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‘ Outline ‘

1. Duality between color and kinematics and double copy.
2. Double copy and classical solutions.

3. Applications of double copy to problem of UV divergence
in quantum gravity.

4. Generalized double copy. Double copy any gauge-theory format.
5. UV properties at 5 loops in /V = 8 supergravity.
&5

6. New UV consistency constraints.

7. Towards ever higher-loop determination of UV.



| Gravity vs Gauge Theorﬂ

Consider the Einstein gravity Lagrangian

/‘ curvature /‘ flat-space metric
2 . By graviton
Lgravity — ? ‘\/ _g R /-‘g,LW - 77/1'1/ _l_ K IU'V ﬁeld
2 — 30 metric Inﬁnit.e numl.)er of .
_ Newton complicated interactions

,:L“LVW }’{ “%51 }%{ + +s+ terrible mess

Compare to gauge-theory Lagrangian on which QCD is based

Lxpg = i ol }n« Only three and four
g 2 point interactions

Gravity seems so much more complicated than gauge theory.

Theories do not look related! 3



‘ Three Vertices ‘

° 2 b
Standard Feynman diagram approach. 1/:; 0
Three-gluon vertex: 1a ¢

1}
VB?Z?/U — _gfabc(mu/(kl—k2)p‘|‘771/p(k1—kQ);H‘??pu(kl—kQ)V)

Three-graviton vertex: ki = BEf — EzQ 7 0
Gauavp.oy(ki, ka, ka) =
sym/| — %Pg(kl - koMo gNo~y) — %Pe(kl,,kmn#ﬂ*r)m) + %Pg(kl - konumasnan)
+ Ps(k1 - kanpanuensy) + 2Ps(k1uk1yMuanse) — Pa(kisgk2unavnoy)
+ P3(kiskaonuwnag) + Ps(kiokivnuwnas) + 2FPs(kiv ko800 ) % B
+ 2P3(k1vkoumnganye) — 2P3(k1 - koo gonyu) ]

About 100 terms in three vertex [
Naive conclusion: Gravity is a nasty mess.



‘ Feynman Diagrams for Gravity

Suppose we want to check UV properties of supergravity theories:

~1020 No surprise it has
3 loops TERMS NEVer been
calculated via — Calculations to settle
Feynman diagrams. this seemed utterly
hopeless!
- Seemed destined for
4 loops ~102° dustbin of undecidable
TERMS questions.

~103" More terms than

9 loops : _
TERMS atoms in your brain!

i

Superspace helps, but not enough to make a difference.
Standard techniques utterly hopeless.

Clearly this is the wrong way to look at it



Bern, Dixon, Dunbar and Kosower (1994)

‘ Modern Unitarity Method
To get KLT into loops needed new tools

/ on-shell

Two-particle cut:
woparieie et Systematic assembly of

complete amplitudes from
cuts for any number of

Three-particle cut: particles or loops.

Different cuts merged

Generalized N ' to give an expression
unitarity as a l —==t- with correct cuts in all
practical tool - /

Bern, Dixon and Kosower

channels.
Britto, Cachazo and Feng on-shell

/B, Carrasco, Johansson, Kosower

Reproduces Feynman diagrams except intermediate steps of
calculation based on physical quantities not unphysical ones. s



Kawai-Lewellen-Tye String Theory Relations
KLT (1985)

Kawai-Lewellen-Tye relations in low energy limit:
P gravity P gauge theory color ordered

Me(1,2,3,4) = —is19AT(1,2,3,4) AT*°(1,2,4,3),
ME™©¢(1,2,3,4,5) = is10534A5(1,2,3,4,5) AF®(2,1,4,3,5)
+ i813824Agree(1, 3.2,4, 5) Agree (3, 1.4.2, 5)

Pattern gives explicit all-leg form ZB, Dixon, Rozowsky Perelstein (1998)

N

N

Gravity Gauge éauge
Theory Theory
1. Gravity is derivable from gauge theory. Standard QFT

offers no hint why this is possible.
2. Itlooked very generally applicable.
3. It took people a while to appreciate its significance.



