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•  In	
  ATLAS,	
  it	
  was	
  in	
  2014	
  that	
  it	
  became	
  clear	
  that	
  we	
  needed	
  to	
  
harmonise	
  the	
  treatment	
  of	
  leptons	
  (at	
  the	
  generator	
  level	
  only!)	
  as	
  much	
  
as	
  feasible.	
  This	
  was	
  prompted	
  mostly	
  by	
  complex	
  exclusive	
  
measurements	
  in	
  the	
  SM	
  (V+jets)	
  and	
  top	
  groups,	
  where	
  the	
  run-­‐1	
  
analyses	
  had	
  encountered	
  real	
  issues	
  with	
  ambiguiKes	
  and	
  overlaps	
  when	
  
dealing	
  with	
  final-­‐state	
  parKcles.	
  

•  At	
  the	
  same	
  Kme,	
  confusion	
  at	
  some	
  level	
  was	
  created	
  because	
  some	
  
colleagues	
  (experimentalists	
  and	
  theorists!)	
  made	
  loose	
  statements	
  of	
  the	
  
type	
  „ATLAS	
  and	
  CMS	
  measure	
  bare	
  muons	
  and	
  dressed	
  electrons”	
  

•  The	
  outcome	
  of	
  these	
  discussions	
  was	
  that	
  we	
  should	
  publish	
  always	
  
results	
  with	
  all	
  three	
  flavours	
  of	
  leptons,	
  with	
  a	
  tendency	
  to	
  base	
  the	
  
main	
  plots	
  on	
  dressed	
  leptons	
  for	
  exclusive	
  measurements	
  and	
  Born	
  
leptons	
  for	
  inclusive	
  precision	
  DY	
  measurements	
  

•  Today	
  we	
  see	
  that	
  we	
  need	
  to	
  further	
  discuss	
  the	
  precision	
  DY	
  case	
  
because	
  we	
  see	
  now	
  MC	
  tools	
  with	
  state-­‐of-­‐the-­‐art.	
  QCD	
  and	
  QED/EW	
  
calculaKons	
  implemented:	
  with	
  such	
  tools,	
  we	
  have	
  to	
  treat	
  the	
  topic	
  
with	
  even	
  more	
  care	
  than	
  done	
  unKl	
  now.	
  

•  Here	
  I	
  will	
  give	
  some	
  examples	
  of	
  where	
  we	
  stand	
  in	
  ATLAS	
  in	
  this	
  context	
  	
  

LHC	
  precision	
  EW	
  workshop,	
  Orsay,	
  	
  23/05/2018	
   D.	
  Froidevaux	
   1	
  

Treatment	
  of	
  leptons	
  in	
  experiments	
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Bare/Dressed/Born	
  leptons	
  
•  Bare:	
  

MC	
  generators	
  give	
  „bare	
  leptons”	
  as	
  final-­‐state	
  objects,	
  independently	
  of	
  the	
  level	
  of	
  
the	
  calculaKons.	
  QED	
  radiaKon	
  (wide-­‐angle	
  part)	
  means	
  that	
  electrons	
  and	
  muons	
  
cannot	
  be	
  combined.	
  They	
  correspond	
  to	
  precisely	
  defined	
  off-­‐shell	
  kinemaKcs	
  at	
  a	
  
given	
  order,	
  meaning	
  one	
  has	
  a	
  clear	
  picture	
  of	
  what	
  are	
  the	
  virtual/real	
  correcKons	
  
and	
  their	
  precision.	
  	
  	
  

•  Dressed	
  (all	
  γ	
  with	
  ΔR	
  <	
  0.1	
  added	
  to	
  lepton):	
  
This	
  concept	
  is	
  ill-­‐defined	
  (compared	
  to	
  the	
  other	
  two)	
  in	
  the	
  language	
  of	
  Feynman	
  
diagrams	
  used	
  in	
  calculaKons	
  to	
  provide	
  e.g.	
  Z	
  lineshape.	
  Some	
  assumpKons	
  have	
  to	
  
be	
  made	
  on	
  the	
  kinemaKcs	
  of	
  the	
  dressed	
  object	
  (off-­‐shell,	
  on-­‐shell)	
  with	
  
consequences	
  also	
  on	
  its	
  direcKon.	
  The	
  definiKon	
  will	
  be	
  sensiKve	
  to	
  the	
  
(„unphysical”)	
  threshold	
  which	
  does	
  exist	
  in	
  the	
  calculaKon	
  on	
  the	
  photon	
  radiaKon.	
  
Will	
  any	
  distribuKon	
  produced	
  in	
  this	
  way	
  be	
  an	
  infrared-­‐safe	
  observable	
  (what	
  about	
  
soa	
  and	
  wide-­‐angle	
  photons)?	
  What	
  about	
  the	
  normalisaKon	
  of	
  such	
  a	
  distribuKon?	
  

