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Outline

General Relativity as a perturbative effective
field theory

New on-shell toolbox for computations

New applications for computation of
observables in general relativity

® Scattering angles
¢ Light-by-light scattering

Outlook
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General Relativity as
an effective field theory



Traditional quantization of
gravity

Known since the 1960ties that a particle version of
General Relativity can be derived from the Einstein
Hilbert Lagrangian (Feynman, DeWitt)

Expand Einstein-Hilbert Lagrangian :
Luy = /d‘lx{\/—gR} G = M + Khy

Derive vertices as in a particle theory - compute
amplitudes as Feynman diagrams!

Gravity Amplitudes and General Relativity



Quantum theory for gravity

Gravity as a theory with self-interactions

Non-renormalisable theory! (tHooft and Veltman)

Dimensionful
coupling:
G\=1/M?

planck

Traditional belief : — no known symmetry can
remove all UV-divergences

String theory can by introducing new length
scales

Gravity Amplitudes and General Relativity



Quantum gravity as an
effective field theory

(Weinberg) proposed to view the quantization of
general relativity from the viewpoint of effective field
theory

1': AV |: + I— -matt Er:|

L = \/— {g + ClR + CERHURHU + . }
(Donoghue) and (NEJB, Donoghue, Holstein) did the

first one-loop concrete computation in such a
framework

Gravity Amplitudes and General Relativity



Effective field theory for
gravity

Consistent quantization
®* Working low energy version of quantum gravity

New point of view:
® General relativity hbar-> 0O limit of multi-loop expansion
® (Classical pieces comes from loop diagrams!

® Explanation: contributions appear in loop diagrams feature a
cancellation of the loop diagram hbar factor

(mass/hbar) expansion.
(Donoghue, Holstein)

Gravity Amplitudes and General Relativity



One-loop (off-shell) gravity
computation

kg\ Ik_i k “Q— k ks \ ‘ ke k2 * ',"kal
(my) ! | (”;2) (?’;?11) ! l (?’22) (my) @ (ma) (m1) (ms2)
LA S A LY R CEEY i 1
Boxes : :
. Bubbles k2 * N 4164
L () dn, ek (1m2)
(1) WAAA (112) O BV
AL AN Triangles '\ 4‘
k
2k k k
T A¢ / ko \ 4 ks (m?) (ﬂig)
ree () (m2)  (mq) 1 (ma) k1‘ \kg
(kl ks kl:‘ \ka , v ‘
k kz\ ‘ ky
k: o 1N (111 (m2)
ko k4 k1 4.&@ k3
(1) WS, | (me(my) | (ma) ; \
Sk W "1 4 s (NEJB, Donoghue, Holstein)
3 / \
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One-loop (off-shell) gravity
computation

kg\ Ik_i k “Q— k ks \ ‘ ke k2 * ',"kal
(my) ! | (”;2) (?’;?11) ! l (?’22) (my) @ (ma) (m1) (m2)
l( » ’ l,( \\ ’ ky ‘ \kg ky 4 *ka
Boxes : :
Bubbles k2 * N 4164
(m1) f‘u '%“ (m2)
(1) ¥AAk (m2) O T ¥
Triangles ’ ‘
\kz k 4 ks \ 4 ky
T ' / ko \ ks (m1) (m2)
ree (ma) (m2)  (mq) 1 (ma) k1‘ \kg
X ;ﬁ’[ \kg A
l k ka2 \ ‘ ky
k: o 1N (111 (m2)
ko ky Ky 4.&@&3
(1) WS, | (me(my) | (ms) ; \
Sk W "1 4 s (NEJB, Donoghue, Holstein)
3 / \
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One-loop (off-shell) gravity
computation

k> ky k ‘Q— k k2\ ‘;&1 kz* ,‘kal

VR O () e (T S
20 A A LF R Y i v
Boxes \’ :

Bubbles K A A,

(1) 8 ok (o)
(my) RARA (M) C )

(NEJB, Donoghue, Holstein)
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One-loop (off-shell) gravity
putation

