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aμ: Status and future projection  è charge for SM TH

- if mean values stay and with no 
aμ

SM improvement:
5σ discrepancy

- if also EXP+TH can improve aμ
SM

`as expected’ (consolidation of 
L-by-L on level of Glasgow
consensus, about factor 2 for
HVP): NP at 7-8σ 

- or, if mean values get closer, very
strong exclusion limits on many
NP models (extra dims, new dark
sector, xxxSSSM)…

aµ = aQED

µ + aEW

µ + ahadronicµ + aNP?

µ
From: arXiv:1311.2198
`The Muon (g-2) Theory Value:
Present and Future’



PRD (in press)



“Muon g-2 theory initiative”
formed in June 2017

“map out strategies for obtaining the best theoretical predictions 
for these hadronic corrections in advance of the experimental 
results”



aμ
QED Kinoshita et al.: g-2 at 1, 2, 3, 4 & 5-loop order

T. Aoyama, M. Hayakawa,
T. Kinoshita, M. Nio (PRLs, 2012) A triumph for perturbative QFT and computing!

• code-generating
code, including

• renormalisation

• multi-dim. 
numerical 
integrations



aμ
QED

• Schwinger 1948: 1-loop  a = (g-2)/2 = α/(2π) = 116 140 970 × 10-11

• 2-loop graphs:

• 72  3-loop and 891  4-loop diagrams …

• Kinoshita et al. 2012:  5-loop completed numerically (12672 diagrams):

aμ
QED = 116 584 718.951 (0.009) (0.019) (0.007) (0.077) × 10-11

errors from:  lepton masses,  4-loop,    5-loop,     α from 87Rb

• QED extremely accurate, and the series is stable:

• Could aμ
QED still be wrong? 

Some classes of graphs known analytically (Laporta;  Aguilar, Greynat, deRafael), 

C2,4,6,8,10
µ = 0.5, 0.765857425(17), 24.05050996(32), 130.8796(63), 753.29(1.04)
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aμ
QED

• … but 4-loop and 5-loop rely heavily on numerical integrations

• Recently several independent checks of 4-loop and 5-loop diagrams:
Baikov, Maier, Marquard [NPB 877 (2013) 647], Kurz, Liu, Marquard, Smirnov AV+VA, Steinhauser

[NPB 879 (2014) 1, PRD 92 (2015) 073019, 93 (2016) 053017]:

• all 4-loop graphs with internal lepton loops now calculated independently, e.g.

(from Steinhauser et al., PRD 93 (2016) 053017)

• 4-loop universal (massless) term calculated semi-analytically to 1100 digits (!)  by 
Laporta, arXiv:1704.06996, also new numerical results by Volkov, 1705.05800

• all agree with Kinoshita et al.’s results, so  QED is on safe ground   ✓
(and further consolidated with recent update by Kinoshita et al., PRD97(2018)036001)



aμ
Electro-Weak

• Electro-Weak 1-loop diagrams:

aμ
EW(1) = 195×10-11

• known to 2-loop (1650 diagrams, the first full EW 2-loop calculation):
Czarnecki, Krause, Marciano, Vainshtein;   Knecht, Peris, Perrottet, de Rafael

• agreement, aμ
EW relatively small, 2-loop relevant:  aμ

EW(1+2 loop) = (154±2)×10-11

• Higgs mass now known, update by Gnendiger, Stoeckinger, S-Kim,
PRD 88 (2013) 053005

aμ
EW(1+2 loop) = (153.6±1.0)×10-11 ✓

compared with aμ
QED = 116 584 718.951 (80) ×10-11



aμ
hadronic

• Hadronic: non-perturbative, the limiting factor of the SM prediction     ✗à ✓

ahadµ = ahad,VP LO
µ + ahad,VP NLO

µ + ahad,Light−by−Light
µ

had.

LO

µ

had.

NLO

µ

γ
had.

L-by-L

µ



aμ
had, VP: Hadronic Vacuum Polarisation

HVP: - most precise prediction by using e+e- hadronic cross section (+ tau) data
and well known dispersion integrals

- done at LO and NLO (see graphs)

- and recently at NNLO  [Steinhauser et al., PLB 734 (2014) 144, also F. Jegerlehner]
aμ

HVP, NNLO = + 1.24 × 10-10 not so small, from e.g.:

- Alternative: lattice QCD, but need QED and iso-spin breaking corrections
Lots of activity by several groups, errors coming down, see later.

ahadµ = ahad,VP LO
µ + ahad,VP NLO

µ + ahad,Light−by−Light
µ

had.

