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Five quarks coupled with open channels 
— Compact exotic or extended molecule? —

1. Prologue; Θ+ 
2. qqqcc for Pc, hard to exist as a compact 5q’s 
3. KN interaction for molecule
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Prologue, could have been the main:  Θ+

Two slides from “Pentaquark05”, J-Lab Oct 20-22, 2005

E. Hiyama, M. Kamimura, A. Hosaka, H. Toki, M. Yahiro 
Phys.Lett. B633 (2006) 237-244 , e-Print: hep-ph/0507105 | PDF

Oct 20-22,  2005 Pentaquark05 at J-Lab 5

Decay (fall-apart) is very sensitive to WFs

Five quarks 
random

L

Diquark correl. Hadronic correl.

Difficult to decay Easy to decay

SU(3)  qqq or qqbar are enough to make color singlets

Hadronic (color-singlet) or colored correlations? 

uudds
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KN-phase shifts 1/2+

Eres ~ 530 MeV
Gres ~ 110 MeV

• Strong qs correlation favors KN
Rather than [ud][ud]s

=>
• Formation of the JW type conf. 

is a dynamical problem

(0s)41p

 K+ N Phase shift

Θ+
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For Pc(4380, 4450), PRL 115, 072001 (2015)

Quark model estimate  
of hidden-charm pentaquark resonances 

Emiko Hiyama , Atsushi Hosaka, Makoto Oka, Jean-March Richard 
arXiv:1803.11369 [nucl-th] | PDF

Full five-body calculation with the confined + scattering

Closed-multiquark  +   Fallapart

Feshbach  
resonance

q 

  

q 
c 

q 
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Motivated by the experimental data of pentaquark system at LHCb, 
We calculate this system within the framework of non-relativistic 
constituent quark model. 
 

J/Ψ+p 

 Λc+D 

Δ+ηc 

Λc+D* 
Σc+D 

Σ*+D 
J/Ψ+Δ 

Σc+D* 

Σc*+D* 

Pc(4450) 

Pc(4380) 

To describe the experimental data, 
It is necessary to reproduce the observed 
threshold. 
 
The Hamiltonian is important 
to reproduce the low-lying energy 
spectra of meson and baryon system. 

This is 5-body problem and it requested to calculate 
resonant state. Then, we should develop our method 
For resonant state.  

+
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Hamiltonian

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k
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(mi +
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UkX8V
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Vij(r) = −κ
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+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)
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[m�`F K�bb2b- r0(mi,mj) = A( 2mimj
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)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
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(H − E)ΨJM = 0 UkXjV
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r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
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q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ
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r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
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1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b
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ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,
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H =
∑
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r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
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#v �SRX
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q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
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THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑
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(C)
1 η(C)
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[
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S(ss̄σ) ×
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r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .
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h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .
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h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j
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q

q

q

c

c
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5
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ρ
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(2) s
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3
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q

q

c

q
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(3)

R
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ρ (3)
s(3)
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q

q

c

c
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(4)

R
(4) ρ(4)
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(4)

1

2
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q

q

q

c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
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D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky
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Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
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n−1 (n = 1 . . . nmax) ,
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ν−1 (ν = 1 . . . νmax) ,
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�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i



SCGP Workshop on Exotic Hadrons at Stony Brook, May 28 - June 1, 2018 /27!6

Threshold masses

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j

r
(1)

ρ (1)

R
(1)

s
(1)

C=1

q

q

q

c

c

1 4

5

r
(2 )

ρ
R
(2) s

(2)(2)

1

2

3

4 5

q

q

c

q

c

C=2

r
(3)

R
(3)

ρ (3)
s(3)

1

2

3

45

q

q

q

c

c

C=3

r
(4)

R
(4) ρ(4)

s
(4)

1

2

3

45

q

q

q

c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
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ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,
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5q Wave function

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j

r
(1)

ρ (1)

R
(1)

s
(1)

C=1

q

q

q

c

c

1 4

5

r
(2 )

ρ
R
(2) s

(2)(2)

1

2

3

4 5

q

q

c

q

c

C=2

r
(3)

R
(3)

ρ (3)
s(3)

1

2

3

45

q

q

q

c

c

C=3

r
(4)

R
(4) ρ(4)

s
(4)

1

2

3

45

q

q

q

c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

ConfinedOpen/scattering
C = 1 C = 2 C = 3 C = 4

} } }

Color  Isospin   Spin                     Orbitalntisymmetrizer 
For 1, 2, 3 (qqq)

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑
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A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×
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[φ(C)

nl (r(C))
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νλ (ρ(C))]Λψ
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]
I′ ψ̃
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]
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UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3
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∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R
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]
I′ ψ̃

(C)
N ′K(s(C))

]
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r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3
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∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
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r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

C = 1, 
    …, 4

Four Jacobi configurations

q(1)q(2)q(3)  c(4)c(5)
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C = 3 C = 4
Confining configurations

→ (3 × 3) × 3 → 1

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j
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c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3
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6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV
Color:

Spin 
Isospin:
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Open/Scattering channels

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j

r
(1)

ρ (1)

R
(1)

s
(1)

C=1

q

q

q

c

c

1 4

5

r
(2 )

ρ
R
(2) s

(2)(2)

1

2

3

4 5

q

q

c

q

c

C=2

r
(3)

R
(3)

ρ (3)
s(3)

1

2

3

45

q

q

q

c

c

C=3

r
(4)

R
(4) ρ(4)

s
(4)

1

2

3

45

q

q

q

c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j

r
(1)

ρ (1)

R
(1)

s
(1)

C=1

q

q

q

c

c

1 4

5

r
(2 )

ρ
R
(2) s

(2)(2)

1

2

3

4 5

q

q

c

q

c

C=2

r
(3)

R
(3)

ρ (3)
s(3)

1

2

3

45

q

q

q

c

c

C=3

r
(4)

R
(4) ρ(4)

s
(4)

1

2

3

45

q

q

q

c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

C = 3 C = 4

→ (3 × 3 × 3) × (3 × 3) → 1 × 1 

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

Color:

Spin 
Isospin:

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV
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k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

Orbital

C = 1,.., 4 
n l m, …

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j

r
(1)

ρ (1)

R
(1)

s
(1)

C=1

q

q

q

c

c

1 4

5

r
(2 )

ρ
R
(2) s

(2)(2)

1

2

3

4 5

q

q

c

q

c

C=2

r
(3)

R
(3)

ρ (3)
s(3)

1

2

3

45

q

q

q

c

c

C=3

r
(4)

R
(4) ρ(4)

s
(4)

1

2

3

45

q

q

q

c

c

C=4

2 3

6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

 nlm

and similar for other parts

Coefficients are obtained by diagonalizing H

j

h�"G1 A, S�`�K2i2`b Q7 �SR �M/ �GR /2}M2/ #v 1[X UkXkVX

p mu,dU:2oV msU:2oV ΛU:2oV B AU:2oB−1V κ κǶ λU:2o5/3V

�SR 3/2 yXkdd yX88j RX38R yXjkej RX8kNe yX83dR RX3yk8 yXj3N3

�GR 1 yXjR8 yX8dd RX3je yXkky9 RXe88j yX8yeN RX3eyN yXRe8j

r
(1)

ρ (1)

R
(1)

s
(1)

C=1

q

q

q

c

c

1 4

5

r
(2 )

ρ
R
(2) s

(2)(2)

1

2

3

4 5

q

q

c

q

c

C=2

r
(3)

R
(3)

ρ (3)
s(3)

1

2

3

45

q

q

q

c

c

C=3

r
(4)

R
(4) ρ(4)

s
(4)

1

2

3

45

q

q

q

c

c

C=4
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6A:X R, 6Qm` b2ib Q7 i?2 C�+Q#B +QQ`/BM�i2 bvbi2KbX h?2 HB;?i Uu, dV [m�`Fb- H�#2H2/ #v T�`iB+H2 1−3- �`2 iQ #2 �MiB@bvKK2i`Bx2/-
r?BH2 i?2 T�`iB+H2b 9 �M/ 8 bi�M/ 7Q` c �M/ c̄- `2bT2+iBp2HvX a+�ii2`BM;b Q7 qqq+ cc̄ �M/ qqc+ qc̄ �`2 /2b+`B#2/ BM i?2 +QQ`/BM�i2b
C = 1 �M/ k- `2bT2+iBp2HvX

h�"G1 AA, h?2 +�H+mH�i2/ K�bb2b UBM J2oV Q7 i?2 ?2�pv
K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 i?`2b?QH/b iQ;2i?2` rBi? i?2
2tT2`BK2Mi�H p�Hm2bX

?�/`QM JP +�HX 2tTX

ηc 0− kN39 kN3j
J/ψ 1− jRyj jyNe
D 0− R33k R3eN
D∗ 1− kyjj kyyd
N 1/2+ Njd Nj3
Λc 1/2+ kkNy kk3e
Σc 1/2+ k9dk k988
Σ∗

c 3/2+ k898 k8ky

h?2 bT�iB�H r�p2 7mM+iBQMb 7Q` 2�+? +?�MM2H (C) �`2 2t@
T�M/2/ #v KmHiB@`�M;2 :�mbbB�Mb KmHiBTHB2/ #v bT?2`B+�H
?�`KQMB+b �b

φnlm(r) = Nnl r
l e−(r/rn)

2

Ylm(r̂) ,

ϕνλµ(ρ) = Nνλ ρ
λ e−(ρ/ρν)

2

Yλµ(ρ̂) ,

ψNIM (R) = NNI R
I e−(R/RN )2 YIM (R̂) ,

ψN ′KMK (s) = NN ′K sK e−(s/sN′ )2 YKMK (ŝ) .

UkX3V

>2`2- Bi Bb BKTQ`i�Mi iQ +?QQb2 i?2 :�mbbB�M `�M;2b iQ HB2
BM ;2QK2i`B+ T`Q;`2bbBQM bQ i?�i i?2 #�bBb 7mM+iBQMb �`2
bmBi�#H2 7Q` i?2 /2b+`BTiBQMb Q7 #Qi? b?Q`i@`�M;2 +Q``2@
H�iBQMb �M/ HQM;@`�M;2 �bvKTiQiB+ #2?�pBQ` rBi?Qmi BM@
i`Q/m+BM; iQQ K�Mv 7`22 T�`�K2i2`b Ub22- 7Q` 2t�KTH2-

_27bX (jR- jk- jNĜ9j)V,

rn = r1 a
n−1 (n = 1 . . . nmax) ,

ρν = ρ1 b
ν−1 (ν = 1 . . . νmax) ,

RN = R1 A
N−1 (N = 1 . . . Nmax) ,

sN ′ = s1 A
′N ′−1 (N ′ = 1 . . . N ′

max) .

