkovits, Green, Russo, Vanhove (2009) 
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N = 8 supergravity: Where is First D = 4 UV Divergence? 

•  Conventional wisdom holds that it will diverge sooner or later. 
•  Track record of predictions from symmetry not great. 

✓ 

✗ 

✗ 

✗ 

? 

✗ 

✗ 
Weird structure. 
Anomaly-like behavior 
of divergence. 

ZB, Kosower, Carrasco, Dixon,  
Johansson, Roiban;   ZB, Davies, 
Dennen, A. Smirnov, V. Smirnov;    
series of calculations. 

✗ Retracted, but perhaps to be 
unretracted. 

This is what we are most 
interested in and will answer 
here. 
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Supersymmetry and Ultraviolet Divergences  

•  First quantized formulation of Berkovits’ pure-spinor formalism.   

•  Key point:  all supersymmetry cancellations are exposed. 

Poor UV behavior, unless new types of cancellations between diagrams exist  
that are “not consequences of supersymmetry in any conventional sense”. 
 

•  N = 8 sugra should diverge at 5 loops in D = 24/5. 
•  N = 8 sugra should diverge at 7 loops in D = 4.         

Bjornsson and Green 

Bossard, Howe, Stelle; Elvang,  Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Björnsson ; 
Bossard , Hillmann and Nicolai;  Ramond and  Kallosh;  Broedel  and Dixon; Elvang and Kiermaier; 
Beisert,  Elvang, Freedman, Kiermaier, Morales, Stieberger; Bossard, Howe, Stelle, Vanhove, etc 

Bjornsson and Green 

Consensus agreement from all power-counting methods. 
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Scorecard on Symmetry Predictions 
•  N = 4 sugra should diverge at 3 loops in D = 4.          
•  N = 5 sugra should diverge at 4 loops in D = 4. 
•  Half maximal sugra diverges at 2 loops in D = 5. 
•  N = 8 sugra should diverge at 5 loops in D = 24/5. 
•  N = 8 sugra should diverge at 7 loops in D = 4.         

ZB, Davies, Dennen (2012, 2014); ZB, Davies, Dennen, Huang(2012)   

String theory arguments against 3 loop divergence in N = 4. 
Not symmetry arguments. Calculations coupled with extrapolations. 
 
N = 4 sugra has an anomaly that confuses the situation.  It does 
diverge at 4 loops. 

UV cancellation of N = 5 supergravity at 4 loops in D = 4 remains 
a mystery, showing clear problem with standard symmetry 
arguments. 

✗ 
✗ 

? 
? 

Our goal is to provide definitive answers.  

 Tourkine and Vanhove (2012); Green and Rudra (2016)  

✗ 

Marcus; Carrasco, Kallosh, Roiban, Tseytlin;  
ZB, Davies, Dennen, Smirnov, Smirnov;  ZB, Parra-Martinez, Roiban 

will answer 
 this here 

Freedman, Kallosh and Yamada (2018)   
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Enhanced UV Cancellations 

This diagram is log divergent  

N = 4 sugra:  pure YM  x N = 4 sYM 
already log divergent 

N = 4 
sugra 

ZB, Davies, Dennen 

•  3 loop UV finiteness of N = 4 supergravity is example of 
“enhanced cancellation” in supergravity theories. 

•  No known standard symmetry explanation. 

p q
1 
2 3 

4 ni ⇠ s3tAtree
4 (p · q)2 "1 · p "2 · p "3 · q "4 · q + . . .

Suppose diagrams in all possible Lorentz  
covariant representations are UV divergent, 
but the amplitude is well behaved. 

•  By definition this is an enhanced cancellation. 
•  Not the way nonabelian gauge theory works.  



N = 5 Supergravity Four-Loop Cancellations 

N = 5 sugra:  (N = 4 sYM) x (N = 1 sYM) 

N = 4 sYM N = 1 sYM 

 N = 5 supergravity has no divergence at four loops in D = 4. 

Nontrivial example of an “enhanced cancellation”. 

Diagrams necessarily 
UV divergent. 

ZB, Davies and Dennen 

Crucial help  
from (Smirnov)2 
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We calculated four-loop divergence in N = 5 supergravity.   
Industrial strength software needed:  FIRE5 and special purpose C++ 

No standard-symmetry explanation known! 

                   see recent paper from Freedman, Kallosh and Yamada   



82 nonvanishing numerators in BCJ representation 
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ZB, Carrasco, Dixon, Johansson, Roiban (N = 4 sYM)  



N = 5 supergravity at Four Loops 
ZB, Davies and Dennen 

Adds up to zero: no divergence.  Enhanced cancellations! 
No standard (super)symmetry explanation exists. 
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Special purpose C++  and FIRE5 

                   see paper a few weeks ago from Freedman, Kallosh and Yamada   



Kelly Stelle:  
English wine 

“It will diverge” 
24 

N = 8 Sugra 5 Loop Calculation 

•  At 5 loops in D = 24/5 does 
   N = 8 supergravity diverge? 

•  At 7 loops in D = 4 does 
  N = 8 supergravity diverge? Zvi Bern: 

California wine 
“It won’t diverge” 

Place your bets: 
5 loops 

What is the true UV behavior of N = 8 sugra. 
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N = 8 Sugra 5 Loop Calculation 

•  At 5 loops in D = 24/5 does 
   N = 8 supergravity diverge? 

•  At 7 loops in D = 4 does 
  N = 8 supergravity diverge? David Gross:  

California wine 
“It will diverge” 

Zvi Bern: 
California wine 

“It won’t diverge” 

Place your bets: 
7 loops 

What is the true UV behavior of N = 8 sugra. 
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Finding BCJ Forms Nontrivial 

Despite considerable effort no one 
has succeeded in finding a BCJ form. 

On other hand, no trouble with form factor.  
Gang Yang (2016) 

5-loop 4-pt  N = 4 sYM amplitude: 

N = 4 sYM 5 loop form factor: 

Two-loop five-point QCD identical helicity:   

This required an ansatz with curiously high  
power counting. O’Connell and Mogull  (2015) 

Gravity integrands might be “free”, but gauge-theory ones are not. 
Trouble  beyond four loops. 

It can be difficult to find BCJ representations. 

Besides us at least two other groups tried 



New Contact Term Method 
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Start with “naïve double copy” of any correct sYM integrand: 

Max cuts:     
N = 8  cuts: 

Nmax cuts:    

Automatic 

Without BCJ duality, not the correct N = 8 integrand 

N2max cuts:    

Automatic via BCJ, 4pt trees always work 

Add contact term 
to make it work 

Generalized Unitarity 
All exposed legs 
on shell 

ZB, Carrasco, Chen, Johansson, Roiban, Zeng (2017) 
Task is to convert N = 4 sYM 5-loop integrand into N = 8 sugra. 

ci ! ni Not a BCJ representation 

BCJ representation hard to find. 
New method: 



Contact Term Method 
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N4MCN3MCN2MC N5MC N6MC

•  Contact each associated with each cut directly giving missing piece of 
amplitude. 

•  75K cuts need to be evaluated. 
•  Sounds daunting. Not for faint of heart! 

Game for optimists: “Simplifying miracle is around the corner” 

contact = (gravity cut) – (cut of incomplete amplitude) 



A Simplifying Miracle  
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1.  Most contact terms vanish! 
2.  Gravity contacts far simpler than expected.  
3.  Four-point  double-contacts factorize.  Extremely striking. 

For 5 or higher-point contacts no overall factorization, as with KLT.  

contact = (gravity cut) – (cut of incomplete amplitude) 

double 4pt  
contact 

Can we write down formulas that give missing gravity pieces 
directly from gauge theory, bypassing complicated gravity cuts? 

h
2s3 � s2u+ 4s2(2k1 · l6) + · · ·

⇤

⇥
h
s2u+ 2su2 � s2(2k1 · l6) + · · ·

⇤

Reminds us of KLT factorization: 

M tree(1, 2, 3, 4) = s12A
tree(1, 2, 3, 4)⇥Atree(1, 2, 4, 3)

Each factor 
looks like  
gauge theory 

ZB, Carrasco, Chen, Johansson, Roiban, Zeng (2017) 



A Miracle 
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Miracle:  The contact terms are so simple we should be able 
write down missing gravity contacts directly from gauge theory. 

1.  Start from gauge-theory loop amplitude. 
2.  Construct naïve double copy. 
3.  Compute cut of naïve double copy. 
4.  Compute gravity cut from gauge-theory cuts via KLT. 
5.  Subtract and shake hard (nontrivial). 
6.  Extract surprisingly simple gravity contact terms. 