LO

µ

had.
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µ
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Hadronic Vacuum Polarisation, essentials:

Use of data compilation for HVP: How to get the most precise σ0
had? e+e- data:

• Low energies: sum ~35 exclusive channels,

2π, 3π, 4π, 5π, 6π, KK, KKπ, KKππ, ηπ, …,   

use iso-spin relations for missing channels

• Above ~1.8 GeV: can start to use pQCD

(away from flavour thresholds), 

supplemented by narrow resonances (J/Ψ, Υ)

• Challenge of data combination (locally in √s):

many experiments, different energy bins,

stat+sys errors from different sources,     

correlations; must avoid inconsistencies/bias

• traditional `direct scan’ (tunable e+e- beams) 

vs. `Radiative Return’ [+ τ spectral functions]

• σ0
had means `bare’ σ, but WITH FSR: RadCorrs

[ HLMNT ‘11: δaμ
had, RadCor VP+FSR = 2�10-10 !]



























HVP from the lattice

A non-expert’s re-cap of the lattice talks at the TGm2 HVP meeting 
at KEK in February.

• Complementary to data-driven (`pheno’) DR.
• Need high statistics, and control highly non-trivial systematics:

- need simulations at physical pion mass,
- control continuum limit and Finite Volume effects,
- need to include full QED and Strong Isospin Breaking effects

(i.e. full QED+QCD including disconnected diagrams).

• There has been a lot of activity on the lattice, for HVP and HLbL:
- Budapest-Marseille-Wuppertal (staggered q’s, also moments)
- RBC / UKQCD collaboration (Time-Momentum-Representation,

DW fermions, window method to comb. `pheno’ with lattice)
- Mainz (CLS) group (O(a) improved Wilson fermions, TMR)
- HPQCD & MILC collaborations (HISQ quarks, Pade fits)







From Christoph Lehner’s talk at the TGm2 meeting at KEK

`Results from the RBC / UKQCD collaborations’

- They use the window method to combine pheno+lattice
- See their recent paper for more information:

arXiv:1801.07224











HVP predictions: Outlook

• More data expected;

- in the 2π channel from BaBar, CMD-3, SND,

- in subleading channels, 3π, 4π, KK

- in the inclusive region from BESIII and KEDR,

- BELLE II will be able to contribute with ISR measurements.

• If new data produce no new tensions/puzzles, further 

improvement should be significant within few years

(but ultimately hit a limit with experimental systematics)

• Lattice expected to become a competitive alternative and 

check/challenge direct data-driven analyses;

• combined methods may provide the best HVP predictions.

• Still room for global combined fits with with more TH input?

• Long term: a direct measurement in the space-like: MuonE



SM prediction: Summary

• All sectors of the Standard Model prediction of g-2 have been 
scrutinised a lot in recent years.

• The basic picture has not changed, but recent data, many from 
Radiative Return, significantly improve the prediction for aμ

HVP.

• A discrepancy ~ 3 -> 4 σ is consolidated.

• With further hadronic data in the pipeline, and very promising 
progress on the lattice, the HVP contribution are expected to 
get even more accurate in time for the new experimental 
measurements.

• Now the error on the HLbL contributions needs to get under 
better control. This is happening already; over to Christoph.



Extras









Features of the recent RBC / UKQCD work;
slides from Christoph’s talk at the TGm2 meeting at KEK:











HVP Lattice:



HVP Lattice:



HVP Lattice:



HVP Lattice:



HVP Lattice:





















aμ: New Physics?

• Many BSM studies use g-2 as constraint or even motivation

• SUSY could easily explain g-2

- Main 1-loop contributions:

- Simplest case:

- Needs μ>0, `light’ SUSY-scale Λ and/or large tan β to explain 281 x 10-11

- This is already excluded by LHC searches in the simplest SUSY scenarios 

(like CMSSM); causes large χ2 in simultaneous SUSY-fits with LHC data and g-2

- However:  *  SUSY does not have to be minimal (w.r.t. Higgs), 

* could have large mass splittings (with lighter sleptons),

*  be hadrophobic/leptophilic,

*     or not be there at all, but don’t write it off yet… 

µ µ

χ̃ χ̃

ν̃ χ̃0

µ µ

µ̃ µ̃

aSUSY
µ ' sgn(µ) 130⇥ 10�11 tan�

✓
100GeV

⇤SUSY

◆2



New Physics?   just a few of many recent studies

• Don’t have to have full MSSM (like coded in GM2Calc [by Athron, …, Stockinger et al., 
EPJC 76 (2016) 62], which includes all latest two-loop contributions), and

• extended Higgs sector could do, see, e.g.  Stockinger et al., JHEP 1701 (2017) 007,
`The muon magnetic moment in the 2HDM: complete two-loop result’

è lesson: 2-loop contributions can be highly relevant in both cases; one-loop analyses can be misleading

• 1 TeV Leptoquark Bauer + Neubert, PRL 116 (2016) 141802

one new scalar could explain several anomalies seen by BaBar, Belle and LHC in the flavour sector
(e.g. violation of lepton universality in B -> Kll, enhanced B -> Dτν) and solve g-2, while satisfying all
bounds from LEP and LHC
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