UkXNV

AM 1[bX UkX3V �M/ UkXNV- i?2 +?�MM2H BM/2t (C) Bb QKBi@
i2/ 7Q` bBKTHB+Biv- 7Q` 2t�KTH2- r(c) Bb `2TH�+2/ #v rX h?2
/BK2MbBQM Q7 i?2 #�bBb Q7 :�mbbB�M r�p2 7mM+iBQMb- nmax-
νmax- N ′

max 7Q` C = 1 iQ 4 +?�MM2Hb �M/ Nmax 7Q` C = 3
�M/ 9 +?�MM2Hb Bb 8 Q` eX �M/ i?2`2 �`2 Nmax = 10 :�mb@
bB�M #�bBb 7mM+iBQMb 7Q` C = 1 �M/ kX aBM+2 i?2b2 �`2
b+�ii2`BM; +?�MM2Hb- Bi Bb M2+2bb�`v iQ ?�p2 K�Mv #�bBb
7mM+iBQMbX h?mb BM /B�;QM�HBxBM; i?2 }p2@#Q/v >�KBH@
iQMB�M 7Q` JP = 1/2− �M/ 3/2− bi�i2b- r2 mb2 �#Qmi
9y-yyy #�bBb 7mM+iBQMb- `2bmHiBM; BM i?2 b�K2 MmK#2` Q7
2B;2Mbi�i2b 7Q` 2�+? JP X

Ai b?QmH/ #2 MQi2/ ?2`2 i?�i �HH i?2 Q#i�BM2/ 2B;2M@
p�Hm2b �`2 /Bb+`2i2- �b i?2 r�p2 7mM+iBQM 7Q` R(C=1,2) Bb
2tT�M/2/ QM � }MBi2 #�bBb Q7 7mM+iBQMb HQ+�HBx2/ rBi?BM
R <∼ 2RN X L�K2Hv- 2p2M i?2 +QMiBMmmK bi�i2b +Q``2@
bTQM/BM; iQ i?2 #�`vQM@K2bQM b+�ii2`BM; bQHmiBQMb +QK2
Qmi �b /Bb+`2i2 bi�i2bX h?2`27Q`2 r?2M r2 HQQF 7Q` �
+QKT�+i T2Mi�[m�`F bi�i2- �TT2�`BM; �b � b?�`T `2bQ@
M�M+2 2K#2//2/ BM i?2 +QMiBMmmK- r2 M22/ � K2i?Q/ iQ
/BbiBM;mBb? i?2 ;2MmBM2 `2bQM�M+2b 7`QK i?2 /Bb+`2iBx2/
b+�ii2`BM; bi�i2bX >2`2 r2 �/QTi i?2 `2�H@b+�HBM; Ubi�#B@
HBx�iBQMV K2i?Q/- Q7i2M mb2/ 7Q` �M�HvxBM; 2H2+i`QM@�iQK
�M/ 2H2+i`QM@KQH2+mH2 b+�ii2`BM; (99)- �M/ �H`2�/v BMi`Q@
/m+2/ BM � T`2pBQmb [m�`F@KQ/2H +�H+mH�iBQM (jy)X AM i?2
T`2b2Mi +�b2- �b r2 ?�p2 2tTH�BM2/ BM i?2 /2}MBiBQM Q7
i?2 C�+Q#B +QQ`/BM�i2 bvbi2Kb- i?2 +QMiBMmmK bT2+i`mK
�`Bb2b QMHv 7`QK i?2 7�+iQ`b Q7 i?2 r�p2 7mM+iBQMb i?�i

nmax ~ 5 for confining and ~ 10 for scattering

By about 40,000 basis functions
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Strategy:

Study s-wave dominant negative parity states 

1st:  Solutions only with confining channels included  
        c = 3, 4 ~  Corresponds to standard QM calc. 

2nd: Couple the scattering channels c = 1,  2 
        All possible open channels: 
ηcN, J/ψN, ΛcD, ΛcD*, ΣcD, ΣcD*, ηc’N, ψ’N, Σc*D*
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6A:X k, h?2 +�H+mH�i2/ 2M2`;v bT2+i`� 7Q` J = 1/2− �M/ 3/2− bi�i2b mbBM; i?2 +QMM2+i2/ +QM};m`�iBQMb Q7 C = 3 �M/ 9X h?2
/�b?2/ HBM2b �`2 i?`2b?QH/b

q2 ?�p2 `2T2�i2/ i?2 b�K2 T`Q+2/m`2 iQ �M�Hvx2 2�+?
+QMM2+i2/ bi�i2 ;Bp2M BM 6B;X k �M/ bmKK�`Bx2/ i?2 `2@
bmHib BM h�#H2 AAA U�V 7Q` JP = 1/2− �M/ BM h�#H2 AAA
U#V 7Q` JP = 3/2−- r?2`2 i?2 `2bmHib �`2 b?QrM 7Q` i?2
/QKBM�Mi b+�ii2`BM; +QM};m`�iBQMb r?B+? +QmTH2 iQ 2�+?
+QMM2+i2/ bi�i2X h�#H2 AA U�V b?Qrb i?�i KQbi Q7 i?2
J = 1/2− +QMM2+i2/ bi�i2b BM i?2 2M2`;v `2;BQM 7`QK
E = 4119J2o iQ E = 4673J2o ?�p2 bB;MB}+�Mi +Qm@
THBM; iQ b+�ii2`BM; bi�i2b- �M/ i?2v /Q MQi bm`pBp2 �b
`2bQM�M+2bX 6Q` BMbi�M+2- i?2 bi�i2 �i 99Nd J2o r?B+? Bb
+HQb2 iQ i?2 Q#b2`p2/ Pc +QmTH2b bi`QM;Hv iQ ηcN - ΛcD∗

�M/ ΣcD +QM};m`�iBQMbX AM i?2 T`2b2Mi [m�`F KQ/2H
>�KBHiQMB�M- i?2`2 Bb MQi � bm{+B2MiHv bi`QM; �ii`�+iBp2

7Q`+2 #2ir22M i?2b2 ?�/`QMb- �M/ i?2`27Q`2- i?2 #QmM/
bi�i2b BM i?2 +QMM2+i2/ +QM};m`�iBQMb /Q MQi bm`pBp2 �b
`2bQM�Mi bi�i2bX

h?2`2 �`2- ?Qr2p2`- 2t+2TiBQMbc i?2 bi�i2b �i 9dy3 J2o
7Q` 1/2− �M/ �i 93Ne J2o 7Q` 3/2−X h?2v /Q MQi ?�p2
�Mv /QKBM�Mi +Hmbi2` bi`m+im`2- �M/ HBF2Hv +Q``2bTQM/b iQ
� +QKTHB+�i2/ }p2@[m�`F +QM};m`�iBQMX hQ b22 i?Bb TQBMi
#2ii2`- r2 b?Qr i?2 bi�#BHBx�iBQM THQib BM 6B;bX 9 7Q` i?2
+�b2 Q7 1/2−X 6B;m`2 9U�V b?Qrb i?2 `2bmHi r?2M QMHv
i?2 b+�ii2`BM; +QM};m`�iBQMb C = 1 �M/ k �`2 BM+Hm/2/-
r?BH2 U#V Bb 7Q` i?2 7mHH +�H+mH�iBQMX �b 2tT2+i2/ i?2`2
Bb MQi `2bQM�M+2 bi`m+im`2 i?2`2X >Qr2p2`- #v BM+Hm/BM;
i?2 ǳb22/Ǵ BM +QMM2+i2/ +QM};m`�iBQMb C = 3 �M/ 9- r2

4380
4450

Many bound states  
are found. 

BUT 

Do they survive ?

Result with  
confining channels
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Scaling method
. . . . . . 

Expand V

Scattering levels  
    are lowered

Resonance stays unchanged
E

V
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q2 ?�p2 `2T2�i2/ i?2 b�K2 T`Q+2/m`2 iQ �M�Hvx2 2�+?
+QMM2+i2/ bi�i2 ;Bp2M BM 6B;X k �M/ bmKK�`Bx2/ i?2 `2@
bmHib BM h�#H2 AAA U�V 7Q` JP = 1/2− �M/ BM h�#H2 AAA
U#V 7Q` JP = 3/2−- r?2`2 i?2 `2bmHib �`2 b?QrM 7Q` i?2
/QKBM�Mi b+�ii2`BM; +QM};m`�iBQMb r?B+? +QmTH2 iQ 2�+?
+QMM2+i2/ bi�i2X h�#H2 AA U�V b?Qrb i?�i KQbi Q7 i?2
J = 1/2− +QMM2+i2/ bi�i2b BM i?2 2M2`;v `2;BQM 7`QK
E = 4119J2o iQ E = 4673J2o ?�p2 bB;MB}+�Mi +Qm@
THBM; iQ b+�ii2`BM; bi�i2b- �M/ i?2v /Q MQi bm`pBp2 �b
`2bQM�M+2bX 6Q` BMbi�M+2- i?2 bi�i2 �i 99Nd J2o r?B+? Bb
+HQb2 iQ i?2 Q#b2`p2/ Pc +QmTH2b bi`QM;Hv iQ ηcN - ΛcD∗

�M/ ΣcD +QM};m`�iBQMbX AM i?2 T`2b2Mi [m�`F KQ/2H
>�KBHiQMB�M- i?2`2 Bb MQi � bm{+B2MiHv bi`QM; �ii`�+iBp2

7Q`+2 #2ir22M i?2b2 ?�/`QMb- �M/ i?2`27Q`2- i?2 #QmM/
bi�i2b BM i?2 +QMM2+i2/ +QM};m`�iBQMb /Q MQi bm`pBp2 �b
`2bQM�Mi bi�i2bX

h?2`2 �`2- ?Qr2p2`- 2t+2TiBQMbc i?2 bi�i2b �i 9dy3 J2o
7Q` 1/2− �M/ �i 93Ne J2o 7Q` 3/2−X h?2v /Q MQi ?�p2
�Mv /QKBM�Mi +Hmbi2` bi`m+im`2- �M/ HBF2Hv +Q``2bTQM/b iQ
� +QKTHB+�i2/ }p2@[m�`F +QM};m`�iBQMX hQ b22 i?Bb TQBMi
#2ii2`- r2 b?Qr i?2 bi�#BHBx�iBQM THQib BM 6B;bX 9 7Q` i?2
+�b2 Q7 1/2−X 6B;m`2 9U�V b?Qrb i?2 `2bmHi r?2M QMHv
i?2 b+�ii2`BM; +QM};m`�iBQMb C = 1 �M/ k �`2 BM+Hm/2/-
r?BH2 U#V Bb 7Q` i?2 7mHH +�H+mH�iBQMX �b 2tT2+i2/ i?2`2
Bb MQi `2bQM�M+2 bi`m+im`2 i?2`2X >Qr2p2`- #v BM+Hm/BM;
i?2 ǳb22/Ǵ BM +QMM2+i2/ +QM};m`�iBQMb C = 3 �M/ 9- r2

4380
4450

Example
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Confined states and their fate
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6A:X j, U+QHQ` QMHBM2V h?2 bi�#BHBx�iBQM THQib Q7 i?2 2B;2M2M2`;B2b E Q7 i?2 Tbm2/Qbi�i2b 7Q` J = 1/2− rBi? i?2 `2bT2+i iQ
i?2 b+�HBM; 7�+iQ` α BM i?2 +�b2 Q7 U�V QMHv +QMM2+i2/ +QM};m`�iBQM Q7 C = 3 + 4- �M/ ηc + N +QM};m`�iBQM- �M/ Q7 U#V QMHv
+QMM2+i2/ +QM};m`�iBQMb Q7 C = 3 + 4 �M/ J/ψ +N X
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ρqq(r1) =

∫
|ΨJM |2ds1dR1dρ1dr̂1

ρcc̄(s1) =

∫
|ΨJM |2dr1dR1dρ1dŝ1 ,

UjXRV
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AoX alJJ�_u

JQiBp�i2/ #v i?2 Q#b2`p�iBQM Q7 T2Mi�[m�`F bvbi2K
Q7 Pc(4380) �M/ Pc(4450)- r2 bQHp2/ i?2 }p2@#Q/v b+�i@
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2M2`;B2b Q7 ?2�pv K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 QT2M@
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h?2 K�BM K2bb�;2 Bb i?2 +H2�` TQbbB#BHBiv Q7 /BbiBM;mBb?@
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AM Qm` +�H+mH�iBQM- #�b2/ QM � bBKTH2 KQ/2H Q7 [m�`F
/vM�KB+b- irQ M�``Qr bi�i2b 2K2`;2- rBi? � +QKT�+i
bi`m+im`2X h?2v HB2 �i 9eNy J2o 7Q` J = 1/2− �M/ �i
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}2/ rBi? �Mv G>*# T2Mi�[m�`FX >Qr2p2`- �M BKT`Qp2/
[m�`F KQ/2H +QmH/ T`Q#�#Hv H2�/ iQ � #2ii2` T?2MQK2MQH@
Q;vX AM T�`iB+mH�`- i?2 KQ/2H UkXRV Bb T`Q#2/ QMHv 7Q`
+QHQ` bBM;H2i �M/ �MiBi`BTH2i, i?2 p�Hm2 Q7 i?2 TQi2MiB�H BM
i?2 b2ti2i �M/ Q+i2i +QHQ` bi�i2b +�M T2`?�Tb #2 KQ/B}2/-
7Q` BMbi�M+2 #v BMi`Q/m+BM; i?`22@ Q` 7Qm`@#Q/v 7Q`+2bX