\ Duality Between Color and Kinematics ‘

/B, Carrasco, Johansson

: momentum dependent 2}/ b
ﬁgﬁ&lgﬁ% ~, »¢olor factor " Kkinematic factor }nﬁ 5
_gfabc(n,u,u(kl — kQ)p + cyclic) 1a,u c

Color factors based on a Lie algebra: [T%, T°] = ifob°T¢
JaCObi Identity f‘al agbfba4a3 _|_ fa4a2bfba3a1 —I_ fa4a1 bfba2a3 — O

Use 1=s/s=tt=u/u
) [ ] [ ] [ ]
3}7‘,—{ t U :&’Z to assign 4-point diagram
S )
to others.

s=(k1+k2)? t=(ki+kas)?
u = (k1 + k3)?

Atree L gg(nscs 4 ¢ Ct 4 nucu)
4 — _

S t U
Color factors satisfy Jacobi identity: Cy = Cs — Ct
Numerator factors satistfy similar identity: |72u = Tes — Ty

Proven at tree level
Zhu; Goebel, Halzen, Leveille
ZB, Carrasco, Johansson; Kiermaier; Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove; Cachazo, etc



Duality Between Color and Kinematics

Consider five-point tree amplitude: ZB, Carrasco, Johansson (BCJ)
/\ color factor
»~— Kkinematic numerator factor

Atree Z HCZ Uz

az pa@ “—— Feynman propagators

4 5 1 4 1 2

N L7l \ SN L
S/Cl \ 2 °/ C \ 5 3/ c3 -
— fa3a4bfba50fca1 az Co = fa3a4bfba20fca1 as c3 = fa3a4bfba1c]cca2a5

ng~ kg -kskp-c1e0-€3€4 €5+ - See John Joseph’s talk

ci+cot+c3=0 «ni+ng+nzg=90

Claim: We can always find a rearrangement so color and
kinematics satisfy the same algebraic constraint equations.

Progress on unraveling relations.

BCJ, Bjerrum-Bohr, Feng, Damgaard, Vanhove, ; Mafra, Stieberger, Schlotterer;
Tye and Zhang; Feng, Huang, Jia; Chen, Du, Feng; Du, Feng, Fu; Naculich, Nastase, Schnitzer

O’Connell and Montiero; Bjerrum-Bohr, Damgaard, O’Connell and Montiero; O’Connell, Montiero, White;
Du, Feng and Teng, Song and Schlotterer, etc. 9



‘ Gravity Loop Integrands from Gauge Theory ‘

BCJ
Ideas conjectured to generalize to loops: color factor~
/ N : ' | Ck, = C; — Cj
kinematic
") () () Nraerator
If you have a set of duality satisfying numerators.
To get:

gauge theory —> gravity theory
simply take

color factor — kinematic numerator

Gravity loop integrands follow from gauge theory!
10



‘ Gravity From Gauge TheorLI

Here we consider only simplest constructions:
N=8sugra: (N=4sYM)X (N=4sYM)
N=5sugra: (N=4sYM)X (N=1sYM)
N=4sugra: (N=4sYM)X (N=0sYM)

Spectrum controlled by simple tensor product of gauge theories.

More sophisticated lower-susy cases: QCD, magical supergravities,

Einstein-YM with and without Higgsing, twin supergravities.
Anastasiou, Bornsten, Duff; Duff, Hughs, Nagy; Johansson and Ochirov;
Carrasco, Chiodaroli, Glinaydin and Roiban; ZB, Davies, Dennen, Huang and Nohle;
Nohle; Chiodaroli, Glinaydin, Johansson, Roiban. A. Anastasiou, L. Borsten, M.J. Duff, M.J. Hughes,

Marrani, Nagy, Zoccali.

Many other theories in double-copy story, including open and
closed string theory, NLSM, Dirac Born Infeld, Galileon and Z theory.

Cachazo, He, Yuan; Chen Du, Broedel, Schlotterer and Stieberger; Carrasco, Mafra, Schlotterer;

11



‘ Applications to Black Hole Physics ‘

Wouldn’t it be really cool if every classical solution in gravity
could be mapped to a double copy of classical solutions?

Where to start? Obviously the coolest place possible: black holes.

