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x =
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`
`0

Measurements of hadron LF 
wavefunction are at fixed LF time

Like a flash photograph xbj = x =
k+

P+

 n(xi,~k?i ,�i)

Invariant under boosts!  Independent of Pμ 

Dirac: Front Form



General remarks about orbital angular mo-
mentum
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Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 
Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,~k?i ,�i)

HQCD
LF |�h >= M2

h|�h >



Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

H
int
LF

LFWFs: Off-shell in P- and invariant mass

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >



PDFs FFs

TMDs

Charges

GTMDs

GPDs

TMSDs

TMFFs

Transverse density in 
momentum space

Transverse density in position 
space

Longitudinal 

Transverse

Momentum space Position space

Lorce, 
Pasquini

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

Sivers, T-odd from lensing

Light-Front Wavefunctions
underly hadronic observables

DGLAP, ERBL Evolution
Factorization Theorems



Coulomb  potential  
Veff ⇥ VC(r) = ��

r
Semiclassical first approximation to QED  

Bohr Spectrum

HQED
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dr2
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1
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⌃(⌃ + 1)
r2

+ Ve�(r, S, ⌃)] �(r) = E �(r)

(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Includes Lamb Shift, quantum corrections

QED atoms: positronium 
and muonium

Schrödinger Eq.



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI
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Semiclassical first approximation to QCD  

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD
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Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
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d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

mq = 0
Single variable Equation!



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.5 GeV

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!• Fubini, Rabinovici: 

e'(z) = e+2z2

Single variable  ζ

⇥
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 

Light-Front Wavefunctions

Remarkable new insights from AdS/CFT, the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,~k?i,�i)
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⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

LF Wavefunction: off-shell in invariant mass

x =
k+

P+
=

k0 + k3

P 0 + P 3



AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

invariant measure

AdS/CFT

AdS5
Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Maldacena
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•Soft-wall dilaton profile breaks 
conformal invariance

•Color Confinement in z

•Introduces confinement scale κ

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS/QCD

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

https://indico.cern.ch/event/628450/
https://indico.cern.ch/event/628450/


• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
e⇤(z)

�
�µ⇥dxµdx⇥ � dz2

⇥

where ⇤(z) ⇧ 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2�g00 = mc2R
e⇤(z)/2

z

• Consider warp factor exp(±⇥2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances ⌃z⌥ ⌅ 1/⇥

KITPC, Beijing, October 19, 2010 Page 9

Klebanov and Maldacena 

Introduce  “Dilaton" to simulate confinement analytically

Positive-sign dilaton • de Teramond, sjbe'(z) = e+2z2



AdS Soft-Wall Schrödinger Equation for  
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified AdS5 

Identical to Single-Variable Light-Front Bound State Equation in ζ! 

U(z) = �4z2 + 2�2(L + S � 1)

• de Teramond, sjbPositive-sign dilaton
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LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2
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Light-Front Holographic Dictionary



G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potentialm⇡ = 0 if mq = 0

Massless pion! 

~⇣2 = ~b2?x(1� x)



Same slope in n and L!Massless pion in Chiral Limit!

Mass ratio of the ρ and the a1 mesons: coincides with Weinberg sum rules

mq = 0

G. de Teramond, H. G. Dosch, sjb 



Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

m2
⇡/2

'p(z) = pzp

e'(z) = e+2z2

• Dosch, de Tèramond, sjb
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Figure 1: Comparison of the light-front holographic prediction [1] M
2(n, L, S) =

4�(n+ L+ S/2) for the orbital L and radial n excitations of the meson spectrum with
experiment. See Ref. [2]

1 Introduction

A remarkable empirical feature of the hadronic spectrum is the near equality of the

slopes of meson and baryon Regge trajectories. The square of the masses of hadrons

composed of light quarks is linearly proportional not only to L, the orbital angular

momentum, but also to the principal quantum number n, the number of radial nodes in

the hadronic wavefunction as seen in Fig. 1. The Regge slopes in n and L are equal, as in

the meson formula M
2
M
(n, L, S) = 4�(n+L+S/2 from light front holographic QCD [1],

but even more surprising, they are observed to be equal for both the meson and baryon

trajectories, as shown in Fig. 2. The mean value for all of the slopes is  =
p
� = 0.523

GeV. See Fig. 3.