Fade away

Stable

4119 couples strongly with ηcN → Dominates it
Scale parameter α

Confined states and their fate
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6A:X k, h?2 +�H+mH�i2/ 2M2`;v bT2+i`� 7Q` J = 1/2− �M/ 3/2− bi�i2b mbBM; i?2 +QMM2+i2/ +QM};m`�iBQMb Q7 C = 3 �M/ 9X h?2
/�b?2/ HBM2b �`2 i?`2b?QH/b

q2 ?�p2 `2T2�i2/ i?2 b�K2 T`Q+2/m`2 iQ �M�Hvx2 2�+?
+QMM2+i2/ bi�i2 ;Bp2M BM 6B;X k �M/ bmKK�`Bx2/ i?2 `2@
bmHib BM h�#H2 AAA U�V 7Q` JP = 1/2− �M/ BM h�#H2 AAA
U#V 7Q` JP = 3/2−- r?2`2 i?2 `2bmHib �`2 b?QrM 7Q` i?2
/QKBM�Mi b+�ii2`BM; +QM};m`�iBQMb r?B+? +QmTH2 iQ 2�+?
+QMM2+i2/ bi�i2X h�#H2 AA U�V b?Qrb i?�i KQbi Q7 i?2
J = 1/2− +QMM2+i2/ bi�i2b BM i?2 2M2`;v `2;BQM 7`QK
E = 4119J2o iQ E = 4673J2o ?�p2 bB;MB}+�Mi +Qm@
THBM; iQ b+�ii2`BM; bi�i2b- �M/ i?2v /Q MQi bm`pBp2 �b
`2bQM�M+2bX 6Q` BMbi�M+2- i?2 bi�i2 �i 99Nd J2o r?B+? Bb
+HQb2 iQ i?2 Q#b2`p2/ Pc +QmTH2b bi`QM;Hv iQ ηcN - ΛcD∗

�M/ ΣcD +QM};m`�iBQMbX AM i?2 T`2b2Mi [m�`F KQ/2H
>�KBHiQMB�M- i?2`2 Bb MQi � bm{+B2MiHv bi`QM; �ii`�+iBp2

7Q`+2 #2ir22M i?2b2 ?�/`QMb- �M/ i?2`27Q`2- i?2 #QmM/
bi�i2b BM i?2 +QMM2+i2/ +QM};m`�iBQMb /Q MQi bm`pBp2 �b
`2bQM�Mi bi�i2bX

h?2`2 �`2- ?Qr2p2`- 2t+2TiBQMbc i?2 bi�i2b �i 9dy3 J2o
7Q` 1/2− �M/ �i 93Ne J2o 7Q` 3/2−X h?2v /Q MQi ?�p2
�Mv /QKBM�Mi +Hmbi2` bi`m+im`2- �M/ HBF2Hv +Q``2bTQM/b iQ
� +QKTHB+�i2/ }p2@[m�`F +QM};m`�iBQMX hQ b22 i?Bb TQBMi
#2ii2`- r2 b?Qr i?2 bi�#BHBx�iBQM THQib BM 6B;bX 9 7Q` i?2
+�b2 Q7 1/2−X 6B;m`2 9U�V b?Qrb i?2 `2bmHi r?2M QMHv
i?2 b+�ii2`BM; +QM};m`�iBQMb C = 1 �M/ k �`2 BM+Hm/2/-
r?BH2 U#V Bb 7Q` i?2 7mHH +�H+mH�iBQMX �b 2tT2+i2/ i?2`2
Bb MQi `2bQM�M+2 bi`m+im`2 i?2`2X >Qr2p2`- #v BM+Hm/BM;
i?2 ǳb22/Ǵ BM +QMM2+i2/ +QM};m`�iBQMb C = 3 �M/ 9- r2

C = 3+4  +  (1+2) J/ψ N

Fade away

Stable

4236 couples strongly with J/ψ N → Dominates it
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1.5

6A:X j, U+QHQ` QMHBM2V h?2 bi�#BHBx�iBQM THQib Q7 i?2 2B;2M2M2`;B2b E Q7 i?2 Tbm2/Qbi�i2b 7Q` J = 1/2− rBi? i?2 `2bT2+i iQ
i?2 b+�HBM; 7�+iQ` α BM i?2 +�b2 Q7 U�V QMHv +QMM2+i2/ +QM};m`�iBQM Q7 C = 3 + 4- �M/ ηc + N +QM};m`�iBQM- �M/ Q7 U#V QMHv
+QMM2+i2/ +QM};m`�iBQMb Q7 C = 3 + 4 �M/ J/ψ +N X

}M/ � `2bQM�M+2 bi`m+im`2 �i �`QmM/ 9eNy J2o �b b?QrM
BM 6B;X 8- r?B+? Bb B/2MiB}2/ rBi? i?2 62b?#�+? `2bQM�M+2
rBi? Bib b22/ �b i?2 #QmM/ bi�i2 �i 9dy3 J2o BM i?2 +QM@
M2+i2/ +QM};m`�iBQMbX h?2 b�K2 �M�HvbBb 7Q` 3/2− BM@
/B+�i2b i?�i i?2 `2bQM�M+2 �TT2�`b �i �`QmM/ 9Nky J2o
rBi? i?2 b22/ �i 93Ne J2oX

LQr H2i mb b22 ?Qr i?2 �#Qp2 `2bmHib /2T2M/ QM i?2
+?QB+2 Q7 i?2 >�KBHiQMB�MX 6Q` i?Bb Tm`TQb2- r2 ?�p2 �HbQ
mb2/ i?2 �GR TQi2MiB�H BM _27X (jd- j3)X h?Bb TQi2MiB�H
�HbQ `2T`Q/m+2b i?2 ;`QmM/ bi�i2b Q7 i?2 ?2�pv K2bQMb
�M/ #�`vQMbX q2 ?�p2 7QmM/ i?�i i?2 `2bmHib Q7 Qm` }p2@
#Q/v +�H+mH�iBQMb �`2 2bb2MiB�HHv MQi KQ/B}2/- #mi rBi?
bK�HH +?�M;2b BM `2bQM�M+2 K�bb2b- 9eNy J2o 7Q` J =
1/2− �M/ 9Nky J2o 7Q` J = 3/2−X

6BM�HHv- r2 rQmH/ HBF2 iQ bim/v i?2 bi`m+im`2 Q7 i?2
`2bQM�Mi bi�i2 7QmM/ BM i?2 T`2b2Mi rQ`FX q2 ?�p2 +�H@
+mH�i2/ i?2 irQ@#Q/v +Q``2H�iBQM 7mM+iBQM Q7 qq �M/ Q7
cc̄ 7Q` i?2 bi�i2 �i E = 4690J2o 7Q` JP = 1/2−X h?2
+Q``2H�iBQM 7mM+iBQMb �`2 /2}M2/ �b

ρqq(r1) =

∫
|ΨJM |2ds1dR1dρ1dr̂1

ρcc̄(s1) =

∫
|ΨJM |2dr1dR1dρ1dŝ1 ,

UjXRV

r?2`2 r1 �M/ s1 �`2 i?2 `2H�iBp2 /Bbi�M+2 #2ir22M irQ
HB;?i [m�`Fb qq �M/ cc̄- �b BHHmbi`�i2/ BM 6B;X R- C 4 RX
h?2 BMi2;`�H r�b T2`7Q`K2/ �i E = 4689J2o rBi? i?2
b+�HBM; 7�+iQ` α = 1.05- � +QMbBbi2M+v r�b +?2+F2/ #v
BMi2;`�iBM; Qp2` 2Bi?2` r1 Q` s1- r?2`2 r2 ?�p2 p2`B}2/
i?�i BMi2;`�i2/ MQ`K�HBx�iBQM Bb 0.9999X 6B;m`2 e b?Qrb
i?2 /2MbBiv /Bbi`B#miBQMb Q7 r2ρqq �M/ r2ρcc̄ �b 7mM+iBQMb
Q7 i?2 /Bbi�M+2 r = r1 = s1X q2 }M/ i?�i [m�`Fb BM

i?2 T2Mi�[m�`F `2bQM�M+2 /Bbi`B#mi2 QMHv rBi?BM � +QK@
T�+i `2;BQMX h?2 T2�F TQbBiBQMb BM/B+�i2 i?�i i?2 HB;?i
[m�`Fb 2ti2M/ �#Qmi yX3 7K �M/ i?2 +?�`K2/ [m�`Fb �`2
`2bi`B+i2/ iQ �#Qmi yXk 7K- r?B+? Bb +QMbBbi2Mi rBi? i?2
bBx2b Q7 i?2 Mm+H2QM N �M/ i?2 +?�`KQMB� J/ψ Q` ηcX

AoX alJJ�_u

JQiBp�i2/ #v i?2 Q#b2`p�iBQM Q7 T2Mi�[m�`F bvbi2K
Q7 Pc(4380) �M/ Pc(4450)- r2 bQHp2/ i?2 }p2@#Q/v b+�i@
i2`BM; T`Q#H2K 7Q` i?2 JP = 1/2− �M/ 3/2− bi�i2XrBi?
:�mbbB�M 2tT�MbBQM bmTTH2K2Mi2/ #v `2�H b+�HBM;X >2`2
r2 �/QTi2/ MQM@`2H�iBpBbiB+ [m�`F KQ/2H mbBM; �SR TQ@
i2MiB�H T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X
h?2 TQi2MiB�H `2T`Q/m+2b i?2 2tT2`BK2Mi�H ;`QmM/ bi�i2
2M2`;B2b Q7 ?2�pv K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 QT2M@
+?�MM2H i?`2b?QH/b `2H2p�Mi 7Q` i?2 Pc bvbi2KX

h?2 K�BM K2bb�;2 Bb i?2 +H2�` TQbbB#BHBiv Q7 /BbiBM;mBb?@
BM; ;2MmBM2 `2bQM�M+2b Q7 i?2 KQ/2H 7`QK �`iB7�+ib Q7 i?2
/Bb+`2iBx�iBQMX h?Bb QT2Mb M2r T2`bT2+iBp2b 7Q` [m�`F
KQ/2H +�H+mH�iBQMb BM i?2 KmHiB[m�`F b2+iQ`X

AM Qm` +�H+mH�iBQM- #�b2/ QM � bBKTH2 KQ/2H Q7 [m�`F
/vM�KB+b- irQ M�``Qr bi�i2b 2K2`;2- rBi? � +QKT�+i
bi`m+im`2X h?2v HB2 �i 9eNy J2o 7Q` J = 1/2− �M/ �i
9Nky J2o 7Q` J = 3/2−- iQQ ?B;? BM K�bb iQ #2 B/2MiB@
}2/ rBi? �Mv G>*# T2Mi�[m�`FX >Qr2p2`- �M BKT`Qp2/
[m�`F KQ/2H +QmH/ T`Q#�#Hv H2�/ iQ � #2ii2` T?2MQK2MQH@
Q;vX AM T�`iB+mH�`- i?2 KQ/2H UkXRV Bb T`Q#2/ QMHv 7Q`
+QHQ` bBM;H2i �M/ �MiBi`BTH2i, i?2 p�Hm2 Q7 i?2 TQi2MiB�H BM
i?2 b2ti2i �M/ Q+i2i +QHQ` bi�i2b +�M T2`?�Tb #2 KQ/B}2/-
7Q` BMbi�M+2 #v BMi`Q/m+BM; i?`22@ Q` 7Qm`@#Q/v 7Q`+2bX

Scale parameter α

Confined states and their fate
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6A:X e, h?2 +�H+mH�i2/ qq �M/ cc̄ +Q``2H�iBQM 7mM+iBQM 7Q`
J = 1/2− bi�i2 rBi? 7mHH +QM};m`�iBQMbX h?2 bQHB/ HBM2 7Q` qq
�M/ i?2 /�b?2/ HBM2 Bb 7Q` cc̄X

h�"G1 AAA, .QKBM�Mi ?�/`QM@?�/`QM +QKTQM2Mi 7Q` i?2 p�`@
BQmb #QmM/ bi�i2b BM 6B;X k bi`m+im`2 Q7 2�+? 2M2`;v i�FBM;
QMHv +QMM2+i2/ +QM};m`�iBQMb 7Q` U�VJ = 1/2− �M/ J = 3/2−

bi�i2bX aBM+2 i?2 bi�i2b �i E = 4836 �M/ 939y �`2 +HQb2 iQ 2�+?
Qi?2`- i?2B` ?�/`QM@?�/`QM +QKTQM2Mib ?�p2 #22M K2`;2/X
h?2 bi�i2b �i E = 4708J2o �M/ E = 4896J2o ?�p2 MQ
bB;MB}+�Mi Qp2`H�T rBi? i?2 QT2M +?�MM2Hb b?QrM BM 6B;X kX