\ |

Bubbles k2 * N 4164
(m1) e &b (m2)

(my) BRARA (m3) ()

(NEJB, Donoghue, Holstein)

Gravity Amplitudes and General Relaftivity
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One-loop result for gravity

Four point amplitude can be deduced to take the form

M ~ (A—I—Bq‘?—l—...—I—&H'iq—]}g—|—,431H4111(—q2)—|—|52ﬂ-4 m —I—)
—q

Focus on deriving these ~>
Long-range behavior
(no higher derivative

contributions)

Short range behaviour

(NEJB, Donoghue, Holstein)

Gravity Amplitudes and General Relativity 1 3



One-loop result for gravity

The result for the amplitude (in coordinate space) after
summing all diagrams is (leading in small momentum

transfer contribution): (NEJB, Donoghue, Holstein)
Gmim Gimi +m 411 Gh
B 1m2 | g (M1 2) N
r r 10m 72

Post-Newtonian  New quantum
term term

Post-Newtonian term in complete accordance with
general relativity: (lwasaki, Holstein and Ross, Neill and
Rothstein, NEJB, Damgaard, Festuccia, Plante, Vanhove)

Gravity Amplitudes and General Relativity 1 4



Gravity as an EFT

Suggest general relativity augmented by higher
derivative operators — the most general modified
theory

® Tiny consequences for most observables — since curvature
IS really small. Interesting connection between observed
bounds and theory

Quantum theory -> classical limit general relativity

® Post-Newtonian corrections, Hamiltonians for gravitational
systems and Post-Minkowskian observables

Gravity Amplitudes and General Relativity 1 5



New on-shell
toolbox for
computations

16



Off-shell gravity amplitudes

Vertices: 3pt, 4pt, 5pt,..n-pt
Complicated expressions

Expand Lagrangian, tedious process....

: 1 1
V;Ezuﬂ,afy(klv kQ? k3) = Rsym| — §P5(]{1 ) kQ nuanuﬁno’)f) - §P6(k11/k1677,ua7707)

1
A5 terms  + 5Bk ke nutiastion) + Po(ky - ke Doty ) + 2P5(Rivkis tuatlso)
+ Sym — P3(k1ﬁk2unaunaﬂf) + PS(klakQ’yn,ur/naﬁ) + Pﬁ(klaklvnuunaﬁ)

+ QPG(klka’yn,Bunao) + 2R3(k1vk2u77,8077’ya) - QPS(kl ) kQ naunﬁanw.)-‘ )

(DeWitt;Sannan)

Gravity Amplitudes and General Relativity
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Concrete computation gravity

Featuring a number of unpleasant features

® Complicated Feynman rules (infinitely many vertices)
® Numerous double contractions
® Factorial growth in number of legs

® Feynman diagram topologies: no ordering!

® Loop order: complicated tensor integrals

Gravity Amplitudes and General Relativity
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Key: String theory Inspiration

Different form for amplitude

String Feynman
diagrams

theory UM

adds <=2
separate
channels

Kinematic

poles

@ >w—<} Ve

Gravity Amplitudes ral Relativity



Gravity Amplitudes

KLT relationship (Kawai, Lewellen and Tye) relates
open and closed strings (Bern, Dixon, Dunbarr,
Perelstein, Rozowsky)

4 Adlgea ~ Y ™I ATE P (L) AR P (1) N

I1.11

[(=/\<)uu'vrf’/5‘ﬁ’] Z[(’\‘C)L pv3 ]® [(,\_,{)R u’V’ﬁ’]

KLT not manifestly crossing symmetric — explicit representation :
M?Eree(l, 27 3) — _iAgree(la 2’ S)Agree(l, 2’ 3) :
MI€(1,2,3,4) = —is;pAY(1,2,3,4)AY¢(1,2,4,3)
M;'(1,2,3,4,5) =(is1o53) AT (1,2,3,4,5) AT (2, 1,4,3,5) +
\ j w Agree(1’3j2’475)Agree(33 1747275) ‘ /
\ '

omentum prefactors cancel double poles




Key: on-shell states formalism

Spinor products :

