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4pt correlators (1/2 BPS ops)

(Weak coupling, planar -> AMPLITUDES!)

Known explicitly to 
10 loops (integrands) 

Simple limit -> Amplitudes
  Mn;n-4+Mn;n-5Mn;1+…+Mn;n-4

(extract individual amplitudes from this combination) [Tran, PH]

Correlahedron
Equivalent to pure geometry

(Strong coupling -> QUANTUM GRAVITY!)

Graviton amplitudes
In AdS (via AdS/CFT) All double trace anomalous dimensions = 

2-graviton bound state masses 

[Aprile, Drummond, Paul, PH] 

Integrability Conformal bootstrap

[Eden, Schubert, Sokatchev; Eden, Korchemsky, 
Sokatchev, PH; Bourjaily, Tran, PH]

[Eden, Korchemsky, Sokatchev, PH;]

[Doobary, Eden, Korchemsky, Mason,
Sokatchev, PH;]

[Beem, Rastelli, van Rees]

M theory; M5 brane,  6d (2,0)?

[Aprile, Drummond, Lipstein, Paul, PH]

[Arutyunov Frolov; Rastelli, Zhou, …] (tree-level)
[Aprile, Drummond, Paul, PH;]  (one-loop)

[Basso,Komatsu,Vieira;Eden,Sfondrini;Fleury,Komatsu;..]

Small      

large      
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Half BPS correlators in N=4
Half BPS ops: Op :=Tr(  )     (x) = one of the 6 scalars in the theory, Tr over adjoint 
rep of gauge group SU(N)

•

Plus all other ops related via internal SU(4) and SUSY. Use analytic superspace, •

4 pt Correlators: <Op Oq Or Os >•

Focus mostly on <2222>•

Entire interacting supercorrelator <2222> given in terms of a single conformally 

invariant function of space-time only f(x1,x2,x3,x4;    )
•

Perturbative l-loop     planar      Integrand:  f(x1,x2,x3,x4;x5,x6,…,x4+l )      •

[GIKOS; Howe,West]

[Eden, Petkou, Schubert, Sokatchev]
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Weak coupling integrands

Huge reduction in the number of  integrands•

[Eden, Korchemsky, Sokatchev]

4 point lightlike limit yields the square of the 4-
point amplitude integrand 

•
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f (1) =
1∏

1≤i<j≤5 x2
ij

f (2) =
x2

12x2
34x2

56 + S6 perms∏
1≤i<j≤6 x2

ij

f (3) =
(x4

12)(x2
34x2

45x2
56x2

67x2
73) + S7 perms∏

1≤i<j≤7 x2
ij

(Unique (planar) possibilities) f (3) =


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




Four- and five-loops

f (4) = + -

f (5) = - + + - + +

Very compact writing (each f -graph represents a number of
different integrals which you can read off from the f -graph)
Hidden (permutation) symmetry uniquely fixes the four-point
planar 〈2222〉 to 3 loops
Fixes 4 loops planar to 3 constants
5 loops planar to 7 constants
6 loops planar to 36 constants etc.
Amplitude limit can be seen graphically:



f -graphs to amplitude graphs

Taking the lightlike limit is equivalent to projecting onto terms
containing a 4-cycle

4-cycles on the surface (faces)→ M(`)
4

4-cycles “inside”→ product graphs M(k)
4 M(`−k)

4

Eg at 3-loops lightlike limit gives: 2M(3)
4 +M(1)

4 M
(2)
4

→ →

→


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}
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Free coefficients fixed to 10 loops using graphical rules:  •
Triangle rule, square rule, pentagon rule  [Eden, Korchemsky, Sokatchev, PH;Bourjaily Tran, PH]

These rules relate l loop coefficients to l+1 loop coefficients and only 
require graphical operations. 

•

Coefficient fixing

Higher point lightlike limits

4-point correlator yields a combination of n-point amplitudes for any n•
Further, conjecture, assuming Yangian symmetry and planarity, individual 
amplitudes  can be extracted from this combination

•

Thus all amplitude integrands are contained in the 4-point correlator 
integrand!!