 BCJ Discrepancy Functions 
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BCJ discrepancy function: 

Need a function defined purely in gauge theory as building block  
for missing gravity pieces. 

Inside multiloop diagram 

Obvious guess is these are building blocks for missing gravity  
pieces. 

J ⌘
3X

i=1

ni
Vanishes if we 
have BCJ form 
of gauge theory. 

= + + 

1 2 3 

kinematic numerators 

Missing pieces:   



Gravity from Gauge Theory 
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•  Applies to any adjoint gauge theory, not just N = 4 sYM. 
•  Holds for asymmetric double copies. 
•  Same constructions work at tree level.   Five-point formula 
     similar to known tree formula. 

Etc. 

Missing gravity  from any gauge theory representation  
BCJ discrepancy functions 

propagators cancel trivially (1) (2)

1 2 

Expand  into 15 diagrams 

ZB, Carrasco, Chen, Johansson, Roiban  

Bjerrum-Bohr, Damgaard, Søndergaad, Vanhove 

(1) (2)



5 Loop N = 8 supergravity 
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Generalized double copy enormously simplifies 
the computation of missing gravity contact 
terms.  The impossible becomes doable! 

We have constructed the five-loop integrand! 
ZB, Carrasco, Chen, Johansson, Roiban, Zeng (2017)  

See mathematica attachment of paper for integrand. 



Large Loop Momentum Expansion 
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ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

To deal with this: 
•  Constructed a new integrand with simpler series expansion. 
•   Avoid problematic quartic diverges. 
•  Applied efficient modern algorithms to integrate. 

•  Series expand and large loop momentum to extract log 
divergent terms. 

•  Obtain diagrams with no external momenta, analogous to 
vacuum diagrams. 

Things can spiral out of control at this step. 



Integrating N = 8 supergravity 

35 
ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

Smart choices make huge difference (don’t mix UV and IR!). 
•  Lorentz invariance. 
•  Generators of SL(5) relabeling symmetry. 
•  Modern finite field equation solvers. 
•  Modern unitarity based IBPs. 

Z 5Y

k=1

dD`k
(2⇡)D

@

@`µi

vµiQ
j `

2
j

= 0
<latexit sha1_base64="idABLqzkIerlhDeDdy5HlNx8QRU="></latexit><latexit sha1_base64="idABLqzkIerlhDeDdy5HlNx8QRU="></latexit><latexit sha1_base64="idABLqzkIerlhDeDdy5HlNx8QRU="></latexit><latexit sha1_base64="idABLqzkIerlhDeDdy5HlNx8QRU="></latexit>

vµi
<latexit sha1_base64="DTrVWB+LRm1+c3kUvcidvmhbUBs=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbCwjmA9IzrC32SRLdveO3blAOPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMixIpLPr+t7e2vrG5tV3YKe7u7R8clo6OGzZODeN1FsvYtCJquRSa11Gg5K3EcKoiyZvR6G7mN8fcWBHrR5wkPFR0oEVfMIpOao674qmj0m6p7Ff8OcgqCXJShhy1bumr04tZqrhGJqm17cBPMMyoQcEknxY7qeUJZSM64G1HNVXchtn83Ck5d0qP9GPjSiOZq78nMqqsnajIdSqKQ7vszcT/vHaK/ZswEzpJkWu2WNRPJcGYzH4nPWE4QzlxhDIj3K2EDamhDF1CRRdCsPzyKmlcVgK/Ejxclau3eRwFOIUzuIAArqEK91CDOjAYwTO8wpuXeC/eu/exaF3z8pkT+APv8wdnNo+U</latexit><latexit sha1_base64="DTrVWB+LRm1+c3kUvcidvmhbUBs=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbCwjmA9IzrC32SRLdveO3blAOPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMixIpLPr+t7e2vrG5tV3YKe7u7R8clo6OGzZODeN1FsvYtCJquRSa11Gg5K3EcKoiyZvR6G7mN8fcWBHrR5wkPFR0oEVfMIpOao674qmj0m6p7Ff8OcgqCXJShhy1bumr04tZqrhGJqm17cBPMMyoQcEknxY7qeUJZSM64G1HNVXchtn83Ck5d0qP9GPjSiOZq78nMqqsnajIdSqKQ7vszcT/vHaK/ZswEzpJkWu2WNRPJcGYzH4nPWE4QzlxhDIj3K2EDamhDF1CRRdCsPzyKmlcVgK/Ejxclau3eRwFOIUzuIAArqEK91CDOjAYwTO8wpuXeC/eu/exaF3z8pkT+APv8wdnNo+U</latexit><latexit sha1_base64="DTrVWB+LRm1+c3kUvcidvmhbUBs=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbCwjmA9IzrC32SRLdveO3blAOPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMixIpLPr+t7e2vrG5tV3YKe7u7R8clo6OGzZODeN1FsvYtCJquRSa11Gg5K3EcKoiyZvR6G7mN8fcWBHrR5wkPFR0oEVfMIpOao674qmj0m6p7Ff8OcgqCXJShhy1bumr04tZqrhGJqm17cBPMMyoQcEknxY7qeUJZSM64G1HNVXchtn83Ck5d0qP9GPjSiOZq78nMqqsnajIdSqKQ7vszcT/vHaK/ZswEzpJkWu2WNRPJcGYzH4nPWE4QzlxhDIj3K2EDamhDF1CRRdCsPzyKmlcVgK/Ejxclau3eRwFOIUzuIAArqEK91CDOjAYwTO8wpuXeC/eu/exaF3z8pkT+APv8wdnNo+U</latexit><latexit sha1_base64="DTrVWB+LRm1+c3kUvcidvmhbUBs=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbCwjmA9IzrC32SRLdveO3blAOPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMixIpLPr+t7e2vrG5tV3YKe7u7R8clo6OGzZODeN1FsvYtCJquRSa11Gg5K3EcKoiyZvR6G7mN8fcWBHrR5wkPFR0oEVfMIpOao674qmj0m6p7Ff8OcgqCXJShhy1bumr04tZqrhGJqm17cBPMMyoQcEknxY7qeUJZSM64G1HNVXchtn83Ck5d0qP9GPjSiOZq78nMqqsnajIdSqKQ7vszcT/vHaK/ZswEzpJkWu2WNRPJcGYzH4nPWE4QzlxhDIj3K2EDamhDF1CRRdCsPzyKmlcVgK/Ejxclau3eRwFOIUzuIAArqEK91CDOjAYwTO8wpuXeC/eu/exaF3z8pkT+APv8wdnNo+U</latexit>

ibp vector 

Cheterkin and Tkachov 

Integrals reduce to  
8 master integrals. 

Gluze, Kajda, Kosower; Kosower  & Larsen; Caron-Huot  & Larsen; Johansson, Kosower, Larsen; 
Sogaard and Zhang; Schabinger; Ita;  Zhang; Abreu, Febres Cordero, Ita, Page, Zeng;   etc. 

ZB, Enciso, Parra-Martinez, Zeng  

Schabinger and von Manteuffel 



The result! 
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ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

Integrals are positive definite 
 No “enhanced cancellations” 

•  N = 8 sugra at L = 5  in D = 24/5 has no enhanced cancellation. 
•  N = 5 sugra at L = 4 in D = 4 has enhanced cancellation. 

What is the difference?   D = 4? 

In D = 24/5 we obtain a divergence: 

I lost 5 loop bet 

Analysis of unitarity cuts relevant for UV suggests D = 4  
indeed plays crucial role.   Paper yesterday from Herrmann and Trnka 



N = 8 UV at Five Loops 
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ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

In D = 24/5 we obtain a divergence: 

With hindsight up to overall coefficient, it is easy to understand this  
 result, as I will show you.  

But our purpose: 

•  Determine the answer with complete certainty.  
     No “arguments”.  Only proven facts and calculations. 
•  Understand the structures so we can get to 7 loops and 
    beyond  in D = 4.  

•  To build a firm foundation to be able to get to 7 and higher loops. 



Higher-loop Structure. 
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Green Schwarz, Brink; ZB, Dixon, Dunbar, Perelstein, Rozowsky;Carrasco, Dixon, Johansson, 
 Roiban;  ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng 

Over the years we’ve obtained results for N = 8 sugra  
through five loops. 