\ Monteiro, O’Connell and White
\l//-

=
black hole point charge
Special coordinates: Kerr-Schild coordinates:
S g = s + Ok 0(0) =7
Q k is null

Co.ulomb A/L = ok, o(r) = =
point charge r

Schwarzschild ~ (Coulomb)? 1



‘ Examples of Classical Solutions

Luna, Monteiro, O’Connell and White;
R Luna, Monteiro, Nicholsen, O’Connell and White;
A Val'lety Of Other cases. Ridgway and Wise; Goldberger and Ridgway
Carrillo Gonzalez,Penco, and Trodden;

. Adamo, Casali, Mason, Nekovar;
* Kerr (rotating) black hole.  p,hjacabbas, Luna, White

* Taub-NUT space.

* Various maximally symmetric spacetimes.

* Solutions with nontrivial backgrounds.

* Radiation from accelerating black hole.

At least in special cases, double-copy constructions for classical
solutions work.

Most promising direction is classical gravitation radiation:
strong similarity to scattering problem.

13



Double Copy and Gravitational Radiation

Can we simplify the types of calculations needed for LIGO?
A small industry has developed to study this:

* Connection to scattering amplitudes.

Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove; Luna, Nicholson, O'Connell, White
Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove.

* First quantized approach for LO radiation. a % %; u %
Goldberger and Ridgway; Goldberger, Li, Prabhu, Thompson; Chester
B B
* BCJ duality and double copy works at NLO in grav. coupling.

Enormous simplification. Chia-Hsien Shen

* Dilaton contamination still a problem, (but don’t worry about it).
Luna, Nicholson, O'Connell, White; Chester

* Double copy appears to work!
* Challenge is to apply it to a problem of experimental interest.
* In the coming years you will hear a lot more about this!

14



Application of Double Copy:
UV Behavior of Gravity.

15



‘ UV Behavior of Gravity? ‘

P \/327TG n <+ Dimensionful coupling

K oV D ce K Ry ...
/ L 4 Gravity: / H d pz Lits
‘J\p D propagators
Gauge theory: / H propagatOI‘S

* Extra powers of loop momenta in numerator means integrals are
badly behaved in the UV and must diverge at some loop order.

* Much more sophisticated power counting in supersymmetric theories
but this is basic idea.

* With more supersymmetry expect better UV properties.
* Need to worry about “hidden cancellations”.

* N =8 supergravity best theory to study.
16



N = 8 supergravity: Where is First D =4 UV Divergence?

3 loops Green, Schwarz, Brink (1982); Howe and

N=8 Stelle (1989); X
Marcus and Sagnotti (1985)

5 loops Bern, Dixon, Dunbar, Perelstein, Rozowsky

N=8 (1998); Howe and Stelle (2003,2009) X

6 loops Howe and Stelle (2003) X

N=38

7 loops Grisaru and Siegel (1982); Bossard, Howe,

N=8 Stelle (2009);Vanhove; Bjornsson, Green
(2010); Kiermaier, Elvang, Freedman(2010); ‘?
Ramond, Kallosh (2010); Biesert et al (2010); °
Bossard, Howe, Stelle, Vanhove (2011)

3 loops Bossard, Howe, Stelle, Vanhove (2011)

N=4 X

4 loops Bossard, Howe, Stelle, Vanhove (2011)

N=5 X

4 loops Vanhove and Tourkine (2012)

N=4 J €
9 loops Berkovits, Green, Russo, Vanhove (2009)
N=8 X <

/B, Kosower, Carrasco, Dixon,
Johansson, Roiban; ZB, Davies,
Dennen, A. Smirnov, V. Smirnov;
series of calculations.

This is what we are most
interested in and will answer
here.

Weird structure.
Anomaly-like behavior
of divergence.

Retracted, but perhaps to be
unretracted.

* Conventional wisdom holds that it will diverge sooner or later.

* Track record of predictions from symmetry not great.

17



Supersymmetry and Ultraviolet Divergences

Bossard, Howe, Stelle; Elvang, Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Bjornsson ;
Bossard , Hillmann and Nicolai; Ramond and Kallosh; Broedel and Dixon; Elvang and Kiermaier;
Beisert, Elvang, Freedman, Kiermaier, Morales, Stieberger; Bossard, Howe, Stelle, Vanhove, etc

* First quantized formulation of Berkovits’ pure-spinor formalism.

Bjornsson and Green

* Key point: all supersymmetry cancellations are exposed.