•  Born:	
  	
  
Brings	
  the	
  kinemaKcs	
  of	
  the	
  event	
  observables	
  back	
  to	
  the	
  „lowest-­‐order	
  Feynman	
  
diagramme”	
  relevant	
  to	
  the	
  process	
  under	
  consideraKon.	
  Allows	
  to	
  absorb	
  higher-­‐
order	
  correcKons	
  into	
  the	
  normalisaKon	
  through	
  „effecKve	
  couplings”.	
  	
  
Requires	
  however	
  some	
  care	
  when	
  being	
  defined	
  e.g.	
  for	
  Wγ/Zγ	
  final	
  states	
  etc.	
  

2	
  D.	
  Froidevaux	
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  precision	
  EW	
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  23/05/2018	
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Pros	
  and	
  cons	
  of	
  dressed	
  vs	
  Born	
  
•  It	
  is	
  a	
  misconcepKon	
  to	
  argue	
  about	
  bare	
  muons	
  being	
  closer	
  to	
  what	
  we	
  

measure	
  or	
  about	
  dressed	
  electrons	
  being	
  closer	
  to	
  what	
  we	
  measure.	
  But	
  there	
  
is	
  some	
  truth	
  in	
  these	
  statements.	
  The	
  quesKon	
  is	
  what	
  does	
  it	
  mean?	
  	
  

•  StarKng	
  with	
  electrons	
  (muons	
  are	
  on	
  next	
  slide):	
  what	
  the	
  above	
  means	
  is	
  that	
  
the	
  dressed	
  electrons	
  are	
  the	
  closest	
  one	
  can	
  get	
  to	
  minimising	
  coupling	
  between	
  
detector	
  effects	
  and	
  the	
  FSR	
  modelling	
  itself.	
  
This	
  coupling	
  is	
  usually	
  ignored	
  (even	
  by	
  SM	
  W/Z!)	
  and	
  maders	
  only	
  at	
  the	
  few	
  
permil	
  accuracy	
  level	
  	
  	
  

•  Advantages	
  of	
  dressed	
  electrons:	
  they	
  can	
  be	
  corrected	
  for	
  improved	
  wide-­‐angle	
  
FSR	
  calculaKons	
  and	
  they	
  can	
  be	
  used	
  for	
  assignment	
  of	
  final-­‐state	
  photons	
  to	
  
the	
  electron	
  itself	
  or	
  a	
  nearby	
  jet.	
  

•  Disadvantages	
  of	
  dressed	
  electrons:	
  they	
  rely	
  on	
  a	
  somewhat	
  arbitrary	
  cone	
  
definiKon	
  and	
  they	
  are	
  parKcles	
  with	
  a	
  mass	
  different	
  from	
  the	
  electron	
  mass.	
  	
  
Another	
  important	
  disadvantage	
  is	
  that	
  they	
  cannot	
  be	
  combined	
  in	
  an	
  exact	
  way	
  
with	
  muons.	
  ATLAS	
  has	
  reached	
  long	
  ago	
  a	
  level	
  of	
  precision	
  (both	
  staKsKcal	
  and	
  
systemaKcs)	
  such	
  that	
  we	
  can	
  really	
  quanKtaKvely	
  test	
  the	
  theory	
  even	
  at	
  NNLO	
  
QCD	
  and	
  the	
  lepton	
  combinaKon	
  is	
  a	
  major	
  asset	
  in	
  this.	
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QED	
  correcKons	
  and	
  φ*	
  observable:	
  
at	
  high	
  enough	
  level	
  of	
  precision,	
  using	
  dressed	
  or	
  Born	
  leptons	
  cannot	
  
be	
  argued	
  to	
  automaKcally	
  be	
  the	
  best	
  or	
  even	
  an	
  adequate	
  soluKon	
  	
  

	
  
•  Pair	
  creaKon:	
  	
  
syst.	
  error	
  below	
  0.1-­‐0.2%	
  

•  IniKal-­‐final	
  state	
  	
  interference:	
  	
  
below	
  0.1%	
  for	
  events	
  aaer	
  
parton	
  shower	
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Coefficients	
  in	
  W	
  decay	
  and	
  lepton	
  type	
  (CMS	
  study)	
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comparisons among independent codes at fixed order
extensive work (from theoretical point of view) in

S. Alioli et al., arXiv:1606.02330

CC DY (W+)

2.2 Tuned comparison of total cross sections at NLO EW
and NLO QCD with ATLAS/CMS cuts

In Sections 2.2.1 and 2.2.2 we provide a tuned comparison of the total cross sections
computed at fixed order, namely LO, NLO EW and NLO QCD, using the setup of
Section 2.1 for the choice of input parameters and ATLAS/CMS acceptance cuts.