(i j) = €™M sy [i j1=€™RE R
Different representations of

the Lorentz group Paa = Uffapu
PP =0 Paa = Aada

Momentum parts of amplitudes:
Qaa=Halle Paa = NaXa 2(p-q) = sij = — (A, @) [\, fi]

Spin-2 polarisation tensors in terms of helicities, (Xu, Zhang
(squares of those of YM): ) :
Chang)

Caa = alla S Haa = e
[)\ fi] @, A) st =t

Gravity Amplitudes and General Relativity 2 1




Yang-Mills MHV-amplitudes

(n) same helicities vanishes

Alee(1+ 2+ 3+ 4+ ) =0 First non-trivial
example,
(n-1) same helicities vanishes (I\/I)aximally
Atree(1+ 2+ i,.)=0 (H)elicity (V)iolating

(MHV) amplitudes

(n-2) same helicities:

Atree(1+ 2+ i,k ,.) One single term!!

S Gk

(12)(23)---(n1)

General Relativity from ﬁéﬁf&ig"écattering 2 2

Atree MRV Given by the formula
(Parke and Taylor) and proven
by (Berends and Giele)




Simplifications from Spinor-
Helicity

s = — O WA i Huge simplifications

V( o K1y Ko, ks) = ﬁ:sym[ — %Rﬁ(kl Z; I %Pﬁ(klvklﬁnuanm’) 45 terms
+ %Ps(kl “ ko Munapnony) + Po(ki - k2 Nuanvosy) + 2P3(k1ukiyfuamss) + Sym
— P3(k1gkopnaunoy) + Ps(kiokoyuwnes) + Po(kiokiyuwas)

+ QPG(kluk%/nﬁun(m) + QRa(kwkz;ﬂ?,ﬁaﬁm) — Qp’i(kl ) k? 77(11/7];30777,(1,)} )

Vanish in-spinor helicity formalism

Gravity: As(17,27,3%)

Contractions ’
D Ty T - c e
“ TN (A ETET TRIBY

Gravity Amplitudes and General Relativity 2 3



Gravity MHV amplitudes

Can be generated from KLT via YM MHV amplitudes.

Miree(17,27 .3 4Ty =i (12)° 12 —0 Anti holomorphic
<3 4> N(4) Contributions

Mgree(1—7 2, 3+?4+? 5+) — i (1 2)8 5(15\?(753)7 4)/' — feature in gravity

(Berends-Giele-Kuijf) recursion formula

MEee(17,27,3% ... 0

12][%—2?1—1 n—3 n—1 n—3
<1 2> 11 — 1 (H H Z] ) H n‘K]—I—l n— 1‘l>)
< " 1=1 j=1i+42 =3

+P@&~wn—m]

Gravity Amplitudes and General Relativity 2 4



Unitarity cuts

Helicity formalism require unitarity methods

. . 1-loo
C@,...,j — ImK%’J>OM P

Singlet Non-Singlet

Ci.. j = %/dLIPS[Mtree(fl,i,i—F1,...,j,€2) X

X MY (—ly, 5 4+1,7+2,...,i—1,—11)




New results: massless matter

As an example we will consider scattering of massless

matter
1G M
O Al = ‘:-ER;?-

Bending of light/massless matter around the Sun

New features: mass-less external fields ~> IR
singularities

New test of universality of matter

Gravity Amplitudes and General Relativity 2 6



Trees and the cut

We have the Lagrangian

S = /d4m13—g

where

L L/, -
Sscalar = /d4T V4 (2(0;&?:)2 - E ((aﬁi’)g — ﬂlrg‘i?g))