Poor UV behavior, unless new types of cancellations between diagrams exist
that are “not consequences of supersymmetry in any conventional sense”.

Bjornsson and Green

* NV = 8 sugra should diverge at 5 loops in D = 24/5.
* NV =8 sugra should diverge at 7 loops in D = 4.

Consensus agreement from all power-counting methods.

18



Scorecard on Symmetry Predictions

* N =4 sugra should diverge at 3 loops in D = 4. X

* N =35 sugra should diverge at 4 loops in D =4, X

* Half maximal sugra diverges at 2 loopsin D =5. X

N =8 sugra should diverge at 5 loops in D = 24/5. ) «_ will answer
* N = 8 sugra should diverge at 7 loops in D=4, 7  thishere

ZB, Davies, Dennen (2012, 2014); ZB, Davies, Dennen, Huang(2012)

String theory arguments against 3 loop divergence in N =4.

Not symmetry arguments. Calculations coupled with extrapolations.
Tourkine and Vanhove (2012); Green and Rudra (2016)

N =4 sugra has an anomaly that confuses the situation. It does

diverge at 4 lOOpS. Marcus; Carrasco, Kallosh, Roiban, Tseytlin;
7B, Davies, Dennen, Smirnov, Smirnov; ZB, Parra-Martinez, Roiban

UV cancellation of NV =5 supergravity at 4 loops in D = 4 remains

a mystery, showing clear problem with standard symmetry
arguments. Freedman, Kallosh and Yamada (2018)

Our goal is to provide definitive answers.
19



Enhanced UV Cancellations

/B, Davies, Dennen

Suppose diagrams in all possible Lorentz EEEEE x wza

covariant representations are UV divergent, 5 .

but the amplitude is well behaved. /\ZK L ﬁ
* By definition this is an enhanced cancellation. M

Not the way nonabelian gauge theory works. >_<E[ >_<§ >_<K[

already log divergent

N =4 sugra: pure YM X N=4sYM
N=4 2 3
sugra 1 4 ny~ sStAYC (p-q)? ey -pes -pez-qes-q+ ...

pN__q

This diagram is log divergent

* 3loop UV finiteness of V=4 supergravity is example of
“enhanced cancellation” in supergravity theories.

* No known standard symmetry explanation. 0



| N =5 Supergravity Four-Loop Cancellations |

/B, Davies and Dennen
We calculated four-loop divergence in V=5 supergravity.

Industrial strength software needed: FIRES and special purpose C++
N=35sugra: (N=4sYM)X(N=1sYM) Crucial help

from (Smirnov)?

N=4sYM N=1sYM

Diagrams necessarily
UV divergent.

N = 5 supergravity has no divergence at four loops in D =4,

Nontrivial example of an “enhanced cancellation”.

No standard-symmetry explanation known!

see recent paper from Freedman, Kallosh and Yamada
21



‘ 82 nonvanishing numerators in BCJ representation ‘

7B, Carrasco, Dixon, Johansson, Roiban (N =4 sYM)

O O B =G Q=S G =~ G = §
] o Bl EC R v s

po NN G SIp= U o Q= SR GRS e
9y o g e s e &y
7Y o < o - o | MO
AL A b B FOR b R
@ >4 W ¥ 4 | % A e

G T A e T P G
e

22



IN=5 supergravity at Four Loopil

Special purpose C++ and FIRES

/B, Davies and Dennen
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Adds up to zero: no divergence. Enhanced cancellations!

No standard (super)symmetry explanation exists.
see paper a few weeks ago from Freedman, Kallosh and Yamada
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N =8 Sugra S Loop Calculation

What is the true UV behavior of N =8 sugra.

Ny dbl 3 T3 3 o T TN L3 20 4T TN L3
10 20 10 20
2
1 \
1 i 18 13 18 13
1 \ \ 1 4 1 4

e

S loops A

Place your bets:

* At 5 loops in D = 24/5 does
N = 8 supergravity diverge? -

* At 7 loops in D = 4 does -

English wine California wine

“It will diverge” “It won’t diverge”
24




N =8 Sugra S Loop Calculation

What is the true UV behavior of N =8 sugra.