All codes can provide LO results, but different codes may include different sets of
higher-order corrections. We use the symbol × in the tables to indicate that a partic-
ular correction is not available in the specified code. Note that even when working at
the same, fixed order and using the same setup, there can be slight differences in the
implementation of higher-order corrections, resulting in small numerical differences
in the predictions of different codes.

In Tables 3, 5, and 7, we present the results obtained in the bare treatment of
real photon radiation. The photon-lepton recombination procedure described in Sec-
tion 2.1, which is only relevant for the codes that include NLO EW corrections,
modifies the total cross section, as shown in Tables 4, 6, and 8.

The total cross section results computed with LHCb acceptance cuts can be found
in Appendix B.

2.2.1 Results for W± boson production

LO NLO NLO NLO
code QCD EW µ EW e

HORACE 2897.38(8) × 2988.2(1) 2915.3(1)
WZGRAD 2897.33(2) × 2987.94(5) 2915.39(6)

RADY 2897.35(2) 2899.2(4) 2988.01(4) 2915.38(3)
SANC 2897.30(2) 2899.9(3) 2987.77(3) 2915.00(3)

DYNNLO 2897.32(5) 2899(1) × ×
FEWZ 2897.2(1) 2899.4(3) × ×

POWHEG-w 2897.34(4) 2899.41(9) × ×
POWHEG BMNNP 2897.36(5) 2899.0(1) 2988.4(2) 2915.7(1)

POWHEG BW 2897.4(1) 2899.2(3) 2987.7(4) (×)

Table 3: Tuned comparison of total cross sections (in pb) for pp→ W+ → l+νl +X
at the 8 TeV LHC, with ATLAS/CMS cuts and bare leptons. (×) indicates that
although POWHEG BW provides NLO EW results also for bare electrons, due to the
smallness of the electron mass it would require very high-statistics to obtain per-mille
level precision. Thus, we recommend to use the bare setup in POWHEG BW only for
muons.

10

NC DY (Z)

2.2 Tuned comparison of total cross sections at NLO EW
and NLO QCD with ATLAS/CMS cuts

In Sections 2.2.1 and 2.2.2 we provide a tuned comparison of the total cross sections
computed at fixed order, namely LO, NLO EW and NLO QCD, using the setup of
Section 2.1 for the choice of input parameters and ATLAS/CMS acceptance cuts.

All codes can provide LO results, but different codes may include different sets of
higher-order corrections. We use the symbol × in the tables to indicate that a partic-
ular correction is not available in the specified code. Note that even when working at
the same, fixed order and using the same setup, there can be slight differences in the
implementation of higher-order corrections, resulting in small numerical differences
in the predictions of different codes.

In Tables 3, 5, and 7, we present the results obtained in the bare treatment of
real photon radiation. The photon-lepton recombination procedure described in Sec-
tion 2.1, which is only relevant for the codes that include NLO EW corrections,
modifies the total cross section, as shown in Tables 4, 6, and 8.

The total cross section results computed with LHCb acceptance cuts can be found
in Appendix B.

2.2.1 Results for W± boson production

LO NLO NLO NLO
code QCD EW µ EW e

HORACE 2897.38(8) × 2988.2(1) 2915.3(1)
WZGRAD 2897.33(2) × 2987.94(5) 2915.39(6)

RADY 2897.35(2) 2899.2(4) 2988.01(4) 2915.38(3)
SANC 2897.30(2) 2899.9(3) 2987.77(3) 2915.00(3)

DYNNLO 2897.32(5) 2899(1) × ×
FEWZ 2897.2(1) 2899.4(3) × ×

POWHEG-w 2897.34(4) 2899.41(9) × ×
POWHEG BMNNP 2897.36(5) 2899.0(1) 2988.4(2) 2915.7(1)

POWHEG BW 2897.4(1) 2899.2(3) 2987.7(4) (×)

Table 3: Tuned comparison of total cross sections (in pb) for pp→ W+ → l+νl +X
at the 8 TeV LHC, with ATLAS/CMS cuts and bare leptons. (×) indicates that
although POWHEG BW provides NLO EW results also for bare electrons, due to the
smallness of the electron mass it would require very high-statistics to obtain per-mille
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and also for distributions
EW and QCD corrections in pW⊥ can be studied for instance by using a calculation of
NLO EW corrections to W + j production [39] and the implementation of NLO EW
corrections in POWHEG [14, 16] as discussed in Section 4.
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Figure 1: Tuned comparison of the lepton-pair transverse mass and transverse mo-
mentum distributions in pp→ W+ → µ+νµ+X at the 8 TeV LHC with ATLAS/CMS
cuts in the bare setup, including NLO EW corrections.
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Figure 2: Tuned comparison of the muon and muon neutrino transverse momentum
distributions in pp → W+ → µ+νµ + X at the 8 TeV LHC with ATLAS/CMS cuts
in the bare setup, including NLO EW corrections.