4

Equal Slope in n and LM2(n,L, S) = 42(n + L + S/2)
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S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!



Structure of the Vacuum in Light-Front Dynamics

• Results easily extended to light quarks masses (Ex: K-mesons)
[GdT, S. J. Brodsky and H. G.Dosch, arXiv:1405.2451 [hep-ph]]

• First order perturbation in the quark masses

�M2 = h |
X

a

m2
a/xa| i

• Holographic LFWF with quark masses
[S. J. Brodsky and GdT, arXiv:0802.0514 [hep-ph]

 (x, ⇣) ⇠
p

x(1� x) e�
1
2�

�m2
q

x +
m2

q
1�x

�
e�

1
2� ⇣2

• Ex: Description of diffractive vector meson production at HERA
[J. R. Forshaw and R. Sandapen, PRL 109, 081601 (2012)]

• For the K⇤

M2
n,L,S = M2

K± + 4�
✓

n +
J + L

2

◆

• Effective quark masses from reduction of higher Fock states as functionals of the valence state:

mu = md = 46 MeV, ms = 357 MeV

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33

De Tèramond, Dosch, sjb

from LF Higgs mechanism

Effective mass from m(p2) Tandy, Roberts, et al



Prediction from AdS/QCD: Meson LFWF

�(x, k�)
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       “Soft Wall” 
model

�(x, k�)(GeV)

de Teramond, 
Cao, sjb⇥M(x, Q0) ⇥

�
x(1� x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

massless quarks

Note coupling  

k2
�, x

Provides Connection of Confinement to Hadron Structure

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2
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2�2x(1�x)

x

1� x

�⇡(x) =
4p
3⇡

f⇡

p
x(1� x)

f⇡ =
p

Pqq̄

p
3

8
 = 92.4 MeV Same as DSE!

e'(z) = e+2z

C. D. Roberts et al.



J. R. Forshaw,  
R. Sandapen

�⇤p! ⇢0p0

�L

�T
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e
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A.P.  Trawinski, S.D. Glazek, H. D. Dosch, G. de Teramond, sjb

Connection to the Linear Instant-Form Potential

Linear instant nonrelativistic form V (r) = Cr for heavy quarks

Harmonic Oscillator U(⇣) = 4⇣2 LF Potential for relativistic light quarks
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Remarkable Features of  
Light-Front Schrödinger Equation

•Relativistic, frame-independent

•QCD scale appears - unique LF potential

•Reproduces spectroscopy and dynamics of light-quark hadrons with 
one parameter

•Zero-mass pion for zero mass quarks!

•Regge slope same for n and L  -- not usual HO

•Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry

•Phenomenology: LFWFs, Form factors, electroproduction

•Extension to heavy quarks

U(⇣) = 4⇣2 + 22(L + S � 1)

Dynamics + Spectroscopy! 
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QCD Lagrangian

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Classical Chiral Lagrangian is Conformally Invariant  

Where does the QCD Mass Scale come from?  

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

Unique confinement potential!

QCD does not know what MeV units mean! 
Only Ratios of Masses Determined



G = uH + vD + wK

G| (⌧) >= i
@

@⌧
| (⌧) >

G = H⌧ =
1
2
�
� d

2

dx2
+

g

x2
+

4uw � v
2

4
x

2
�

Retains conformal invariance of action despite mass scale! 

Identical to LF Hamiltonian with unique potential and dilaton! 