? _
Sfermion — 5 /d4T VvV —4g XIDXr

SQED—_E/diLT\/i( ~V,Au)°

2 .
" R + Smodel + SEF

Gravity Amplitudes and General Relativity



Trees and the cut

We have the Lagrangian

S = /d4m13—g

We want to compute the cut

2 .
. R + Smodel + SEF

Gravity Amplitudes and General Relativity



Trees and the cut

We have the Lagrangian

S:/d4mﬁ

We want to compute the cut

2 .
" R + Smodel + SEF

1
e ?HEE / dLIPS(£y, —f2) (2)*8" (p1 + p2 + pa + pa)
18C - 2
X Z J'Wf;ggziplfflfpz —fy) x J'H{¢1E]Gz[p3:£25p4:_flji
A1,Az2

2 .
JME{}(PLPE.-P&H}

Gravity Amplitudes and General Relativity 2 9



Photons and scalars

For photons we have

2 2
g ()™ (k2)] k% [p1k1]” (P2 ka)” (ka|pa|k:
PPyl 4 (py-pa)(p1 - k1) (p1 - ko)

]2

While for scalars

-i,_r":,‘;f[[h—kﬂkﬂh-l_{kz}] _ EE J?U.rli [k’] kg]4
[&(p1)d(pa)] 4 (kl . k?)(kl vpl}(ﬁzl pg}

i gl (kOB (Ra)] k2 (ki|p1|ko]” (1 |polko]®
[¢(p1)¢(p2)] 4 (ky-ko)(ky - p1)(k1 - p2)

Super compact compared to Feynman diagram results

Gravity Amplitudes and General Relativity
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Result for the amplitude

We can rewrite

4 2 4 Dy, 2 S
K d= 0 1 N
MP) (p1,pa, p3, pa) = . / 5 _ _
w w2220 | GrP BB 01
where
1 4 -, 4 Scal
Nnon —singlet — 5 [(tl_(flplfgpg)) T (tl‘_ (£QIJ1£1]5'3)) ] (fjszr
L (tr— (L1p1laps) tr (pipapalipsla)) — (1 4> £2)  Fermion
non—smglet <p2 |p3 |p1] , case
N (tr— (Caprlaps)try (Lopslipipspe))” + (41 > £2)  proion
non—singlet <'P1 "IJS ‘ pg] 2 case

Combine spinor expressions into traces

Gravity Amplitudes and General Relativity 3 1



Result for the amplitude

bo” (t, ) In(t,s) + bo” (t,u) Iy(t,u)

tfﬂ (t) I3(t1 D)

Gravity Amplitudes and General Relativity

t3(t) Is(t, M?)

1) Expand out traces
2) Reduce to scalar

basis of integrals

3) Isolate coefficients
(Bern, Dixon, Dunbar,

Kosower)

buS (t,0) I5(t,0)

32



Result for the amplitude

161
120

(4(4-'1-{:,@)4(14(1%? w) + Iu(t, s)) + 3(Mw)ts(t)

— 15(M?w)?I3(t, M) + bu™ (ﬂ-fw)zfg(t))]

Gravity Amplitudes and General Relativity 3 3



Result for the amplitude

3 161
buf — o
=g e 120
31
buX — —
(7} 30

Taking the post-Newtonian
non-relativistic low energy limit

X 15 M 15 2 bu”X
AL (ﬂjw)g {— H.4r 2 — hk? - > log ( q ) + hr* “ log (q_g)
2

51272 M? 7)2

3 q° Mw 1
NEJB, Donoghue, — k™ log? 4 — log ]
M e T 182 8 (,u,?) TS 2 8 (M?)

Plante, Vanhove)

Gravity Amplitudes and General Relativity 34



Making connection to general
relativity

General metric
ds® = A(r)dt* — B(r)*dr? — r?dQ?

A(r) = 1.1 _, _ 26NM schwarzschild

Can we reproduce?

eneral Relativity from Particle Scattering
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Stationary phase method

We apply a

~ourier transformation to impact

parameter space and exponentiate into eikonal
phases, so that a stationary phase method can be

applied.

(See e.g. Akhoury, Saotome and Sterman)

M(q) =
M(b) =

™

MY (q) + MP(q)
2(s — M?) [(1 +iya)e™ —1]
2(s — ﬂfg) [Ei(xﬁxz) - 1]

Gravity Amplitudes and General Relativity 3 6



Stationary phase method

Now we can compute

’ME d*q 1
L (b) = A

1

d — 2

~ 4GNME [ —log(b/2) — -

Y2(b) = C )

1 5%08 G%THIQE
4b 27h?