9 /"(\ 3 /"(\ 3 9 ——— 3 9 — 3
1—2 | |
1 \
4 4 .
1 — \ 1 4 1 4

e

Place your bets: ’
* At 5 loops in D = 24/5 does A 7 loops A
N = 8 supergravity diverge? - -

* At 7 loops in D = 4 does - -

N — 8 Supergravity diverge? DaVid GI'OSS: ZVi Bern:
California wine California wine

“It will diverge” “It won’t diverge”
25




Finding BCJ Forms Nontrivial

Gravity integrands might be “free”, but gauge-theory ones are not.
Trouble beyond four loops.

S-loop 4-pt N =4 sYM amplitude:

Despite considerable effort no one
has succeeded in finding a BCJ form.
Besides us at least two other groups tried

N=4sYM 5 loop form factor:

On other hand, no trouble with form factor.
Gang Yang (2016)

Two-loop five-point QCD identical helicity:

This required an ansatz with curiously high
power counting. O’Connell and Mogull (2015)

It can be difficult to find BCJ representations. 26



New Contact Term Method

7B, Carrasco, Chen, Johansson, Roiban, Zeng (2017)
Task is to convert N =4 sYM 5-loop integrand into /V = 8 sugra.

BCJ representation hard to find.
New method:

Start with “naive double copy” of any correct sYM integrand:
C; — M; Not a BCJ representation

Without BCJ duality, not the correct N =8 integrand

N =8 cuts: Generalized Unitarity
Max cuts: Automatic  All exposed legs
on shell

Nmax cuts:

(I Automatic via BCJ, 4pt trees always work

N2max cuts: (I Add contact term

to make it work
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Contact Term Method

contact = (gravity cut) — (cut of incomplete amplitude)

ek £ £ £ O

N2MC N3MC N*MC N°MC NOMC

8 & & D &

Contact each associated with each cut directly giving missing piece of
amplitude.

75K cuts need to be evaluated.
Sounds daunting. Not for faint of heart!

Game for optimists: “Simplifying miracle is around the corner”
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|A Simplifying Miracle|

ZB, Carrasco, Chen, Johansson, Roiban, Zeng (2017)

contact = (gravity cut) — (cut of incomplete amplitude)
. Most contact terms vanish!

Gravity contacts far simpler than expected.
. Four-point double-contacts factorize. Extremely striking.

!\)h—k

[283 — s°u+ 45%(2ky - lg) + - - - |

AN Each factor
looks like
X [S2u + 2su” — 5%(2ky - lg) + - } gauge theory
double 4pt
contact

Reminds us of KLT factorization:
M™(1,2,3,4) = 5190A7°(1,2,3,4) x A™(1,2,4,3)

For 5 or higher-point contacts no overall factorization, as with KLT.

Can we write down formulas that give missing gravity pieces
directly from gauge theory, bypassing complicated gravity cuts?
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‘ A Miracle ‘

Start from gauge-theory loop amplitude.

Construct naive double copy.

Compute cut of naive double copy.

Compute gravity cut from gauge-theory cuts via KLT.
Subtract and shake hard (nontrivial).

6. Extract surprisingly simple gravity contact terms.

NBE PP

Miracle: The contact terms are so simple we should be able
write down missing gravity contacts directly from gauge theory.

& Locchas < R0t
‘\G' ..-k m___ -

<
A\

.

n

“T 7HINK You SHOULD BE. MORE. EXPLICIT HERE. IN STEP Twol
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| BCJ Discrepancy Functions

Need a function defined purely in gauge theory as building block
for missing gravity pieces.

Inside multiloop diagram
H -1 X
1 \
1 2 3

kinematic numerators

3
. . Vanishes if we
BCJ discrepancy function: J = E T have BCJ form
1=1

of gauge theory.

Obvious guess is these are building blocks for missing gravity
pieces.

Missing pieces: ~ Z J x J
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‘ Gravity from Gauge Theorﬂ

/B, Carrasco, Chen, Johansson, Roiban

Missing gravity from any gauge theory representation

/ BCJ discrepancy functions

1 - . .
4x4
(1) (2) Ecxl= d(Td?)(J.’ljl’.+ e ,].’1) propagators cancel trivially
Expand into 15 diagrams
B __Z Jyi, 1}J{22} +J{z2}']{z 1} I I I
GR - (l)d(_2) 1 2
1
4x4><4 Z olnglozg 23: Jo,ig,ljl,ig,o 23: Jil,o,ljh,l,o +
1 2 — —
AN $ o dVdPd) o dVddY oo d)dYdy

Jo,l,IJI,o,o + ']l,o,ljo,l,o + Jl,l,ojo,o,l
d(ll)d(12)d(13) dgl)d§2)d(13) dgl)d?)d?)