• de Alfaro, Fubini, Furlan

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

U(⇣) = 4⇣2 + 22(L + S � 1)

4uw � v2 = 4 = [M ]4

• Dosch, de Teramond, sjb

New term

(dAFF)



fixed uniquely: it is, like the original Hamiltonian with unbroken dilatation symmetry,179

a constant of motion (2). This procedure breaks scale invariance by a redefinition of180

the fields and the time parameter (16). The Lagrangian, expressed in terms of the181

original fields Q(t) is unchanged up to a total derivative (2). The dAFF mechanism182

is reminiscent of spontaneous symmetry breaking, however, this is not the case since183

there are no degenerate vacua (14) and thus a massless scalar 0++ state is not required.184

The dAFF mechanism is also di↵erent from usual explicit breaking by just adding a185

term to the Lagrangian (15).186

In their discussion of the evolution operator H⌧ dAFF mention a critical point,187

namely that “the time evolution is quite di↵erent from a stationary one”. By this188

statement they refer to the fact that the variable ⌧ is related to the variable t by189

⌧ =
2p

4uw � v2
arctan

✓
2tw + vp
4uw � v2

◆
, (22)

i.e., ⌧ has only a finite range. Since q2(⌧) vanishes at the borders of this range (See190

(16)), the surface term in (18) vanishes also there. In our approach ⌧ = x+/P+
191

can be interpreted as the LF time di↵erence of the confined q and q̄ in the hadron,192

a quantity which is naturally of finite range and in principle could be measured in193

double-parton scattering processes. It is also interesting to notice that the conformal194

group in one dimension with generators Ht, K and D is locally isomorphic to the195

group SO(2, 1) and thus, a correspondence can be established between the SO(2, 1)196

group of conformal quantum mechanics and the AdS2 space with isometry group197

SO(2, 1) (16).198

Following the work of de Alfaro, Fubini and Furlan in Ref. (2), we have discussed199

in this letter an e↵ective theory which encodes the fundamental conformal symmetry200

of the QCD Lagrangian in the limit of massless quarks. It is an explicit model in201

which the confinement length scale appears in the light-front Hamiltonian from the202

breaking of dilatation invariance, without a↵ecting the conformal invariance of the203

action. In the context of the dual holographic model it shows that the form of the204

dilaton profile is unique, which leads by the mapping to the light-front Hamiltonian205

9

dAFF: New Time Variable

• Identify with difference of LF time Δx+/P+ 

between constituents 

• Finite range  

• Measure in Double-Parton Processes

Retains conformal invariance of action despite mass scale! 



{Q,S+} = f �B + 2iD, {Q+, S} = f �B � 2iD

B =
1
2
[ +, ] =

1
2
�3{ , +} = 1

 =
1
2
(�1 � i�2),  + =

1
2
(�1 + i�2)

{Q,Q
+} = 2H, {S, S

+} = 2K

generates conformal algebra

[H,D]= i H, [H, K] =2 i D, [K, D] = - i K

Q =  +[�@x +
f

x
], Q+ =  [@x +

f

x
], S =  +x, S+ =  x

Haag, Lopuszanski, Sohnius (1974)

Superconformal Quantum Mechanics 

Q '
p

H, S '
p

K



Consider Rw = Q + wS; w: dimensions of mass squared

Superconformal Quantum Mechanics 

Retains Conformal Invariance of Action

G11 =
�
� @2

x + w2x2 + 2wf � w +
4(f + 1

2 )2 � 1
4x2

�

New Extended Hamiltonian  G is diagonal:

G = {Rw, R
+
w} = 2H + 2w2

K + 2wfI � 2wB

G22 =
�
� @2

x + w2x2 + 2wf + w +
4(f � 1

2 )2 � 1
4x2

�

Fubini and Rabinovici 

2B = �3

Eigenvalue of G: M2(n,L) = 42(n + LB + 1)

Baryon Equation

Identify f � 1
2 = LB , w = 2

Q '
p

H, S '
p

K

� = 2



�
� @2

⇣ + 4⇣2 + 22(LB + 1) +
4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation

M2(n,LB) = 42(n + LB + 1)

�
� @2

⇣ + 4⇣2 + 22LB +
4(LB + 1)2 � 1

4⇣2

�
 �J = M2 �J

�
� @2

⇣ + 4⇣2 + 22(J � 1) +
4L2

M � 1
4⇣2

�
�J = M2�J

M2(n,LM ) = 42(n + LM )

