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I. A useful qualitative distinction motivated by large Nc

III. Ordinary mesons – Feshbach Resonances  
Decouple as Nc → ∞

IV. Extraordinary mesons – Open channel enhancements  
Subside into the continuum as Nc → ∞

V. Follow the poles

VI. The S – wave is special

Ordinary:             “quark model” mesons
Extraordinary:  “tetraquarks”, “meson-molecules”,  

threshold enhancements, …
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II. Supported by unitarized chiral dynamics applied to light scalar 
and vector mesons 
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Planar gluon 
interactions 

Standard meson results as Nc → ∞

Quark loops 
O(1/Nc)
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s-channel 
resonances

t - channel 
exchanges

�(M ! MM) ⇠ 1

Nc
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D(x) ≡ 1

Nc

q̄q̄qq(x)

Generic normalized two meson source

• Large Nc counting and qualitative dynamics do not depend on the 
internal coupling of quark fields in the source.

• Any such source can always be Fierz transformed to a sum of 
products of color singlet meson sources...

6

FIG. 2: s-wave (a) and p-wave (b) Feshbach resonances. The absolute value of fℓ(E) ≡ sinδℓ(E) is plotted versus p=
√
E. The three curves

correspond to scaling the coupling as if Nc → 3, 5, and 10. The bound state in the continuum was somewhat arbitrarily set at E0 = 2.25µ2.

simple:

• To leading order as Nc → ∞ mesons do not interact.

• At O (1/Nc) mesons interact by t-channel meson exchange. By duality, these exchanges are dual to the narrow, ordinary
hadron resonances discussed in the previous section. These exchanges do not contribute off-resonance.

• The leading contribution to meson-meson scattering away from the ordinary hadron resonances is O (1/Nc), and comes
from quark exchange which mixes non-color singlet components into their wave-functions, and can be modeled as a

potential between the scattering mesons.

To derive these results we need an interpolating operator that creates two color-singlet mesons,

D(x) ≡
1

Nc
q̄qq̄q(x) (14)

The fact that I have chosen a local q̄q̄qq operator rather than the product of two q̄q operators at different spacetime points makes

no difference in the classification of physical processes at large Nc. Questions like “do stable or resonant q̄q̄qq states exist?”

depend on the dynamics, not the choice of interpolation field. The internal color coupling does not matter because any q̄q̄qq

operator which is an overall color singlet can be Fierz-transformed into color singlet quark bilinears:

D(x) = cosθM12(x)M34(x)+ sinθM14(x)M23(x) (15)

7

FIG. 3: Normalization of the q̄q̄qq source, D(x). For clarity, each source, D(x) and D(0), is pulled apart into separate q̄q pairs connected by a
dotted line. At leading order in Nc each loop carries a factor of Nc and each source carries a factor of 1/Nc.

where Mij(x) = [q̄i(x)q j(x)]1 is a color singlet (meson) operator, and the indices, i, j, ... refer to all labels other than color
(eg. spin, flavor, space). The factor of Nc in eq. (14) was chosen so that the Green’s function, Π(x) =

〈

0
∣

∣T (D(x)D(0))
∣

∣0
〉

is

normalized to unity as Nc → ∞.

The Feynman graphs contributing toΠ(x) fall into classes that characterize meson-meson scattering. The important categories
are shown in Fig. (3)–(8). [For easier visualization, the D(x) vertex is drawn with the two q̄q pairs separated by a dotted line.]
The leading contributions, shown in Fig. (3) and (4) are disconnected diagrams from the point of view of meson-meson

scattering. To leading order at large Nc, each loop brings a factor of Nc, each qq̄g-vertex brings 1/
√
Nc, and each insertion of

D brings 1/Nc. Three and four gluon vertices do not alter the large Nc counting. From Fig. (3) it is clear that D is normalized
to unity, and Fig. (4) shows that interactions within color singlet mesons persist at large Nc. These are the only diagrams that

survive at as Nc →∞. Diagrams like Fig. (5) that mix quark-antiquark pairs into the meson wavefunctions are O (1/Nc), so quark
(and antiquark) numbers are conserved in this limit.