+{J & J}
Etc.
* Applies to any adjoint gauge theory, not just V=4 sYM.

* Holds for asymmetric double copies.

* Same constructions work at tree level. Five-point formula

Similar tO knOWn tree formula. Bjerrum-Bohr, Damgaard, Sdeergaad, Vanhove
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E Loop N=8 suwgravitLI

Generalized double copy enormously simplifies
the computation of missing gravity contact
terms. The impossible becomes doable!

We have constructed the five-loop integrand!
/B, Carrasco, Chen, Johansson, Roiban, Zeng (2017)

5 K

See mathematica attachment of paper for integrand.
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| Large Loop Momentum Expansion
/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)

* Series expand and large loop momentum to extract log
divergent terms.

* Obtain diagrams with no external momenta, analogous to
vacuum diagrams.

DB XS D

Things can spiral out of control at this step.

To deal with this:
* Constructed a new integrand with simpler series expansion.

* Avoid problematic quartic diverges.
* Applied efficient modern algorithms to integrate.
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| Integrating NV =38 sulﬂgravitﬂ

Cheterkin and Tkachov
H e vf — 0 p
= - ibp vector
(2m)P (%“ [1;7¢ Y P
Smart ch01ces make huge difference (don’t mix UV and IR!).
e Lorentz invariance. ZB, Enciso, Parra-Martinez, Zeng

* Generators of SL(5) relabeling symmetry.
Modern finite field equation solvers. Schabinger and von Manteuffel
* Modern unitarity based IBPs.

Gluze, Kajda, Kosower; Kosower & Larsen; Caron-Huot & Larsen; Johansson, Kosower, Larsen;
Sogaard and Zhang; Schabinger; Ita; Zhang; Abreu, Febres Cordero, Ita, Page, Zeng; etc.

Integrals reduce to @ @ @ @
. (a) (b) (©) @

8 master integrals. @ @ @ @
(e) (f) ) (h)

/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)
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The result!

/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)

In D = 24/5 we obtain a divergence:

16 x 629 /K12 1 1
MP| - 1X6 <sz+t2+u2>25tuwm( bl )

leading 25 2 E 16

Integrals are positive definite
No “enhanced cancellations”

I lost S loop bet

* N=8sugraatL=35 in D =24/5 has no enhanced cancellation.
* N=5sugraatL=4in D =4 has enhanced cancellation.

What is the difference? D =4?

Analysis of unitarity cuts relevant for UV suggests D = 4

indeed plays crucial role. Paper yesterday from Herrmann and Trnka
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| N=8 UV at Five Loops |

/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)

In D = 24/5 we obtain a divergence:

16 x 629 ,r\12 1 1
- (ﬁ) (sQ—I-tQ—I-uQ)Qstu]\[fee( )

My

leading 25 2 E * E

o

With hindsight up to overall coefficient, it is easy to understand this
result, as I will show you.

But our purpose:

* Determine the answer with complete certainty.
No “arguments”. Only proven facts and calculations.

* Understand the structures so we can get to 7 loops and
beyond in D =4.

* To build a firm foundation to be able to get to 7 and higher loops.
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| Higher-loop Structure.

Green Schwarz, Brink; ZB, Dixon, Dunbar, Perelstein, Rozowsky;Carrasco, Dixon, Johansson,

Roiban; ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng
Over the years we’ve obtained results for V=8 sugra

through five loops.
dots represent extra

) O propagators D,
) s2 + 12 + u?) ( @ @) D,
MY e = 60 ch % stu ( @ @) D.
M o _% Ka (%) (s + 2 + ( @ @ @) D,
MO e 16 >2<0629 Ka (g)12 (82 + % + u?)? (E @ + @) ,

We now have a lot of theoretical “data” to guide us.

MY — _3Kg (
leading

N[ =

MY = —8Ka (3
leading

DO =
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Higher-loop Structure.