Meson-Baryon Degeneracy for LM=LB+1

S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

Superconformal  
Quantum Mechanics 

Same   !
S=0, P=+

� = 2
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7

42S=1/2, P=+ S=1/2, P=+

S=3/2, P=-

S=1/2, P=- S=1/2, 3/2
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Superconformal Algebraic Approach to Hadron Structure

• Superconformal spin-dependent Hamiltonian to describe mesons and baryons (chiral limit)

[S. J. Brodsky, GdT, H. G. Dosch, C. Lorcé, PLB 759, 171 (2016)]

G = {R†
�, R�}+ 2�S S = 0, 1

Mesons :M2 = 4� (n+ LM ) + 2�S, Baryons :M2 = 4� (n+ LB + 1) + 2�S
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Fit to the slope of Regge trajectories, 
including radial excitations

Same Regge Slope for Meson, Baryons:  
Supersymmetric feature of hadron physics

mu = md = 46 MeV, ms = 357 MeV

From ↵g1(Q2)
Deur

� = 2 de Tèramond, Dosch, Lorce’, sjb



Fermionic Modes and Baryon Spectrum
[Hard wall model: GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

[Soft wall model: GdT and S. J. Brodsky, (2005), arXiv:1001.5193]

From Nick Evans

• Nucleon LF modes

⇤+(�)n,L = ⇥2+L

⌅
2n!

(n + L)!
�3/2+Le�⇥2�2/2LL+1

n

�
⇥2�2

⇥

⇤�(�)n,L = ⇥3+L 1⇤
n + L + 2

⌅
2n!

(n + L)!
�5/2+Le�⇥2�2/2LL+2

n

�
⇥2�2

⇥

• Normalization ⇤
d� ⇤2

+(�) =
⇤

d� ⇤2
�(�) = 1

• Eigenvalues

M2
n,L,S=1/2 = 4⇥2 (n + L + 1)

• “Chiral partners”
MN(1535)

MN(940)
=
⇤

2

LC 2011 2011, Dallas, May 23, 2011 Page 13

Quark Chiral 
Symmetry of 
Eigenstate!

Nucleon: Equal Probability for L=0,1

R1
0 d⇣

R 1
0 dx 2

+(⇣
2, x) =

R1
0 d⇣

R 1
0 dx 2

�(⇣
2, x) = 1

2



• Compute Dirac proton form factor using SU(6) flavor symmetry

F p
1 (Q2) = R4

⇧
dz

z4
V (Q, z)�2

+(z)

• Nucleon AdS wave function

�+(z) =
�2+L

R2

⌃
2n!

(n + L)!
z7/2+LLL+1

n

�
�2z2

⇥
e��2z2/2

• Normalization (F1
p(0) = 1, V (Q = 0, z) = 1)

R4

⇧
dz

z4
�2

+(z) = 1

• Bulk-to-boundary propagator [Grigoryan and Radyushkin (2007)]

V (Q, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

42 e��2z2x/(1�x)

• Find

F p
1 (Q2) =

1⇤
1 + Q2

M2
⇢

⌅⇤
1 + Q2

M2
⇢0

⌅

withM⇥
2
n ⇤ 4�2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 20



Space-Like Dirac Proton Form Factor

• Consider the spin non-flip form factors

F+(Q2) = g+

⇤
d� J(Q, �)|⇥+(�)|2,

F�(Q2) = g�

⇤
d� J(Q, �)|⇥�(�)|2,

where the effective charges g+ and g� are determined from the spin-flavor structure of the theory.

• Choose the struck quark to have Sz = +1/2. The two AdS solutions ⇥+(�) and ⇥�(�) correspond

to nucleons with Jz = +1/2 and�1/2.

• For SU(6) spin-flavor symmetry

F p
1 (Q2) =

⇤
d� J(Q, �)|⇥+(�)|2,

Fn
1 (Q2) = �1

3

⇤
d� J(Q, �)

�
|⇥+(�)|2 � |⇥�(�)|2

⇥
,

where F p
1 (0) = 1, Fn

1 (0) = 0.