Dc = 7
<latexit sha1_base64="TtLzyaIE1s1fyM+cTFrj2JZzvpw=">AAACGXicbVDLSgMxFL1TX3V8jboR3ASL4ELKjJt2IxR04bKCfcB0GDJp2oZmHiQZoQ79DTf+ihsXirjUleDHmL5EWw8EDuecm9ycIOFMKtv+NHJLyyura/l1c2Nza3vH2t2ryzgVhNZIzGPRDLCknEW0ppjitJkIisOA00bQvxj5jVsqJIujGzVIqBfibsQ6jGClJd+yzdb4Eld0Ay+zi/YYpz/EmZKheekTdI5KvlWYmWiRzOKFysHdF2hUfeu91Y5JGtJIEY6ldB07UV6GhWKE06HZSiVNMOnjLnU1jXBIpZeNlxqiY620UScW+kQKjdXfExkOpRyEgU6GWPXkvDcS//PcVHXKXsaiJFU0IpOHOilHKkajmlCbCUoUH2iCiWB6V0R6WGCidJmmLsGZ//IiqZ8VHbvoXDuFShkmyMMhHMEJOFCCClxBFWpA4B4e4RlejAfjyXg13ibRnDGd2Yc/MD6+ATHPnDM=</latexit><latexit sha1_base64="G9Zl3t9eEz8v31vrf1WewCO96og=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl10t7EYp68FjBPmC7LNk024ZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jum1FWwcCw8x8yZfxYkaFNM1PLbewuLS8ki/oq2vrG5vG1nZDRAnHpI4jFvGWhwRhNCR1SSUjrZgTFHiMNL3+2chvXhMuaBReyUFMnAB1Q+pTjKSSXMPU29klNu96TmqWzAxHP8SakKF+7mJ4AsuuUZyacJ5M48Xq7s1X4fbhtOYa7+1OhJOAhBIzJIRtmbF0UsQlxYwM9XYiSIxwH3WJrWiIAiKcNFtqCA+U0oF+xNUJJczU3xMpCoQYBJ5KBkj2xKw3Ev/z7ET6FSelYZxIEuLxQ37CoIzgqCbYoZxgyQaKIMyp2hXiHuIIS1WmrkqwZr88TxrHJcssWZdWsVoBY+TBHtgHh8ACZVAFF6AG6gCDO/AInsGLdq89aa/a2zia0yYzO+APtI9vLzudsA==</latexit><latexit sha1_base64="G9Zl3t9eEz8v31vrf1WewCO96og=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl10t7EYp68FjBPmC7LNk024ZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jum1FWwcCw8x8yZfxYkaFNM1PLbewuLS8ki/oq2vrG5vG1nZDRAnHpI4jFvGWhwRhNCR1SSUjrZgTFHiMNL3+2chvXhMuaBReyUFMnAB1Q+pTjKSSXMPU29klNu96TmqWzAxHP8SakKF+7mJ4AsuuUZyacJ5M48Xq7s1X4fbhtOYa7+1OhJOAhBIzJIRtmbF0UsQlxYwM9XYiSIxwH3WJrWiIAiKcNFtqCA+U0oF+xNUJJczU3xMpCoQYBJ5KBkj2xKw3Ev/z7ET6FSelYZxIEuLxQ37CoIzgqCbYoZxgyQaKIMyp2hXiHuIIS1WmrkqwZr88TxrHJcssWZdWsVoBY+TBHtgHh8ACZVAFF6AG6gCDO/AInsGLdq89aa/a2zia0yYzO+APtI9vLzudsA==</latexit><latexit sha1_base64="z0Vz1kHRGDP82Hn7vbjsfXbzbwU=">AAACGXicbVDLSgMxFL3js46vUZdugkVwIWXGTbsRCrpwWcE+YDoMmTTThmYeJBmhDP0NN/6KGxeKuNSVf2PaTkVbDwQO55yb3Jwg5Uwq2/4yVlbX1jc2S1vm9s7u3r51cNiSSSYIbZKEJ6ITYEk5i2lTMcVpJxUURwGn7WB4NfHb91RIlsR3apRSL8L9mIWMYKUl37LN7vQSV/QDL7cr9hTnP8QpyNi89gm6RFXfKs9NtEzm8TIUaPjWR7eXkCyisSIcS+k6dqq8HAvFCKdjs5tJmmIyxH3qahrjiEovny41Rqda6aEwEfrECk3V3xM5jqQcRYFORlgN5KI3Ef/z3EyFNS9ncZopGpPZQ2HGkUrQpCbUY4ISxUeaYCKY3hWRARaYKF2mqUtwFr+8TFoXFceuOLdOuV4r6ijBMZzAGThQhTrcQAOaQOABnuAFXo1H49l4M95n0RWjmDmCPzA+vwHsupqF</latexit>

Dc = 8
<latexit sha1_base64="5yygs7V6crenGYxpWnVvi5Tr+sg=">AAACGHicbVDLSgMxFL1TX3V8jboR3ASL4ELqjBu7EQq6cFnBPmA6lEyatqGZB0lGqEM/w42/4saFIm67E/wY02kr2nogcDjn3OTm+DFnUtn2p5FbWl5ZXcuvmxubW9s71u5eTUaJILRKIh6Jho8l5SykVcUUp41YUBz4nNb9/tXYr99TIVkU3qlBTL0Ad0PWYQQrLbWsM7OZXeKKru+ldtHOcPpDnCkZmtctgi5LLasw89AimaUL5YOHL9CotKxRsx2RJKChIhxL6Tp2rLwUC8UIp0OzmUgaY9LHXepqGuKASi/NdhqiY620UScS+oQKZerviRQHUg4CXycDrHpy3huL/3luojolL2VhnCgakslDnYQjFaFxS6jNBCWKDzTBRDC9KyI9LDBRuktTl+DMf3mR1M6Ljl10bp1CuQQT5OEQjuAEHLiAMtxABapA4BGe4RXejCfjxXg3PibRnDGd2Yc/MEbf0ZWcCg==</latexit><latexit sha1_base64="WguZbrm7xnHvkh/3zhQfyAWhs1Y=">AAACGHicbVBLSwMxGMzWV7u+Vr0IXoJF8CB114u9CEU9eKxgH7BdlmyabUOzD5KsUJeCf8KLP8OrFw+KeO1N8MeYblvR1oHAMDNf8mW8mFEhTfNTyy0sLi2v5Av66tr6xqaxtV0XUcIxqeGIRbzpIUEYDUlNUslIM+YEBR4jDa93MfIbt4QLGoU3sh8TJ0CdkPoUI6kk1zjWW9klNu94TmqWzAxHP8SakIF+6WJ4VnaN4tSD82SaLlZ2774K90/nVdcYttoRTgISSsyQELZlxtJJEZcUMzLQW4kgMcI91CG2oiEKiHDSbKcBPFBKG/oRVyeUMFN/T6QoEKIfeCoZINkVs95I/M+zE+mXnZSGcSJJiMcP+QmDMoKjlmCbcoIl6yuCMKdqV4i7iCMsVZe6KsGa/fI8qZ+ULLNkXVvFShmMkQd7YB8cAgucggq4AlVQAxg8gGfwCt60R+1Fe9c+xtGcNpnZAX+gDb8BzwGdhw==</latexit><latexit sha1_base64="WguZbrm7xnHvkh/3zhQfyAWhs1Y=">AAACGHicbVBLSwMxGMzWV7u+Vr0IXoJF8CB114u9CEU9eKxgH7BdlmyabUOzD5KsUJeCf8KLP8OrFw+KeO1N8MeYblvR1oHAMDNf8mW8mFEhTfNTyy0sLi2v5Av66tr6xqaxtV0XUcIxqeGIRbzpIUEYDUlNUslIM+YEBR4jDa93MfIbt4QLGoU3sh8TJ0CdkPoUI6kk1zjWW9klNu94TmqWzAxHP8SakIF+6WJ4VnaN4tSD82SaLlZ2774K90/nVdcYttoRTgISSsyQELZlxtJJEZcUMzLQW4kgMcI91CG2oiEKiHDSbKcBPFBKG/oRVyeUMFN/T6QoEKIfeCoZINkVs95I/M+zE+mXnZSGcSJJiMcP+QmDMoKjlmCbcoIl6yuCMKdqV4i7iCMsVZe6KsGa/fI8qZ+ULLNkXVvFShmMkQd7YB8cAgucggq4AlVQAxg8gGfwCt60R+1Fe9c+xtGcNpnZAX+gDb8BzwGdhw==</latexit><latexit sha1_base64="zuKI70j4/lZYVqQIaJ7t+sCIEyw=">AAACGHicbVDLSgMxFL3js46vUZdugkVwIXXGjd0IBV24rGAfMB2GTJq2oZkHSUYoQz/Djb/ixoUibrvzb0ynU9HWA4HDOecmNydIOJPKtr+MldW19Y3N0pa5vbO7t28dHDZlnApCGyTmsWgHWFLOItpQTHHaTgTFYcBpKxjeTP3WIxWSxdGDGiXUC3E/Yj1GsNKSb12YnfwSV/QDL7Mrdo7zH+IUZGze+gRdV32rPPfQMpmny1Cg7luTTjcmaUgjRTiW0nXsRHkZFooRTsdmJ5U0wWSI+9TVNMIhlV6W7zRGp1rpol4s9IkUytXfExkOpRyFgU6GWA3kojcV//PcVPWqXsaiJFU0IrOHeilHKkbTllCXCUoUH2mCiWB6V0QGWGCidJemLsFZ/PIyaV5WHLvi3DvlWrWoowTHcAJn4MAV1OAO6tAAAk/wAm/wbjwbr8aH8TmLrhjFzBH8gTH5BoyPmlw=</latexit>