U�V J = 1/2− 2M2`;vUJ2oV +QM};m`�iBQM

4119 ηc +N

4236 J/ψ +N - Λc +D

4497 ηc +N -Λc +D∗- Σc +D

4581 J/ψ +N

4593 Λc +D

4629 ψ′ +N

4679 Σc +D∗

4708 @

U#V J = 3/2− 2M2`;vUJ2oV +QM};m`�iBQM

4221 J/ψ +N

4577 Λc +D∗,Σc ∗D∗,Σ∗
c +D∗-J/ψ +N

4617 Σ∗
c +D-Σ∗

c +D∗

4700 Σ∗
c +D-Σ∗

c +D∗

4711 Σc +D∗

4748 Σ∗
c +D

4836 Σ∗
c +D∗ Q` Σ∗

c +D

4840 Σ∗
c +D∗ Q` Σ∗

c +D

4896 @
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6A:X e, h?2 +�H+mH�i2/ qq �M/ cc̄ +Q``2H�iBQM 7mM+iBQM 7Q`
J = 1/2− bi�i2 rBi? 7mHH +QM};m`�iBQMbX h?2 bQHB/ HBM2 7Q` qq
�M/ i?2 /�b?2/ HBM2 Bb 7Q` cc̄X

h�"G1 AAA, .QKBM�Mi ?�/`QM@?�/`QM +QKTQM2Mi 7Q` i?2 p�`@
BQmb #QmM/ bi�i2b BM 6B;X k bi`m+im`2 Q7 2�+? 2M2`;v i�FBM;
QMHv +QMM2+i2/ +QM};m`�iBQMb 7Q` U�VJ = 1/2− �M/ J = 3/2−

bi�i2bX aBM+2 i?2 bi�i2b �i E = 4836 �M/ 939y �`2 +HQb2 iQ 2�+?
Qi?2`- i?2B` ?�/`QM@?�/`QM +QKTQM2Mib ?�p2 #22M K2`;2/X
h?2 bi�i2b �i E = 4708J2o �M/ E = 4896J2o ?�p2 MQ
bB;MB}+�Mi Qp2`H�T rBi? i?2 QT2M +?�MM2Hb b?QrM BM 6B;X kX

U�V J = 1/2− 2M2`;vUJ2oV +QM};m`�iBQM

4119 ηc +N

4236 J/ψ +N - Λc +D

4497 ηc +N -Λc +D∗- Σc +D

4581 J/ψ +N

4593 Λc +D

4629 ψ′ +N

4679 Σc +D∗

4708 @

U#V J = 3/2− 2M2`;vUJ2oV +QM};m`�iBQM

4221 J/ψ +N

4577 Λc +D∗,Σc ∗D∗,Σ∗
c +D∗-J/ψ +N

4617 Σ∗
c +D-Σ∗

c +D∗

4700 Σ∗
c +D-Σ∗

c +D∗

4711 Σc +D∗

4748 Σ∗
c +D

4836 Σ∗
c +D∗ Q` Σ∗

c +D

4840 Σ∗
c +D∗ Q` Σ∗

c +D

4896 @
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6A:X e, h?2 +�H+mH�i2/ qq �M/ cc̄ +Q``2H�iBQM 7mM+iBQM 7Q`
J = 1/2− bi�i2 rBi? 7mHH +QM};m`�iBQMbX h?2 bQHB/ HBM2 7Q` qq
�M/ i?2 /�b?2/ HBM2 Bb 7Q` cc̄X

h�"G1 AAA, .QKBM�Mi ?�/`QM@?�/`QM +QKTQM2Mi 7Q` i?2 p�`@
BQmb #QmM/ bi�i2b BM 6B;X k bi`m+im`2 Q7 2�+? 2M2`;v i�FBM;
QMHv +QMM2+i2/ +QM};m`�iBQMb 7Q` U�VJ = 1/2− �M/ J = 3/2−

bi�i2bX aBM+2 i?2 bi�i2b �i E = 4836 �M/ 939y �`2 +HQb2 iQ 2�+?
Qi?2`- i?2B` ?�/`QM@?�/`QM +QKTQM2Mib ?�p2 #22M K2`;2/X
h?2 bi�i2b �i E = 4708J2o �M/ E = 4896J2o ?�p2 MQ
bB;MB}+�Mi Qp2`H�T rBi? i?2 QT2M +?�MM2Hb b?QrM BM 6B;X kX

U�V J = 1/2− 2M2`;vUJ2oV +QM};m`�iBQM

4119 ηc +N

4236 J/ψ +N - Λc +D

4497 ηc +N -Λc +D∗- Σc +D

4581 J/ψ +N

4593 Λc +D

4629 ψ′ +N

4679 Σc +D∗

4708 @

U#V J = 3/2− 2M2`;vUJ2oV +QM};m`�iBQM

4221 J/ψ +N

4577 Λc +D∗,Σc ∗D∗,Σ∗
c +D∗-J/ψ +N

4617 Σ∗
c +D-Σ∗

c +D∗

4700 Σ∗
c +D-Σ∗

c +D∗

4711 Σc +D∗

4748 Σ∗
c +D

4836 Σ∗
c +D∗ Q` Σ∗

c +D

4840 Σ∗
c +D∗ Q` Σ∗

c +D

4896 @
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6A:X e, h?2 +�H+mH�i2/ qq �M/ cc̄ +Q``2H�iBQM 7mM+iBQM 7Q`
J = 1/2− bi�i2 rBi? 7mHH +QM};m`�iBQMbX h?2 bQHB/ HBM2 7Q` qq
�M/ i?2 /�b?2/ HBM2 Bb 7Q` cc̄X

h�"G1 AAA, .QKBM�Mi ?�/`QM@?�/`QM +QKTQM2Mi 7Q` i?2 p�`@
BQmb #QmM/ bi�i2b BM 6B;X k bi`m+im`2 Q7 2�+? 2M2`;v i�FBM;
QMHv +QMM2+i2/ +QM};m`�iBQMb 7Q` U�VJ = 1/2− �M/ J = 3/2−

bi�i2bX aBM+2 i?2 bi�i2b �i E = 4836 �M/ 939y �`2 +HQb2 iQ 2�+?
Qi?2`- i?2B` ?�/`QM@?�/`QM +QKTQM2Mib ?�p2 #22M K2`;2/X
h?2 bi�i2b �i E = 4708J2o �M/ E = 4896J2o ?�p2 MQ
bB;MB}+�Mi Qp2`H�T rBi? i?2 QT2M +?�MM2Hb b?QrM BM 6B;X kX

U�V J = 1/2− 2M2`;vUJ2oV +QM};m`�iBQM

4119 ηc +N

4236 J/ψ +N - Λc +D

4497 ηc +N -Λc +D∗- Σc +D

4581 J/ψ +N

4593 Λc +D

4629 ψ′ +N

4679 Σc +D∗

4708 @

U#V J = 3/2− 2M2`;vUJ2oV +QM};m`�iBQM

4221 J/ψ +N

4577 Λc +D∗,Σc ∗D∗,Σ∗
c +D∗-J/ψ +N

4617 Σ∗
c +D-Σ∗

c +D∗

4700 Σ∗
c +D-Σ∗

c +D∗

4711 Σc +D∗

4748 Σ∗
c +D

4836 Σ∗
c +D∗ Q` Σ∗

c +D

4840 Σ∗
c +D∗ Q` Σ∗

c +D

4896 @

J = 1/2– J = 3/2–

All states fade away after coupling to scattering states 
Except for 4708 and 4896; No strong coupling to any 
They show at 4690 and 4920 as resonances

All confined states
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Structure of 1/2– (4690)
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1.5

6A:X j, U+QHQ` QMHBM2V h?2 bi�#BHBx�iBQM THQib Q7 i?2 2B;2M2M2`;B2b E Q7 i?2 Tbm2/Qbi�i2b 7Q` J = 1/2− rBi? i?2 `2bT2+i iQ
i?2 b+�HBM; 7�+iQ` α BM i?2 +�b2 Q7 U�V QMHv +QMM2+i2/ +QM};m`�iBQM Q7 C = 3 + 4- �M/ ηc + N +QM};m`�iBQM- �M/ Q7 U#V QMHv
+QMM2+i2/ +QM};m`�iBQMb Q7 C = 3 + 4 �M/ J/ψ +N X

}M/ � `2bQM�M+2 bi`m+im`2 �i �`QmM/ 9eNy J2o �b b?QrM
BM 6B;X 8- r?B+? Bb B/2MiB}2/ rBi? i?2 62b?#�+? `2bQM�M+2
rBi? Bib b22/ �b i?2 #QmM/ bi�i2 �i 9dy3 J2o BM i?2 +QM@
M2+i2/ +QM};m`�iBQMbX h?2 b�K2 �M�HvbBb 7Q` 3/2− BM@
/B+�i2b i?�i i?2 `2bQM�M+2 �TT2�`b �i �`QmM/ 9Nky J2o
rBi? i?2 b22/ �i 93Ne J2oX

LQr H2i mb b22 ?Qr i?2 �#Qp2 `2bmHib /2T2M/ QM i?2
+?QB+2 Q7 i?2 >�KBHiQMB�MX 6Q` i?Bb Tm`TQb2- r2 ?�p2 �HbQ
mb2/ i?2 �GR TQi2MiB�H BM _27X (jd- j3)X h?Bb TQi2MiB�H
�HbQ `2T`Q/m+2b i?2 ;`QmM/ bi�i2b Q7 i?2 ?2�pv K2bQMb
�M/ #�`vQMbX q2 ?�p2 7QmM/ i?�i i?2 `2bmHib Q7 Qm` }p2@
#Q/v +�H+mH�iBQMb �`2 2bb2MiB�HHv MQi KQ/B}2/- #mi rBi?
bK�HH +?�M;2b BM `2bQM�M+2 K�bb2b- 9eNy J2o 7Q` J =
1/2− �M/ 9Nky J2o 7Q` J = 3/2−X

6BM�HHv- r2 rQmH/ HBF2 iQ bim/v i?2 bi`m+im`2 Q7 i?2
`2bQM�Mi bi�i2 7QmM/ BM i?2 T`2b2Mi rQ`FX q2 ?�p2 +�H@
+mH�i2/ i?2 irQ@#Q/v +Q``2H�iBQM 7mM+iBQM Q7 qq �M/ Q7
cc̄ 7Q` i?2 bi�i2 �i E = 4690J2o 7Q` JP = 1/2−X h?2
+Q``2H�iBQM 7mM+iBQMb �`2 /2}M2/ �b

ρqq(r1) =

∫
|ΨJM |2ds1dR1dρ1dr̂1

ρcc̄(s1) =

∫
|ΨJM |2dr1dR1dρ1dŝ1 ,

UjXRV

r?2`2 r1 �M/ s1 �`2 i?2 `2H�iBp2 /Bbi�M+2 #2ir22M irQ
HB;?i [m�`Fb qq �M/ cc̄- �b BHHmbi`�i2/ BM 6B;X R- C 4 RX
h?2 BMi2;`�H r�b T2`7Q`K2/ �i E = 4689J2o rBi? i?2
b+�HBM; 7�+iQ` α = 1.05- � +QMbBbi2M+v r�b +?2+F2/ #v
BMi2;`�iBM; Qp2` 2Bi?2` r1 Q` s1- r?2`2 r2 ?�p2 p2`B}2/
i?�i BMi2;`�i2/ MQ`K�HBx�iBQM Bb 0.9999X 6B;m`2 e b?Qrb
i?2 /2MbBiv /Bbi`B#miBQMb Q7 r2ρqq �M/ r2ρcc̄ �b 7mM+iBQMb
Q7 i?2 /Bbi�M+2 r = r1 = s1X q2 }M/ i?�i [m�`Fb BM

i?2 T2Mi�[m�`F `2bQM�M+2 /Bbi`B#mi2 QMHv rBi?BM � +QK@
T�+i `2;BQMX h?2 T2�F TQbBiBQMb BM/B+�i2 i?�i i?2 HB;?i
[m�`Fb 2ti2M/ �#Qmi yX3 7K �M/ i?2 +?�`K2/ [m�`Fb �`2
`2bi`B+i2/ iQ �#Qmi yXk 7K- r?B+? Bb +QMbBbi2Mi rBi? i?2
bBx2b Q7 i?2 Mm+H2QM N �M/ i?2 +?�`KQMB� J/ψ Q` ηcX