What about interactions between mesons? Exchange of ordinary mesons in the t-channel, shown in Fig. (6), contributes at

O (1/Nc) (there is one fewer loop for the same number of vertices compared to Figs. (3),(4), and (5). However duality, which is
expected to become exact as Nc → ∞, identifies the sum over all t-channel exchanges of the form of Fig. (6a) with the tower of

ordinary s-channel resonances that have widths of order 1/Nc. The Nc counting works out because the effect of these resonances
on the scattering amplitude averaged over energy is proportional to their width, O (1/Nc). We conclude the the effect of t-channel
exchange of ordinary mesons on the meson-meson continuum vanishes faster than 1/Nc. So far the meson-meson continuum is
unaffected by interactions at order 1/NC.
The only remaining contribution to off-resonance meson-meson scattering of order 1/Nc comes from quark exchange dia-

grams, shown in Fig. (7). It is easy to see that these diagrams go like 1/Nc as Nc → ∞. They are associated with terms of the

form,

Π(x) ∼
〈

0
∣

∣T ([M12(x)M34(x)] [M14(0)M32(0)])
∣

∣0
〉

(16)

{ D(0) ~ 1/NcD(x) ~ 1/Nc

Nc

Nc
{⟨0|D(x)D(0)|0⟩ ∼ 1 as Nc → ∞

Closer look at meson-meson interactions as Nc → ∞
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• The best known residual 
meson-meson interaction 
at large Nc is t-channel 
meson exchange, which is 
down by

Nc[
1√
Nc

]4
4{

→
2[

1
Nc

]
1

Nc

1/Nc

Meson-meson interactions vanish as Nc → ∞, but what 
processes are least suppressed?

• However this interaction is dual to the
resonances (with widths of order           ).  So it 
would be 
narrow resonances and t-channel meson exchange.        

1/Nc
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Another residual interaction at large Nc – and the only one 
away from the narrow resonances –  is quark exchange 
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Nc[
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]4
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→
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1
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Nc

Another residual interaction at large Nc – and the only one 
away from the narrow resonances –  is quark exchange 

No coupling to QQ̄ mesons
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Another residual interaction at large Nc – and the only one 
away from the narrow resonances –  is quark exchange 

No coupling to QQ̄ mesons
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Quark exchange “forces”
Scattering state projects entirely onto 
meson-meson continuum.
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Further contributions to meson-meson scattering are down by high 
powers of Nc (exchange of vacuum quantum numbers shown).

Nc[
1√
Nc

]4
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→
2[

1
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N2
c
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Summary of expectations for meson-meson 
scattering at large Nc

• Overall scattering amplitude is 
O(1/Nc)

s-channel 
resonances

• s-channel resonances ⟷        mesons 
with widths that vanish like          .

• Bound states in the meson-meson 
continuum.

• Do not lie within the space of meson-
meson scattering states.

Ordinary mesons

Q̄Q
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• In any fixed basis, eg.                 quark 
exchange mixes color octet components 
into the wavefunction, so the force is 
fundamentally chromodynamic.

M12M34

• The range of the force is determined by the distance at which 
hadrons overlap, of order 1 fermi.

• Attractive? repulsive? Capable of generating bound/virtual states 
and resonances.

• No coupling to confined channels, so the interactions are “potential-like”.  
Non-relativistic analog would be simply the Schrödinger equation with an open 
channel potential. 

• Extraordinary hadrons --- if they exist at all --- disappear as                      ; 
they merely subside into the hadron-hadron continuum.

Nc → ∞

Quark exchange “forces”

Potentially extraordinary mesons
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Corroboration of Nc dependence:  
unitarized chiral dynamics J. Pelaez & collaborators
Low energy ππ scattering can be computed in a
power series in p2/Λ2

ξ using chiral perturbation
theory. In limit of exact SU(2)L × SU(2)R only
parameter at order p2 is fπ. At order p4, eight
parameters enter: L1...L8 (Gasser, Leutwyler).

No finite expansion in powers of p
2 can uniquely

locate a pole, however ”unitarization” methods al-
low approximate analysis.

t−1

IJ (p) = gIJ(p2) −
ip

√

p2 + m2
π

Inverse amplitude method

Imaginary part from unitarity

Real part from chiral perturbation 
theory

Extrapolate to energies where 
interactions become strong.

Compute Nc dependence from underlying QCD; 
fit Nc = 3 to the data and then vary Nc tIJ(p) =

√

p2 + m2

p
fIJ(p)

where fIJ(p) = sin δIJ(p)eiδIJ (p)
†I understand that there is model dependence here!

†

J. R. Pelaez, PRL 92, 102001 (2004) 
[hep-ph/0309272], etc.]; 
J. R. Pelaez, Phys. Rept. 658, 1 
(2015) [1510.00653]
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TABLE 1. O(p4) chiral parameters (×103) and their Nc scaling. In the ChPT column, L1,
L2, L3 come from [8] and the rest from [1]. The IAM columns correspond to different fits [4].