Dc = 6
<latexit sha1_base64="I2eQdpfXOx131r00XJU4cYOAIww=">AAACGXicbVDLSgMxFL1TX3V8jboR3ASL4ELKjAvtRijowmUF+4DpMGTStA3NPEgyQh36G278FTcuFHGpK8GPMX2Jth4IHM45N7k5QcKZVLb9aeQWFpeWV/Kr5tr6xuaWtb1Tk3EqCK2SmMeiEWBJOYtoVTHFaSMRFIcBp/WgdzH067dUSBZHN6qfUC/EnYi1GcFKS75lm83RJa7oBF5mF+0Rjn+IMyED89In6PzU9K3C1ETzZBovlPfuvkCj4lvvzVZM0pBGinAspevYifIyLBQjnA7MZippgkkPd6iraYRDKr1stNQAHWqlhdqx0CdSaKT+nshwKGU/DHQyxKorZ72h+J/npqpd8jIWJamiERk/1E45UjEa1oRaTFCieF8TTATTuyLSxQITpcscluDMfnme1E6Kjl10rp1CuQRj5GEfDuAIHDiDMlxBBapA4B4e4RlejAfjyXg13sbRnDGZ2YU/MD6+AQ8JnBw=</latexit><latexit sha1_base64="4SS9lU0tEbe5PVrFIrjAtKRp6cY=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl14P2IhT14LGCfcB2WbJp2oZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jdtuKtg4Ehpn5ki/jRYwKaZqfWm5ufmFxKV/Ql1dW19aNjc26CGOOSQ2HLORNDwnCaEBqkkpGmhEnyPcYaXj9s9RvXBMuaBhcyUFEHB91A9qhGEkluYapt7JLbN71nMQsmRkOfog1JkP93MXw5Eh3jeLEhLNkEi9Wtm++CrcPp1XXeG+1Qxz7JJCYISFsy4ykkyAuKWZkqLdiQSKE+6hLbEUD5BPhJNlSQ7inlDbshFydQMJM/T2RIF+Ige+ppI9kT0x7qfifZ8eyU3YSGkSxJAEePdSJGZQhTGuCbcoJlmygCMKcql0h7iGOsFRlpiVY01+eJfXDkmWWrEurWCmDEfJgB+yCfWCBY1ABF6AKagCDO/AInsGLdq89aa/a2yia08YzW+APtI9vDHWdmQ==</latexit><latexit sha1_base64="4SS9lU0tEbe5PVrFIrjAtKRp6cY=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl14P2IhT14LGCfcB2WbJp2oZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jdtuKtg4Ehpn5ki/jRYwKaZqfWm5ufmFxKV/Ql1dW19aNjc26CGOOSQ2HLORNDwnCaEBqkkpGmhEnyPcYaXj9s9RvXBMuaBhcyUFEHB91A9qhGEkluYapt7JLbN71nMQsmRkOfog1JkP93MXw5Eh3jeLEhLNkEi9Wtm++CrcPp1XXeG+1Qxz7JJCYISFsy4ykkyAuKWZkqLdiQSKE+6hLbEUD5BPhJNlSQ7inlDbshFydQMJM/T2RIF+Ige+ppI9kT0x7qfifZ8eyU3YSGkSxJAEePdSJGZQhTGuCbcoJlmygCMKcql0h7iGOsFRlpiVY01+eJfXDkmWWrEurWCmDEfJgB+yCfWCBY1ABF6AKagCDO/AInsGLdq89aa/a2yia08YzW+APtI9vDHWdmQ==</latexit><latexit sha1_base64="7g8sBs08PIRaMcvkUMb5yX3oNGk=">AAACGXicbVDNS8MwHE39nPWr6tFLcAgeZLQedBdhoAePE9wHdKWkWbqFpWlJUmGU/Rte/Fe8eFDEo578b0y7TnTzQeDx3vslv7wgYVQq2/4ylpZXVtfWKxvm5tb2zq61t9+WcSowaeGYxaIbIEkY5aSlqGKkmwiCooCRTjC6yv3OPRGSxvxOjRPiRWjAaUgxUlryLdvsFZe4YhB4mV2zC5z+EKckE/Pax/Dy3PSt6syEi2QWr4ISTd/66PVjnEaEK8yQlK5jJ8rLkFAUMzIxe6kkCcIjNCCuphxFRHpZsdQEHmulD8NY6MMVLNTfExmKpBxHgU5GSA3lvJeL/3luqsK6l1GepIpwPH0oTBlUMcxrgn0qCFZsrAnCgupdIR4igbDSZeYlOPNfXiTts5pj15xbp9qol3VUwCE4AifAARegAW5AE7QABg/gCbyAV+PReDbejPdpdMkoZw7AHxif38n0mm4=</latexit>

Dc =
24

5
<latexit sha1_base64="scNQ3pQNga3MuoA4B7uhmRqsz9Y=">AAACJXicbVDLSgMxFL3js46vUZdugkVwIWWmKHahUNCFywr2Ae1QMmmmDc08SDJCGeYz/AE3/oobFxYRXPkrpi/R1gOBwznnJjfHizmTyrY/jaXlldW19dyGubm1vbNr7e3XZJQIQqsk4pFoeFhSzkJaVUxx2ogFxYHHad3rX4/8+gMVkkXhvRrE1A1wN2Q+I1hpqW1dmq3xJU3R9dzULthjnP4QZ0oy86ZN0FXLF5ikxbMsPc9Ms23lZ0G0SGaj+bL96CAAqLStYasTkSSgoSIcS9l07Fi5KRaKEU4zs5VIGmPSx13a1DTEAZVuOl4wQ8da6SA/EvqECo3V3xMpDqQcBJ5OBlj15Lw3Ev/zmonyS27KwjhRNCSTh/yEIxWhUWWowwQlig80wUQwvSsiPayLULrYUQnO/JcXSa1YcOyCc6fbKMEEOTiEIzgBBy6gDLdQgSoQeIIXeIOh8Wy8Gu/GxyS6ZExnDuAPjK9vm8egkg==</latexit><latexit sha1_base64="tnB6fSrHiGTfD6Kma8uMtqzwl5U="></latexit><latexit sha1_base64="tnB6fSrHiGTfD6Kma8uMtqzwl5U="></latexit><latexit sha1_base64="ciMXtpUPhtMgds6Khx7eGM+f2O0=">AAACJXicbVBLS8NAGNzUV42vqEcvi0XwICUpij0oFPTgsYJ9QBPKZrtpl24e7G6EEvJnvPhXvHiwiODJv+ImTUVbBxaGmfl2vx03YlRI0/zUSiura+sb5U19a3tnd8/YP2iLMOaYtHDIQt51kSCMBqQlqWSkG3GCfJeRjju+yfzOI+GChsGDnETE8dEwoB7FSCqpb1zpdn5Jjw9dJzGrZo6zH2IVJNVv+xhe2x5HOKmdp8lFqut9ozIPwmUyH62AAs2+MbUHIY59EkjMkBA9y4ykkyAuKWYk1e1YkAjhMRqSnqIB8olwknzBFJ4oZQC9kKsTSJirvycS5Asx8V2V9JEciUUvE//zerH06k5CgyiWJMCzh7yYQRnCrDI4oJxgySaKIMyp2hXiEVJFSFVsVoK1+OVl0q5VLbNq3ZuVRr2oowyOwDE4BRa4BA1wB5qgBTB4Ai/gDUy1Z+1Ve9c+ZtGSVswcgj/Qvr4BzS6fPA==</latexit>