2.3.2 Tuned comparison of Z boson observables

In Figs. 11, 12 and in Figs. 13, 14 we present a tuned comparison of results for NLO
EW and QCD predictions, respectively, for the Ml+l− , p

Z
⊥ and pl⊥ distributions in

pp→ γ, Z → µ+µ−+X at the 8 TeV LHC with ATLAS/CMS cuts in the bare setup
of Section 2.1. The agreement of different codes providing NLO EW predictions for
these distributions in the kinematic regions under study are at the five per mill level or
better, apart from a difference at the one per cent level in the transverse momentum
distribution of the lepton pair for small values of pZ⊥. As it is the case for CC DY,
these results should be considered just for technical checks, since pZ⊥ receives large
contributions from QCD radiation. The combined effects of EW and QCD corrections

14
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2.3.2 Tuned comparison of Z boson observables

In Figs. 11, 12 and in Figs. 13, 14 we present a tuned comparison of results for NLO
EW and QCD predictions, respectively, for the Ml+l− , p

Z
⊥ and pl⊥ distributions in

pp→ γ, Z → µ+µ−+X at the 8 TeV LHC with ATLAS/CMS cuts in the bare setup
of Section 2.1. The agreement of different codes providing NLO EW predictions for
these distributions in the kinematic regions under study are at the five per mill level or
better, apart from a difference at the one per cent level in the transverse momentum
distribution of the lepton pair for small values of pZ⊥. As it is the case for CC DY,
these results should be considered just for technical checks, since pZ⊥ receives large
contributions from QCD radiation. The combined effects of EW and QCD corrections
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no systematic comparisons including h.o. QCD/QED ISR/FSR
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proposal (call for interest circulated)
setup a new benchmarking exercise involving codes able to reach NLO
EW + (N)LO + PS QCD/QED accuracy (or similar, e.g. YFS vs.
PS)

I Powheg EW
I Horace
I Winhac
I Sherpa
I SANC
I Herwig/Pythia
I KKMC
I DIZET form-factor approach
I PHOTOS as an afterburner

main settings:
I same as in arXiv:1606.02330, with

√
s = 13 TeV; pdf set: NNPDF 3.1;

fact/renorm scale:
√
ŝ

I EW input: Gµ, MW , MZ , with MW such that sin2 ϑleff = PDG value
I with/without acceptance cuts; m`` > 50 GeV
I all MC predictions reweighted to the same pV⊥ distribution

tests at the LO (shower) level as well as at matched (NLOPS) level
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Possible observables and binning

Lepton and photon definitions
I Bare µ and ”dressed” electrons
I photons from hard scattering only

CC DY
I M`ν , 100 bins between 0 – 200 GeV
I p⊥,`, 100 bins between 0 – 100 GeV
I leading γ in lab frame log10 p⊥,γ , 100 bins -7 – 3 GeV
I leading γ relative to nearest ch. lepton log10 p⊥,γ , 100 bins -7 – 3 GeV
I ∆Rγ` between hardest γ and nearest lepton

NC DY
I M``, 100 bins between 0 – 200 GeV
I Collin Soper AFB vs. m``, 100 bins between 0 – 100 GeV
I Collin Soper AFB vs. |y``|, 5 bins between 0 – 5
I leading γ in lab frame log10 p⊥,γ , 100 bins -7 – 3 GeV
I leading γ relative to nearest charged lepton log10 p⊥,γ , 100 bins -7 – 3

GeV
I ∆Rγ` between hardest γ and nearest lepton
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sin2 ϑ`eff extraction

In order to use already generated events at LO EW, Elzbieta proposed
a method of reweighting with form factors from DIZET to include
(electro)weak corrections

I caveat: DIZET uses the LEP1 EW scheme Gµ, α(0), MZ scheme
I started work to cross check the procedure with Powheg EW, switching

on only EW corrections and comparing physical observables

dσ/dm``, AFB(m``)

F relative corrections insensitive, to a large extent, to the detailed
generation settings

I comparisons should be performed, consistently, at LO, NLO and
including also ∆α resummation and two-loops corrections to ∆ρ

F. Piccinini (INFN Pavia) QED/EW June 2018 13 / 17



Started theoretical discussions

preliminary draft by S. Dittmaier, D. Wackeroth, A. Vicini

to give recommendations for a solid theoretical recipe for sin2 ϑ`eff

extraction, based on the pole expansion which allowd to define an IBA

key observation: at the Z0 pole

in the high-energy region [?], where the latter is not relevant for Z-boson physics at the Z pole.
Mixed QCD–EW corrections were worked out in the resonance region as well [8, 10], revealing that
the dominant contributions can be accounted for by QCD precictions dressed by QED corrections
based on parton showers or QED structure functions. In summary, a state-of-the-art cross-section
contribution can be schematically written as

σ(P1, P2) =
∫ 1

0
dx1dx2

∑

i,j

fi(x1, µ
2
F) fj(x2, µ

2
F)
∫ ∫

RQED⊗RQCD⊗dσ̂
(0)
ij (p1, p2) (1+δij,weak), (11)

where the convolution with the QED and QCD correction factors RQED and RQCD is indicated
only in a sketchy way. In detail, those convolutions carefully have to retain full NLO accuracy
while catching higher-order effects without double-counting or the creation of artifacts.