AoX alJJ�_u

JQiBp�i2/ #v i?2 Q#b2`p�iBQM Q7 T2Mi�[m�`F bvbi2K
Q7 Pc(4380) �M/ Pc(4450)- r2 bQHp2/ i?2 }p2@#Q/v b+�i@
i2`BM; T`Q#H2K 7Q` i?2 JP = 1/2− �M/ 3/2− bi�i2XrBi?
:�mbbB�M 2tT�MbBQM bmTTH2K2Mi2/ #v `2�H b+�HBM;X >2`2
r2 �/QTi2/ MQM@`2H�iBpBbiB+ [m�`F KQ/2H mbBM; �SR TQ@
i2MiB�H T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X
h?2 TQi2MiB�H `2T`Q/m+2b i?2 2tT2`BK2Mi�H ;`QmM/ bi�i2
2M2`;B2b Q7 ?2�pv K2bQMb �M/ #�`vQMb 2Mi2`BM; i?2 QT2M@
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AM Qm` +�H+mH�iBQM- #�b2/ QM � bBKTH2 KQ/2H Q7 [m�`F
/vM�KB+b- irQ M�``Qr bi�i2b 2K2`;2- rBi? � +QKT�+i
bi`m+im`2X h?2v HB2 �i 9eNy J2o 7Q` J = 1/2− �M/ �i
9Nky J2o 7Q` J = 3/2−- iQQ ?B;? BM K�bb iQ #2 B/2MiB@
}2/ rBi? �Mv G>*# T2Mi�[m�`FX >Qr2p2`- �M BKT`Qp2/
[m�`F KQ/2H +QmH/ T`Q#�#Hv H2�/ iQ � #2ii2` T?2MQK2MQH@
Q;vX AM T�`iB+mH�`- i?2 KQ/2H UkXRV Bb T`Q#2/ QMHv 7Q`
+QHQ` bBM;H2i �M/ �MiBi`BTH2i, i?2 p�Hm2 Q7 i?2 TQi2MiB�H BM
i?2 b2ti2i �M/ Q+i2i +QHQ` bi�i2b +�M T2`?�Tb #2 KQ/B}2/-
7Q` BMbi�M+2 #v BMi`Q/m+BM; i?`22@ Q` 7Qm`@#Q/v 7Q`+2bX
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r  
ρ(r

) (
fm

   )–1
 

2 

6A:X e, h?2 +�H+mH�i2/ qq �M/ cc̄ +Q``2H�iBQM 7mM+iBQM 7Q`
J = 1/2− bi�i2 rBi? 7mHH +QM};m`�iBQMbX h?2 bQHB/ HBM2 7Q` qq
�M/ i?2 /�b?2/ HBM2 Bb 7Q` cc̄X

h�"G1 AAA, .QKBM�Mi ?�/`QM@?�/`QM +QKTQM2Mi 7Q` i?2 p�`@
BQmb #QmM/ bi�i2b BM 6B;X k bi`m+im`2 Q7 2�+? 2M2`;v i�FBM;
QMHv +QMM2+i2/ +QM};m`�iBQMb 7Q` U�VJ = 1/2− �M/ J = 3/2−

bi�i2bX aBM+2 i?2 bi�i2b �i E = 4836 �M/ 939y �`2 +HQb2 iQ 2�+?
Qi?2`- i?2B` ?�/`QM@?�/`QM +QKTQM2Mib ?�p2 #22M K2`;2/X
h?2 bi�i2b �i E = 4708J2o �M/ E = 4896J2o ?�p2 MQ
bB;MB}+�Mi Qp2`H�T rBi? i?2 QT2M +?�MM2Hb b?QrM BM 6B;X kX

U�V J = 1/2− 2M2`;vUJ2oV +QM};m`�iBQM

4119 ηc +N

4236 J/ψ +N - Λc +D

4497 ηc +N -Λc +D∗- Σc +D

4581 J/ψ +N

4593 Λc +D

4629 ψ′ +N

4679 Σc +D∗

4708 @

U#V J = 3/2− 2M2`;vUJ2oV +QM};m`�iBQM

4221 J/ψ +N

4577 Λc +D∗,Σc ∗D∗,Σ∗
c +D∗-J/ψ +N

4617 Σ∗
c +D-Σ∗

c +D∗

4700 Σ∗
c +D-Σ∗

c +D∗

4711 Σc +D∗

4748 Σ∗
c +D

4836 Σ∗
c +D∗ Q` Σ∗

c +D

4840 Σ∗
c +D∗ Q` Σ∗

c +D

4896 @

qq and cc distributions

A compact state rcc ~ 0.5 fm

 rqq ~ 1 fm
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• qqqcc system does not support states in the Pc 
region in the quark model 

• Color singlet hadrons are formed to fall apart in the 
absence of inter-hadron interactions

Oct 20-22,  2005 Pentaquark05 at J-Lab 7

Most serious calculation for 5-body system
with scattering states included

Gaussian expansion method

Q+-confined NK-scattering

+

Compute phase shifts

Method

qq qq

Oct 20-22,  2005 Pentaquark05 at J-Lab 7

Most serious calculation for 5-body system
with scattering states included

Gaussian expansion method

Q+-confined NK-scattering

+

Compute phase shifts

Method

qq qq

Interaction?

• Coupling to scattering states is important



SCGP Workshop on Exotic Hadrons at Stony Brook, May 28 - June 1, 2018 /27!21

Interaction between the color singlet hadrons

The key issue for molecular states 
It took 70 years after Yukawa for NN from QCD 

Necessity of a good and practical framework 

An example  
of K(K)N interaction in the Skyrme model

sq qqq ~ qqq requires lattice calc. huge sources
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Derivation 1
1. Substitute our ansatz for the Lagrangian

Lagrangian

L =
F 2
⇡

16
tr
�
@µU@µU†�+ 1

32e2
tr
⇥
(@µU)U†, (@⌫U)U †⇤2

+LSB + LWZ

Ansatz

34 第 4章 束縛法

2. 質量による明示的なカイラル対称性の破れは以下のLagrangianにより表される [40,

41, 43]。

Lmass =
1

48
F 2
π

(
m2

π + 2m2
K

)
tr
[
U + U † − 2

]
+

√
3

24

(
m2

π −m2
K

)
tr
[
λ8
(
U + U †)]

(4.3)

ここで、mπとmKはそれぞれπ中間子とK中間子の質量を表す。本論文ではCallan

とKlebanovの論文に従い、uクォークと dクォークの質量をゼロにとり、sクォー
クの質量を有限の大きさにとる [28, 29]。これにより、mπ = 0となる。

K中間子に質量を与えることで対称性が明示的に破れた場合の場の配位として、K中間
子が励起し、なおかつ純粋なπ中間子のソリトンに近い配位を選ぶ。解としてはカイラル
対称性の非線形表現 [37, 38]を用いて以下のものを考える [28, 29]。

U =
√
NUK

√
N (4.4)

ここで、N は SU(3)に埋め込んだπ中間子のソリトン解であり以下のように定義する。

N =

(
Uπ 0

0 1

)
(4.5)

Uπ ≡ ξ2 = exp

[
i
2

Fπ
τ · π

]
(4.6)

UK = exp

[
i
2

Fπ
λaKa

]
, a = 3, 4, 5, 6 (4.7)

τ はアイソスピン行列であり、その値は pauliのスピン行列 (2.6)式と同じ値をとる。そし
て、λa(a = 4, 5, 6, 7)は (2.36)式のGell-Mann行列である。(2.36)式を用いて λaKaを以
下のように書く。

λaKa =
√
2

(
02×2 K

K† 0

)
(4.8)

ただし、Kは 2成分アイソスピナー

K =

(
K+

K0

)
(4.9)

である。
(4.1)式、(4.3)式に (4.4)式を代入し、Kの 2次まで展開すると

L = LSU(2) + LK (4.10)

K =

✓
K+

K0

◆

2. Expand UK up to second order of the kaon field K

UK = exp


i
2

F⇡
�aKa

�
, a = 4, 5, 6, 7

U⇡ =

✓
UH 0
0 1

◆
UH: Hedgehog soliton (2×2 matrix)

UEH = A (t)
p
U⇡A

† (t)UKA (t)
p

U⇡A
† (t)

Skyrme Lagrangian supplemented by the WZ term

• Respects chiral symmetry and large Nc 
• Nucleons as solitons 
• Strong spin-isospin force forms the hedgehog 
• Nucleons as rotating hedgehogs
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Kaons around the nucleon 
  Around the hedgehog ~ Body fixed frame 
    Callan-Klebanov, Nucl. Phys. B262 (1985) 
  Around the rotating hedgehog ~ Lab frame 
    Ezoe-Hosaka, Phys Rev D94, 034022 (2016); D96, 054002 (2017)
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Difference in CK and EH
(1) Callan-Klebanov ansatz UCK = A (t)

p
U⇡UK

p
U⇡A

† (t)

(2) Ezoe-Hosaka ansatz UEH = A (t)
p
U⇡A

† (t)UKA (t)
p
U⇡A

† (t)

K

K Hedgehog 
soliton

the kaon around the hedgehog soliton

the kaon around  
the “rotating” hedgehog solitonHedgehog 

soliton
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Difference in CK and EH
(1) Callan-Klebanov ansatz UCK = A (t)

p
U⇡UK

p
U⇡A

† (t)

(2) Ezoe-Hosaka ansatz UEH = A (t)
p
U⇡A

† (t)UKA (t)
p
U⇡A

† (t)

K

K Hedgehog 
soliton

the kaon around the hedgehog soliton

the kaon around  
the “rotating” hedgehog solitonHedgehog 

soliton
K

H

Body-fixed frame Lab frame

KN interaction

N
K

KH interaction

Uπ = exp(iτ⃗ · r̂F (r))
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Obtained Lagrangian
L = LSU(2) + LKN

Ũ = A(t)UHA†(t), ⇠̃ = A(t)
p
UHA†(t) DµK = @µK + vµK

vµ =
1

2

⇣
⇠̃†@µ⇠̃ + ⇠̃@µ⇠̃

†
⌘

aµ =
1

2

⇣
⇠̃†@µ⇠̃ � ⇠̃@µ⇠̃

†
⌘

G. S. Adkins, C. R. Nappi and E. Witten, 
Nucl. Phys. B 228 (1983) 

LSU(2) =
1

16
F⇡

2tr
h
@µŨ

†@µŨ
i
+

1

32e2
tr
h
@µŨ Ũ†, @⌫Ũ Ũ†

i2

LKN = (DµK)† DµK �K†a†µa
µK �m2

KK†K

+
1

(eF⇡)2

⇢
�K†Ktr

h
@µŨ Ũ†, @⌫Ũ Ũ†

i2
� 2 (DµK)† D⌫Ktr (aµa⌫)

�1

2
(DµK)† DµKtr

⇣
@⌫Ũ

†@⌫Ũ
⌘
+ 6 (D⌫K)† [a⌫ , aµ]DµK

�

+
3i

F 2
⇡

Bµ
h
(DµK)† K �K† (DµK)

i

Bµ = �"µ⌫↵�

24⇡2
tr
h⇣

Ũ †@⌫Ũ
⌘⇣

Ũ†@↵Ũ
⌘⇣

Ũ†@�Ũ
⌘i

Kaon around the rotating hedgehog

L(U →A
√

UπA
†UKA

√
UπA

†)
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S-wave KN interaction

Produces a loosely bound state for Λ(1405)

−
1

mK þ E
1

r2
d
dr

!
r2
dkαl ðrÞ
dr

"
þUðrÞkαl ðrÞ ¼ εkαl ðrÞ;

ð27Þ

where

E ¼ mK þ ε; ð28Þ

and

UðrÞ ¼ −
1

mK þ E

#
hðrÞ − 1

r2
d
dr

!
r2

d
dr

"
þ dhðrÞ

dr
d
dr

$

−
ðfðrÞ − 1ÞE2

mK þ E
þ VðrÞ
mK þ E

: ð29Þ

In Eq. (29), hðrÞ, fðrÞ, and VðrÞ are given by Eq. (15),
Eq. (16), and Eq. (17), respectively. This potentialUðrÞ has
the following properties. First, it is nonlocal and depends
on the kaon energy. Second, it contains four components of
the isospin independent and dependent, central and LS
terms as we mentioned in subsection II B. Third, near the
origin, this potential behaves as a repulsive or an attractive
force proportional to 1=r2 depending on the total isospin
and total spin. Details of this behavior are discussed in the
Appendix.
Because the potential UðrÞ formally contains derivative,

we make the following equivalent quantity:

~UðrÞ≡UðrÞkαl ðrÞ
kαl ðrÞ

: ð30Þ

In this paper, we computed it by using the bound state wave
function. Therefore, strictly speaking the potential derived
here is for l ¼ 0 bound state. In principle, it is also possible
to calculate ~UðrÞ for other l’s by using scattering wave
functions. The study of the scattering states will be
discussed elsewhere.
The resulting ~UðrÞ is plotted in Fig. 2 for the three

parameter sets as used in the previous subsection. In the
ordering of 1, 3, and 2, the potential minimum moves from
outside to inside, and with the potential depth increasing. In
accordance with this change, the shapes of the kaon wave
functions have been explained in the previous subsection.
Now, it is instructive to investigate further properties in

comparison with what we expect in the chiral theory. In the
chiral theory, KN interaction is derived from the Weinberg-
Tomozawa interaction (WT interaction) and is given by the
following Lagrangian [13,14],

LWT ¼ 2

F2
π
fNINγμN · ð∂μK†IKK − K†IK∂μKÞg; ð31Þ

where IN and IK are the nucleon and the kaon isospin
operators, respectively.
A feature of Eq. (31) is that the interaction strength is

proportional to 1=F2
π . Therefore, the interaction becomes

stronger for smaller Fπ and vice versa. To see this relation
in the present approach, we have computed the volume
integral of the potential

W ≡ 4π
Z

r2dr ~UðrÞ ð32Þ

and taken the ratios of W ’s with different Fπ ’s. In our
parameter sets 1 and 2 with Fπ ¼ 129 and 186 MeV, we
find the ratio

WðFπ ¼ 129 MeVÞ
WðFπ ¼ 186 MeVÞ

∼
5

2
∼ 2.5; ð33Þ

which is compatible with ð186=129Þ2 ∼ 15=7 ∼ 2.1.
A small difference is considered due to the violation of
SU(3) in the present ansatz of the bound state approach.
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FIG. 2. The equivalent potentials ~U defined in Eq. (30) for the
K̄NðI ¼ 0Þ bound states.