Dc =
11

2
<latexit sha1_base64="nDJBqeMNILGkzIzjZXer+z18oXo=">AAACJXicbVDLSgMxFL1TX3V8VV26CRbBhZRJN3ahUNCFywq2FdqhZNJMG5p5kGSEMsxn+ANu/BU3LiwiuPJXTF+irQcCh3POTW6OFwuutON8WrmV1bX1jfymvbW9s7tX2D9oqCiRlNVpJCJ57xHFBA9ZXXMt2H0sGQk8wZre4GrsNx+YVDwK7/QwZm5AeiH3OSXaSJ3Chd2eXNKSPc9NnZIzwdkPwTOS2dcdii7bviQ0xThLy5ltdwrFeRAtk/loseo8YgQAtU5h1O5GNAlYqKkgSrWwE2s3JVJzKlhmtxPFYkIHpMdahoYkYMpNJwtm6MQoXeRH0pxQo4n6eyIlgVLDwDPJgOi+WvTG4n9eK9F+xU15GCeahXT6kJ8IpCM0rgx1uWRUi6EhhEpudkW0T0wR2hQ7LgEvfnmZNMol7JTwrWmjAlPk4QiO4RQwnEMVbqAGdaDwBC/wBiPr2Xq13q2PaTRnzWYO4Q+sr2+RCaCL</latexit><latexit sha1_base64="FyWmUhqQbj8ZlPsAEOSvScWzkYY="></latexit><latexit sha1_base64="FyWmUhqQbj8ZlPsAEOSvScWzkYY="></latexit><latexit sha1_base64="5io+6rb5ZiTYa2APsazz44IvMus=">AAACJXicbVBLS8NAGNzUV42vqEcvi0XwICXpxR4UCnrwWME+IA1hs920SzcPdjdCCfkzXvwrXjxYRPDkX3GTpqKtAwvDzHy7344XMyqkaX5qlbX1jc2t6ra+s7u3f2AcHnVFlHBMOjhiEe97SBBGQ9KRVDLSjzlBgcdIz5vc5H7vkXBBo/BBTmPiBGgUUp9iJJXkGlf6oLjE5iPPSc26WeDih1glyfRbF8Prgc8RTi0rSxuZrrtGbRGEq2QxWgMl2q4xGwwjnAQklJghIWzLjKWTIi4pZiTTB4kgMcITNCK2oiEKiHDSYsEMnillCP2IqxNKWKi/J1IUCDENPJUMkByLZS8X//PsRPpNJ6VhnEgS4vlDfsKgjGBeGRxSTrBkU0UQ5lTtCvEYqSKkKjYvwVr+8irpNuqWWbfuzVqrWdZRBSfgFJwDC1yCFrgDbdABGDyBF/AGZtqz9qq9ax/zaEUrZ47BH2hf38JwnzU=</latexit>

We now have a lot of theoretical “data” to guide us. 

dots represent extra  
propagators 



Higher-loop Structure. 
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Green Schwarz, Brink; ZB, Rozowsky, Yan; ZB, Dixon, Dunbar, Perelstein, Rozowsky; 
Carrasco, Dixon, Johansson, Roiban; ZB, Carraco, Dixon, Douglas, von Hippel, Johansson 

Have up to six loop results for N = 4 sYM UV behavior: 

Dc = 7
<latexit sha1_base64="TtLzyaIE1s1fyM+cTFrj2JZzvpw=">AAACGXicbVDLSgMxFL1TX3V8jboR3ASL4ELKjJt2IxR04bKCfcB0GDJp2oZmHiQZoQ79DTf+ihsXirjUleDHmL5EWw8EDuecm9ycIOFMKtv+NHJLyyura/l1c2Nza3vH2t2ryzgVhNZIzGPRDLCknEW0ppjitJkIisOA00bQvxj5jVsqJIujGzVIqBfibsQ6jGClJd+yzdb4Eld0Ay+zi/YYpz/EmZKheekTdI5KvlWYmWiRzOKFysHdF2hUfeu91Y5JGtJIEY6ldB07UV6GhWKE06HZSiVNMOnjLnU1jXBIpZeNlxqiY620UScW+kQKjdXfExkOpRyEgU6GWPXkvDcS//PcVHXKXsaiJFU0IpOHOilHKkajmlCbCUoUH2iCiWB6V0R6WGCidJmmLsGZ//IiqZ8VHbvoXDuFShkmyMMhHMEJOFCCClxBFWpA4B4e4RlejAfjyXg13ibRnDGd2Yc/MD6+ATHPnDM=</latexit><latexit sha1_base64="G9Zl3t9eEz8v31vrf1WewCO96og=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl10t7EYp68FjBPmC7LNk024ZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jum1FWwcCw8x8yZfxYkaFNM1PLbewuLS8ki/oq2vrG5vG1nZDRAnHpI4jFvGWhwRhNCR1SSUjrZgTFHiMNL3+2chvXhMuaBReyUFMnAB1Q+pTjKSSXMPU29klNu96TmqWzAxHP8SakKF+7mJ4AsuuUZyacJ5M48Xq7s1X4fbhtOYa7+1OhJOAhBIzJIRtmbF0UsQlxYwM9XYiSIxwH3WJrWiIAiKcNFtqCA+U0oF+xNUJJczU3xMpCoQYBJ5KBkj2xKw3Ev/z7ET6FSelYZxIEuLxQ37CoIzgqCbYoZxgyQaKIMyp2hXiHuIIS1WmrkqwZr88TxrHJcssWZdWsVoBY+TBHtgHh8ACZVAFF6AG6gCDO/AInsGLdq89aa/a2zia0yYzO+APtI9vLzudsA==</latexit><latexit sha1_base64="G9Zl3t9eEz8v31vrf1WewCO96og=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl10t7EYp68FjBPmC7LNk024ZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jum1FWwcCw8x8yZfxYkaFNM1PLbewuLS8ki/oq2vrG5vG1nZDRAnHpI4jFvGWhwRhNCR1SSUjrZgTFHiMNL3+2chvXhMuaBReyUFMnAB1Q+pTjKSSXMPU29klNu96TmqWzAxHP8SakKF+7mJ4AsuuUZyacJ5M48Xq7s1X4fbhtOYa7+1OhJOAhBIzJIRtmbF0UsQlxYwM9XYiSIxwH3WJrWiIAiKcNFtqCA+U0oF+xNUJJczU3xMpCoQYBJ5KBkj2xKw3Ev/z7ET6FSelYZxIEuLxQ37CoIzgqCbYoZxgyQaKIMyp2hXiHuIIS1WmrkqwZr88TxrHJcssWZdWsVoBY+TBHtgHh8ACZVAFF6AG6gCDO/AInsGLdq89aa/a2zia0yYzO+APtI9vLzudsA==</latexit><latexit sha1_base64="z0Vz1kHRGDP82Hn7vbjsfXbzbwU=">AAACGXicbVDLSgMxFL3js46vUZdugkVwIWXGTbsRCrpwWcE+YDoMmTTThmYeJBmhDP0NN/6KGxeKuNSVf2PaTkVbDwQO55yb3Jwg5Uwq2/4yVlbX1jc2S1vm9s7u3r51cNiSSSYIbZKEJ6ITYEk5i2lTMcVpJxUURwGn7WB4NfHb91RIlsR3apRSL8L9mIWMYKUl37LN7vQSV/QDL7cr9hTnP8QpyNi89gm6RFXfKs9NtEzm8TIUaPjWR7eXkCyisSIcS+k6dqq8HAvFCKdjs5tJmmIyxH3qahrjiEovny41Rqda6aEwEfrECk3V3xM5jqQcRYFORlgN5KI3Ef/z3EyFNS9ncZopGpPZQ2HGkUrQpCbUY4ISxUeaYCKY3hWRARaYKF2mqUtwFr+8TFoXFceuOLdOuV4r6ijBMZzAGThQhTrcQAOaQOABnuAFXo1H49l4M95n0RWjmDmCPzA+vwHsupqF</latexit>