Exploring QCD, Cambridge, August 20-24, 2007 Page 52



Using SU(6) flavor symmetry and normalization to static quantities

0

0.4

0.8

1.2

10 20 300

Q2  (GeV2)

Q
4

 F
p 1

  
(Q

2
) 

 (
G

e
V

4
)

2-2012
8820A18

0

-0.2

10 20 300

Q2  (GeV2)

Q
4

 F
n 1

  
(Q

2
) 

 (
G

e
V

4
)

2-2012
8820A17

0

1

2

0 2 4 6

Q2  (GeV2)

F
np 2
  
(Q

2
)

2-2012
8820A8

-2

-1

0

0 2 4 6

Q2  (GeV2)

F
n 2
  
(Q

2
)

2-2012
8820A7

Niccolò Cabeo 2012, Ferrara, May 25, 2011
Page 42



0 1 2 3 4 5 6
0

0.5

1

1.5

2

Untitled-1 1

Spacelike Pauli Form Factor

F2(Q2)

Q2(GeV2)

JADE determination of �s(MZ)

M =
⇥

TH ⇥�⌅i

M ⇤ f(⇥CM)
QNtot�4

�
initial ⇤

H
i =

�
final ⇤

H
j

Harmonic Oscillator Confinement 
Normalized to anomalous 

moment

F p
2 (Q2)

� = 0.49 GeV

G. de Teramond, sjb 

From overlap of L = 1 and L = 0 LFWFs



Superconformal Algebra
2X2 Hadronic Multiplets

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

TetraquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C



M. Nielsen, 
sjbNew Organization of the Hadron Spectrum

Meson Baryon        Tetraquark



]

uu

ū

uu

uu
L = 0

L = 1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! (qq)
3̄C ! 3̄C

( )

( ) ( )
[

JPC = 2++

JP =
3

2

+ JPC = 1++

A1(1260)

L = 0

�+(1232)

L = 1, S = 1

u u

u ū ū

!0

f2(1270)

S = 1

S = 0

Superconformal Algebra 4-Plet 

Vector ()+ Scalar [] Diquarks



]

R†
� q ! [q̄q̄]

3C ! 3C

[

S = 0

Double-Strange Baryon

JP =
1

2

+

JPC = 0++

q̄

R†
� q̄ ! [qq]

3̄C ! 3̄C

S = 0

]

] ][[

[
LB = 0

LB = 1

LM = 1, S = 0

LT = 0

Scalar[] Diquarkss

s

s

s

s

s̄

⌘0

s

s̄

q q

q
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Dosch, de Teramond, sjb

Supersymmetry across the light and heavy-light spectrum



a


a

Superpartners for states with one c quark

predictions             beautiful agreement!M. Nielsen, sjb



Dosch, de Teramond, sjb

Supersymmetry across the light and heavy-light spectrum

Heavy charm quark mass does not break supersymmetry
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FIG. 1. Double charm mesons (shown as green squares) baryons (shown as blue triangles) and tetraquarks (shown as red
circles). The solid lines are the trajectories fit from (13). Hadron masses are taken from PDG [27]. In the left hand side figure
we show states with SM = SD = ST = 0. In the right hand side figure we show states with SM = SD = ST = 1.

IV. COMPARISON WITH EXPERIMENT

A. Mass spectrum

In Fig. 1 we show data [27] for double-charm mesons and baryons superpatners. We also include in this figure the
tetraquark candidates, χc0 and χc1, for the superpartners of the baryons, as discussed in [14]. The squared masses are
plotted against LM = LB +1; mesons, baryons and tetraquarks with the same abscissa are then predicted to have the
same mass. The lightest meson has angular momentum zero and, therefore, does not have a supersymmetric baryon
partner [12]. The solid lines in these figures are the trajectories fit from (13). The LM = 1 state in the ηc(2984)
family is the hc(3525) and the LM = 1 state in the J/ψ(3096) family is the χc2(3556). The baryonic superpartner