2.3 Weak corrections, effective couplings, and improved Born approx-
imation

The NLO differential partonic cross section including weak O(α) corrections is of the following
form [5, 6],

dσ̂
(1)
ij,weak(p1, p2) = δij,weak dσ̂

(0)
ij (p1, p2)

= dσ̂self
ij,weak(ŝ, t̂) + dσ̂vert

ij,weak(ŝ, t̂) + dσ̂box
ij,weak(ŝ, t̂). (12)

The self-energy contributions dσ̂ij,self
weak are induced by the transverse parts of the γγ, γZ, and ZZ

self-energies in the s-channel. Note that in the “complete on-shell renormalization scheme”, as
formulated in [9] (or in its complex version [3]), the γZ and ZZ self-energies are renormalized
in such a way that no resonant contribution to the one-loop corrected amplitude remains at
the Z pole. Since the γγ self-energy contribution is not resonant at ŝ = M2

Z, there remains no
resonant self-energy contribution at the Z pole in the on-shell renormalization scheme. Likewise,
the contribution dσ̂box

ij,weak, which comprises box diagrams with internal WW or ZZ pairs, is non-
resonant.

This leaves the contribution dσ̂vert
ij,weak of the vertex corrections as the only source for weak

corrections that are not suppressed on resonance. More precisely, only vertex corrections to the
Zf f̄ vertices lead to resonant contributions, while γff̄ vertex corrections remain non-resonant. For
on-shell external fermions and Z bosons of virtuality q2 the weak corrections to the Zf f̄ vertices
can be described by (renormalized) formfactors F̂ σ

Zff,weak(q
2) which effectively correct the vector

and axial-vector couplings, vf and af , introduced above. Note, however, that these formfactors
are only gauge invariant for on-shell Z bosons, i.e. for q2 = M2

Z. On the Z pole, the Zf f̄ vertex
correction to the amplitude can, thus, be written as

Mvert
ij,weak = M0

Z

∣∣∣
vq→ḡV,q, aq→ḡA,q

+ M0
Z

∣∣∣
vℓ→ḡV,ℓ, aℓ→ḡA,ℓ

(13)

with the corrected (“effective”) vector and axial-vector couplings

ḡV,f = vf

(
1 + F̂V

Zff,weak(M
2
Z)
)
,

ḡA,f = af

(
1 + F̂A

Zff,weak(M
2
Z)
)
. (14)

4

Explicit results on the formfactors can, e.g., be found in Refs. [7, ?].1 At NLO, the weak corrections
near the Z resonance can, thus, be included by the following modification of the LO cross section,

dσ̂
(0)
ij → dσ̂IBA

ij,weak ≡ dσ̂
(0)
ij

∣∣∣
vf→ḡV,f , af→ḡA,f

, (15)

which means that all (quark and lepton) LO couplings vf and af to the Z boson are replaced by
the effective couplings ḡV,f and ḡA,f , respectively. Note that the values of the effective couplings
depend on the chosen input scheme for the electromagnetic coupling constant α. We recommend
to take the “Gµ scheme” where α = αGµ , which absorbs universal corrections from the running of
α from α(0) to α(MZ) as well as some leading corrections from the ρ parameter into the coupling
factors (see, e.g., Ref. [7] for details).

In the IBA, the Z width is either considered to be an input parameter as well, set to the mea-
sured value, or calculated in terms of the effective couplings to include the NLO weak corrections
and dressed by further QED and QCD corrections.

The IBA for the weak corrections can be dressed with QED and QCD corrections rather easily.
To this end, it is only necessary to replace the LO cross section dσ̂

(0)
ij in a combined QCD×QED

prediction by dσ̂IBA
ij,weak, which depends on the same kinematical variables as its LO counterpart.

The schematic cross-section prediction (11), thus, turns into

σIBA(P1, P2) =
∫ 1

0
dx1dx2

∑

i,j

fi(x1, µ
2
F) fj(x2, µ

2
F)
∫ ∫

RQED ⊗ RQCD ⊗ dσ̂IBA
ij,weak(p1, p2). (16)

Note that this IBA description far away from the Z pole becomes insufficient for two reasons:
The effective couplings are not static, but are functions of ŝ, and the non-resonant weak corrections
(e.g. from photon exchange or box graphs) are no longer negligible, but increase strongly with the
energy and hence contribute sizeably at high invariant masses of the lepton pair. Moreover, we
recall that effective couplings simply based on off-shell formfactors would not be gauge invariant
(and thus not useful in phenomenology). The validity of the IBA should, thus, be carefully
validated, i.e. the dependence of its approximative quality on the size of the neighbourhood of the
Z resonance should be carefully investigated.