TABLE II. Comparisons between the CK and our approaches.

Callan-Klebanov approach Our approach Physical state

l leff B.E. [MeV] hr2Ki1=2 [fm] l B.E. [MeV] hr2Ki1=2 [fm]
0 1 61.7 0.93 0 32.9 1.18 Λð1405Þ
1 0 326.6 0.54 — — — Λð1116Þ

KAON-NUCLEON SYSTEMS AND THEIR INTERACTIONS … PHYSICAL REVIEW D 94, 034022 (2016)

034022-5

Attractive pocket

Repulsive core ~ 1/r2

Due to WZ (ω exchange)

Lennard-Jones like potential
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Phase shifts for KN and KN

K̄NðJ P ¼ 1=2−; I ¼ 0Þ channel in Fig. 2. In this figure, we
can find that the attraction between the antikaon and the
nucleon becomes stronger in the order of the set A, B, and
C, which is consistent with the properties of the K̄N bound
states shown in Table. I.
Next, in Fig. 3, we have shown the phase shifts for p

waves, first for J P ¼ 3=2þ channels. In both sets A and B,
the phase shifts show the attractive and repulsive behaviors
for the K̄N and KN channels, respectively. However,
the strength of them are weaker than those of the s wave.

The phase shifts in the K̄N channels show that the I ¼ 1
channel is more attractive than the I ¼ 0 one due to the
stronger isospin-dependent LS force in the I ¼ 1 channel.
For the other LS partner of J P ¼ 1=2þ channel, the

interaction shows a strong attraction as proportional to
1=r2. Because of this, the system becomes unstable
and physically meaningful solutions are not allowed.
We consider that it is related to the hedgehog structure,
but the physical meaning is not yet clarified.
Finally, let us evaluate the scattering length, a, for the

K̄NðJ P ¼ 1=2−Þ scattering state, which is defined by

a ¼ −lim
k→0

tan δðkÞ
k

; ð15Þ

where k is the wave number and δðkÞ is the phase shift.
From this equation, we have obtained a0 ¼ 1.56 fm and
a1 ¼ −3.38 fm for the K̄N scattering with isospin 0 and 1
channels, respectively, for the set A. As a result, we have
aK̄N ¼ −0.91 fm as the K̄N scattering length with the
parameter set A.
For the set B, we have obtained a0 ¼ 1.32 fm and

a1 ¼ 8.22 fm for the K̄NðI ¼ 0; 1Þ scatterings. We find
that a0 for the set A is longer than that for the set B, while
a1 changes its sign and the absolute value of it is shorter for
the set A than for the set B. This is because the attraction

FIG. 1. Phase shifts for the (anti)kaon-nucleon scattering state with J P ¼ 1=2− for the parameter sets A (left) and B (right).
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FIG. 2. The phase shifts for the K̄NðJ P ¼ 1=2−; I ¼ 0Þ channel
with the three parameter sets A, B, and C.

FIG. 3. Phase shifts for the (anti)kaon-nucleon scattering state with J P ¼ 3=2þ for the parameter sets A (left) and B (right).

TAKASHI EZOE and ATSUSHI HOSAKA PHYSICAL REVIEW D 96, 054002 (2017)

054002-4

KN  
strong attraction

KN  
Weak repulsion
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Result 3: phase shift (LK = 0, JP = 1/2-)
set A: mK = 495 MeV, Fπ = 205 MeV, e = 4.67

_
_

Attractive

Weakly repulsive

Binding energy = 20.6 MeV 
for I = 0 channel

a0 = �0.03 fm

a1 = �0.46 fm

Scattering length (KN channel) 
cf) KN channel 
a0 = 0.00 fm 
a1 = -0.33 fm 
(J. S. Hyslop et al., Phys. Rev. D, 46, 961 (1992).)
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• qqqcc system does not support states in the Pc region in 
the quark model 

• Color singlet hadrons are formed to fall apart in the 
absence of inter-hadron interactions 

As an example of interaction for color singlet hadrons 

• K and K N interaction may have a structure of the 
Lennard-Jones type shape → weakly bound Λ(1405)

Summary

• Coupling to scattering states is crucial for resonances. 
• We need good description for interaction for hadronic 

molecule to answer/predict when and how near-
threshold molecules are developed



SCGP Workshop on Exotic Hadrons at Stony Brook, May 28 - June 1, 2018 /27!28

Exotic triple-charm deuteron-like hexaquarks 
e-Print: arXiv:1804.02961 

Prediction of triple-charm molecular pentaquarks; arXiv:1711.09579  
Phys.Rev. D96 (2017) no.11, 114030  

Ωc-like molecular states from meson-baryon interaction; arXiv:1711.07650 
Phys.Rev. D97 (2018) no.3, 036016  

Heavy molecules and one-σ/ω-exchange model 
Phys.Rev. D96 (2017) no.11, 116012; arXiv:1707.08306 
 

ar
X

iv
:1

70
7.

08
30

6v
3 

 [h
ep

-p
h]

  2
0 

D
ec

 2
01

7

Heavy molecules and one-σ/ω-exchange model

Rui Chen1,2,3,∗ Atsushi Hosaka3,† and Xiang Liu1,2‡

1School of Physical Science and Technology, Lanzhou University, Lanzhou 730000, China
2Research Center for Hadron and CSR Physics, Lanzhou University and Institute of Modern Physics of CAS, Lanzhou 730000, China

3Research Center for Nuclear Physics (RCNP), Osaka University, Ibaraki, Osaka 567-0047, Japan

In the framework of the one-boson-exchange model, we explore whether the intermediate- and short-range
forces from σ/ω exchange can be strong enough to bind heavy molecular states. ΛcD(D̄), andΛcΛc(Λ̄c) systems
have been studied and compared. We find that the force from σ exchange is attractive and dominant, whereas
the ω-exchange force is not. As a consequence, the S-wave ΛcD, ΛcΛc, and ΛcΛ̄c can be possible molecular
candidates. We further indicate that a one hadron-hadron system with more light quarks (u, d) can be easier to
form a bound state. As a by-product, by studying the heavy-quark mass dependence for the ΛcD(D̄)-like and
ΛcΛc(Λ̄c)-like systems, we find that the charm/bottom sector can easily accommodate molecular states. Finally,
the ΛcN(N̄) and ΛbN(N̄) systems are investigated. Our results indicate that they are also likely to form bound
states. By including one-π-exchange forces providing additional attraction when coupled channels are included,
we expect many molecular states in heavy-quark sectors.

PACS numbers: 12.39.Pn, 14.40.Lb, 14.40.Rt

I. INTRODUCTION

Ever since the observations of X(3872) [1] and Θ+ [2],
much evidence has been reported for new types of structures
that are beyond the minimal q̄q mesons and qqq baryons, al-
though the observation of Θ+ have been criticized by sub-
sequent experiments [3, 4]. Hence, they are called the ex-
otic hadrons, like X(3872) [1], Zb(10610)/Zb(10650) [5],
Pc(4380)/Pc(4450) [6], and so on. Their unusual struc-
ture may contain more constituents, such as q̄q pairs or glu-
ons. With the extra q̄q pairs, multiquark configurations may
form a compact structure with colored correlations, such
as tetraquark and triquark, or a rather extended structure
with color-singlet hadronic correlations, which is called the
hadronic molecule [7–9].

Since many new findings are seen near the threshold of
hadronic decays, it is natural that the hadronic molecularlike
structure develops if suitable attractive interactions between
the hadrons are available. The strength of the interaction be-
tween color-singlet hadrons should be weaker than that be-
tween colored objects of order ΛQCD -several hundred MeV.
A typical example of such hadronic molecules is an atomic
nucleus whose binding energy is of order 10 or a few MeV.

For the study of hadronic molecules, the interaction be-
tween the hadrons is a crucial input. Unfortunately, not much
is known for the hadron interactions, which are relevant for
the recent exotic hadrons. For example, for X(3872), regarded
as DD̄∗ molecule [10–15], the realistic interaction between D
and D̄∗ mesons is not well known partly because there is no
experimental data. Lattice QCD approaches should, in princi-
ple, be promising as the recent study for Zc(3900) [16]. How-
ever, application to various systems is rather limited. In such
a situation, perhaps, the one-boson-exchange model is a rea-
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sonable theoretical approach.

According to the mass differences for the exchanged me-
son, the interactions from π, σ, ρ, and ω exchanges contribute
in the long-range, intermediate-range, and short-range dis-
tances, respectively. Among them, the one pion exchange is
the best known, as is important for the deuteron [17, 18] and
the X/Y/Z states [10–12]. For the vector meson ρ, based on
the local hidden gauge approach, it is also very essential in
identifying the heavy molecular state [19]. In Ref. [20], the
η exchange is proposed to form heavy hadronic molecules.
Soon after, the one-η-exchange model was adopted to inves-

tigate the interaction of ΛcD̄∗s/Σ
(∗)
c D̄∗s/Ξ

(′,∗)
c D̄∗ systems in Ref.

[21]. Numerical results indicate that the one-η exchange can
be helpful in binding the heavy molecular pentaquarks.

For the one-σ-exchange (OSE) and one-ω-exchange (OOE)
models, they have been always considered together with the
other bosons (π, η, ρ) in heavy molecular states, and their ef-
fect has been submerged by the effect of the one-π-exchange
model. Thus, their importance is often overlooked. Therefore,
the purpose of this paper is to study systematically the role of
the OSE and OOE interactions between heavy hadrons. The
coupling strengths and form factors are estimated by using
the quark model, where the sigma and omega mesons cou-
ple to light quarks in heavy hadrons. Then we investigate if
the intermediate- and short-range forces, due to the OSE and
OOE models, can be strong enough to form heavy molecules,
by varying model parameters within a reasonable range.

To elucidate the role of the σ and ω mesons, we consider
the systems, where π, η, ρ meson exchanges are suppressed,
by using the spin and isospin conservation. For instance, there
is no coupling πΛcΛc and πDD. The pion couples rather in
the transitions such as πΛcΣc and πDD∗, which leads to the
coupled channel problem. In our present study, we focus ex-
clusively on the σ and ω mesons exchange by ignoring such
coupled channels. Then, the DD̄1, ΛcD, and ΛcΛ̄c

2 systems

1 The ρ exchange can be also unsuppressed for the DD̄ system. Here, it is
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I. INTRODUCTION

Ever since the observations of X(3872) [1] and Θ+ [2],
much evidence has been reported for new types of structures
that are beyond the minimal q̄q mesons and qqq baryons, al-
though the observation of Θ+ have been criticized by sub-
sequent experiments [3, 4]. Hence, they are called the ex-
otic hadrons, like X(3872) [1], Zb(10610)/Zb(10650) [5],
Pc(4380)/Pc(4450) [6], and so on. Their unusual struc-
ture may contain more constituents, such as q̄q pairs or glu-
ons. With the extra q̄q pairs, multiquark configurations may
form a compact structure with colored correlations, such
as tetraquark and triquark, or a rather extended structure
with color-singlet hadronic correlations, which is called the
hadronic molecule [7–9].