Green Schwarz, Brink; ZB, Rozowsky, Yan; ZB, Dixon, Dunbar, Perelstein, Rozowsky;
Carrasco, Dixon, Johansson, Roiban; ZB, Carraco, Dixon, Douglas, von Hippel, Johansson

Have up to six loop results for N =4 sYM UV behavior:
_ 94’CYM (Nc(fa1a2bf'-’ba3a4 + f-agagbfbmal) _ SBa1a2a3a4) O’ DC p— 8

leading
1 1
Fa1a2a3a4 N2 48 | = -
(c®+ <4®+4®>> D. =17
c —
48 N, Guaeaesas [ 1 -
c A A )
1 1 —
Az(13) - IQQSICYM NCFa1a2a3a4 (Nf @+72 (6@ _*_5 @)) ’ DC — 6
eading

6
=49 Kym
leading

1 1 1 1
AP = —6¢" Koy NZFoe2ees | N2 +48 [ = +5 + 5 . D= —
leading 4 2 4 2
(5) _ % 12 3 rarasasay 2 l 1 1 24
A4 lea.ding_ 5) g ’CYM Nc F Nc + 8 4 + 2 T 4 ’ _D C p— —5
AP = —120¢" KCyy F41*2%3%4 N? (1 @ + l((21 + 0p)° @ L @)
leadin, N 2 4 20 -
5 D.=5

+ O(N?),

We now have a lot of theoretical “data” to guide us. 39



| Simple Consistency Conditions |

/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)

oy 4 Might expect all one-loop
leading = —3Kka (5) subdiagram to have 4

propagators.

@ @ @ No one-loop triangle

diagrams. Similar

structure well known
% % % % to hold for amplitudes.

My

16 X 629 /K12 1 1
(5) o 2 2 2\2 ftree [ — T
M e 35 (2) (874 7 ) stuldy (48 16 )
Relative coefficients are symmetry factors. \/
Actually, easy to understand why it has symmetry factors

this form. 40



| Simple consistency conditions
/B, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)

In fact, the different loop orders are all consistent with each other
even after all the nontrvial processing!

QO 1 1 1
(CRENEIENE AN

Get correct 4-loop vacuum diagrams starting from S-loop
vacuum diagrams, even though in different dimensions!

Nontrivial processing makes it surprising that it is this simple!
Should be possible to develop proof of structure.

* Pattern gives strong confidence we computed correctly.
* More importantly, points to way to compute higher loops.
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| Vacuum diagram consistency \

Helps in two key ways:

1. By demanding lower-loop consistency we should be able to
figure out relative coefficients of vacuum integrals.

2. By limiting focus to certain integrals only need small part

of 6 or 7 loop integrand. Apply unitarity compatible IBP
methods.

Gluze, Kajda, Kosower; Kosower & Larsen; Caron-Huot & Larsen;
Johansson, Kosower, Larsen; Sogaard and Zhang; Schabinger; Ita;
Zhang; ; Abreu, Febres Cordero, Ita, Page, Zeng; etc.

To 7 loops

To test prediction of D = 4 divergence and beyond!

need 7 loops &,

Structure gives overwhelmingly
more powerful new ways to

analyze higher loops. 3 Sk
D =4 and 7 loops looks within reach! \‘9



Nontrivial test: Bootstrap N =4 sYM at 6 LOOPiI

Obvious first place to test is planar N =4 sYM.
5 to 6 loop constraints:

Using IBPs rewrite S loop expression in form natural for bootstrap

0y - 0o by - Uy B ﬁ 5 loop expression
4 2 9 rearranged ready
for bootstrap

Clean up with 6 loop IBPs and lower-loop consistency.
Unitarity based IBP up to task. Get:

Matches 6 loop contributions!
1 1 .9
9 + 1((71 + 62) 1 Missing. Maximal cuts.
Z _ 9_0 @ 5 loop subdiagrams

subleading power count

* Bootstrap should help us greatly to go to higher loops.
* Note: same idea seems promising for less susy.
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\ Status ‘

On one hand:

* For N =8 supergravity in D = 24/5 no enhanced cancellation

Standard symmet 87 bounds %we correct prediction.
arrasco, Chen, Edison, Johansson, Parra-Martinez, Roiban, Zeng (2018)
On the other hand.