Dc = 8
<latexit sha1_base64="5yygs7V6crenGYxpWnVvi5Tr+sg=">AAACGHicbVDLSgMxFL1TX3V8jboR3ASL4ELqjBu7EQq6cFnBPmA6lEyatqGZB0lGqEM/w42/4saFIm67E/wY02kr2nogcDjn3OTm+DFnUtn2p5FbWl5ZXcuvmxubW9s71u5eTUaJILRKIh6Jho8l5SykVcUUp41YUBz4nNb9/tXYr99TIVkU3qlBTL0Ad0PWYQQrLbWsM7OZXeKKru+ldtHOcPpDnCkZmtctgi5LLasw89AimaUL5YOHL9CotKxRsx2RJKChIhxL6Tp2rLwUC8UIp0OzmUgaY9LHXepqGuKASi/NdhqiY620UScS+oQKZerviRQHUg4CXycDrHpy3huL/3luojolL2VhnCgakslDnYQjFaFxS6jNBCWKDzTBRDC9KyI9LDBRuktTl+DMf3mR1M6Ljl10bp1CuQQT5OEQjuAEHLiAMtxABapA4BGe4RXejCfjxXg3PibRnDGd2Yc/MEbf0ZWcCg==</latexit><latexit sha1_base64="WguZbrm7xnHvkh/3zhQfyAWhs1Y=">AAACGHicbVBLSwMxGMzWV7u+Vr0IXoJF8CB114u9CEU9eKxgH7BdlmyabUOzD5KsUJeCf8KLP8OrFw+KeO1N8MeYblvR1oHAMDNf8mW8mFEhTfNTyy0sLi2v5Av66tr6xqaxtV0XUcIxqeGIRbzpIUEYDUlNUslIM+YEBR4jDa93MfIbt4QLGoU3sh8TJ0CdkPoUI6kk1zjWW9klNu94TmqWzAxHP8SakIF+6WJ4VnaN4tSD82SaLlZ2774K90/nVdcYttoRTgISSsyQELZlxtJJEZcUMzLQW4kgMcI91CG2oiEKiHDSbKcBPFBKG/oRVyeUMFN/T6QoEKIfeCoZINkVs95I/M+zE+mXnZSGcSJJiMcP+QmDMoKjlmCbcoIl6yuCMKdqV4i7iCMsVZe6KsGa/fI8qZ+ULLNkXVvFShmMkQd7YB8cAgucggq4AlVQAxg8gGfwCt60R+1Fe9c+xtGcNpnZAX+gDb8BzwGdhw==</latexit><latexit sha1_base64="WguZbrm7xnHvkh/3zhQfyAWhs1Y=">AAACGHicbVBLSwMxGMzWV7u+Vr0IXoJF8CB114u9CEU9eKxgH7BdlmyabUOzD5KsUJeCf8KLP8OrFw+KeO1N8MeYblvR1oHAMDNf8mW8mFEhTfNTyy0sLi2v5Av66tr6xqaxtV0XUcIxqeGIRbzpIUEYDUlNUslIM+YEBR4jDa93MfIbt4QLGoU3sh8TJ0CdkPoUI6kk1zjWW9klNu94TmqWzAxHP8SakIF+6WJ4VnaN4tSD82SaLlZ2774K90/nVdcYttoRTgISSsyQELZlxtJJEZcUMzLQW4kgMcI91CG2oiEKiHDSbKcBPFBKG/oRVyeUMFN/T6QoEKIfeCoZINkVs95I/M+zE+mXnZSGcSJJiMcP+QmDMoKjlmCbcoIl6yuCMKdqV4i7iCMsVZe6KsGa/fI8qZ+ULLNkXVvFShmMkQd7YB8cAgucggq4AlVQAxg8gGfwCt60R+1Fe9c+xtGcNpnZAX+gDb8BzwGdhw==</latexit><latexit sha1_base64="zuKI70j4/lZYVqQIaJ7t+sCIEyw=">AAACGHicbVDLSgMxFL3js46vUZdugkVwIXXGjd0IBV24rGAfMB2GTJq2oZkHSUYoQz/Djb/ixoUibrvzb0ynU9HWA4HDOecmNydIOJPKtr+MldW19Y3N0pa5vbO7t28dHDZlnApCGyTmsWgHWFLOItpQTHHaTgTFYcBpKxjeTP3WIxWSxdGDGiXUC3E/Yj1GsNKSb12YnfwSV/QDL7Mrdo7zH+IUZGze+gRdV32rPPfQMpmny1Cg7luTTjcmaUgjRTiW0nXsRHkZFooRTsdmJ5U0wWSI+9TVNMIhlV6W7zRGp1rpol4s9IkUytXfExkOpRyFgU6GWA3kojcV//PcVPWqXsaiJFU0IrOHeilHKkbTllCXCUoUH2mCiWB6V0QGWGCidJemLsFZ/PIyaV5WHLvi3DvlWrWoowTHcAJn4MAV1OAO6tAAAk/wAm/wbjwbr8aH8TmLrhjFzBH8gTH5BoyPmlw=</latexit>

Dc = 6
<latexit sha1_base64="I2eQdpfXOx131r00XJU4cYOAIww=">AAACGXicbVDLSgMxFL1TX3V8jboR3ASL4ELKjAvtRijowmUF+4DpMGTStA3NPEgyQh36G278FTcuFHGpK8GPMX2Jth4IHM45N7k5QcKZVLb9aeQWFpeWV/Kr5tr6xuaWtb1Tk3EqCK2SmMeiEWBJOYtoVTHFaSMRFIcBp/WgdzH067dUSBZHN6qfUC/EnYi1GcFKS75lm83RJa7oBF5mF+0Rjn+IMyED89In6PzU9K3C1ETzZBovlPfuvkCj4lvvzVZM0pBGinAspevYifIyLBQjnA7MZippgkkPd6iraYRDKr1stNQAHWqlhdqx0CdSaKT+nshwKGU/DHQyxKorZ72h+J/npqpd8jIWJamiERk/1E45UjEa1oRaTFCieF8TTATTuyLSxQITpcscluDMfnme1E6Kjl10rp1CuQRj5GEfDuAIHDiDMlxBBapA4B4e4RlejAfjyXg13sbRnDGZ2YU/MD6+AQ8JnBw=</latexit><latexit sha1_base64="4SS9lU0tEbe5PVrFIrjAtKRp6cY=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl14P2IhT14LGCfcB2WbJp2oZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jdtuKtg4Ehpn5ki/jRYwKaZqfWm5ufmFxKV/Ql1dW19aNjc26CGOOSQ2HLORNDwnCaEBqkkpGmhEnyPcYaXj9s9RvXBMuaBhcyUFEHB91A9qhGEkluYapt7JLbN71nMQsmRkOfog1JkP93MXw5Eh3jeLEhLNkEi9Wtm++CrcPp1XXeG+1Qxz7JJCYISFsy4ykkyAuKWZkqLdiQSKE+6hLbEUD5BPhJNlSQ7inlDbshFydQMJM/T2RIF+Ige+ppI9kT0x7qfifZ8eyU3YSGkSxJAEePdSJGZQhTGuCbcoJlmygCMKcql0h7iGOsFRlpiVY01+eJfXDkmWWrEurWCmDEfJgB+yCfWCBY1ABF6AKagCDO/AInsGLdq89aa/a2yia08YzW+APtI9vDHWdmQ==</latexit><latexit sha1_base64="4SS9lU0tEbe5PVrFIrjAtKRp6cY=">AAACGXicbVBLSwMxGMzWV7u+Vr0IXoJF8CBl14P2IhT14LGCfcB2WbJp2oZmHyRZoS4Ff4UX/4VnLx4U8agnwR9jdtuKtg4Ehpn5ki/jRYwKaZqfWm5ufmFxKV/Ql1dW19aNjc26CGOOSQ2HLORNDwnCaEBqkkpGmhEnyPcYaXj9s9RvXBMuaBhcyUFEHB91A9qhGEkluYapt7JLbN71nMQsmRkOfog1JkP93MXw5Eh3jeLEhLNkEi9Wtm++CrcPp1XXeG+1Qxz7JJCYISFsy4ykkyAuKWZkqLdiQSKE+6hLbEUD5BPhJNlSQ7inlDbshFydQMJM/T2RIF+Ige+ppI9kT0x7qfifZ8eyU3YSGkSxJAEePdSJGZQhTGuCbcoJlmygCMKcql0h7iGOsFRlpiVY01+eJfXDkmWWrEurWCmDEfJgB+yCfWCBY1ABF6AKagCDO/AInsGLdq89aa/a2yia08YzW+APtI9vDHWdmQ==</latexit><latexit sha1_base64="7g8sBs08PIRaMcvkUMb5yX3oNGk=">AAACGXicbVDNS8MwHE39nPWr6tFLcAgeZLQedBdhoAePE9wHdKWkWbqFpWlJUmGU/Rte/Fe8eFDEo578b0y7TnTzQeDx3vslv7wgYVQq2/4ylpZXVtfWKxvm5tb2zq61t9+WcSowaeGYxaIbIEkY5aSlqGKkmwiCooCRTjC6yv3OPRGSxvxOjRPiRWjAaUgxUlryLdvsFZe4YhB4mV2zC5z+EKckE/Pax/Dy3PSt6syEi2QWr4ISTd/66PVjnEaEK8yQlK5jJ8rLkFAUMzIxe6kkCcIjNCCuphxFRHpZsdQEHmulD8NY6MMVLNTfExmKpBxHgU5GSA3lvJeL/3luqsK6l1GepIpwPH0oTBlUMcxrgn0qCFZsrAnCgupdIR4igbDSZeYlOPNfXiTts5pj15xbp9qol3VUwCE4AifAARegAW5AE7QABg/gCbyAV+PReDbejPdpdMkoZw7AHxif38n0mm4=</latexit>