•

Thus 10 point 4 loop, 9-point 5 loop, 6 point 8 loop etc. (In fact only parity even 

combination full amplitude requires further loop drop.) Shown at  6,7 points to 2 loops. 
[Heslop, Tran]

•
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Integrals and higher charges

Integrals are known to 3 loops; [Eden,Drummond,Duhr,Smirnov,Pennington,PH]•

Higher charge correlators are also known to 3 loops;[Chicherin,Drummond,Sokatchev,PH]•

          

Same integrands as        but different coefficients (no hidden symmetry), •

Thus known analytically to 3 loops from above•

4 loops, some integrals known  [Eden,Smirnov]•

Correction!  5 loops….
[Chicherin, Georgoudis, Goncalves, Pereira]
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Correlahedron 

Toy model:
Polygons in P2

Z1

Z3

Z4

Z5

Z6

Z2 { Y : point inside the polygon }
                     =
{ Y :       Zi Zi+1 Y    >  0 }
                     =
{ Y = C1 Z1 + C2 Z2 + …  + Cn Zn : Ci >0}

A

B

Y,Zi       P2 =Gr(1,3)  

Amplituhedron 
(tree level n-point)
Y   Gr(k,k+4)
Zi    Pk+3  

     
  

{ Y = Cai Zi : ordered kxk minors
                                        of C  >0} 

B

Squared Amplituhedron? 
(tree level n-point NkMHV)
Y   Gr(k,k+4)
Zi    Rk+4  

[Loop-level: additional l Gr(2,k+4)s]

     
  

{ Y:    Zi Zi+1  Zj Zj+1 Y    >  0} A

Non-trivial checks for k=n-4. Also at loop 
Level. 
[Eden, Mason, PH;  Arkani-Hamed, Thomas, Trnka]

[B more explicit than A]

Y

[Loop level, additional Gr(2,k+4)'s 
representing loop integration variables]

[Eden, Mason, PH; See also Arkani-Hamed, Thomas, Trnka]

[Arkani-Hamed, Trnka]

[Arkani-Hamed, Trnka]
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Correlahedron 
Y   Gr(n+k,n+k+4)
Xi   Gr(2,n+k+4)   

{ Y:    Xi Xj  Y    >  0} 

X1

X5

X6

X7

X2

X3

Lightlike limits
m out of n lines 
sequentially intersect 

X4

X1

X5

X6

X7

X2

X4

X3m-point n-m loop 
Squared amplituhedron

Z1

Z2

Z3

Z4Z5

Freeze and Project:  m dimensions 
of Y frozen to the intersection 
points:  X1 X2 Y  = 0    etc.
Project to the space "orthogonal" 
to these m dimensions

Loop variables

Freeze and project takes correlahedron -> squared amplituhedron proven•
Freeze and project takes correlator -> squared amplitude non-trivial checks•
Squared amplituhedron -> squared amplitude. 5,6,7-point MHV ; 4,5-point 1-loop, 4 
point 2-loop. 

•

Checks:

Y

Y
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(squared)(squared)
("Canonical form" with no divergences 
inside, log divergences on the boundary)

Better understand / check the non-maximal case of the squared 
amplituhedron k < n-4

•

Decompose the squared amplituhedron into different topological pieces•
(Winding number?)      [Arkani-Hamed, Thomas, Trnka]

Define the canonical form for the correlahedron•
Focus on maximal case, contains all amplitudes!•
WARNING!  Momentum twistor Feynman diagrams NOT •
a good tessellation [Agarwala, Marcott; Stewart, PH]

To Do:
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Strong coupling: AdS/CFT
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Understand these corrections. New basis of HBPS ops?
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[Lipstein,PH]

[Aprile, Drummond, Lipstein, Paul, PH]
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Durham 
group

Patrick Dorey: 2d amplitudes, integrability
Arthur Lipstein: ambi-twistor strings, CHY, N=4, N=8 etc
Simon Badger: new amplitude techniques -> pheno
Valya Khoze: Higgsplosion
Daniel Maitre: Blackhat
Paul Mansfield: Faraday's Lines of Force as Strings
Herbert Gangl: Number theory, symbol 

Many others with wider but related interests; SUSY field theory, 
Holography, more pheno IPPP etc. 
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