Gravity Amplitudes and General Relativity

S8bu'l — 15 + 48 loe

b

ng)

37



Stationary phase method

Leading to static phase when:
0

ab(qbﬂLM( ) + x2(b) +---) =0

Using that ¢ = 2Esin(60/2)

We arrive at:
v 1 0
2 sin 5 =V =—%5 (Xl(b) + XQ(b))

Gravity Amplitudes and General Relativity
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Stationary phase method

Leading to static phase when:

0

%(Q’bﬂLXl(b)ﬂLXZ(b)ﬂL'“) =0
Using that ¢ = 2E sin(6/2)
Or:
AGNM 15 G M?n

b\ hG3M
+ | 8bu® 4+ 9 — 481og ) N

™ e ) b3

b 4 b?

Gravity Amplitudes and General Relativity
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Bending of light

Interpreted as a bending angle (eikonal approximation) we

have: AGM 15 G2M37
Oy = ==+ 7T

plus a quantum effect of the order of magnitude:
8bu + 9 + 48 log % G2hM

T b3
We see that we have universality between scalars, fermions
and photons only for the ‘Newton’ and ‘post-Newtonian’
contributions

_|_

Gravity Amplitudes and General Relativity
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New applications for
computation of
observables in general
relativity

41



Classical contributions from
perturbative computations

Use of perturbative framework to compute observables in general
relativity

Truncation to only classical terms

Only non-analytical piece corresponding to long-distance
interactions -> Unitarity cuts useful

Gravitational wave applications: (Blanchet review)

® Some modern type amplitude computations of post-Newtonian
potentials (NEJB, Donoghue, Holstein; Holstein and Ross;
Holstein; Neill and Rothstein; NEJB, Donoghue, Vanhove)
(Guevara and Cachazo; Guevara; Damour; NEJB, Damgaard,
Festuccia, Plante, Vanhove; Cheung, Rothstein, Solon)

® Some modern approaches to the scattering angle in post-
Minkowskian formalism (Westpfahl; Damour; Vines; NEJB,
Damgaard, Festuccia, Plante, Vanhove)

Gravity Amplitudes and General Relativity
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Classical contributions from
perturbative computations

In classical gravity the long-distance terms that are
related to the post-Newtonian effects are triangle
diagrams (at one-loop)

mﬁdi‘ﬁm ~ m/\/—q?

Such contributions have cancellations of h 1lead to
purely classical terms

Gravity Amplitudes and General Relativity
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General relativity from loops

New derivation

/ d*/ 1 1 1
(27m)% 02 4+ i€ (L + q)% +ie (L 4+ p1)? — mF + ie

(g_|_p1)2 —m% = €2 —|—2€-p1 ~ 2m1€0

~

1 / d*l 1 1
2my ) (2m)* 2% 4+ 1€ (0 + q)? +%

General Relativity from Particle Scattering



General relativity from loops

1 / d*/ 1 1
2my ) (2m)*02% 4+ 1€ (04 q)* +i

Close contour

-

/ 3¢ i 1 1 B )
fl<m (2T)3 4m g2 (0 4 )2 32m|q]

(NEJB, Damgaard, Festuccia, Plante, Vanhove)

General Relativity from Particle Scattering 45



Interpretation

- Integration of classical

sources on
37
/ d F" i ql PN tree graphs
(27)% 22 (0 + q)?
— no loops!