In summary, the IBA can be characterized by employing the pole approximation for the weak
corrections, while taking QCD and QED corrections with the full off-shell kinematics.

2.4 Effective weak mixing angle

The effective weak mixing angle for a generic fermion f , quantified by s̄2
eff ,f , is related to the ratio

of vector to axial-vector effective couplings as follows,

s̄2
eff ,f =

1

4|Qf |
(
1 − ReḡV,f

ReḡA,f

)
. (17)

While the absolute size of the effective couplings depends rather sensitively on the fermion flavour
f , the value of s̄2

eff ,f is quite robust against the change of the defining flavour. In fact, at NLO the

1In Ref. [7], the formfactors actually are given in the chirality basis as F±
Zff,weak, which translate into the v−aγ5

basis according to FV = [(v − a)F+ + (v + a)F−]/(2v) and FA = [(v + a)F− − (v − a)F+]/(2a). Following the
conventions of Ref. [9], the sign of sW in Ref. [7] differs from the one of this work, but this difference drops out in
F±, which depends only on s2

W
.

5

Outside the Z peak the form factors are not gauge invariant

the reliabilty of the IBA has to be checked with complete calculations
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‣It is possible to use the NNLO QCD result to obtain the QEDxQCD 
  mixed terms and the QED2 the first EW and mixed order contributions to Drell-Yan pair production in the general expansion

dσ =
∑

i,j

αi
sα

jdσ(i,j), (1)

where pure EW dσ(0,j) and QCD dσ(i,0) corrections, as well as mixed order contributions, which
combine effects of the two interactions, arise.

So far, QCD corrections to the total cross- section have been calculated at next-to leading
order (NLO) in ref [12], and at next-to-next-to leading order (NNLO) in an inclusive way, in
refs. [13–15]. Exclusive results have also been presented up to NNLO QCD accuracy [16–21].
Additionally, threshold calculations have been performed at next-to-next-to-next-to-leading-order
(N3LO) and next-to-next-to-next-to-leading-logarithmic (N3LL) accuracy in refs. [22, 23].

On the other hand, concerning the EW contributions, exclusive computations for NLO-EW
corrections to CC-DY are available in refs. [24–26] and for NC-DY, in refs. [27,28]. Finally, progress
towards the computation of NNLO-EW has been accomplished in recent years too [29–32]. Due
to the lack of the full calculation of the NNLO mixed-order terms O(ααs), different approaches
have been followed to approximately combine the QCD and QED/EW corrections [33–37], by
either assuming the full factorisation or the additive combination of the strong and electroweak
contributions. Particularly, recent partial exclusive results have been presented for the resonance
region, by using the pole approximation [38–40].

The contributions for a general (i.e. including the decay of the gauge boson) perturbative cal-
culation of Drell-Yan can be roughly characterised into the following subsets: on one hand, purely
factorisable terms that arise due to initial state (production, from the initial state partons) and final
state (decay, from the final state leptons) emission and, on the other hand, non-factorisable terms
originated by soft photon exchange between the production and the decay. The non-factorisable
O(ααs) terms have been shown [38–40] to have a negligible impact on the cross section, allowing
to treat effectively Drell-Yan in the (resonant) limit of the decoupling between the production and
decay processes, at least for the achieved experimental accuracy. The results presented in [40] also
rely on the assumption that the missing initial-initial state factorisable O(ααs) contributions are
very small.

The computation of the so far unknown mixed QCD×QED O(ααs) corrections to the inclusive
on-shell production of a Z boson in hadronic collisions is exactly the main goal of this paper†.
Those contributions are by themselves a gauge-invariant set of the complete Drell-Yan cross section
calculation at O(ααs), even for CC-DY. Furthermore, counting with analytical expressions for
the total cross section can be useful to establish a subtraction method to compute differential
distributions for different observables at O(ααs) by extending, for example, the qT − subtraction
method [41] originally developed for pure QCD corrections.

In principle a full computation of QCD×QED O(ααs) terms involves, as in any NNLO calcu-
lation, the evaluation of double-virtual, single-virtual plus one parton emission and double parton
emission contributions, where parton in general refers to quarks, antiquarks, gluons, and photons.

†In order to separate the QED contributions computed here from the weak induced effects, we consider the
coupling between the Z boson and the quarks as an effective coupling and do not take into account self-energy
insertions in the Z (and eventually γ) propagator.
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general expansion in both couplings

“Full NNLO” means i + j = 2 (2,0)
(1,1)
(0,2)

QCD2

QED2

QEDxQCD

‣Abelianization procedure

QCD QED
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(0,2) (0,2)
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

[
(c)(2,0) × (c∗)(0,2)

]
becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

[
(c)(2,0) × (d∗)(0,2)

]
and

[
(d)(2,0) × (d′∗)(0,2)

]
, i.e. the interference of

amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Same kinematical structure                      change of color factors
for Abelian contributions
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different signs of qq (fully dominated by the born level qq̄ channel and exceeding the per mille
level) and qg contributions conspire to reduce the effect of the mixed QCD×QED corrections to
the Drell-Yan cross section. Again, in more exclusive distributions this partial cancellation might
be spoiled by some kinematical cuts, resulting in an increase of the mixed order corrections.