O(p4) Nc ChPT IAM I IAM II IAM III

Parameter Scaling µ = 770MeV µ = 770MeV µ = 770MeV µ = 770MeV

L1 O(Nc) 0.4±0.3 0.56±0.10 0.59±0.08 0.60±0.09
L2 O(Nc) 1.35±0.3 1.21±0.10 1.18±0.10 1.22±0.08
L3 O(Nc) −3.5±1.1 −2.79±0.14 −2.93±0.10 −3.02±0.06
L4 O(1) −0.3±0.5 −0.36±0.17 0.2±0.004 0 (fixed)

L5 O(Nc) 1.4±0.5 1.4±0.5 1.8±0.08 1.9±0.03
L6 O(1) −0.2±0.3 0.07±0.08 0±0.5 −0.07±0.20
L7 O(1) −0.4±0.2 −0.44±0.15 −0.12±0.16 −0.25±0.18
L8 O(Nc) 0.9±0.3 0.78±0.18 0.78±0.7 0.84±0.23

2L1−L2 O(1) −0.55±0.7 0.09±0.10 0.0±0.1 −0.02±0.10

J and isospin I, in the elastic regime satisfy the unitarity condition:

Im tIJ = σ |tIJ|2, where σ =
2q√
s

⇒ Im
1

tIJ
= −σ ⇒ tIJ =

1

Re t−1IJ − iσ
, (1)

where q is the meson CMmomentum. In order to have a unitary amplitude we only need
Re t−1, that can be obtained from ChPT: this is the Inverse Amplitude Method (IAM)

[5, 4]. In this way, the IAM generates the ρ , K∗, σ and κ resonances not initially present
in ChPT, ensures unitarity in the elastic region and respects the ChPT expansion.

When inelastic two-meson processes occur, the IAM can be generalized [4, 6] to T ≃
(ReT−1− iΣ)−1, within a coupled channel formalism, where T is a matrix containing all
partial waves between all physically accessible two-body states, whereas Σ is a diagonal
matrix with their corresponding phase spaces. Using one-loop ChPT calculations, the

coupled channel IAM provides a remarkable description [4] of two-body π , K or η
scattering up to 1.2 GeV. In addition, it generates the ρ , K∗, σ , κ , a0(980), f0(980)
and the octet φ . Such states are not included in the ChPT Lagrangian, but each one has
an associated pole in the second Riemann sheet of its corresponding partial wave. These
poles appear already with the Li set used for standard ChPT, which is compatible with the

Li sets in Table 1, obtained from fits to data. For narrow, Breit-Wigner like, resonances,

their mass and width is roughly given by
√
spole ∼MR− iΓR/2. Furthermore, the IAM

respects the O(p4) correct low energy expansion, with chiral parameters compatible

with standard ChPT. Different IAM fits[4] are mostly due to different ChPT truncation

schemes, equivalent up to O(p4), and to the estimation of systematic errors in the data.
Since ChPT amplitudes are renormalized, and therefore scale independent, there are

no cutoffs or subtraction constants where a spurious Nc dependence could hide. All the

QCD Nc dependence appears correctly through the Li, f0 and the π,K,η masses.
Recently[7], by rescaling the ChPT parameters, we have studied how the resonances

generated from unitarization behave in the largeNc expansion, around “real life”, Nc = 3.
Thus, in Fig.1 we see that the modulus of partial waves associated to the ρ(770) and
K∗(892) vector mesons presents a peak, obtained from a fit to data, that becomes

narrower as Nc increases, whereas the mass remains almost the same. This is exactly

the behavior expected for a q̄q state, namely,M ∼ O(1), Γ∼O(1/Nc).

Nc = 5

Ordinary mesons – masses independent of Nc and widths → o as Nc → ∞
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Re t−1, that can be obtained from ChPT: this is the Inverse Amplitude Method (IAM)

[5, 4]. In this way, the IAM generates the ρ , K∗, σ and κ resonances not initially present
in ChPT, ensures unitarity in the elastic region and respects the ChPT expansion.