Since many new findings are seen near the threshold of
hadronic decays, it is natural that the hadronic molecularlike
structure develops if suitable attractive interactions between
the hadrons are available. The strength of the interaction be-
tween color-singlet hadrons should be weaker than that be-
tween colored objects of order ΛQCD -several hundred MeV.
A typical example of such hadronic molecules is an atomic
nucleus whose binding energy is of order 10 or a few MeV.

For the study of hadronic molecules, the interaction be-
tween the hadrons is a crucial input. Unfortunately, not much
is known for the hadron interactions, which are relevant for
the recent exotic hadrons. For example, for X(3872), regarded
as DD̄∗ molecule [10–15], the realistic interaction between D
and D̄∗ mesons is not well known partly because there is no
experimental data. Lattice QCD approaches should, in princi-
ple, be promising as the recent study for Zc(3900) [16]. How-
ever, application to various systems is rather limited. In such
a situation, perhaps, the one-boson-exchange model is a rea-
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sonable theoretical approach.

According to the mass differences for the exchanged me-
son, the interactions from π, σ, ρ, and ω exchanges contribute
in the long-range, intermediate-range, and short-range dis-
tances, respectively. Among them, the one pion exchange is
the best known, as is important for the deuteron [17, 18] and
the X/Y/Z states [10–12]. For the vector meson ρ, based on
the local hidden gauge approach, it is also very essential in
identifying the heavy molecular state [19]. In Ref. [20], the
η exchange is proposed to form heavy hadronic molecules.
Soon after, the one-η-exchange model was adopted to inves-

tigate the interaction of ΛcD̄∗s/Σ
(∗)
c D̄∗s/Ξ

(′,∗)
c D̄∗ systems in Ref.

[21]. Numerical results indicate that the one-η exchange can
be helpful in binding the heavy molecular pentaquarks.

For the one-σ-exchange (OSE) and one-ω-exchange (OOE)
models, they have been always considered together with the
other bosons (π, η, ρ) in heavy molecular states, and their ef-
fect has been submerged by the effect of the one-π-exchange
model. Thus, their importance is often overlooked. Therefore,
the purpose of this paper is to study systematically the role of
the OSE and OOE interactions between heavy hadrons. The
coupling strengths and form factors are estimated by using
the quark model, where the sigma and omega mesons cou-
ple to light quarks in heavy hadrons. Then we investigate if
the intermediate- and short-range forces, due to the OSE and
OOE models, can be strong enough to form heavy molecules,
by varying model parameters within a reasonable range.

To elucidate the role of the σ and ω mesons, we consider
the systems, where π, η, ρ meson exchanges are suppressed,
by using the spin and isospin conservation. For instance, there
is no coupling πΛcΛc and πDD. The pion couples rather in
the transitions such as πΛcΣc and πDD∗, which leads to the
coupled channel problem. In our present study, we focus ex-
clusively on the σ and ω mesons exchange by ignoring such
coupled channels. Then, the DD̄1, ΛcD, and ΛcΛ̄c

2 systems

1 The ρ exchange can be also unsuppressed for the DD̄ system. Here, it is
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I. INTRODUCTION

Ever since the observations of X(3872) [1] and Θ+ [2],
much evidence has been reported for new types of structures
that are beyond the minimal q̄q mesons and qqq baryons, al-
though the observation of Θ+ have been criticized by sub-
sequent experiments [3, 4]. Hence, they are called the ex-
otic hadrons, like X(3872) [1], Zb(10610)/Zb(10650) [5],
Pc(4380)/Pc(4450) [6], and so on. Their unusual struc-
ture may contain more constituents, such as q̄q pairs or glu-
ons. With the extra q̄q pairs, multiquark configurations may
form a compact structure with colored correlations, such
as tetraquark and triquark, or a rather extended structure
with color-singlet hadronic correlations, which is called the
hadronic molecule [7–9].

Since many new findings are seen near the threshold of
hadronic decays, it is natural that the hadronic molecularlike
structure develops if suitable attractive interactions between
the hadrons are available. The strength of the interaction be-
tween color-singlet hadrons should be weaker than that be-
tween colored objects of order ΛQCD -several hundred MeV.
A typical example of such hadronic molecules is an atomic
nucleus whose binding energy is of order 10 or a few MeV.

For the study of hadronic molecules, the interaction be-
tween the hadrons is a crucial input. Unfortunately, not much
is known for the hadron interactions, which are relevant for
the recent exotic hadrons. For example, for X(3872), regarded
as DD̄∗ molecule [10–15], the realistic interaction between D
and D̄∗ mesons is not well known partly because there is no
experimental data. Lattice QCD approaches should, in princi-
ple, be promising as the recent study for Zc(3900) [16]. How-
ever, application to various systems is rather limited. In such
a situation, perhaps, the one-boson-exchange model is a rea-
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sonable theoretical approach.

According to the mass differences for the exchanged me-
son, the interactions from π, σ, ρ, and ω exchanges contribute
in the long-range, intermediate-range, and short-range dis-
tances, respectively. Among them, the one pion exchange is
the best known, as is important for the deuteron [17, 18] and
the X/Y/Z states [10–12]. For the vector meson ρ, based on
the local hidden gauge approach, it is also very essential in
identifying the heavy molecular state [19]. In Ref. [20], the
η exchange is proposed to form heavy hadronic molecules.
Soon after, the one-η-exchange model was adopted to inves-

tigate the interaction of ΛcD̄∗s/Σ
(∗)
c D̄∗s/Ξ

(′,∗)
c D̄∗ systems in Ref.

[21]. Numerical results indicate that the one-η exchange can
be helpful in binding the heavy molecular pentaquarks.

For the one-σ-exchange (OSE) and one-ω-exchange (OOE)
models, they have been always considered together with the
other bosons (π, η, ρ) in heavy molecular states, and their ef-
fect has been submerged by the effect of the one-π-exchange
model. Thus, their importance is often overlooked. Therefore,
the purpose of this paper is to study systematically the role of
the OSE and OOE interactions between heavy hadrons. The
coupling strengths and form factors are estimated by using
the quark model, where the sigma and omega mesons cou-
ple to light quarks in heavy hadrons. Then we investigate if
the intermediate- and short-range forces, due to the OSE and
OOE models, can be strong enough to form heavy molecules,
by varying model parameters within a reasonable range.

To elucidate the role of the σ and ω mesons, we consider
the systems, where π, η, ρ meson exchanges are suppressed,
by using the spin and isospin conservation. For instance, there
is no coupling πΛcΛc and πDD. The pion couples rather in
the transitions such as πΛcΣc and πDD∗, which leads to the
coupled channel problem. In our present study, we focus ex-
clusively on the σ and ω mesons exchange by ignoring such
coupled channels. Then, the DD̄1, ΛcD, and ΛcΛ̄c

2 systems

1 The ρ exchange can be also unsuppressed for the DD̄ system. Here, it is
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I. INTRODUCTION

Ever since the observations of X(3872) [1] and Θ+ [2],
much evidence has been reported for new types of structures
that are beyond the minimal q̄q mesons and qqq baryons, al-
though the observation of Θ+ have been criticized by sub-
sequent experiments [3, 4]. Hence, they are called the ex-
otic hadrons, like X(3872) [1], Zb(10610)/Zb(10650) [5],
Pc(4380)/Pc(4450) [6], and so on. Their unusual struc-
ture may contain more constituents, such as q̄q pairs or glu-
ons. With the extra q̄q pairs, multiquark configurations may
form a compact structure with colored correlations, such
as tetraquark and triquark, or a rather extended structure
with color-singlet hadronic correlations, which is called the
hadronic molecule [7–9].

Since many new findings are seen near the threshold of
hadronic decays, it is natural that the hadronic molecularlike
structure develops if suitable attractive interactions between
the hadrons are available. The strength of the interaction be-
tween color-singlet hadrons should be weaker than that be-
tween colored objects of order ΛQCD -several hundred MeV.
A typical example of such hadronic molecules is an atomic
nucleus whose binding energy is of order 10 or a few MeV.

For the study of hadronic molecules, the interaction be-
tween the hadrons is a crucial input. Unfortunately, not much
is known for the hadron interactions, which are relevant for
the recent exotic hadrons. For example, for X(3872), regarded
as DD̄∗ molecule [10–15], the realistic interaction between D
and D̄∗ mesons is not well known partly because there is no
experimental data. Lattice QCD approaches should, in princi-
ple, be promising as the recent study for Zc(3900) [16]. How-
ever, application to various systems is rather limited. In such
a situation, perhaps, the one-boson-exchange model is a rea-
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sonable theoretical approach.

According to the mass differences for the exchanged me-
son, the interactions from π, σ, ρ, and ω exchanges contribute
in the long-range, intermediate-range, and short-range dis-
tances, respectively. Among them, the one pion exchange is
the best known, as is important for the deuteron [17, 18] and
the X/Y/Z states [10–12]. For the vector meson ρ, based on
the local hidden gauge approach, it is also very essential in
identifying the heavy molecular state [19]. In Ref. [20], the
η exchange is proposed to form heavy hadronic molecules.
Soon after, the one-η-exchange model was adopted to inves-

tigate the interaction of ΛcD̄∗s/Σ
(∗)
c D̄∗s/Ξ

(′,∗)
c D̄∗ systems in Ref.

[21]. Numerical results indicate that the one-η exchange can
be helpful in binding the heavy molecular pentaquarks.

For the one-σ-exchange (OSE) and one-ω-exchange (OOE)
models, they have been always considered together with the
other bosons (π, η, ρ) in heavy molecular states, and their ef-
fect has been submerged by the effect of the one-π-exchange
model. Thus, their importance is often overlooked. Therefore,
the purpose of this paper is to study systematically the role of
the OSE and OOE interactions between heavy hadrons. The
coupling strengths and form factors are estimated by using
the quark model, where the sigma and omega mesons cou-
ple to light quarks in heavy hadrons. Then we investigate if
the intermediate- and short-range forces, due to the OSE and
OOE models, can be strong enough to form heavy molecules,
by varying model parameters within a reasonable range.

To elucidate the role of the σ and ω mesons, we consider
the systems, where π, η, ρ meson exchanges are suppressed,
by using the spin and isospin conservation. For instance, there
is no coupling πΛcΛc and πDD. The pion couples rather in
the transitions such as πΛcΣc and πDD∗, which leads to the
coupled channel problem. In our present study, we focus ex-
clusively on the σ and ω mesons exchange by ignoring such
coupled channels. Then, the DD̄1, ΛcD, and ΛcΛ̄c

2 systems

1 The ρ exchange can be also unsuppressed for the DD̄ system. Here, it is
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Stimulated by the observations of recent observation ofΩc as well as former one of Pc(4380) and Pc(4450), we
perform a coupled channel analysis of Ξ∗cK̄/Ωcη/Ω

∗
cη/ΞcK̄∗/Ξ′cK̄∗/Ωcω systems to search for possible Ωc−like

molecular states by using a one-boson-exchange potential. Our results suggest there exists a loosely bound
molecular state, a Ξ∗c K̄/Ωcη/Ω

∗
cη/ΞcK̄∗/Ξ′cK̄∗/Ωcω with I(JP) = 0(3/2−), it is mainly composed of the Ξ∗c K̄

system. Two-body strong decay width is also studied, where we find that Ξ′cK̄ is the dominant decay channel.

PACS numbers: 12.39.Pn, 14.40.Df, 14.20.Lq, 14.20.Pt

I. INTRODUCTION

In the past 14 years, a series of novel phenomena relevant to the XYZ states have been reported with the accumulation of
experimental data. These observations provide us good chance to identify the exotic configurations (multiquark states, glueball,
hybrid) of hadron (see review papers [1, 2] for more details). In fact, experimental and theoretical studies on exotic states are a
good approach to deepen our understanding of nonperturbative behavior of quantum chromodynamics (QCD).