Figure 6: Cross sections corresponding to LO (dashes, i+j=0 in Eq.(1)), NLO(dots, i+j=0,1) and
NNLO (solid, i+ j=0,1,2) at different factorisation and renormalisation scales with µR = µF = µ.
All results are normalised by the corresponding cross section at µ = MZ .

Finally, we discuss the effect of the higher order contributions in the stabilisation of the pertur-
bative expansion in terms of the scale dependence for

√
S = 13 TeV (very similar behaviours are

observed for other values of
√

S). In Fig.6 we show the LO (σ(0,0)), NLO (σ(0,0)+α σ(0,1)+αs σ(1,0))
and NNLO (σ(0,0) + α σ(0,1) + αs σ(1,0) + ααs σ(1,1) + α2 σ(0,2) + α2

s σ(2,0)) cross sections for different
values of the factorisation and renormalisation scales µR = µF = µ, normalised by the correspond-
ing value at the central scale µ = MZ . From the slope of the different curves, it is clearly visible
the reduction in the scale dependence when including higher order corrections, mostly due to the
dominant QCD effects but also thanks to the inclusion of the QED and mixed contributions.

4 Conclusions

In this article, mixed QCD×QED as well as pure QED2 NNLO corrections to the total Drell-Yan Z-
production cross section were presented for the first time. This was achieved via an abelianisation
procedure that profits from the available pure QCD NNLO result and proved to be a versatile
technique.

10

different signs of qq (fully dominated by the born level qq̄ channel and exceeding the per mille
level) and qg contributions conspire to reduce the effect of the mixed QCD×QED corrections to
the Drell-Yan cross section. Again, in more exclusive distributions this partial cancellation might
be spoiled by some kinematical cuts, resulting in an increase of the mixed order corrections.

Figure 6: Cross sections corresponding to LO (dashes, i+j=0 in Eq.(1)), NLO(dots, i+j=0,1) and
NNLO (solid, i+ j=0,1,2) at different factorisation and renormalisation scales with µR = µF = µ.
All results are normalised by the corresponding cross section at µ = MZ .

Finally, we discuss the effect of the higher order contributions in the stabilisation of the pertur-
bative expansion in terms of the scale dependence for

√
S = 13 TeV (very similar behaviours are

observed for other values of
√

S). In Fig.6 we show the LO (σ(0,0)), NLO (σ(0,0)+α σ(0,1)+αs σ(1,0))
and NNLO (σ(0,0) + α σ(0,1) + αs σ(1,0) + ααs σ(1,1) + α2 σ(0,2) + α2

s σ(2,0)) cross sections for different
values of the factorisation and renormalisation scales µR = µF = µ, normalised by the correspond-
ing value at the central scale µ = MZ . From the slope of the different curves, it is clearly visible
the reduction in the scale dependence when including higher order corrections, mostly due to the
dominant QCD effects but also thanks to the inclusion of the QED and mixed contributions.

4 Conclusions

In this article, mixed QCD×QED as well as pure QED2 NNLO corrections to the total Drell-Yan Z-
production cross section were presented for the first time. This was achieved via an abelianisation
procedure that profits from the available pure QCD NNLO result and proved to be a versatile
technique.

10

different signs of qq (fully dominated by the born level qq̄ channel and exceeding the per mille
level) and qg contributions conspire to reduce the effect of the mixed QCD×QED corrections to
the Drell-Yan cross section. Again, in more exclusive distributions this partial cancellation might
be spoiled by some kinematical cuts, resulting in an increase of the mixed order corrections.

Figure 6: Cross sections corresponding to LO (dashes, i+j=0 in Eq.(1)), NLO(dots, i+j=0,1) and
NNLO (solid, i+ j=0,1,2) at different factorisation and renormalisation scales with µR = µF = µ.
All results are normalised by the corresponding cross section at µ = MZ .

Finally, we discuss the effect of the higher order contributions in the stabilisation of the pertur-
bative expansion in terms of the scale dependence for

√
S = 13 TeV (very similar behaviours are

observed for other values of
√

S). In Fig.6 we show the LO (σ(0,0)), NLO (σ(0,0)+α σ(0,1)+αs σ(1,0))
and NNLO (σ(0,0) + α σ(0,1) + αs σ(1,0) + ααs σ(1,1) + α2 σ(0,2) + α2

s σ(2,0)) cross sections for different
values of the factorisation and renormalisation scales µR = µF = µ, normalised by the correspond-
ing value at the central scale µ = MZ . From the slope of the different curves, it is clearly visible
the reduction in the scale dependence when including higher order corrections, mostly due to the
dominant QCD effects but also thanks to the inclusion of the QED and mixed contributions.