Picture extends to higher loops . .
J P Explains the metric

computation by

(Duff)
Ir::rr::-(lj('plﬁ q), Ibb(?)(plz q)

(NEJB, Damgaard, Festuccia, Plante, Vanhove)

General Relativity from Particle Scattering 4 6



Scalar interaction potentials

(tree)
Tree level
M =
167G
— : (m%m%—Q(pl -])4)2—(])1 -])4)(;2)

q

General Relativity from Particle Scattering 4 7



Scalar interaction potentials
(one-loop)

One-loop level

v o

of C (11, m2) I (p1.q) | c(ma,m1)] P4 —G’
|

(q? —4”12) (g2 —4”’?2)

(SWC)

General Relativity from Particle Scattering 48



Classical contribution from
one-loop amplitude

General relativity encoded in triangle
coefficients

c(mi,ma) = (¢*)° + (¢*)* (6p1 - pa — 10m7)

- (qg)g (12(p1 -p4)2 — 60?11%1)1 . Pg — 2-m%m§ + :30?11’11)
—(qz)2 (120?’11%(;01 -p4)2 — 18U-Tn’ilp1 - Dg — EUm%m% -+ QD-mg’)
+q° (BGOm%(-pl pg)t — 120-??1?-;}1 Py — 4m§"(m? + 15??1%))

+ 48m3im3 — 240mS (py - ps)?
(NEJB, Damgaard, Festuccia, Plante, Vanhove)

General Relativity from Particle Scattering 49



Post-Newtonian potentials

Leading order in g

62 G2 2
Mo = 7 (m1 + m2)(5(p1 -])4)2 — mfm%)

All momenta provided at infinity, contractions are done using
flat space metric (Minkowski), no reference to coordinates.
Gauge invariant expression — to derive potential we have to

Introduce coordinates, Fourier transform and expand
subleading terms in ¢"

General Relativity from Particle Scattering 5 O



post-Newtonian interaction
potentials

P1 Py f"t11 ﬁ

Grmqymeo
B r
_ Gmimy (313? L 3Ps _ TPy pa_ (D1 7)(Pa ’f])
2r m‘f m% 1Mo MM T2

(Einstein-Infeld-Hoffman)

Subtraction of tree-level Born term to in order
to get the correct potential (3 —7/2 ->-1/2)

General Relativity from Particle Scattering
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post-Minkowskian ex%l =7,

Will use similar eikonal setupas | orthogonal and

for bending of light (extended to B
massive case):. b = |b|

Amplitude computed

M(b) = / d2ge TP M ()

—

M) = 4p(Ey + Ey)(eX® — 1)

Eikonal phase

General Relativity from Particle Scattering 5 2



post-Minkowskian expansion

Stationary phase condition (leading order in Q)

—2M 0
\/]\14 — 4m*m3

2sin(0/2) =

M* — 2m2ms3

1 b
x1(b) = 2G ~ (m — log (5) - ’TE)
\/]\14 — 4mfm%

31 G? my + mo

8\/]\:_:’[4 — 4m?2m3 b

X2(b) (5M* — 4m3m?)

General Relativity from Particle Scattering



post-Minkowskian expansion

Final result becomes
. (9) AGM /M* — 2m3m?
2sin| = | = ( >
2 b \M*%* — 4m?m?3
31 G(my + ms) 5M* — 4m%m%)
16 b M4 — 4m3m3
Agrees with (Westpfahl)

Light-like limit
H — 4Gmq | 15m Gﬂmf
b ' 4 b2

General Relativity from Particle Scattering 54



post-Minkowskian expansion

Exact result light-by- No triangles!
light scattering:

E00 s SO R o

o ("ZU fi1fafafa) +21:I'(f1f3f4f2 ) — tr(fife)tr(fsfa)
- (p1 — p2)?
8 2tr(f1fafafe) + 2tr(f1f3f2f4) — tr(f1fa)tr(f2f3)
e
(p1 + pa)?
8 2tr( f1 fafafo) + 2tr(f1fafafa) — tr(f1f3)tr(fafa)
_ 87C
(Pl —'}3':3)2

(NEJB, Damgaard, Festuccia, Plante, Vanhove)
General Relativity from Particle Scattering 55



Outlook

Amplitude toolbox for computations provides efficient
new methods.

New applications can be used to increase precision for
classical general relativity computations.

Good prospects for further theoretical and practical
breakthroughs

Much progress in short time — practical
Implementation still lags behind

Gravity Amplitudes and General Relativity 5 6