of the meson hc(3525) is the Ξcc state with quantum numbers JP = 1
2

+
. There are two candidates for this state:

the ΞLHCb
cc (3620) observed in 2017 by the LHCb collaboration [28] and the ΞSELEX

cc (3520) state reported by the
SELEX collaboration in 2002 [29, 30]. Since the quantum numbers of these states were not determined and since both
masses are well within the uncertainties of our model in the hc(3525) and χc2(3556) mass range, here we assign the

quantum numbers JP = 1
2

+
and JP = 3

2

+
to ΞSELEX

cc (3520) and ΞLHCb
cc (3620) respectively. With these assignments

the ΞSELEX
cc and ΞLHCb

cc are the baryonic superpartners of the hc(3525) and χc2(3556) mesonic states. For additional
interpretation concerning the Ξcc states see Ref. [31]. The tetraquark candidates for the superpartners of the baryonic
states ΞSELEX

cc (3520) and ΞLHCb
cc (3620) are the scalar, JPC = 0++, χc0(3415), and the axial, JPC = 1++, χc1(3510),

states, respectively. As tetraquark states, χc0(3415) has LT = ST = 0 and χc1(3510) has LT = 0 and ST = 1. As
pointed out in Sec. II, one of the diquarks in the tetraquark has always spin zero. See Ref. [14] for more details.

In Fig. 2 we show data [27] for double-beauty mesons and tetraquark candidates [14]. The LM = 1 state in the
ηb(9400) family is the hb(9900) and the LM = 1 state in the Υ(9460) family is the χb2(9910). There is still no
experimental observation of double beauty baryons. The predicted mass for Ξbb from this supersymmetric approach
is MΞbb = (9.90 ± 0.05) GeV for both JP assignments [14]. The tetraquark candidates for the JP = 1

2

+
and 3

2

+

baryonic states are the scalar, JPC = 0++, χb0(9860), and the axial, JPC = 1++, χb1(9893), states respectively.
Unfortunately the data for double-heavy hadrons are sparce and one cannot really test the predicted linear trajec-

tories. However, the excellent agreement between the masses of the superpartners in the double-heavy-quark sector
supports this attempt. From the fits for the different trajectories we arrive at the values for

√

λQ shown in Table I.

In this table we also include the values for
√

λQ obtained for light [6], light-strange [12], one-charm and one-beauty
[13] states.

In [13] it was shown that for heavy-light mesons consistency with HQET [20] requires that the confining scale, λQ,
has for heavy quark masses, to be proportional to the mass of the heavy meson:

√

λQ = C
√

MM , (35)
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FIG. 2. Same as in Fig. 1 for double beauty hadrons.

Meson MM ( GeV)
√

λQ( GeV) Ref.

π 0.14 0.57± 0.03 [6]

K 0.50 0.57± 0.03 [12]

D 1.87 0.71± 0.04 [13]

ηc 2.98 0.90± 0.04 this work

B 5.28 1.1± 0.1 [13]

ηb 9.40 1.49± 0.03 this work

TABLE I. The fitted value of
√

λQ for different meson trajectories as a function of the mass of the lowest meson state on the
trajectory.

where C is a constant with dimension [mass1/2].
In Fig. 3 we show the values of λQ for the π, K, D, ηc, B and ηb meson families as a function of the meson massMM .

For the light quarks we are far away from the heavy quark limit result (35). It is remarkable that the simple functional
dependence (35) derived in the heavy quark limit works very well for all heavy states, including double-heavy states.
This shows universal behavior for all heavy states, including the double-heavy and the heavy-light states. In contrast,
HQET is applicable only for states with only one heavy quark. Fitting the results in Table I for MM ≥ 1.87 GeV
with Eq. (35) one finds

C = (0.49± 0.02) GeV1/2. (36)

This value agrees, within the errors, with the value obtained in [13] from heavy-light hadrons.