Dc =
24

5
<latexit sha1_base64="scNQ3pQNga3MuoA4B7uhmRqsz9Y=">AAACJXicbVDLSgMxFL3js46vUZdugkVwIWWmKHahUNCFywr2Ae1QMmmmDc08SDJCGeYz/AE3/oobFxYRXPkrpi/R1gOBwznnJjfHizmTyrY/jaXlldW19dyGubm1vbNr7e3XZJQIQqsk4pFoeFhSzkJaVUxx2ogFxYHHad3rX4/8+gMVkkXhvRrE1A1wN2Q+I1hpqW1dmq3xJU3R9dzULthjnP4QZ0oy86ZN0FXLF5ikxbMsPc9Ms23lZ0G0SGaj+bL96CAAqLStYasTkSSgoSIcS9l07Fi5KRaKEU4zs5VIGmPSx13a1DTEAZVuOl4wQ8da6SA/EvqECo3V3xMpDqQcBJ5OBlj15Lw3Ev/zmonyS27KwjhRNCSTh/yEIxWhUWWowwQlig80wUQwvSsiPayLULrYUQnO/JcXSa1YcOyCc6fbKMEEOTiEIzgBBy6gDLdQgSoQeIIXeIOh8Wy8Gu/GxyS6ZExnDuAPjK9vm8egkg==</latexit><latexit sha1_base64="tnB6fSrHiGTfD6Kma8uMtqzwl5U="></latexit><latexit sha1_base64="tnB6fSrHiGTfD6Kma8uMtqzwl5U="></latexit><latexit sha1_base64="ciMXtpUPhtMgds6Khx7eGM+f2O0=">AAACJXicbVBLS8NAGNzUV42vqEcvi0XwICUpij0oFPTgsYJ9QBPKZrtpl24e7G6EEvJnvPhXvHiwiODJv+ImTUVbBxaGmfl2vx03YlRI0/zUSiura+sb5U19a3tnd8/YP2iLMOaYtHDIQt51kSCMBqQlqWSkG3GCfJeRjju+yfzOI+GChsGDnETE8dEwoB7FSCqpb1zpdn5Jjw9dJzGrZo6zH2IVJNVv+xhe2x5HOKmdp8lFqut9ozIPwmUyH62AAs2+MbUHIY59EkjMkBA9y4ykkyAuKWYk1e1YkAjhMRqSnqIB8olwknzBFJ4oZQC9kKsTSJirvycS5Asx8V2V9JEciUUvE//zerH06k5CgyiWJMCzh7yYQRnCrDI4oJxgySaKIMyp2hXiEVJFSFVsVoK1+OVl0q5VLbNq3ZuVRr2oowyOwDE4BRa4BA1wB5qgBTB4Ai/gDUy1Z+1Ve9c+ZtGSVswcgj/Qvr4BzS6fPA==</latexit>

Dc =
11

2
<latexit sha1_base64="nDJBqeMNILGkzIzjZXer+z18oXo=">AAACJXicbVDLSgMxFL1TX3V8VV26CRbBhZRJN3ahUNCFywq2FdqhZNJMG5p5kGSEMsxn+ANu/BU3LiwiuPJXTF+irQcCh3POTW6OFwuutON8WrmV1bX1jfymvbW9s7tX2D9oqCiRlNVpJCJ57xHFBA9ZXXMt2H0sGQk8wZre4GrsNx+YVDwK7/QwZm5AeiH3OSXaSJ3Chd2eXNKSPc9NnZIzwdkPwTOS2dcdii7bviQ0xThLy5ltdwrFeRAtk/loseo8YgQAtU5h1O5GNAlYqKkgSrWwE2s3JVJzKlhmtxPFYkIHpMdahoYkYMpNJwtm6MQoXeRH0pxQo4n6eyIlgVLDwDPJgOi+WvTG4n9eK9F+xU15GCeahXT6kJ8IpCM0rgx1uWRUi6EhhEpudkW0T0wR2hQ7LgEvfnmZNMol7JTwrWmjAlPk4QiO4RQwnEMVbqAGdaDwBC/wBiPr2Xq13q2PaTRnzWYO4Q+sr2+RCaCL</latexit><latexit sha1_base64="FyWmUhqQbj8ZlPsAEOSvScWzkYY="></latexit><latexit sha1_base64="FyWmUhqQbj8ZlPsAEOSvScWzkYY="></latexit><latexit sha1_base64="5io+6rb5ZiTYa2APsazz44IvMus=">AAACJXicbVBLS8NAGNzUV42vqEcvi0XwICXpxR4UCnrwWME+IA1hs920SzcPdjdCCfkzXvwrXjxYRPDkX3GTpqKtAwvDzHy7344XMyqkaX5qlbX1jc2t6ra+s7u3f2AcHnVFlHBMOjhiEe97SBBGQ9KRVDLSjzlBgcdIz5vc5H7vkXBBo/BBTmPiBGgUUp9iJJXkGlf6oLjE5iPPSc26WeDih1glyfRbF8Prgc8RTi0rSxuZrrtGbRGEq2QxWgMl2q4xGwwjnAQklJghIWzLjKWTIi4pZiTTB4kgMcITNCK2oiEKiHDSYsEMnillCP2IqxNKWKi/J1IUCDENPJUMkByLZS8X//PsRPpNJ6VhnEgS4vlDfsKgjGBeGRxSTrBkU0UQ5lTtCvEYqSKkKjYvwVr+8irpNuqWWbfuzVqrWdZRBSfgFJwDC1yCFrgDbdABGDyBF/AGZtqz9qq9ax/zaEUrZ47BH2hf38JwnzU=</latexit>

Dc = 5
<latexit sha1_base64="KR9DKwOKatVdKXxl6muxY/nwiX8=">AAACG3icbVDLSgMxFL3js46vUTeCm2ARXEiZKYjdCAVduKxgH9AOJZOmbWjmQZIR6tD/cOOvuHGhiCvBheDHmJm2oq0HAodz7klujhdxJpVtfxoLi0vLK6u5NXN9Y3Nr29rZrckwFoRWSchD0fCwpJwFtKqY4rQRCYp9j9O6N7hI/fotFZKFwY0aRtT1cS9gXUaw0lLbKpqt7JKm6HluYhfsDCc/xJmQkXnZJugcnZpm28pPbTRPpoF8ef/uCzQqbeu91QlJ7NNAEY6lbDp2pNwEC8UIpyOzFUsaYTLAPdrUNMA+lW6SrTVCR1rpoG4o9AkUytTfiQT7Ug59T0/6WPXlrJeK/3nNWHVLbsKCKFY0IOOHujFHKkRpUajDBCWKDzXBRDC9KyJ9LDBRus60BGf2y/OkViw4dsG51m2UYIwcHMAhHIMDZ1CGK6hAFQjcwyM8w4vxYDwZr8bbeHTBmGT24A+Mj2+vn5xY</latexit><latexit sha1_base64="+TtpUGkwXQp1ll5tjmF37p1YqS0=">AAACG3icbVDLSgMxFM34bMfXqBvBTbAILqTMFMRuhKIuXFawD5gOQyZN29DMgyQj1KHgZ7jxJ/wANy4UcSW4EPwYM9NWtPVA4HDOPcnN8SJGhTTNT21ufmFxaTmX11dW19Y3jM2tughjjkkNhyzkTQ8JwmhAapJKRpoRJ8j3GGl4/bPUb1wTLmgYXMlBRBwfdQPaoRhJJblGSW9ll9i86zmJWTQzHP4Qa0yG+rmL4Qk80nXXKExsOEsmgUJl5+Yrf/twWnWN91Y7xLFPAokZEsK2zEg6CeKSYkaGeisWJEK4j7rEVjRAPhFOkq01hPtKacNOyNUJJMzU34kE+UIMfE9N+kj2xLSXiv95diw7ZSehQRRLEuDRQ52YQRnCtCjYppxgyQaKIMyp2hXiHuIIS1VnWoI1/eVZUi8VLbNoXao2ymCEHNgFe+AAWOAYVMAFqIIawOAOPIJn8KLda0/aq/Y2Gp3Txplt8AfaxzetC53V</latexit><latexit sha1_base64="+TtpUGkwXQp1ll5tjmF37p1YqS0=">AAACG3icbVDLSgMxFM34bMfXqBvBTbAILqTMFMRuhKIuXFawD5gOQyZN29DMgyQj1KHgZ7jxJ/wANy4UcSW4EPwYM9NWtPVA4HDOPcnN8SJGhTTNT21ufmFxaTmX11dW19Y3jM2tughjjkkNhyzkTQ8JwmhAapJKRpoRJ8j3GGl4/bPUb1wTLmgYXMlBRBwfdQPaoRhJJblGSW9ll9i86zmJWTQzHP4Qa0yG+rmL4Qk80nXXKExsOEsmgUJl5+Yrf/twWnWN91Y7xLFPAokZEsK2zEg6CeKSYkaGeisWJEK4j7rEVjRAPhFOkq01hPtKacNOyNUJJMzU34kE+UIMfE9N+kj2xLSXiv95diw7ZSehQRRLEuDRQ52YQRnCtCjYppxgyQaKIMyp2hXiHuIIS1VnWoI1/eVZUi8VLbNoXao2ymCEHNgFe+AAWOAYVMAFqIIawOAOPIJn8KLda0/aq/Y2Gp3Txplt8AfaxzetC53V</latexit><latexit sha1_base64="AbEZnkH+rK2YmA+y8HhMA9qt920=">AAACG3icbVDNS8MwHE3n16xfVY9egkPwIKMdiLsIAz14nOA+oCslzdItLE1Lkgqj7P/w4r/ixYMingQP/jdmXSe6+SDweO/3kl9ekDAqlW1/GaWV1bX1jfKmubW9s7tn7R+0ZZwKTFo4ZrHoBkgSRjlpKaoY6SaCoChgpBOMrqZ+554ISWN+p8YJ8SI04DSkGCkt+VbN7OWXuGIQeJldtXOc/RCnIBPz2sfwEp6bpm9V5jZcJvNABRRo+tZHrx/jNCJcYYakdB07UV6GhKKYkYnZSyVJEB6hAXE15Sgi0svytSbwRCt9GMZCH65grv5OZCiSchwFejJCaigXvan4n+emKqx7GeVJqgjHs4fClEEVw2lRsE8FwYqNNUFYUL0rxEMkEFa6zmkJzuKXl0m7VnXsqnNrVxr1oo4yOALH4BQ44AI0wA1oghbA4AE8gRfwajwaz8ab8T4bLRlF5hD8gfH5DWqZmqo=</latexit>