* Predicted 4-loop divergence in /NV =5 supergravity not present:
enhanced cancellation! 7B, Davies and Dennen (2014)

* Recent reaffirmation of no standard symmetry explanation for

_ . Kallosh, Nicolai, Roiban ,Yamada (2018);
4-100p N =3 finiteness. Freedman, Kallosh, Yamada (2018)

* 4-loop divergences of /N =4 supergravity appear in anomalous

amplitudes that should be removable via local counterterm.
/B, Parra-Martinez, Roiban (2018) + to appear

* Remarkable multiloop UV cancellations identified in nontrivial
llnital‘ity cuts in D = 4. Herrmann and Trnka (this week)

Clearly there is much more to explore, especially in D = 4
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‘ Summary

1. Duality between color and kinematics and double copy.
2. Double-copy offers remarkable insight into gravity:
— Gravity loops from gauge theory loops.
— Classical solutions. Gravitational radiation problem.
3. Generalized double copy: convert any representation of
gauge-theory amplitude to gravity one.
4. 5-loop 4-point integrand of N = 8 supergravity constructed.
5. N =8 sugra in D = 24/5 at L =5 has no enhanced cancellations
but N =35 sugrain D =4 does. Why?
6. Simple pattern for higher-loop UV uncovered.
7. Even D =4, L =7, now looks within reach for V= 8 supergravity.

Duality between color and kinematics offer powerful tools for
studying gravity at high perturbative orders.
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\ Extra Slides ‘
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First Quantized Approach

Bjornsson and Green

e (Contributions 15 and 16 are
the crucial ones.

* Pure spinors have
regularization issues at
S loops and beyond

oS-
@ -

10 11 12

D S-S
D&

=
&
2¢

13 14 15 16

“Since we have not evaluated the precise values of the coefficients the
possibility of terms vanishing or cancellations between different

contributions to the amplitude cannot be ruled out.”

Bjornsson and Green ar



| Deriving Gravity Contact Formulas |

offlle  T-T-X-><

color / numerator

Coi ML Generalized gauge transformation
C4><4 _ Z 11127027112 (1) 2)
a9 4(2) 0iti2 = Mitia — Moy = dyp K (ia) + d; kW (i1)

11,12
5, BCJ
pr0pa.gat0r . . Z 011@2 1192 Z 2112 5"17’2
Generalized gauge invariance: 1) 4(2) 7D 42
11,19 dz d 21,2 d
) 1 1,02 Zl

BCJ discrepancy function:

J(l) — anm _ d(l) Z k(l) Ji(12) — inim _ d(z) Z k(2)

nBQJnBCJ
C4><4 _ Z i192 Vi1 cross term between numerators
ya d(l) d(2) and discrepancy vanishes.
11,22 ' )
Formula for 4><4 _ MiviaMivis 2 (1) 7(2)
Cast = - J T

missing contact: =~ d(l)d(z) d(l)d(2)
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‘ Some Related Recent Activities ‘

 Examples of exact classical solutions, including black holes.
Monteiro, O'Connell, White; Luna,Monteiro, O'Connell, White (2015); Bahjat-Abbas, Luna, White (2017)

* Perturbative constructions of general classical solutions,

including gravitational radiation problems (LIGO)
Goldberger, Ridgway (2016); Luna, Monterio, Nicholson, O’Connell, Ochirov, Westerberg, White (2016)

* Loop level KLT and BCJ: using CHY, ambitwistor string,

Q_ cuts Song He, Oliver Schlotterer (2016), Tourkine, Vanhove (2016,2017);
Hohenegger, S. Stieberger (2017); Y. Geyer, L. Mason, R. Monteiro, P. Tourkine (2016)
K. A. Roehrig, D. Skinner (2017)

Analytic properties of gravity integrands. terrmann and Trka (2016)

Simplified gravity Lagrangian.

Cheung and Remmen (2016,2017)

Double copy as consequence of gauge invariance.
Chiodaroli; Boels, Medina (2016), Arkani-Hamed, Rodina, Trnka (2016), Feng et al (2016)

Applications in string theory. Steiberger; Vahhove
Carrasco, Mafra, Schlotterer, (2016); Mafra and Schlotterer (2015, 2016)
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