When inelastic two-meson processes occur, the IAM can be generalized [4, 6] to T ≃
(ReT−1− iΣ)−1, within a coupled channel formalism, where T is a matrix containing all
partial waves between all physically accessible two-body states, whereas Σ is a diagonal
matrix with their corresponding phase spaces. Using one-loop ChPT calculations, the
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Nc = 5

Nc = 5
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Nc = 3

Ordinary mesons – masses independent of Nc and widths → o as Nc → ∞



R. L. Jaffe     SCGP Workshop on Exotic Hadrons   May/June 2018  

500 600 700 800 900

|t11|

800 825 850 875 900 925 950

|t1/2, 1|

5 10 15 20 25 30

1

2

M /Nc M3

ΓNc Γ3

ρ(770)

5 10 15 20 25 30

1

2

5 10 15 20 25 30

1

2
K*(892)

5 10 15 20 25 30

1

2
K*(892)

ρ(770)

M /Nc M3

/

ΓNc Γ3/

TABLE 1. O(p4) chiral parameters (×103) and their Nc scaling. In the ChPT column, L1,
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J and isospin I, in the elastic regime satisfy the unitarity condition:

Im tIJ = σ |tIJ|2, where σ =
2q√
s

⇒ Im
1

tIJ
= −σ ⇒ tIJ =

1

Re t−1IJ − iσ
, (1)

where q is the meson CMmomentum. In order to have a unitary amplitude we only need
Re t−1, that can be obtained from ChPT: this is the Inverse Amplitude Method (IAM)

[5, 4]. In this way, the IAM generates the ρ , K∗, σ and κ resonances not initially present
in ChPT, ensures unitarity in the elastic region and respects the ChPT expansion.

When inelastic two-meson processes occur, the IAM can be generalized [4, 6] to T ≃
(ReT−1− iΣ)−1, within a coupled channel formalism, where T is a matrix containing all
partial waves between all physically accessible two-body states, whereas Σ is a diagonal
matrix with their corresponding phase spaces. Using one-loop ChPT calculations, the

coupled channel IAM provides a remarkable description [4] of two-body π , K or η
scattering up to 1.2 GeV. In addition, it generates the ρ , K∗, σ , κ , a0(980), f0(980)
and the octet φ . Such states are not included in the ChPT Lagrangian, but each one has
an associated pole in the second Riemann sheet of its corresponding partial wave. These
poles appear already with the Li set used for standard ChPT, which is compatible with the

Li sets in Table 1, obtained from fits to data. For narrow, Breit-Wigner like, resonances,

their mass and width is roughly given by
√
spole ∼MR− iΓR/2. Furthermore, the IAM

respects the O(p4) correct low energy expansion, with chiral parameters compatible

with standard ChPT. Different IAM fits[4] are mostly due to different ChPT truncation

schemes, equivalent up to O(p4), and to the estimation of systematic errors in the data.
Since ChPT amplitudes are renormalized, and therefore scale independent, there are

no cutoffs or subtraction constants where a spurious Nc dependence could hide. All the

QCD Nc dependence appears correctly through the Li, f0 and the π,K,η masses.
Recently[7], by rescaling the ChPT parameters, we have studied how the resonances

generated from unitarization behave in the largeNc expansion, around “real life”, Nc = 3.
Thus, in Fig.1 we see that the modulus of partial waves associated to the ρ(770) and
K∗(892) vector mesons presents a peak, obtained from a fit to data, that becomes

narrower as Nc increases, whereas the mass remains almost the same. This is exactly

the behavior expected for a q̄q state, namely,M ∼ O(1), Γ∼O(1/Nc).
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Ordinary mesons – masses independent of Nc and widths → o as Nc → ∞
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General idea:  
• Two channels, one open, the 

 other closed.
• Closed channel has discrete 

spectrum that overlaps the 
continuum spectrum of the 
open channel.

• Turn on coupling between 
channels:  The closed channel 
bound state appears as 
resonance in the open channel.

Open channel – meson-meson (eg. ππ)
Closed (in fact confined) channel –         (eg. 𝜌)

Ψ =

(

ψ1

ψ2

)

ρ

ππ

Ordinary hadrons as 
Feshbach resonances
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[11] J. R. Peláez, Phys. Rev. Lett. 92, 102001 (2004) [arXiv:hep-ph/0309292]; AIP Conf. Proc. 814, 670 (2006) [arXiv:hep-ph/0510118].

[12] G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960).

[13] For an introduction to the N/D method see S. Frautschi, Regge Poles and S-Matrix Theory, (W. A. Benjamin, New York, 1963).
[14] For a review an further references, M. Anselmino, E. Predazzi, S. Ekelin, S. Fredriksson and D. B. Lichtenberg, Rev. Mod. Phys. 65,

1199 (1993), or M. Anselmino, E. Predazzi, eds. International Workshop on Diquarks and Other Models of Compositeness: Diquarks III,

Turin, Italy, 28-30 Oct 1996 (World Scientific, 1998). For a recent review see, R. L. Jaffe, Phys. Rept. 409, 1 (2005) [Nucl. Phys. Proc.

Suppl. 142, 343 (2005)] [arXiv:hep-ph/0409065].