We now have a lot of theoretical “data” to guide us. 



Simple Consistency Conditions 
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ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

Might expect all one-loop 
subdiagram to have 4  
propagators. 

No one-loop triangle 
diagrams. Similar  
structure well known 
to hold for amplitudes. 

 symmetry factors 
Relative coefficients are symmetry factors. 
Actually, easy to understand why it has  
this form. 



Simple consistency conditions 
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ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

In fact, the different loop orders are all consistent with each other 
even after all the nontrvial processing! 

Get correct 4-loop vacuum diagrams starting from 5-loop 
vacuum diagrams, even though in different dimensions!  
  Nontrivial processing makes it surprising that it is this simple! 

Should be possible to develop proof of structure. 
•  Pattern gives strong confidence we computed correctly. 
•  More importantly, points to way to compute higher loops. 



Vacuum diagram consistency 
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Helps in two key ways: 
1.  By demanding lower-loop consistency we should be able to   
      figure out relative coefficients of vacuum integrals. 

2. By limiting focus to certain integrals only need small part 
      of 6 or 7 loop integrand.  Apply unitarity compatible IBP  
     methods. 

To 7 loops  
and beyond! 

Structure gives overwhelmingly  
more powerful new ways to  
analyze higher loops.   
D = 4 and 7 loops looks within reach! 

Gluze, Kajda, Kosower; Kosower  & Larsen; Caron-Huot  & Larsen; 
Johansson, Kosower, Larsen; Sogaard and Zhang; Schabinger; Ita;   
Zhang; ; Abreu, Febres Cordero, Ita, Page, Zeng; etc. 

To test prediction of D = 4 divergence 
need 7 loops 



Nontrivial test: Bootstrap N = 4 sYM at 6 Loops 
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Obvious first place to test is planar N = 4 sYM.  

Using IBPs rewrite 5 loop expression in form natural for bootstrap 

•  Bootstrap should help us greatly to go to higher loops. 
•  Note: same idea seems promising for less susy. 

Matches 6 loop contributions!  

Clean up with 6 loop IBPs and lower-loop consistency.  
Unitarity based IBP up to task. Get: 

5 loop expression 
rearranged ready  
for bootstrap 

� `21
2

`1 · `2
2

`1 · `2
4

Missing. Maximal cuts. 
5 loop subdiagrams 
subleading power count 

5 to 6 loop constraints: 



Status 
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On one hand: 
•  For N = 8 supergravity in D = 24/5 no enhanced cancellation 
    Standard symmetry bounds give correct prediction. 

On the other hand: 
•  Predicted  4-loop divergence in N = 5 supergravity not present: 
     enhanced cancellation!    

•  Recent reaffirmation of no standard symmetry explanation for  
    4-loop N = 5 finiteness. 

•  4-loop divergences of N = 4 supergravity appear in anomalous  
    amplitudes that should be removable via local counterterm. 

•  Remarkable multiloop UV cancellations identified in nontrivial  
     unitarity cuts in D = 4. 
 
 
 
 

ZB, Carrasco, Chen, Edison, Johansson, Parra-Martinez, Roiban,  Zeng  (2018) 

ZB, Davies and Dennen (2014) 

Kallosh, Nicolai, Roiban ,Yamada (2018);  
Freedman, Kallosh,  Yamada  (2018) 

ZB, Parra-Martinez, Roiban (2018) + to appear 

Herrmann and Trnka  (this week) 

Clearly there is much more to explore, especially in D = 4 



Summary 
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1.  Duality between color and kinematics and double copy. 
2. Double-copy offers remarkable insight into gravity: 
      — Gravity loops from gauge theory loops. 
      — Classical solutions.  Gravitational radiation problem. 
3. Generalized double copy:  convert any representation of  
     gauge-theory amplitude to gravity one. 
4. 5-loop 4-point integrand of N = 8 supergravity constructed. 
5. N = 8 sugra in D = 24/5 at L = 5 has no enhanced cancellations 
    but N = 5 sugra in D = 4 does.  Why? 
6. Simple pattern for higher-loop UV uncovered. 
7. Even D = 4, L = 7, now looks within reach for N = 8 supergravity. 

Duality between color and kinematics offer powerful tools for 
studying gravity at high perturbative orders. 



Extra Slides 
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First Quantized Approach 
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•  Contributions 15 and 16 are 
    the crucial ones.   
 
•  Pure spinors have 
     regularization issues at  
     5 loops and beyond 

“Since we have not evaluated the precise values of the coefficients the  
possibility of terms vanishing or cancellations between different  
contributions to the amplitude cannot be ruled out.” 

Bjornsson and Green  

Bjornsson and Green  



Deriving Gravity Contact Formulas 

48 

(1) (2)

Generalized gauge transformation 

= + + 

BCJ discrepancy function: 

Formula for 
missing contact: 

Generalized gauge invariance:  

cross term between numerators 
and discrepancy vanishes. 
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Some Related Recent Activities 
•  Examples of exact classical solutions, including black holes. 

•  Perturbative constructions of general classical solutions, 
     including gravitational radiation problems (LIGO) 

•  Loop level KLT and BCJ: using CHY, ambitwistor string,  
     Q-cuts 

•  Analytic properties of gravity integrands. 

•  Simplified gravity Lagrangian. 

•  Double copy as consequence of gauge invariance. 

•  Applications in string theory. 

Goldberger, Ridgway (2016);  Luna, Monterio, Nicholson, O’Connell, Ochirov, Westerberg, White (2016) 

Chiodaroli; Boels, Medina (2016),  Arkani-Hamed, Rodina, Trnka (2016),  Feng et al (2016) 

Cheung and Remmen (2016,2017)  

Herrmann and Trnka (2016) 

Monteiro, O'Connell, White;  Luna,Monteiro, O'Connell, White (2015);   Bahjat-Abbas, Luna, White (2017) 

Song He, Oliver Schlotterer (2016), Tourkine, Vanhove (2016,2017); 
Hohenegger, S. Stieberger (2017); Y. Geyer, L. Mason, R. Monteiro, P. Tourkine (2016) 
 K. A. Roehrig, D. Skinner  (2017) 

 Steiberger; Vahhove 
Carrasco, Mafra, Schlotterer,  (2016);  Mafra and Schlotterer (2015, 2016) 