In 2015, Pc(4380) and Pc(4450) have been reported by the LHCb Collaboration in the Λ0
b
→ J/ψpK− decay [3], which

stimulated theorists’s great enthusiasm of investigating the heavy pentaquarks. As shown in figure 1, the masses of Pc(4380) and
Pc(4450) are close to the thresholds of a pair of charmed baryon and anti-charmed meson, theorists have tried to describe their
inner structures by hadronic molecules [4–16]. In particular, Pc(4380) was interpreted as a loose molecular pentaquark made up
by Σ∗cD̄ with several MeV binding energy. Analogously, with a simple replacement of quarks, it is natural to conjecture whether
there exist possible Ωc−like molecules composed of a charmed-strange baryon and an anti-strange meson. In a sense, this study
can enhance our understanding of these Pc states.

FIG. 1: A comparison of the masses of the heavy pentaquarks and the mass thresholds of a pair anti-meson and baryon systems.

In fact, the studies of the interaction between one hadron and one strange meson have carried out for several decades. In
these works, observations near a pair of hadron thresholds are often explained as possible molecular states as showed in table I.
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molecular state, a Ξ∗c K̄/Ωcη/Ω

∗
cη/ΞcK̄∗/Ξ′cK̄∗/Ωcω with I(JP) = 0(3/2−), it is mainly composed of the Ξ∗c K̄

system. Two-body strong decay width is also studied, where we find that Ξ′cK̄ is the dominant decay channel.

PACS numbers: 12.39.Pn, 14.40.Df, 14.20.Lq, 14.20.Pt

I. INTRODUCTION

In the past 14 years, a series of novel phenomena relevant to the XYZ states have been reported with the accumulation of
experimental data. These observations provide us good chance to identify the exotic configurations (multiquark states, glueball,
hybrid) of hadron (see review papers [1, 2] for more details). In fact, experimental and theoretical studies on exotic states are a
good approach to deepen our understanding of nonperturbative behavior of quantum chromodynamics (QCD).

In 2015, Pc(4380) and Pc(4450) have been reported by the LHCb Collaboration in the Λ0
b
→ J/ψpK− decay [3], which

stimulated theorists’s great enthusiasm of investigating the heavy pentaquarks. As shown in figure 1, the masses of Pc(4380) and
Pc(4450) are close to the thresholds of a pair of charmed baryon and anti-charmed meson, theorists have tried to describe their
inner structures by hadronic molecules [4–16]. In particular, Pc(4380) was interpreted as a loose molecular pentaquark made up
by Σ∗cD̄ with several MeV binding energy. Analogously, with a simple replacement of quarks, it is natural to conjecture whether
there exist possible Ωc−like molecules composed of a charmed-strange baryon and an anti-strange meson. In a sense, this study
can enhance our understanding of these Pc states.

FIG. 1: A comparison of the masses of the heavy pentaquarks and the mass thresholds of a pair anti-meson and baryon systems.

In fact, the studies of the interaction between one hadron and one strange meson have carried out for several decades. In
these works, observations near a pair of hadron thresholds are often explained as possible molecular states as showed in table I.
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Prediction of triple-charm molecular pentaquarks
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In a one-boson-exchange model, we study molecular states of double-charm baryon (Ξcc(3621)) and a
charmed meson (D and D∗). Our model indicates that there exist two possible triple-charm molecular pen-
taquarks, a ΞccD state with I(JP) = 0(1/2−) and a ΞccD∗ state with I(JP) = 0(3/2−). In addition, we also extend
our formula to explore Ξcc B̄(∗), ΞccD̄(∗), and ΞccB(∗) systems, and find more possible heavy flavor molecular
pentaquarks, a Ξcc B̄ state with I(JP) = 0(1/2−), a Ξcc B̄∗ state with I(JP) = 0(3/2−), and ΞccD̄∗/Ξcc B∗ states with
I(JP) = 0(1/2−). Experimental search for these predicted triple-charm molecular pentaquarks is encouraged.
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I. INTRODUCTION

Recently, the LHCb Collaboration reported double-charm
baryon Ξ++cc in the Λ+c K−π+π− invariant mass spectrum [1],
which has the mass 3621.40± 0.72± 0.27± 0.14 MeV. Obvi-
ously, the observation of Ξ++cc plays a crucial role to establish
complete baryon family. The announced Ξ++cc (3621) by LHCb
may provide input to carry out the research issues around
double-charm baryon.

In the past decade, hadronic molecular states were ex-
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XYZ states and Pc(4380) and Pc(4450). The observed
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the interaction between charmed meson and anti-charmed me-
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baryon. The observation of double-charm baryon Ξ++cc (3621)
inspires our interest in exploring double-charm baryon inter-
acting with a charmed meson. As shown in Fig. 1, inves-
tigating the interaction between charmed meson and double-
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experimentalist’s interest in searching such new type of exotic
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In this work, we mainly focus on the interaction between
S-wave double-charm baryon Ξcc(3621) and S-wave charmed
meson (D and D∗) and study possible triple-charm molecular
pentaquarks. This dynamical interaction can be quantitatively
described by one-boson-exchange (OBE) model, which was
often adopted to investigate the hadronic molecular states [2–
7]. By OBE model, the effective potential of the interaction
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charmed meson (D and D∗) can be extracted, by which we
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formation can encourage experimental studies of searching for
triple-charm molecular pentaquarks.

XYZ states Pc(4380) 
Pc(4450)

charmed 
meson

anti-charmed 
meson

anti-charmed 
meson

charmed 
baryon

Triple-charm 
molecular 

pentaquark

charmed 
meson

double-charm 
baryon

FIG. 1: Evolution of interaction of hadrons and the corresponding
connections with charmoium-like XYZ states, Pc(4380)/Pc(4450)
and triple-charm molecular pentaquark.

An outline of this paper is as follows. In Sec. II, we
present the detailed derivation of effective potential related to
the interaction between an S-wave Ξcc baryon and an S-wave
charmed meson D/D∗, and the corresponding numerical re-
sult are presented in III. Finally, we will give a summary in
Sec. IV.

II. THE DETAILS OF THE OBTAINED EFFECTIVE
POTENTIALS

A. OBE potentials

Our one boson exchange model consists of light meson ex-
changes π, η, σ, ρ, and ω as shown in Fig. 2. The struc-
ture of the interaction Lagrangian is determined by the quan-
tum numbers, and in particular, we remind that Ξcc(3621) has
JP = 1/2+ [8]. The relevant Lagrangians for three-meson ver-
tices are given by

LD(∗)D(∗)σ = −2gsDbD†
b
σ + 2gsD

∗
b · D

∗†
b
σ, (2.1)

LD∗D∗P = −i
2g

fπ
vαεαµνλD

∗µ
b

D∗λ†a ∂νPba, (2.2)

LD(∗)D(∗)V = −
√

2βgV DbD†av · Vba +
√

2βgV D∗b · D
∗†
a v · Vba

−i2
√

2λgV D
∗µ
b

D∗ν†a

(

∂µVν − ∂νVµ
)

ba
, (2.3)
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To summarize, after considering the coupled-channel ef-
fect, we may predict the existence of four molecular hex-
aquarks, which are the ΞccΛc/ΞccΣc/ΞccΣ

∗
c coupled-channel

system with I(JP) = 1/2(0+, 1+), where the ΞccΛc channel is
dominant, and the ΞccΞc/ΞccΞ

′
c/ΞccΞ

∗
c coupled systems with

I(JP) = 1(0+, 1+), which mainly couple with the ΞccΞc chan-
nel.

C. Predictions of other molecular hexaquarks

In this section, we will extend our study to the interac-
tion between a doubly charmed baryon and an S -wave an-
ticharmed baryon. Their OBE effective potentials can be re-
lated to the effective potentials for the ΞccB(∗) systems by a
G-parity rule [23], i.e.,

VAB̄→AB̄
=

∑

E

GEVAB→AB
E , (3.1)

where GE stands for the G-parity for the exchanged meson E.
With these obtained effective potentials, we get the corre-

sponding results as presented in Table IV.
If setting the cutoff to be around 1 GeV, we can find bound

state solutions for all of the discussed systems composed of a
doubly charmed baryon and an S -wave anticharmed baryon.
We find their RMS radius are around 1 fm, which is a typ-
ical size of the molecular state with small binding energy.
These predicted molecular states have typical quark config-
uration ccc̄q̄q̄q. Here, we also list the possible allowed decay
channels, i.e., DDD̄, J/ψDπ(η), DsDD̄, J/ψDsπ(η), J/ψDK,
which provide valuable information to further experimental
exploration to them.

IV. SUMMARY

Exploring the exotic state is an interesting research topic.
Especially with the experimental progress on charmoniumum-
like XYZ states and Pc(4380)/Pc(4450) states, theorists have
paid more attentions to the study of exotic states like hidden-
charm molecular states and compact multiquarks (see review
papers [2, 3] for more details).

In 2017, a doubly charmed baryon Ξ++cc (3621) was discov-
ered by LHCb [11]. This new observation makes the study
of the interaction between a doubly charmed baryon and an
S -wave charmed baryon become possible. In this work, we
focus on this typical exotic hadronic configuration. By apply-
ing the OBE model, we extract their effective potentials, by
which we try to find their bound state solutions by solving the
Schrödinger equation. This information is crucial to conclude
whether there exist the corresponding triple-charm molecu-
lar hexaquarks. In the present study, the S -D mixing effect
and the coupled-channel effect are taken into account. In this
work, all of the coupling constants are determined from the
nucleon-nucleon interaction and by using the valence quark
structure of charmed baryons. In this regard, the molecular
hadrons of doubly charmed hadrons allow to study the interac-
tions of a single valence quark. Cutoff Λ is roughly estimated

around 1 GeV, which is also widely accepted as a reasonable
input from the experience of studying the deuteron in Refs.
[24, 25].

To clarify the uncertainty of cutoff Λ, we present the Λ de-
pendence of the bound properties for all the possible molecu-
lar candidates in last section. Obviously, it cannot be molecu-
lar candidates as binding energies depend very sensitively on
the cutoff parameter, like the coupled ΞccΛc/ΞccΣc/ΞccΣ

∗
c sys-

tem with I(JP) = 3/2(1+).

Finally, our discussions are at the qualitative level, we
should admit that we cannot make very quantitative predic-
tions. Nevertheless, we imply a serial of possible triple-charm
molecular hexaquark states, which are summarized in Table
V. When making comparison of the results with and without
the coupled-channel effect, we find that the coupled-channel
effect plays an essential role for some discussed coupled-
channel systems.

As a byproduct, we further extend our study to the inter-
action between a doubly charmed baryon and an S -wave an-
ticharmed baryon since its effective potential can be related
to that of the system composed of a doubly charmed baryon
and an S -wave charmed baryon by G-parity rule. Further-
more, we could predict the existence of molecular hexaquarks
candidates with typical quark configuration ccc̄q̄q̄q. The ex-
perimental search for them is also an intriguing issue.

About fifteen years ago, the observed X(3872) [26] stim-
ulated extensive discussion of molecular state constructed by
charmed meson pair. Later, in 2015, the observation of two
hidden-charm Pc states [1] can be suggested to be molecular
system compose of a charmed meson and a charmed baryon.
The reported double-charm baryon Ξ++cc (3621) [11] again pro-
vides us good chance to study double-charm baryon interact-
ing with other hadrons. Along this line, we carried out a realis-
tic study of triple-charm molecular hexaquarks and predicted
the existence of them. In the next decades, we have reason to
believe that the predictions can be accessible at future experi-
ment, which will be full of opportunities and challenges.
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perimental search for them is also an intriguing issue.

About fifteen years ago, the observed X(3872) [26] stim-
ulated extensive discussion of molecular state constructed by
charmed meson pair. Later, in 2015, the observation of two
hidden-charm Pc states [1] can be suggested to be molecular
system compose of a charmed meson and a charmed baryon.
The reported double-charm baryon Ξ++cc (3621) [11] again pro-
vides us good chance to study double-charm baryon interact-
ing with other hadrons. Along this line, we carried out a realis-
tic study of triple-charm molecular hexaquarks and predicted
the existence of them. In the next decades, we have reason to
believe that the predictions can be accessible at future experi-
ment, which will be full of opportunities and challenges.
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Appendix: Relevant subpotentials

The exact OBE effective potentials for all of the investi-
gated processes are expressed as
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Motivated by the experimental data of pentaquark system at LHCb, 
We calculate this system within the framework of non-relativistic 
constituent quark model. 
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To describe the experimental data, 
It is necessary to reproduce the observed 
threshold. 
 
The Hamiltonian is important 
to reproduce the low-lying energy 
spectra of meson and baryon system. 

This is 5-body problem and it requested to calculate 
resonant state. Then, we should develop our method 
For resonant state.  

MB molecule, Baryocharmonium, Tightly bound, Cusp,…
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