B. Excitation energies of heavy mesons

We can use Eq. (35) with (36) to address a longstanding puzzle in the quarkonia spectrum [32]: Why are the
excitation energies of the heavy mesons approximately independent of the heavy quark mass?

From Eq. (13) one sees that ∆M2[m1,m2] ≡ M2
0 is the mass of the lowest meson state on the trajectory with

n = LM = SM = 0. Therefore one can write:

M2
M [n,LM , SM ] = M2

0

(

1 +
4λQ
M2

0

(n+ LM + SM/2)

)

= M2
0

(

1 +
4C2

M0
(n+ LM + SM/2)

)

, (37)

where, from (35) and (36), C2 = λQ

M0
∼ 0.24 GeV. Thus, for heavy quark masses:

MM [n,LM , SM ] ≈ M0 + 2C2(n+ LM + SM/2), (38)

Nielsen, Navarra, Dosch, de Tèramond, Zou, sjb
Red: Tetraquark 

predictions

Blue: Double bottom 
baryons

Blue: Double Charm 
baryons

Green: Double 
bottom mesons
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Groote, Koshkarev, sjb:  SELEX& LHCb could both be correct!

Very different production kinematics:  
LHCb (central region)  

SELEX (Forward, High xF ) where Λc  , Λb were discovered  

Radiative Decay:

LHCb(3621) ! SELEX(3520) + �
strongly suppressed: [

100 MeV
Mc

]
7

Also: Different diquark structure possible for LHCb:

NA3: Double J/ψ Hadroproduction measured at High xF

SELEX (3520± 1 MeV ) JP = 1
2

� |[cd]c >
Two decay channels: ⌅+

cc ! ⇤+
c K

�⇡+, pD+K�

⌅++
cc ! ⇤+

c K
�⇡+⇡+

|(cc)u >

LHCb (3621± 1 MeV ) JP
=

1
2

�
or

3
2

� |(cu)c >

Karliner and Rosner



New World of Tetraquarks

• Diquark Color-Confined Constituents: Color

• Diquark-Antidiquark bound states

• Confinement Force Similar to quark-antiquark 
mesons

• Isospin                            Charge 

3C ⇥ 3C = 3̄C + 6C

3̄C

3̄C ⇥ 3C = 1C

Q = 0,±1,±2I = 0,±1,±2
1/10/2015 NeoFronteras » Confirman Z(4430) - Portada -

http://neofronteras.com/?p=4405 2/11

Los quarks tienen además de carga eléctrica una carga distinta que se ha llamado carga de color y que
puede ser roja, verde o azul (es una analogía, obviamente no tienen color real), con sus correspondientes
anticolores. Combinando quarks se consiguen partículas con carga de color neutra. Los leptones son
partículas de spin semientero, en concreto son el electrón, el muón y el tau con sus correspondientes
neutrinos asociados.
Además de todo ello, hay partículas de spin entero (bosones) que son los portadores de las fuerzas. Los
quarks y leptones interaccionan intercambiando bosones virtuales de fuerza, partículas que no tienen
consistencia real. Un electrón se ve atraído por otro porque se intercambian fotones virtuales (los bosones
de la fuerza electromagnética).

Esquema del modelo estándar. Foto: Fermilab.

Para crear un protón se necesitan tres quaks, dos quark up y uno down que se mantienen unidos gracias a que intercambian unos bosones
virtuales denominados gluones que son los portadores de la fuerza nuclear fuerte.
Los conjuntos de quarks, como el protón, se denominan hadrones. Los hadrones de dos quarks son los mesones (color y anticolor) y los de
tres (tres colores que dan neutro) se llaman bariones. Así que Z(4430) es un hadrón.
La cromodinámica cuántica predice la existencia de hadrones exóticos, además de los bariones y mesones conocidos, esta teoría de campos
predice la existencia de tetraquarks (dos colores y sus correspondientes anticolores), pentaquarks (tres colores y un color y anticolor),

uud̄d̄ uus̄d̄ uus̄s̄

Q= +2
Q= - 1

Bound!