4 Conclusions

In this article, mixed QCD×QED as well as pure QED2 NNLO corrections to the total Drell-Yan Z-
production cross section were presented for the first time. This was achieved via an abelianisation
procedure that profits from the available pure QCD NNLO result and proved to be a versatile
technique.

10

different signs of qq (fully dominated by the born level qq̄ channel and exceeding the per mille
level) and qg contributions conspire to reduce the effect of the mixed QCD×QED corrections to
the Drell-Yan cross section. Again, in more exclusive distributions this partial cancellation might
be spoiled by some kinematical cuts, resulting in an increase of the mixed order corrections.

Figure 6: Cross sections corresponding to LO (dashes, i+j=0 in Eq.(1)), NLO(dots, i+j=0,1) and
NNLO (solid, i+ j=0,1,2) at different factorisation and renormalisation scales with µR = µF = µ.
All results are normalised by the corresponding cross section at µ = MZ .

Finally, we discuss the effect of the higher order contributions in the stabilisation of the pertur-
bative expansion in terms of the scale dependence for

√
S = 13 TeV (very similar behaviours are

observed for other values of
√

S). In Fig.6 we show the LO (σ(0,0)), NLO (σ(0,0)+α σ(0,1)+αs σ(1,0))
and NNLO (σ(0,0) + α σ(0,1) + αs σ(1,0) + ααs σ(1,1) + α2 σ(0,2) + α2

s σ(2,0)) cross sections for different
values of the factorisation and renormalisation scales µR = µF = µ, normalised by the correspond-
ing value at the central scale µ = MZ . From the slope of the different curves, it is clearly visible
the reduction in the scale dependence when including higher order corrections, mostly due to the
dominant QCD effects but also thanks to the inclusion of the QED and mixed contributions.

4 Conclusions

In this article, mixed QCD×QED as well as pure QED2 NNLO corrections to the total Drell-Yan Z-
production cross section were presented for the first time. This was achieved via an abelianisation
procedure that profits from the available pure QCD NNLO result and proved to be a versatile
technique.

10

Scale dependence

‣Clear improvement in stabilization at higher orders
‣Mostly QCD dominated but small QED effect 

different signs of qq (fully dominated by the born level qq̄ channel and exceeding the per mille
level) and qg contributions conspire to reduce the effect of the mixed QCD×QED corrections to
the Drell-Yan cross section. Again, in more exclusive distributions this partial cancellation might
be spoiled by some kinematical cuts, resulting in an increase of the mixed order corrections.

Figure 6: Cross sections corresponding to LO (dashes, i+j=0 in Eq.(1)), NLO(dots, i+j=0,1) and
NNLO (solid, i+ j=0,1,2) at different factorisation and renormalisation scales with µR = µF = µ.
All results are normalised by the corresponding cross section at µ = MZ .

Finally, we discuss the effect of the higher order contributions in the stabilisation of the pertur-
bative expansion in terms of the scale dependence for

√
S = 13 TeV (very similar behaviours are

observed for other values of
√

S). In Fig.6 we show the LO (σ(0,0)), NLO (σ(0,0)+α σ(0,1)+αs σ(1,0))
and NNLO (σ(0,0) + α σ(0,1) + αs σ(1,0) + ααs σ(1,1) + α2 σ(0,2) + α2

s σ(2,0)) cross sections for different
values of the factorisation and renormalisation scales µR = µF = µ, normalised by the correspond-
ing value at the central scale µ = MZ . From the slope of the different curves, it is clearly visible
the reduction in the scale dependence when including higher order corrections, mostly due to the
dominant QCD effects but also thanks to the inclusion of the QED and mixed contributions.

4 Conclusions

In this article, mixed QCD×QED as well as pure QED2 NNLO corrections to the total Drell-Yan Z-
production cross section were presented for the first time. This was achieved via an abelianisation
procedure that profits from the available pure QCD NNLO result and proved to be a versatile
technique.

10

F. Piccinini (INFN Pavia) QED/EW June 2018 16 / 17



Conclusions 

‣Full QED+QCD NNLO corrections to DY (on-shell Z production)

Future

‣Fully differential cross section
‣Add final state QED radiation
‣EW corrections

‣QED NLO ~ QCD NNLO (opposite sign) around 5 per-mille 

‣Mixed QEDxQCD below the per-mille level

‣At 14 TeV QCD NNLO ~ 3.5 mixed QEDxQCD (QCD cancellation) 

‣Factorization approach for mixed QEDxQCD fails by factor of 2

Cancellation between qq and qg channels

‣Very stable under scale variations at NNLO

see talk by Frank for resummation issues of QCD and QED effects
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