[15] E. Lomon and ...

[16] R. L. Jaffe, MIT-CTP-951 Rapporteur’s talk presented at Lepton Photon Symp., Bonn, Germany, Aug 24-29, 1981, (Scanned version

available at KEK.)

[17] G. ’t Hooft, Nucl. Phys. B 72, 461 (1974).

[18] S. R. Coleman, “1/N,” SLAC-PUB-2484 Presented at 1979 Int. School of Subnuclear Physics, Pointlike Structures Inside and Outside

Hadrons, Erice, Italy, Jul 31-Aug 10, 1979, also in S. Coleman, Aspects of Symmetry (Cambridge, 1985).

[19] J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984). J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984). Nucl. Phys. B 250

(1985) 465.

[20] A. A. Andrianov, Phys. Lett. B 157, 425 (1985). A. A. Andrianov and L. Bonora, Nucl. Phys. B 233, 232 (1984). D. Espriu, E. de Rafael

and J. Taron, Nucl. Phys. B 345 (1990) 22 S. Peris and E. de Rafael, Phys. Lett. B 348 (1995) 539.
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}No interaction in open channel 
except for transition to confined 
channel.  Confined channel 
couples back to open channel 
allowing “bound state in the 
continuum” to decay back to 
open channel. Only a discrete spectrum

Confined channel “bound state” appears as a pole in the effective separable  
potential in the open channel.  Easily solved using Greens function methods.

Ψ =

(

ψ1

ψ2

)

ρ

ππ

Ordinary hadrons as Feshbach resonances
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Scattering near a Feshbach resonance

Special case of a separable potential H = h0 � �|�ih�| with |�i = V |�i
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`i is overlap of open channel
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Scattering near a Feshbach resonance

⇠(k) = h�|V |u0
`(k)i =

Z 1

0
dr�(r)V (r)rj`(kr)
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• Unitary
• Relativistic with 
• In non-relativistic limit

s ⌘ E2 = 4(m2 + k2)
<latexit sha1_base64="96WMhZbd5FEl5ndAbl//Uzejfys="></latexit><latexit sha1_base64="ZLLI9WeKVslkhEj3UCd1qAT+7aU="></latexit><latexit sha1_base64="ZLLI9WeKVslkhEj3UCd1qAT+7aU="></latexit><latexit sha1_base64="9YKKHDUP3YLzp8YtDe3nQNPCgdg="></latexit>

• Scattering amplitude 
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Ordinary meson pole trajectories in the complex plane

• Poles below Re k axis are resonances
• Ordinary hadrons decouple as Nc → ∞.  They become stable states in 

the meson-meson continuum
• Poles and associated resonances have no particular association with 

thresholds
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Modelling extraordinary hadrons
• Effects generated by open channel (meson-meson) potentials
• Respect relativity and unitarity with partial wave N/D method.
• Equivalent to solving Schrödinger equation with separable 

potential in open channel

General solution for the Argand amplitude f`(k) = sin �`(k)ei�l(k)
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• 𝜆 > 0 ⇒ attraction; 𝜆 < 0 ⇒ repulsion.
• Note Nc dependence as motivated earlier.
• Nature of possible enhancements depend on character of quark-exchange 

interaction.  No guarantee of resonance, certainly not in s-wave.
• Examine Nc dependence.
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Low energy scattering – extraordinary hadrons

Choose example of attractive single channel 
interaction giving rise to enhancement/
resonance when 𝜆 is large enough

• No resonance in the s-wave –there is no 
barrier and no confined channel state to 
drive resonance formation, only virtual or 
bound state as 𝜆 increases

• p-wave shows attractive enhancement, 
leading to resonance and bound state as 𝜆 
increases.  Angular momentum barrier is 
responsible for resonance.

• Enhancements in both s- and p-waves 
vanish as Nc → ∞ 

P-WAVE

S-WAVE
Nc = 3

Nc = 5

Nc = 10

Nc = 3

Nc = 5

Nc = 10
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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S-wave P-wave

Extraordinary meson pole trajectories in the complex plane
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Ordinary and extraordinary mesons could hardly be more different!
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Summary

• Large Nc distinguishes ordinary (Q̄Q) mesons from possible
extraordinary (� Q̄Q̄QQ) mesons.

• Unitarized chiral dynamics ) vector mesons are ordinary and light
scalar mesons are extraordinary

• Ordinary mesons = Feshbach resonances

• Extraordindary mesons = open-channel enhancements, resonances,
bound or virtual states.

• Watch out for unique behavior of S-wave “states” near threshold.
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