de Tèramond, Dosch, Lorce, sjb

Complete Regge 
spectrum in n, L



e+

e�
��

��

T+

�(e+e� ! MT ) / 1
sN�1

Use counting rules to identify composite structure

N = 6

Lebed, sjb



5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z)⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb

e�(z) = e+2z2



•Can be used as standard QCD coupling

•Well measured

•Asymptotic freedom at large Q2

•Computable at large Q2 in any pQCD 
scheme

•Universal  β0,  β1

Bjorken sum rule defines effective charge ↵g1(Q2)
Z 1

0
dx[gep

1 (x,Q2)� gen
1 (x,Q2)] ⌘ ga

6
[1� ↵g1(Q2)

⇡
]



�AdS
s (Q)/⇥ = e�Q2/4�2

�s(Q)
⇥

Deur,  de Teramond, sjb

 = 0.54 GeV

Analytic, defined at all scales, IR Fixed Point

Q (GeV)

�
s(Q

)/�

�g1/� (pQCD)
�g1/� world data

��/� OPAL

AdS

Modified AdS

Lattice QCD (2004) (2007)
�g1/� Hall A/CLAS
�g1/� JLab CLAS

�F3/�GDH limit

0

0.2

0.4

0.6

0.8

1

10 -1 1 10

Sublimated gluons below 1 GeVAdS/QCD dilaton captures the higher twist corrections to  effective charges for Q < 1 GeV

e' = e+2z2



Perturbative QCD

Holographic QCD

(asymptotic freedom)

Q0

Non−perturbative

0

0.2

0.4

0.6

0.8

1

10
-1

1 10

Q (GeV)

α
g
1
(Q

)/
π

Transition scale Q0

Perturbative QCD
(Asymptotic Freedom)

↵s
g1

(Q2)
⇡

Nonperturbative QCD 
(Quark Confinement)

All-Scale QCD Coupling

e�
Q2

42

Deur, de Tèramond, sjbm⇢ =
p

2
mp = 2

� ⌘ 2

 = 0.513± 0.007 GeV
Fit to Bj + DHG Sum Rules:

Q0 = 0.87± 0.08 GeV

MS schemeReverse Dimensional Transmutation!

Use Q0 for starting 
DGLAP  and ERBL 

Evolution

Experiment:
⇤MS = 0.332± 0.017 GeV

5-Loop � Prediction:
⇤MS = 0.339± 0.019 GeV
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Underlying Principles

• Polncarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon:  Light-Front 

• Light-Front Holography: AdS5 = LF (3+1) 

• Introduce Mass Scale κ while retaining the Conformal 
Invariance of the Action (dAFF) 

• Unique Dilaton in AdS5:   

• Unique color-confining LF Potential 

• Superconformal Algebra:  Mass Degenerate 4-Plet:

U(⇣2) = 4⇣2

e+2z2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)
Exploring QCD, Cambridge, August 20-24, 2007 Page 9
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Features of LF Holographic QCD
• Color Confinement, Analytic form of confinement potential 

• Massless pion bound state in chiral limit 

• QCD coupling at all scales 

• Connection of perturbative and nonperturbative mass scales 

• Poincare’ Invariant 

•Hadron Spectroscopy-Regge Trajectories with universal slopes in n, L 

•Supersymmetric 4-Plet:  Meson-Baryon  Tetraquark Symmetry 

•Light-Front Wavefunctions 

•Form Factors, Structure Functions, Hadronic Observables 

•Constituent Counting Rules 

•Hadronization at the Amplitude Level 

•Analytic First Approximation to QCD 

•Systematically improvable:  Basis LF Quantization (BLFQ)

Many phenomenological tests
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Ansatz:
• Gluons subsumed in the LF confining potential

• Glueballs and glue-quark hybrids absent

• pentaquarks: bound by QCD van der Waals 
interaction

• Nuclear-Bound Quarkonium allowed

• Krisch E↵ect:
Anomalous RNN observed in d�

dt (pp ! pp)
large-✓CM elastic scattering at

p
s = 5 GeV

due to “octoquark” |uuduudcc̄ > production
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